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1. Introduction

Open sets are one of the most important keys to topology. Many researchers have developed
different versions of open sets including their weaker and stronger versions. The first development
was done by Levine [1] in 1963, where he presented the notions of semi-open (closed) sets, and semi-
continuity of functions. After that, in 1965, Njastad [2] introduced the concepts of a-open sets. The
approaches of pre-open sets were presented by Mashhour et al. [3] as a tool to study precontinuous
and weak precontinuous functions. In 1983, Abd-El-Monsef et al. [4] suggested the notions of (-
open sets to investigate S-continuous functions. The notions of b-open or y-open sets were studied
in detail in [5, 6] including y-continuous functions, and were further developed in [7] in terms of the
convergence of nets. The somewhat openness of sets was defined by Piotrowski [8] to characterize
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somewhat continuity defined in [9]. Recently, Gao and Khalilthe [10] introduced more concepts of
Da-Closed sets as a tool for developing many fields of mathematics. Also, the concept of somewhat
continuity of function was developed and extended in [11-13].

In 1968, Velicko [14] introduced the concepts of the d-interior and d-closure of sets. Several authors
have obtained interesting classes of open sets via d-interior and J-closure, such as a-open [15], Z-
open [16], 6-semiopen [17], 6-6-semiopen [18], o-preopen [19], 5*-open [20], 6-semiregular [18], and
e*-open [21] sets.

This research aims to find a definition called 8-open, which includes most different classes of open
sets, prove its difference from previous similar definitions, and determine its basic properties.

The motive for drafting this paper is as follows: First, we anticipate that by creating a new category
of open sets in the frame of topological spaces, we will simplify the path for many future articles on
this topic. Second, researchers can investigate alternative concepts, such as covering characteristics
and separation axioms via the proposed class of 8-open and N-closed sets. Finally, it reinforces the
importance of the concept of classical topology as it is a strong tributary to other modern concepts such
as soft and fuzzy topology.

The structure of this work is presented as follows: In Section 2, We recall the fundamental ideas and
conclusions that make this work self-contained. In Section 3, we present the main properties of this
class and disclose its relationships with many different classes of open sets with the help of appropriate
examples and counterexamples. Then, we prove that any e*-open set is 8-open, but that the converse
may not always be true. The concepts of N-interior and N-closure operators via 8-open and N-closed
sets, respectively, are introduced. In Section 4, we study the concept of N-continuity and prove that
it does not give continuity and vice versa, and we provide examples of this. After that, we develop
several important main theorems about the &X-continuity of functions via the classes of 8-open and N-
closed sets. In Section 5, we study some types of separation axioms via 8-open and N-closed sets and
prove their difference from the separation axioms in Euclidean topology, supporting this with several
examples. Finally, we present some theorems related to the graph of functions. In Section 6, we end
the work with a brief conclusion and potential lines of future research.

2. Definitions and background

In this paper, spaces imply topological spaces on which no other property is presumed. For a subset
F of a space Z, we denote the complement (resp., interior, closure, frontier) of F' in Z by Z \ F (resp.,
F°, F, fr(F)). We denote the arbitrary indexing set by ©.

A subset F of a space Z is called nowhere dense if its closure has empty interior. We also say that
F i1s nowhere dense in Z if F' is not dense in any non-empty open subset V of Z. The arbitrary union
of nowhere dense sets is a subset of the nowhere dense set of the union. A subset F of a space Z is

called -open [14] if, for each element z in F, there exists a set K such that z € EO C F. Moreover,
Z \ F is called o-closed. A point z € Z is called a d-accumulation point of F [14] if K NF # 0 for
each open set K, where z € K. The set of all 5-accumulation points of F is called the -closure of F

and is denoted by cl;(F) or F(S The d-interior of F is the union of all 5-open sets contained in F and
is denoted by int;(F) or F*. A subset T of a space Z is called nowhere dense (resp., semi-open [1],
somewhere dense [2], a-open [2], pre-open [3], S-open [4], b-open [5] or sp-open [6] or y-open [22],
a-open [15], Z-open [16], 6-semiopen [17], 6-preopen [19], B*-open [20], e*-open [21]), F-open [23],
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TCT ,TCT.TCT.,Tc(T UT),TCT",
T

C-open [24] sets if To =0 (resp., TCT, TO
U

T C TO UT’, TCT",TC (76)0, TCT U( c ((Ta)o), T is open and 7 \ 7 is finite, T is open

and T \ T is countable).
3. N-open sets and relationships

This section begins by presenting the definitions of N-open and N-closed sets and the
characterizations based on them, which will be applied in what follows.

