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1. Introduction

Many researchers have studied the matrix form of differential systems due to their good applications
in biological sciences, engineering, and economics, as well as other branches of mathematics, where
the study of stability and the existence of periodic solutions was addressed (see [1-11]).

By employing Krasnoselskii’s fixed point theorem, the authors in [12] studied the following two
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functional neutral differential equations:

x@=-—cx(t=yW) =-a@x@+px@-yQW)) (1.1)
and
d 0 0
7 [X(L) - cf G(s)x(+ s)ds] =—a@xQ) + f G(s)p,x(+s)ds, (1.2)

where the positivity and periodicity of solutions were established, such that x: R — R;
a() € CR,(0,0)); p € CRXR,R); y(1) € CR,R) and a(v), b(v), y (), p(t,x) are T-periodic
functions, |c¢| < 1 and Y > 0 are constants, G (s) € C ((—o0, 0], [0, 0)), and

0
f G(s)ds =1.

However, functional differential Eqs (1.1) and (1.2) appear frequently in applications as models
of equations in many mathematical population and ecological models, the models of hematopoiesis
(see [13, 14]), Nicholson’s blowflies models (see [15, 16]), and blood cell production (see [17]).

In [2], the authors considered the following system:

x@W=cx(=y)) =ALxW)xO+p,x(t-011),..x0t—-0,01)), (1.3)

under the condition on the matrix measure, with periodic coeflicients. However, in [9], the author used
integrable dichotomy to show that the system (1.3) has periodic solutions where the matrix A depends
on ¢ only.

Motivated by these excellent works, the purpose of this article is to generalize and improve the
previous works to become totally nonlinear or in system form by considering the two nonlinear
differential systems with multiple delays:

x@O=-8@x(=yWN)' =A0xO+px(=010),..x (=0 (1)) (1.4)

and

O ’
(x - f G)glxt+y(s)) dS)

(%)

0
=AW xQ)+ f GOp,x+01(8), ... x(t+0,(s)))ds, (1.5)

[Se]

in which x: R - R*, v (¢),0;(),i = 1,...,m, are real continuous Y-periodic functions on R, Y > 0.
A (1) and G () are nxn real matrices with the continuous Y-periodic function defined on R and (—o0, 0],

respectively, with
0
f G(s)ds=1.

The vector functions g (¢,v) and p (¢, vy, ..., V,,) are real continuous functions defined on R x R” and
R x (R™")™, respectively, such that

P+, v, va, ey Vim) = P(LVI, V2, ey Vi)
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and
g+Y,v)=g@v).

The authors in [10] considered the systems (1.4) and (1.5) as a generalization of the work [9] and
proved the existence and the uniqueness under the integrable dichotomy condition. So, to the best
of our knowledge, no earlier studies have investigated the systems (1.4) and (1.5) by using matrix
measure. On the other hand, among the specific advantages and potential impact of our work over
existing results in the literature, for example, we can deduce the uniqueness of the solution of (1.1)
in [2].

To generalize them to become totally nonlinear and to study the uniqueness of solutions, which has
not been studied previously, some other research was also studied in system form.

This article is divided into five parts. Section 2 provides some background information that we will
employ to show the existence and uniqueness of solutions of (1.4) and (1.5). Section 3 is concerned
with establishing some criteria for the existence and uniqueness of periodic solutions of systems (1.4)
and (1.5), respectively. Section 4 includes two examples to demonstrate our findings, followed by a
conclusion.

2. Preliminaries

For the sake of convenience, we list some results, definitions of matrix measure, and linear systems,
which will be crucial in the proofs of our results. Let the system

YO)=A0xO), (2.1)

in which A (¢) is a continuous n X n matrix function. Denote by G (¢, ¢y) the fundamental matrix solution
of system (2.1) with G (1o, t9) = I. Recall that

g(L9LO)g(LO’§) = Q(L’§)7 LaLO’g € R,

and
G'LO=6G, LLER.

