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1. Introduction

In recent decades, FDEs have become increasingly important for modeling a variety of
phenomena, especially those that are anomalous or involve complex natural processes not fully
described by classical calculus. FDEs are applied across various domains, including mathematical
biology, fluid mechanics, nonlinear optics, image processing, and plasma physics [1-4]. In the
literature, numerous complex differential systems in fractional order defy analytical solutions, posing
a considerable challenge for researchers. In such cases, qualitative properties play a crucial role in
tracing solutions. These properties provide valuable insights and understanding of the system’s


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2024687

14131

behavior without explicitly solving it. In the realm of FDEs, two prominent research areas have
garnered significant attention from researchers. The first area focuses on the existence theory of
solutions, exploring the existence and uniqueness of solutions to FDEs. Various fixed-point theorems
are fundamental tools for establishing the existence and uniqueness of solutions for diverse classes of
FDEs. For instance, one may refer to [2,5-8]. The second area, which has recently gained increasing
interest, revolves around the stability analysis of differential equations, both for classical and
fractional orders [9-11]. These investigations are crucial for understanding the behavior and
properties of solutions in various dynamic systems.

In the literature, there are several definitions of derivatives and integrals of arbitrary orders. Over
the past few decades, researchers have extensively investigated FDEs with diverse boundary
conditions. Notably, a significant area of interest has emerged in the study of nonlocal nonlinear
fractional-order boundary value problems. Ahmad and Nieto [12] investigated the existence and
uniqueness of solutions for an anti-periodic fractional boundary value problem. The same
investigations have been explored for FDEs with fractional non-separated boundary conditions [13].
Subsequently, the properties of solutions (existence and uniqueness results) have been established for
a nonlinear coupled system of Caputo-type fractional differential equations accompanied by
non-separated coupled boundary conditions [14].

Moreover, a more comprehensive form of nonlocal-integral boundary conditions have been
introduced [9, 15-17]. As an illustration, in [18] the authors investigated a system with boundary
conditions of the following form, which turned out to be the inspiration for the current effort:

COMQ() = Li(t,QM), T(1),t € G :=[0,T],
CO2Q(t) = Tt QM), Y1),
@+ 1)(0) = -(@+ 1)(T),

f(Q - T)(s)ds = A.
n

Moreover, in [12] the existence of solutions for the following system of fractional derivative equations
involving Liouville-Caputo type with multi-point and integral boundary conditions was investigated:

LDrQ(t) = Li(1,Q), Y1), t € G := [0, T],
LLpaQt) = 1, Q), Y1),
@+ T)(0) = =@+ 1)),

n

e m
f @-"1)0dx = Y al@= 1)) = Y 1, @=1)G) =P,
o i=1

=1

where £¢D¢ denotes the Liouville-Caputo fractional derivative operator of order ¢;;i = 1,2. g1, 6, €
(1,2,0<pi<o<{¢<6;<T,i=1,---,m,j=1,--- ,n,and L;, 9, : GXRXR — R are continuous
functions.

In addition, in past decades, the stability of FDEs has emerged as a prominent and essential
research area in mathematical analysis [19-21]. The origins of this stability concept can be traced
back to Ulam’s work in functional equations [22], which was further developed by Hyers in the
context of Banach spaces [23], leading to the renowned Hyers-Ulam (HU) stability. Subsequently,
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Rassias generalized this concept, resulting in Hyers-Ulam-Rassias (HUR) stability [24]. Researchers
have extended the idea of HU and HUR stability to various classes of functional
equations [13, 25, 26], contributing to a comprehensive understanding of stability phenomena. For
example, in [27] the authors investigated the existence and UHR stability of solutions for the
Hilfer-Hadamard FDEs. On the other hand, efforts were made to analyze the existence, uniqueness,
and Ulam stability of solutions for a coupled system of FDEs with integral boundary
conditions [28, 29]. Additionally, the UH stability of a nonlinear fractional Volterra
integro-differential equation was studied [30]. Motivated by these advancements in stability theory,
the focus of our current research is to explore the stability properties of the derived solutions using the
UH stability approach. By employing this stability concept, we aim to gain valuable insights into the
behavior and robustness of the solutions of the considered system.

To gain a deeper understanding of the importance and applications of sequential coupled systems
of fractional-order differential equations, one can refer to [8,31-33]. These works provide detailed
information and examples that showcase the wide spectrum of problems where such systems find
relevance and applicability. While the study of fractional-order boundary value problems for
individual equations and inclusions has been well-explored, the exploration of coupled SFDEs has
gained contemporary interest in recent decades [34-36]. Motivated by these developments,
substantial progress has been made to investigate the existence, uniqueness, and stability of the
solutions for the coupled SFD system with different boundary conditions [31, 37]. For instance,
in [38] the authors investigated the existence of solutions for the nonlinear SFD system with coupled
boundary conditions of the type

CED + K COMNHRM = Li(1 QM) TH), 0<t<l,
CD7 + K CDTHY(H) = L QM), T(H), 0<t<],
Q0) =Q'(0) =0, Q1) = aY($),
1(0) =71(0) =0, T(1) = bQ(m),

where K is a parameter, 2 < ¢, s < 3, (D), (CD*?) are the Caputo fractional derivatives, &, i satisfy
&,n € (0, 1), and the non linearity terms £;, 97 : [0, ] XxRXR — R are the given continuous functions.