Definition 1. A subset F of space Z is said to be an N-open set when either F = 0, or F C F U fr(F)
when F is somewhere dense, or F C fr(F) when F is nowhere dense and fr(F) is infinite.

Remark 2. The complement of an N-open subset of space Z, is said to be N-closed. Moreover, the
collection of all N-open (resp. N-closed) subsets of space Z is denoted by 8O(Z) (resp., RC(Z)).

Lemma 3. [21] The following are equivalent for a subset F of space Z:

(1) F is e*-open;
(2) There exists a 5-preopen set V such that V C Fé - \_/6;
(3) F =F.

In [20, Remark 2.1], the authors proved that any e*-open set need not be open (resp., pre-open,
semi-open, @-open, 3-open, b-open, and B*-open) set. In the next proposition, we shall show that, our
new notion is generalized to all the above-mentioned concepts.

Proposition 4. Any e*-open subset F of space Z is K-open.

Proof. Suppose that F' is an e*-open subset of Z. If F' = (), then F is N-open. Assume that F' # (). Now,

if F is nowhere dense, then F is not e*-open, because F' & ((fé)o) = ((F°)) = 0. Suppose that F is
somewhere dense, then F C (F°)) C F = F U(F\ F°) = F U fr(F) is N-open. Therefore, F is
N-open. O

Here we give an example to explain that the N-open set need not be e*-open.

Example 5. Let (R, U/) be a usual space, and A = {1, 2,3, ...} C R. Since A is nowhere dense, fr(A) is
infinite, and A is subset of fr(A), then A is N-open. However, A is not e*-open, because {1,2,3,...} €

(1,2, 3, ...}6)°) =(({1,2,3,..D))=0=0.

From all the above results the following diagram is obtained:
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F-open
+
C-open N-open
NA A
0-open —— open e*-open
+ + 0
a-open — a-open B*-open
NS ~
J pre-open B-open
+ ~

0-semiopen — Z-open —— b-open

None of these implications are reversible, as shown from Example 5. Other examples concerning
other implications are shown in [1-6,11,12,15-17,19-24].

Theorem 6. Suppose that F is an X-open subset of space Z, for each s € ©. Then | o F is an
N-open set.

Proof. Suppose that F; is an X-open subset of space Z, for each s € ©. If F; = (), for each s € O, then
Useo Fs = 01is N-open. So, suppose that some members are nonempty. However, for the empty set does
not affect any union, without loss of generality, we may suppose that F; # @, for each s € ©. If there
exists s, € @ such that Fy, = Z, then (J,cq Fs = Z is X-open. So, assume that F'y # Z for all s € ©. Now,
if (J,e@ Fs is nowhere dense and fr(| J,eg F's) is infinite, then by the nowhere denseness of | J g F's,
we have fr(Usee Fs) = Useo Fs \ (Useo Fs)o = Useo Fs» which implie§ Useo Fs € frUsee Fs)- OSO’
assume that (g Fs iso somewhere dense. Since (e Fs) € Uso Fs S Useo Fis tohen Useo Fs U
fr(UseG) Fs) = Use@ Fs U (Use@) Fs \ (Use@ Fs)o) = Use@ FS’ hence Use@ Fs c Use@ Fs U fr(UseG) Fs)-
Therefore, | J,.g F’s is an N-open set.

O

Theorem 7. Suppose that F is an N-closed subset of space Z, for each s € ©. Then (e Fs is an
N-closed set.

Proof. It follows from Theorem 6.
]

In general, the finite intersection of N-open sets is not N-open. For example, (0, 5] and [5,7) are
N-open sets in the usual space R, and (0, 5] N [5,7) = {5} is not N-open, because {5} is nowhere dense
and has a finite frontier.

Definition 8. Let F be subset of space Z. Then:

(1) N-interior F denoted by F™ is F™ = U{K € NO(Z) : K C F};
(2) N-closure F denoted by F is the intersection of all X-closed sets of Z containing F.

The following three propositions are easy to prove and therefore the proofs are omitted, as we need
them in the rest of the paper.

Proposition 9. Let Fy and F, be subsets of space Z. Then we have the following properties:

(1) Z = Zand® =0;
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(2) FicF
(3) If F1 C F>, lh@”F_lK QF_zx;
(4) a € F_IN if and only if for each an R-open set K containing a, K N\ F; # 0;
(5) Fy is K-closed set if and only if F\ = F_lx;
=
(6) F N:FlN; N
(7) (Fy UF, )CFiUF, ;
—N 8 —X
(8) FiNF, C(F, NFy).