Let |-|; be the I-norm for the real Euclidean space R” and ||A|| the induced matrix norm of A
corresponding to the vector norm |-|. So, for

x=x,x,..,x3)€eR", A= (a,-j)m e R™",
then

n n
= > ll, A= max > |ay.
i=1 tsisn i

The matrix measure of the matrix A is the function (see [18] for more details)

L M+eAl-1
) = Jig B

n
= max{a;; + Z |a~-| :
l<j<n{ M Y

i=1,i%j
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Lemma 2.1. [18] Let x(t) be a solution of system (2.1), then

Ji ~n-A@)dz IF wA@)dg

Ix (o)l e < fxlp < IxGolly et
for > .
Lemma 2.2. [2] The fundamental matrix of (2.1) satisfies

16 @ Ol < el >

Lemma 2.3. /2] If
oh' HAOME 1

then the linear system (2.1) does not have any nontrivial Y-periodic solution.

Lemma 2.4. [19] If the linear system (2.1) does not have any nontrivial Y-periodic solution, then for
any Y-periodic continuous function p (), the nonhomogeneous system

YW=A0xW+pQ©

has a unique Y-periodic solution x (1) determined by

x<L>:g<L,Lo)x<Lo>+fg(t,@p(odg, LeR

Now, for our study we consider the following lemma.

Lemma 2.5. Assume that .
g = eh HADNML - (2.2)

holds, then the solutions of the systems (1.4) and (1.5) are equivalent to
x@©=gWLx-yO)+UT-Gu+T,0)"

(+T
Xf GUu+ T, DAL x=yONdL+T -G+ T,0)"

<[ G TP = 1 O X C = VL 23)
and
x(©) = fo G (5)g (L x(+y () ds+ (I -G+ T,0)"
x ftlwgu FTOAQ) I:Gu)g(g,x(g +y (N dsdZ + (G @+ T,0)
<[ Ty | i G (5) (L x (L + 0 () X+ 0 (D) L, (2.4)
respectively,
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Proof. Let
Yy =x0)-gt,xt-—yW®))),

so0, the system (1.4) can be written as

YO=A0yO+A0gxt—yON+px(t=010),..x(t=0u ).

By Lemma 2.4, for ¢ € R, we have
y () =§(t,to)y(to)+fQ(L,OA(é)g(é,x@—y({)))d{
+ f GO PUAE =01 @)romnx(C — T @)L,
y(@©) =y@+7)

v+
:g(t+T,L0)Y(L0)+f GU+T.OAQD (o x(C—yONdL

(+ Y
+f G+, Dpl,x({—01(),.... x({ —0n () d]
and

GU+T.0y0 :ga+'r,oga,to)y(to)+Q<L+‘r,ofg(t,oA({)g(g,x((—y({)))d@
+g(t+'r,ofg(z,g“)p(g,x(g—m(§>),...,x(§—am(4>>)d§
=Q(L+T,to)y(to)+fQ(HT,é)A@)g(LX(é“—V({)))dé

+ f GU+T.0) p o x(C = 1 () ms x (L = o (D) L.

Thus,
+Y
I-G@+T,0)yW® =f Gu+T, DA x(C-y(D)d{

(+ Y
+f G+, plox(C =1 ())s s 5 (L = T (D) L.

Furthermore, since (2.2) holds, then (I — G (¢ + Y, ¢))"" exists for every ¢ € R. Therefore, we have (2.3).
By the same way, we can show that (2.4) holds. m|

In our study, the proofs of the existence and uniqueness of the periodic solutions to the systems (1.4)
and (1.5) utilize the fixed point theorems. So, we present them below (see [20,21]).

Theorem 2.1. (Banach) Assume that (S, p) is a complete metric space and ®: S — S. If there is a
constant T < 1 such that for a,b € S,

p (®a, ®b) < 7p(a,b),

then there is one, and only one, point x € S with ®x = x.
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Theorem 2.2. (Krasnoselskii) Let I1 be a nonempty, convex, closed, bounded subset of a Banach space
S. Assume that ®, and ®, map Il into S such that:

(i) @, is a contraction mapping on 11,

(i) @, is completely continuous on 11,

(iii) a, b € 11, implies ®ya + O,b € I1.
Thus, there exists x € Il with x = ®1x + O, x.

Now, we state our sufficient conditions. So, let BC (R,R") be the space of all bounded continuous
functions from R to R” and assume E > 0 is a constant. Denote by

IVl = max v ()], ,
:€[0,]

and set
M={ve BCR,RY :|V|<Eandv(+Y)=v() forall. e R}.

Clearly, the set II is a bounded, nonempty, closed, and convex subset of BC (R, R").
Assume that, for v, w € II, there exists L; € (0, 1) such that

g, v)—g,w), <L/ lv-=w|, forallteR, (2.5
and for vy, va, ...V, W1, Wa, ..., w,, € 11, there exists L, > O such that
1P (6, v15V2, ey Vi) = D (W1, Wy s Wly < Lo (lvp — Wil + oo + [V — wily),  forallc € R.

Denote

sup [g(,0)l; =a, sup [p(,0,..,0)[;, =8, sup [AQWI =4,
1€[0,7] 1€[0,7] 1€[0,7]

and we assume there exists a Y-periodic continuous function « (¢) such that for ¢ € [0, T], u(A (1)) <
k () satisfies
o+ 1+ T
sup f el KO = (2.6)
£<s<e€[0,7] Ju

and
ALE +a)+ LymE + 8

1-6

o < E. 2.7)
3. Main results

We start this section by studying the periodicity of the system (1.4). For v € BC (R,R"), we define
the operators @, and @, by
@) =gvi-y©)) (3.1)

and
@)W =(UI-G@+T,0)" IHTQ(L +T,0AQDEE v —y()NdL

+(U-G@u+T,0)" fLHTQ(t +1,DpEvE—01()sv —on()dl.  (3.2)

Note that if the operator @, +®, has a fixed point, then this fixed point is a periodic solution of (1.4).
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Lemma 3.1. If (2.2), (2.5) and (2.6) hold, then the operators ®, and ®, defined by (3.1) and (3.2),
respectively, from 11 turn into BC (R,R"), that is, ®;, ®,: I - BC (R,R").

Proof. Letv € I1,. By (2.5), we have

(@)D =g 6, v (e =y W)
SLive=yI +1g 0l

< Ly Wl + sup [g (&, 0),
(€[0,]

<L E+a.

Second, for v € I1, by (2.5) and (2.6), we get

(+ T
K®ﬂWMSHU—§@+%OYﬂf‘HQO+1@MM@N%@N@-V@mhﬂ

+Y
4MU—QO+TﬁYﬂj‘IWO+T£mm@m@—GNOLMVQ—mAOMMM

Since 6 < 1, then

|-G @+x,0)7" G+,

n

and by Lemma 2.2, we have

1+
IG (t+ T, )| < el AL

o+
< el x0x

SO
ALE + @)+ LymE + (" por
(@) 0] < SEEEPIRIEEE [T ey
ALE + @)+ LomE + 8
< Ho-
1-6
Due to Lemma 2.5, ®; and @, are periodic, then @, ®,: I[1 — BC (R,R"). O

Lemma 3.2. If(2.5) holds, then the operator ®,: 11 — BC (R, R") defined by (3.1) is a contraction.
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Proof. Letv,w € II. By (2.5), we get

(@) () = (@w) W =18 vi-y©) -gl,wl -y
SLivie—-yW) -wl-yOl

< Li|v-wll,
then
|Ov — Oywl| < Ly [[v — wl.
Therefore, @, is a contraction because L; € (0, 1). O

Lemma 3.3. If (2.2), (2.5) and (2.6) hold, then the operator ®,: 11 — BC (R,R") defined by (3.2) is
completely continuous.

Proof. To show that the operator @,: I1 — BC (R,R") is completely continuous, first we must prove
the continuity of ®@,. So, for n € N, let v, € I, such that v, — v as n — oo, then

+Y
[(@2v,) (1) = (@) O, <UT =G+ T, o) f IG (c + Y, )l
X A (DINg (&, va (& =y () = g (v (& =y ), dd
+Y
+(I-G@u+7,0)" f IG (t + Y, )l

X |P (g9vn (éV_ a1 ({)),---,Vn ({_ Om (g)))

—pUv(l=01(), ... v —om (O, dL
</1L1 + Lom

<o v, = vl

which implies
lim [(@51,) () = (@20) ), =0,

hence, @, is continuous. Now, let v, € I1, where n is a positive integer, then we have

Do, | < o [A(LE + cly)_+9L2mE +,8].
Second
(D2v,) (1) = v, (1) = & (t,v, =y (D))
=AWV, W) +p,v, =01 (1), ...,v, (t =T, (1)),
then

[[(@2v,)’

hence, (®,v,) is uniformly bounded and equicontinuous. Therefore, by Ascoli-Arzela’s theorem,
@, (IT) is relatively compact. O

<A+ LymE +p,

Next, we prove for any v, w € II that ®,v + ®,w € I, in the following lemma.
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Lemma 3.4. If(2.2), (2.5)—(2.7) hold, then for any v,w € I1, we have ®v + ®,w € IL
Proof. Letv,w € I, then ||v||, ||w|| < E. By (2.6), we have

(@) (@) + (@2w) O] <Ig v —yOD) + [T =G +1.007
(+ Y
X f IG (@ + L ONAOIg &ow & =y O de + || -G @+ 1,007

-+
Xf IG @+ Y, Dllp G w (=010, w(& = Tm (D), d

</1(L1E+a)+L2mE +8
B 1-0

Ho

<E.