The inclusion relation in parts 7 and 8, cannot be replaced by the equality, for example:

Example 10' Let Z = {(I,ﬁ, Y, 5} and 7- = {®$ {Q’}, {JB}’ {a/’ﬁ}’ Z} Let Fl = {a/, 7}, F2 = w’ 7}, and
Fs = {@,B). Then F; = Fy, Fy = Fy,and F; UF, = Z Hence, (F; UF, ) 2 F; UF, . Also,
Fr =F.,F; =Zand F; N F, = {a). Hence, F; N Fy 2 (Fy N Fy).

Proposition 11. Let Fy, F, be subsets of space Z. Then we have the following properties:

(1) Z" =Zand 0~ = 0;

(2) F} CFy;

(3) If F1 C F, then F;N - F;x,'

(4) a € F:N if and only if there exists 8-open K such thata € K C Fy;
(5) F, is an N-open set if and only if F, = F."

(6) (F)* = F}%;

(7) (Fi 0 F)™ € (F N EY);

(8) FXUF, C(FlUFy)™.

Proposition 12. For a subset F of space Z, the following statements are true:

a)@\Ff:Z\f;
(2) Z\F)Y =Z\F .

Theorem 13. Let F be subset of space Z. Then,

0 if F = 0 and fr(F) is finite
F* = Fnfr(F) if F =0and fr(F) is infinite -
F if F is somewhere dense
Proof. There are three cases:

Case 1: If F = 0 and fr(F) is finite. Suppose that there exists a non-empty element x € F°N. Then
there exists an N- -open set U such that xeUCF From the definition of N-openness, x € U C

(U U fr(U)) € (F U fr(F)). Since F = (), then U =0,and x € U C fr(U) C fr(F). However, if
fr(U) is infinite, then fr(F) is infinite, and thus we have a contradiction. Therefore, F°N = 0.

Case 2: If fo = (0 and fr(F) is infinite. Let x € F™. Then there exists an N-open set U such that
x € U C F. From the definition of an NX-open set, we have x € U C ﬁ° U fr(U). Since fo = (), then
Uo =0, hence x € U C fr(U) C fr(F). Then x € F N fr(U). On the other hand, let x € F N fr(F).

AIMS Mathematics Volume 9, Issue 6, 14213-14227.
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Since F is nowhere dense and fr(F) is infinite, then F C fr(F), and by the definition of N-openness,

F is X-open. From Proposition 11, part 5, we have x € F . Therefore, F™ = F N fr(F).
Case 3: If F is somewhere dense, then

FCTF UJfrF)=

hence F is N-open. By Proposition 11 part 5, we have F™ = F.
O

Example 14. Let F = {1,2,3},G = {% :n € N}, and H = (0,5) be subsets of the usual space (R, U).
Then:

(1) Since F is nowhere dense, then any non-empty subset K of F' is nowhere dense, hence fr(F) and
fr(K) are finite. According to the definition of N-openness, 0 is the only N-open subset of F.
Hence, F™ = 0;

(2) G™ = {ﬁ :n € N} ﬂfr({’% :neN}) = {}1 ‘ne€ N}ﬂ({% :n € NJU{0}) = G, because G is nowhere
dense and fr(G) is infinite, hence G is N-open; .

(3) H™ = H, because H is somewhere dense, then H C H U fr(H), hence H is X-open.

Theorem 15. Let F be a subset of space Z. Then,

[z Z\—F — 0 and fr(Z \ F) is finite
F =Y F if Z\F =0and fr(Z\F) is infinite >
F if Z \ F is somewhere dense

Proof. There are three cases:
Case 1: If Z \ F = 0 and fr(Z \ F) is finite. Slnce F C Z, then F - Z = Z. On the other hand,
suppose that there exists x € Z such that x ¢ F Then there exists an X-open set U such that x € U
and UNF = 0. Smce U is N- -open, then x € U C (UO U fr(U)). However, U N F = 0, and then
UCZ\F. Smce Z \ F =0, then U = 0, hence, from the definition of N-openness, fr(U) is infinite.
Since Z \ F \ F =0, U =0,and U C Z\ F, then fr(U) C fr(Z\ F), hence fr(Z\ F) is infinite, and thus
there is a contradiction. Then we have F F C Z. Therefore, F F o= =Z
Case 2: Let Z \ F =@ and fr(Z\ F) is infinite, then (Z\F) - (Z \ F U fr(Z\F)) C fr(Z\ F), hence
Z \ F is K-open. Thus, F is N-closed. Therefore, F = F .
Case 3: Let Z \ F be somewhere dense. Then (Z \ F) C (Z\—Fo U fr(Z\ F)), hence Z \ F is N-open.