It follows that
||(I)1V + (I)2W|| < E,

for all v, w € I1. Hence, ®v + ®,w € I1. m]
The following theorem provides the periodicity of solution of (1.4).

Theorem 3.1. Suppose (2.2), (2.5)—(2.7) hold, then there exists at least one ('-periodic solution for the
system (1.4).

Proof. Obviously, the requirements of Krasnoselskii’s theorem are satisfied due to Lemmas 3.1-3.4.
So, there exists a fixed point x € Il such that x = ®;x + ®,x, and this fixed point is a solution of (1.4).
Hence, (1.4) has a T-periodic solution. O

Theorem 3.2. Assume that (2.2), (2.5) and (2.6) hold. If

(AL, + Lym)
1-6
then there exists a unique Y-periodic solution for the system (1.4).

Proof. Let ®@ be defined by ® = ®; + ®@,. For v{,v, € BC (R,R"), we obtain
[(@v) () = (DPv2) W]} <lg L, vie =y () =g, va =y W),

(+Y
+|T -G w+1,0)7" f IG (c+ Y, OINA Dl g (& vi (€ =y ()

1 Ho < 15 (33)

(+ Y1
— U&=y AL+ || -G w+1,0)7! f IG (c+ 1, 0l

XIp i (€ =01 ()i (=0 (£))
U= ()2 (= Om (O] dd

AL+ L
—(L1+( 1 o 1m)

= —o /Jo)||V1 -,

then
(AL + Lym)

||(DV1 - (DV2|| < (L] + 1—o

M0)||V1 —vl.
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Since the condition (3.3) holds, system (1.4) has a unique Y-periodic solution by the Banach fixed
point theorem. o

Now, to study the periodicity of the system (1.5), we define, for v € BC (R,R"), the operators ‘P,
and ¥, by

0
O = f Gglv+y®)dr (3.4)

and

0
(F2v) (1) =f G($)gv+y(s))ds

o0

+Y 0
+(I—Q(L+‘T,c))‘1f Q(L+T,{)A(§)f G(s)g(,v({+vy(s)dsdl
+T-G0+7,0))"!

+ Y 0
x f GU+T.0 f G pLrC+a1(8)s v +om()dsdl.  (3.5)

We will study the fixed point of the operator ¥; + V.

Lemma 3.5. If (2.2), (2.5) and (2.6) hold, then the operators Y| and Y, defined above are operators
from Il into BC (R,R"), that is, ¥, ¥,: I1 - BC (R,R").

Proof. Letv € I1. By (2.5), we get

0
I(F1v) Oy = 'f GOghv+y®)de

1

<(Lilve=yO +18¢0ly)

0
f G (t)dt

< (L1 vl + sup |g (L’O)ll) 11l

1€[0,¢]
<LE +a.

Next, for v € I1, by Lemma 2.2 and the conditions (2.5) and (2.6), we get

ALE + @)+ LymE + 3 (" per 0
() (0] < L& ‘1”) ; 2mE B s f G (s)ds|| d¢
ALLWE+a)+ LymE +
< 1 (LiE+a)+ Lym ,3_ (3.6)
1-6
Due to Lemma 2.5, ¥, and ¥, are periodic, then ¥, ¥,: I[1 — BC (R,R"). O

By the same technique, the proof of the following lemmas is similar to that of Lemmas 3.2-3.4.
Lemma 3.6. If (2.5) holds, then the operator ¥,: I1 — BC (R,R") defined by (3.4) is a contraction.
Lemma 3.7. If (2.2), (2.5) and (2.6) hold, then the operator ¥,: 11 — BC (R,R") defined by (3.5) is

completely continuous.
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Lemma 3.8. If (2.2), (2.5)—(2.7), then for any v,w € 11, we have ¥,v + ¥Y,w € IL
The following theorem provides the periodicity of solution of (1.5).