Thus, F is &-closed. Therefore, F = Fx.
Oa

Proposition 16. Any nonempty finite closed nowhere dense set is not N-open.

Proof. Let F be a nonempty finite closed set of a space Z and F = 0. Since F is closed and F = 0,
then fr(F) = F is finite. Hence, by the definition of X-open sets, we obtain that F is not N-open. O

Proposition 17. Any infinite nowhere dense set is N-open.

Proof. Obviously, we use the same method that was used in Proposition 16. O
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Proposition 18. For space Z, the singleton set {z} is either N-open or {z} = 0.

{z} hence {z} C ({z U fr{z}), which is N-open. If {z} is not X-open,
} € {z} . Therefore, {z} = 0. O

Proof. Let {? # 0. Then {z} C
then {z} ;(_( U fr{z}), thatis {z

4. Continuous functions via N-open sets

In this section, we study the notion of N-continuity of functions, using 8-open and N-closed sets.

Definition 19. A function 4 : Z, — Z, is said to be N-continuous if h™'(F) € 8O(Z,), for each
F € RO(Z,).

In general, N-continuity neither implies continuity nor is implied by continuity, as shown in the
following examples:

Example 20. Let ({1,2}, D) be a discrete space and (R, U) be a Euclidean space. Then the function
h: (R, U) — ({1,2}, D) defined by:

(1 if rel0,0)
h(r)‘{z if re(-00,0)

is N-continuous, but not continuous, as the inverse image of an open set {1} is not open.

Example 21. Let (R, 7) be an indiscrete space and (R, U/) be a usual space. Then the identity function
id : R, U) — (R, T) is continuous, but not 8-continuous, because {1, 2} is an N-open set in (R, ) and
id~'({1,2}) is not X-open in (R, U).

Definition 22. Let (Z, ¥) be a topological space. Then:

(1) A collection 8-B C ¥ is called an NX-base for (Z, F) if every non-empty N-open subset of Z can
be represented as a union of a subfamily of K-B;

(2) A collection X-P C F is called an N-subbase for a topological space (Z, ¥) if the family {F; N
FNn..NF,:meN,F; e N-P,Vje{l,2,..,m}}is an N-base for (Z, F).

The following theory is easy to prove and therefore it is presented it without proof, as we will need
it in the rest of the research.

Theorem 23. Let Z, and Z, be two spaces and h : Z, — Z, be a function. Then the following statements
are equivalent:

(1) his K-continuous ;

(2) For each z; € Z, and F, € NO(Z,), where h(zy) € F\, there exists F, € RO(Z,) where z; € F» and
h(F,) C Fy;

(3) The inverse images of all N-closed subsets of Z, are X-closed in Z;;

(4) The inverse images of all members of an K-subbase RX-P for Z, are 8-open in Z;;

(5) The inverse images of all members of an N-base K-8 for Z, are K-open in Z;;

(6) For every F C Z, we have h(FN) c mx;

(7) For every K C Z, we have h‘l(l()N c h‘l(fx);

AIMS Mathematics Volume 9, Issue 6, 14213-14227.



14220

(8) For every K C Z, we have h™'(K™) C (h™'(K))™.

In the following results, if Z = [],ce Zs 1S a product space and F; C Z; for each s € ©, we denote
Fo X Fg, X .. X Fy, X [1epZs, by < Fy,, Fy,, ..., F5, >, where B = {51, 5, ..., S,}.

Lemma 24. Let Z = [[_, Z; be a finite product space and F; be N-open in Z for each s € {1,2, ...,n}.
Then, (F\, F,, ..., F,) is N-open in Z.