Theorem 3.3. Suppose (2.2), (2.5)—(2.7) hold, then there exists at least one ('-periodic solution for the
system (1.5).

Proof. The requirements in Krasnoselskii’s theorem are satisfied due to Lemmas 3.5-3.8. Hence, (1.5)
has a T'-periodic solution. O

Theorem 3.4. Suppose the conditions (2.2), (2.5), (2.6) and (3.3) hold, then there exists a unique
T-periodic solution for the system (1.5).

Proof. Le ¥ =¥, +¥,. For v,v, € BC (R,R"); it is easy to see that,

(ALy + Lym)
vy = ool < (Ll + o | Ivi = vall
The condition (3.3) confirms to us that the system (1.5) has one T-periodic solution. O

4. Examples

We provide in this section two examples to confirm and strengthen the previous results.

Example 4.1. Letv = (vi,v»),, m = 2, and (' = 2r in the system ( 1.4), where

V(L)=( %1 () ) A(L)=( _1% ‘l‘sml(t) )

X (1)

2 2

vy (L —cos (1) + 1 )

gLv(—y®) =10"sin() ( vi (L — cos (1))

vi (£ =1072) + vy (= sin () )

Py @—01©),v(—02)) =107 cos (L)( v (L _ 10_2) + v (= sin ()

Note that L; = 1074 L, =107, a =104 8=0,1=1, u(AQ)) < —i, and

g = o HA@L
_ ekzn(_%+%|5in(§)|)d§

=e " <1,

(+27
_ft+27r lds
o= sup ek iy
L

£<€[0,27]

= 4(1 - e-%) ~ 3.16.

So, the conditions (2.2), (2.5)—(2.7) are held; hence, by Theorem 3.1, the system (1.4) has a 2r-periodic
solution. Since g (1, x (t —y ())) is not identically zero, this solution is also nontrivial.
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Example 4.2. Letv = (vi,v,), m = 2, and (' = 2r in the system ( 1.5), where

gLv(+y®) =107 cos () v2(e+sin () +3 ), V(L):(Vl O ),

v (¢ + sin (1)) v, (1)

_1 1 L 21
A@)z( 4B (‘)), G(z)z(e&flt L )

ge e

Vi (L+ 1073) + v, (¢ + sin (1))
VQ(L+1O_3 +v (L +sin() |

S
1 _1

7 7
pL,vi—0o1),vi—0,)) = 1077 sin (t) (

Note that L; = 107, L, = 105, @ =3x 107, 8=0, 1= 1, u(A() < -1, and

0 = e HAOME — of(=i+§los @)L = p=br o 1

0
j:ooG(L)dL:((l) (1)):1,

(+27 L+27 x
o= sup f ek 3ar =8(1- ) ~ 435,

£<i€[0,2n] Jo
So, the conditions (2.2), (2.5) and (2.6) are held, and since

(ALy + Lym)

~ 444 %1073 < 1,
1-0 Ho

1
then the condition (3.3) is held too. Hence, by Theorem 3.4, the system (1.5) has a unique 2n-periodic
solution. Since g (1, x (t + 7y (1)) is not identically zero, then this solution is also nontrivial.

5. Conclusions and aspirations

This research addressed more broadly the study of the kinds of neutral equations represented in
nonlinear systems with multiple delays by using matrix measure and the fixed point technique to prove
existence and uniqueness.

The purpose of this study is to enhance and generalize various well-known studies such as [2, 12].
Indeed, our study is in the space CY; however, [2] is in the space C !, Furthermore, if

gLvi—y@)=cvlt=7),

then our findings will be applicable to system (1.3) of [2]. Additionally, the periodic solutions of (1.1)
and (1.2) in [12] can be found by our systems (1.4) and (1.5) in n-dimensional case.

Finally, some of the concrete goals and explicit directions in the future study of this field are the
studies of periodic solutions in both advanced and delayed differential systems or impulsive systems
which means with piecewise constant arguments. For example, we can rely on the articles [22,23] in the
future works, since they provide some useful insights about both numerical and theoretical aspects in
the context of piecewise constant arguments and irregularities in delay differential equations. Another
very important area in which the study of our current systems can be considered, is the regularizations
of systems by showing the uniqueness, stability, and periodicity of the orbit like in [24].
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