Proof. Let Fy € NO(Zy) for each s € {1,2,...,n}. If there exists F,, = 0 for some s, € {1,2,...,n},
then (Fy, Fy,.... F,) = 0 € NO(Z). Suppose that F; # 0 for each s € {1,2,...,n}. If there exists Fy,
is nowhere dense in Z; for some s, € {1,2,...,n}, then fr(Fy) is infinite and also (Fi, F, ..., F,,) is
nowhere dense. Hence,

<F1aF29~-~’Fn> Ufr<Fl’F2,~-"Fn>
= fr<F17F2’ ey Fn>’

<F1’F25 "'aFn>

N

where fr{Fi, F», ..., F,,) is infinite, because

Sr(F1), frF2), .., fr(Fn)  friFy, Fa, ... Fy)

and, for some s, € {1,2,...,n}, Sfr(Fy,) is infinite. Hence, (F, F3, ..., F,,) € NO(Z). Assume that F, is
somewhere dense in Z, for each s € {1, 2, ...,n}. Since (Fy, F>, ..., F,,) is somewhere dense in Z. then,
by Remark 2,

(Fi1,Fy,...F,) C{(F,Fy,...F,).

Therefore, (Fi, F», ..., F,) € RO(Z). O

If at least one coordinate is nowhere dense or equal to the empty set, then the converse of Lemma 24
is not true. For example:

Example 25. Consider (R, U), where U is the usual topology on R [25]. Then @ x {1,2} = 0 is an
N-open set in R2. By Theorem 16, {1, 2} is not X-open in R. Also, Z x {1,2} x (0, 1) is an 8-open set in
R3? and {1, 2} is finite nowhere dense, which is not N-open in R.

Corollary 26. Let Z = []_, Z, be a finite product space and Fs C Z, for each s € {1,2, ...,n}. Then

-_— N —N —N —N
(]) <F15F2"-'9Fn> g<Fl 9F2 9~'~’Fn >;
(2) (F'F) o FS) C(F1, Fay oy F) ™

Since the closure and interior operators are preserved in a finite product, see [26, p. 99-100], then
we have the following theorem.

Theorem 27. Let Z = []_, Z; be a finite product space and F; C Z is not finite nowhere dense in Z; for
each s € {1,2,...,n}. Then F; € NO(Zy) for each s € {1,2, ...,n} if and only if (F\, F>, ..., F,) € RO(Z).

Proof. Necessity. It follows from Lemma 24.
Sufficiency. Suppose that Fy; C Z; is not finite nowhere dense in Z; for each s € {1,2,...,n} and
(F1,F,,...,F,) e ROZ). If F, is somewhere dense in Z for each s € {1, 2, ...,n}. Then

(F1,Fy, .., Fy) C (F1,Fy. . F) Ufr(F,Fa, .. Fy)

AIMS Mathematics Volume 9, Issue 6, 14213-14227.
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= (F,Fa . Fp)
= <F1aF29'-" Fn>a

hence F, C F, = FS U fr(Fy) for each s € {1,2,...,n}. Then, F; € NO(Z;) for each s € {1,2,...,n}.
Assume that there exists F, is infinite nowhere dense in Z  for some s, € {1,2,...,n}. Then

<F17F27""Fsya""Fn> g <F17F2""’Fsya"-7Fn> Ufr<F]7F23"-’FS79"',FI1>
’Fn>

o

= <F_10’FZO’ ’F_b,/ ’ ---,F_no> U fr<F17F2’ ’F
fr<Fl9F2’ ceey FS)A ceey Fn>

<F1,F27 ooy Llgy s eees Fn> NnX \ <F13F2’ cees Fsy’---a Fn>
(FI’FZ’ ey Llgys eeey Fn>

<F_13 F_Z’ ey Fsya ey F_n>’

Syo e

N

hence F, C F, = Fs U fr(Fy) for each s € {1, 2, ..., n}. Therefore, F; € NO(Z,) for each s € {1, 2, ..., n}.
O

Corollary 28. Let Z = []_, Z; be a finite product space and F; C Zj is not finite nowhere dense in Z
foreach s € {1,2,...,n}. Then,

——FF N —N —N —N
(1) (F1, Fa, ... Fy) =(F1 ,Fy ... Fy )
(2) (F S F) s F) = (F1 Fay o Fi)

Lemma 29. The projection maps s : || pee Za — Zs are K-continuous.

Proof. For s € O, let V, € NO(Z;). Then, ﬂ;l(Vs) = V; X [120c0 Zo- By Lemma 24, 7;1(V,) €

RO([1e0 Za)-
O

Theorem 30. For space Z and product space Y = [|, Yy, a function h : Z — Y is N-continuous if
and only if g o h is N-continuous for each s € ©.

Proof. Leth : Z — Y be N-continuous. Let U be arbitrary X-open in Y, for each s € @. By Lemma 29,
a1 (Uy) € RO(Y), for each s € ©. Hence, (m, o h)"'(U,) = h™'(7~}(U,)) is K-open, for each s € ©.
Therefore, my0h is N-continuous for each s € @. Conversely, assume that ;04 is X-continuous for each
s € O. Let V; be X-open in Y| for each s € ®. Then (V) is an X-subbasic K-open set in Y. By Theorem
23 and (0 h) ™' (Vy) = ™7™ (Vy)) = h™'((V)), we get that h~'((V,)) is N-open in Z. Therefore, h is
N-continuous.

O

Corollary 31. For a space Z and the product space Y = [0 Ys hs : Z — [0 Y5 is a function for
each s € O. Let h : Z — Y be the function defined by h(z) =< hy(z) > . Then h is N-continuous if and
only if hy is N-continuous for each s € ©.

Theorem 32. Let Z = [[,_, Z, and Y = [],_, Y, be finite product spaces. Let hy : Z; — Y, be an K-
continuous function for each s € {1,2, ...,n}. Then the function h : Z — Y defined by h({zs)) = {hy(zy))
is X-continuous.

AIMS Mathematics Volume 9, Issue 6, 14213-14227.
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Proof. Let (Fy, F», ..., F,) be an KX-basic 8-open set in Y. Then
hF, Fa, ... Fy)y = (0 (F1), b (F), s k7N (F))

Since h, is N-continuous for each s € {1, 2, ..., n}, then h;l(Fs) is N¥-continuous for each s € {1, 2, ..., n}.
By Lemma 24, we have, (h~'(F)), h"'(F,), ..., h"'(F,)) is X-open in Z. Hence, from Theorem 23, A is
N-continuous. O

5. Applications on N-open sets in separation axioms

In this section, we apply our new notions in separation axioms to explore new types of separation
axioms and some theorems related to graphs of functions.

Definition 33. A space Z is said to be an

(1) N-Ty-space if for each distinct pair z;, z, € Z, then there is either an N-open set containing z; but
not z, or an N-open set containing z, but not z;.

(2) N-T;-space if for each distinct pair 7,2, € Z, then there are two NX-open subsets F| and F, of Z,
suchthatz; € Fi, 2o ¢ Fi,and z; € F», 70 € F».

(3) N-T,-space “N-Hausdorft space” if for each distinct pair 7,2, € Z, then there are two disjoint
N-open subsets F'; and F, of Z, such that z; € F; and z; € F5.

Theorem 34. Any topological space is 8-Ty-space.

Proof. Let Z be a topological space and let x # y for x and y in Z. Then Z )\ {x} is either a nowhere dense
or somewhere dense set. If Z \ {x} is Iolowhere dense, then Z \ {x} # Z, hence Z \ {x} is closed and so

{x} is an open set. Therefore, {x} C @ U fr({x}) is an N-open set containing x, but not y. On the other

hand, if Z \ {x} is somewhere dense, then Z \ {x} C Z \ {x} U fr(Z\ {x}) is an N-open set containing y,
but not x. O

Lemma 35. Any infinite subset of a topological space Z is N-open.

Proof. Let K be any infinite subset of topological space Z. It follows that K is either a nowhere dense
or somewhere dense set. If K is nowhere dense, then K € K U fr(K) = fr(K) is N-open, because
fr(K) is infinite. Suppose that K is somewhere dense. Then K C K U fr(K) is N-open. O

Theorem 36. Any T topological space is an 8-T,-space.

Proof. Let Z be a T, topological space and let x # y in Z. If Z is finite, then Z is discrete, hence it is
an N-T,-space because any open set is 8-open. Suppose that Z is infinite. Then there exist two infinite
disjoint subsets K and H of Z containing x and y, respectively. By Lemma 35, K and H are N-open
sets. Therefore, Z is an N-T,-space. O

Theorem 37. Any infinite topological space is an 8-T,-space.

Proof. This follows from Lemma 35 and the fact that any infinite set contains two disjoint infinite
subsets.
]
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Theorem 38. Any N-T) finite topological space is N-T,-space.

Proof. Suppose that Z is an N-T' finite topological space. If Z contains two or fewer elements, then Z is
N-T,-space. Assume that Z contains more than two elements. Let x # y in Z and, by N-T-spaceness,
there exist two N-open sets U and V containing x and y, respectively. If U NV = (, we are done.
Assume that U NV # 0. Since Z is finite, then U and V are somewhere dense.
Claim: Z\ U is K-open. If Z\ U is somewhere dense, we are done. Assume that Z\ U is nowhere dense.
Since (VN (Z\ U)) C (Z\ U) is nowhere dense, and V is somewhere dense, then U N V is somewhere
dense. If U\ 'V is somewhere dense, we are done. Assume that U\ V is nowhere dense, hence Z\(UNV)
is nowhere dense, which implies that U N V is the only subset of Z such that (UNV)° # 0. If (UNV)°
is an open set, then Z is not K-7'j, hence the interior of U N V consists of more than one open set.
Since Z consists of more than two elements, then there exists an element g such that g # x # y. Let
H; be any N-open set containing g, where i € {1,2,3,...,n}. Since Z \ (U N V) is nowhere dense, then
HnNnWUnNnV)+0forallie{l,?23,..,n}If (N, H)NUNYV) =+ 0, then there exists an element
e € (Niz, H) N (U N V)) such that any N-open set containing x or y must contain e. Thus, contradicts
the fact that Z is an N-T'-space. Assume that (., H;) N (U N V) = 0. Then there exist H;, and H,, for
some i} # i € {1,2,3,...,n} such that H;, N H, N (UNV)=0,hence H, N(UNV)and H, N(UNYV)
are N-open sets, and (H;, N (U NV))n (H, N (UNYV))=0.Hence, (U\V)U(H;, N(UNYV))and
(V\U)U (H;, N (U NV))are two disjoint 8-open sets containing x and y, respectively. Therefore, Z is
an N-T,-space.

O

Remark 39. The following implications hold for a space Z :
T,-space —— T|-space —— Ty-space

J | |

N-T,-space «+—— N-T-space —— N-T-space

The converse of these implications are not true in general. Consider the following examples:

Example 40. Let Z = {«,B} and T = {0, {a}, Z}. Then, (Z,T) is Ty-space, which implies that (Z,7") is
an N-Ty-space, but not an X-T'-space.

Example 41. Consider (R, J), where 7 is an indiscrete topology on R [25]. Then (R, 7) is an N-T,-
space, but not a T-space.

Let h : Z; — Z, be a function. Recall that the subset {(z1,h(z;)) : z1 € Z;} of the product space
Z, X Z, is called the graph of 4 and is denoted by J(h).

Theorem 42. Ifh : Z; — Z, is an N-continuous function and Z, is an X-T,-space, then 3(h) is N-closed
inZ, X2,.

Proof. Let (z1,22) € Z, X Z, where 7z, # h(z;). Since Z, is an N-T,-space, then there exist F|, F, €
NO(Z,) where 7, € Fy, h(zy) € F, and F; N F, = (. Since h is 8-continuous and, by Theorem 23 there
exists an N-open set /' (F,) = K, containing z;, by Lemma 24 we have that K| x F, is an N-open set
in Z; X Z, such that (z;,z;) € K; X F. Suppose that there exists (w, h(w)) € K; X Fy, then h(w) € F;.
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However, w € K, = h™!(F,), which means that h(w) € F,. Thus, it is contradicts the fact that F; and
F, are disjoint. Hence, Z; X Z, \ 3(h) is N-open. Therefore, J(h) is N-closed in Z; X Z,.
O

Theorem 43. Let h : Z, — Z, be an N-continuous function and Z, be an N-T,-space. Then the set
M ={(z1,22) € Z1 X Zy : h(z1) = h(zp)} is K-closed in Z; X Z,.

Proof. Let (z1,22) ¢ M, then h(z;) # h(zp) in Z; X Z; \ M. Since Z, is an NK-T,-space, there exist
F\, F, € RO(Z,) where h(z;) € Fy, h(zp) € F», and F| N F, = (. However, & is &-continuous, and then,
from Theorem 23, there exist 8-open sets h~!(F) = K; and h~'(F,) = K, in Z, containing z;, and z,,
respectively, such that A(K;) C F; and h(K;) C F,. By Lemma 24 we have that K; X K, is an N-open
set in Z; X Z; such that (z1,2) € K; X K. Claim: K; X K, N M = (. Suppose that K; X K, N M # 0.
Then there exists (a,b) € K; X K; " M. Hence, a € K, = h™'(F,) and b € K, = h™'(F,), which means
that h(a) € F; and h(b) € F,. But, (a,b) € M, and so h(a) = h(b), which contradicts the fact that F;
and F, are disjoint. Hence, (z;,2,) ¢ MN Therefore, M is K-closed in Z; X Z;.

O

Theorem 44. Let hy.h, : Z, — Z, be an N-continuous functions and Z, be R-T»-space. Then the set
M ={(z1,22) : hi(z1) = ha(22)} is N-closed in Z, X Z,.

Proof. Let (z1,22) ¢ M. Then h((z;) # hy(22). Since Z, is an N-T,-space, there exist Fy, F, € NO(Z,)
where hi(z1) € Fy, hy(z2) € F,, and F; N F, = 0. Since h; is N-continuous, and by Theorem 23,
there exists an N-open set K; containing z; and h(K;) C Fy, then h;(K;) N F, = (. Since h, is N-
continuous, and by Theorem 23 there exists an N-open set K, containing z, and h,(K;) C F», then
h (K1) N hy(Ky) = 0. Claim: (K, X K;) N M = (. Suppose that (K; X K;) N F # (. Then there exists
a = (Cl],Clz) € ((K]XKQ)HM), where ]’l](a]) = hz(dz), a; € K;,and a, € K5. Hence, h](d]) S h](K]) C F,
and hy(a;) € h(K,) € F,. Thus, it contradicts the fact that | and F, are disjoint. Hence from
Lemma 24, we have that K| X K is an 8-open set in Z; X Z,. This implies that, (z;,2,) ¢ MN. Therefore,
M is 8-closed in Z; X Z,.

O
Theorem 45. Let hi.h, : Z, — Z, be N-continuous functions and Z, be an X-T»-space. Then {z :
hi(z) = hy(2)} is an N-closed subset of Z,.
Proof. It is similar to the proof of Theorem 44. O

Theorem 46. Let (Z,,p1) and (Z,,p>) be two topological spaces and h : (Zy,p1) — (Z,,p2) be an
N-continuous function. Then mt,,(M N 3(h)) is N-closed in Z,, where m,, represents the projection map
of Z\ X Z, onto Z, and M is N-closed in Z| X Z,.

Proof. Letz; e m,(MNJ (h))N and let | and F, be two N-open sets in Z; and Z,, respectively, such
that z; € F; and h(z;) € F,. Since h is N-continuous, and by Theorem 23 there exists an N-open
h~'(F,) containing z;, and since F, is N-open in Z, and / is 8-continuous, then, by Theorem 23, we
have z; € h™'(Fy) € (h"'(F2))™. Then F| N ., (M N 3(h)) N (h™'(F,))™ contains some point g in
Z; which implies that (g, h(g)) € M and h(g) € F,. Thus, we have (F; X F;) N M # (), and hence
(z1,h(zy)) € MN. Since M is N-closed, then (z1, A(z;)) € M N J(h) and z; € 7, (M N J(h)). Therefore,
7, (M N 3(h)) is N-closed in Z;. O
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6. Concluding remarks and further work

This study contributes to the literature on novel topological qualities by introducing a new class
of open sets. The given results explain that, it is possible to gain new examples and qualities
that contribute to a broader understanding of topological spaces by generalizing certain topological
properties, such as compression, connectivity, and others.

In this paper, we introduced a novel class of open sets named “N-open” sets. We have studied
the basic properties of these sets, provide the master properties of N-open sets, and disclosed their
relationships with many different classes of open sets with the support of appropriate counterexamples.
Additionally, we provided the N-interior and N-closure via N-open and N-closed sets. In detail, we
studied the concept of NK-continuity of product spaces using NX-open and N-closed sets. Finally, we
provided some kinds of separation axioms, some theorems related to graph of functions, and 8-compact
spaces via X-open and N-closed sets.

This work considers auspicious directions for future work First, we expect that by defining a new
class of open sets in topological spaces, we will facilitate a path for future research on the subject. Also,
one of the main focuses of future work is to study the relationship between N-continuous functions and
the other types of continuities such as e*-continuous functions, 8*-continuous function, @-continuous
functions etc. Another direction is to introduce a new framework to be used in the near future to
produce soft topological concepts [27] and supra soft topological spaces [28] such as (supra) soft
operators and continuity [29-32], which are inspired by classical topologies. Certainly, researchers
can explore other notions like covering properties and separation axioms via the proposed class of N-
open and N-closed sets. Finally, it reinforces the importance of the concept of classical topology as
it is a strong tributary to other modern concepts such as (supra) soft and fuzzy topology [33] and soft
nodec spaces [34].
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