In [34], the authors applied the tools of fixed point theory to study the existence and uniqueness of
solutions for a boundary value problem of Caputo-SFD equations and inclusions

CD + K COTHQM) = Li(LQM), T().t € G == [0,T],
€D + K CD2 Y1) = T1(1, Q1), Y1), t € G := [0, T],

@Q+1)(0) = -@+ 1)I), f(Q —T)(s)ds = A,
n

where K; € R* and £, 7, : [0, 3] x R? — R are given continuous functions.

Inspired by the above-mentioned developments, in this work we explore a system of nonlinear
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coupled SFDEs of the Caputo type accompanied by a novel set of boundary conditions [12], namely

€D + K CDHRQM) = L1t Q), T(H),t € G := [0, ],
CD? + K CO2HY(H) = J1(t Q). T(H). t € G := [0, T,

@+ 1)(0) =-(Q+ ")(I), (1.1)
e m n
f @-"T)(0)dx = )@= "T)g) = D w(@Q="1)6)) = Py,
1Y i=1 j=1

where ¢Ds denotes the Caputo fractional derivative operator of order ¢;;i = 1,2. ¢, € (1,2],
O<¢pi<po<{<6;<Ti=1,---,mj=1,---,nand £;,9, : GXxRXR — R are continuous
functions. The boundary conditions introduced in problem (1.1) can be interpreted as the sum of
the unknown functions Q and T at the endpoints of the interval [0, T] begin zero, while the second
condition asserts that the difference between the unknown functions Q and Y on an arbitrary strip
(0, ¢) within the domain [0, T] deviates from the sum of similar contributions arising from various
positions at ¢;,i = 1,--- ,mand 6, j = 1,2,--- ,n, with ¢, being a positive constant. The parameters
q;, uj, P; are non-negative constants. Here, we utilize Schaefer’s fixed point theorem and the Banach
contraction mapping principle with arbitrary strip and multi-point boundary conditions to investigate
the existence and uniqueness of system (1.1). In addition, we also examine the stability of the system
under investigation through UH stability.

Our work is organized as follows. Section 2 provides a review of fundamental concepts and
presents auxiliary lemmas related to the linear variant of problem (1.1). The main results concerning
problem (1.1), obtained using a standard fixed point theorem, are presented in Section 3. The stability
properties of the system of nonlinear coupled SFDEs of the Caputo type are examined using UH
stability analysis in Section 4. To further illustrate our findings, Section 5 includes proof with
examples. We conclude our findings in Section 6.

2. Preliminaries

For the benefit of readers interested in this study’s subject matter, we introduce essential concepts
and definitions foundational to the main results discussed in subsequent sections.

Definition 2.1. [7] The definition of the Riemann-Liouville (RL) fractional integral of order r is defined
as

1 ("
r(r) Jo t—uw'r
Definition 2.2. [7] For (n — 1) absolutely continuous functions h, : [0, c0) — R, the C-D of fractional
order r is defined as

I'hi(t) = du, r>0.

1
I'(n-r)
Lemma 2.3. [39] Let t > 0 and H,(t) € AC"[0, o) or C"[0, 00). Then

n—1 b(lk)(o)

!
k!

t
‘Dhy(t) = f (t— )" W (wydu, n—1<r<n, n=[r]+1.
0

(ICDD))(t) = b (1) — tot>0om—-1<r<n
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Lemma 2.4. Let X be a Banach space, & C X be closed, and F : & — & is a strict contraction,
|Fx—Fv| <Klx—0|

for some K € (0,1) and all x,v € E Then F has a unique fixed point in &.

Lemma 2.5. [Arzela-Ascoli Theorem] [39] A subset F in C([a, b], R) is relatively compact if and only
if it is uniformly bounded and equicontinuous on [a, b].

Lemma 2.6. [Schaefer’s Fixed Point Theorem] [7] Let H, : & — & be a completely continuous (c.c)
operator in the Banach space &, and let the set ¢ = {u € Eju = uH 1,0 < u < 1} be bounded. Then
H, has a fixed point in E.

The lemma presented next focuses on exploring the linear variant of the problem outlined in
problem (1.1).

Lemma 2.7. Let H,, H, € C(G,R), then the solution of the system

CO + K CD QM) = Hi(b), teG:=[0,T],

€D + K CDNY(t) = Ha(t), teG:=10,T],

Q@+ T)0) =—-(Q+ 'Y')(i) 2.1)

n

f(Q T)(%)d%—zqz@ T)g) = ) 1 @Q—"1)6)) =P,
Jj=1

is given by

_ e Kt T KT % (% — T)§1—2
Q@) = 5 [A_l (—fo e ( i —F(g‘1 _ ﬂl(T)dT)d%

T % -2
Ky (- (x—1)" H
_ K1 (T—x)
f; ¢ ( o I'e2—-1) Z(T)dT)d%)

1 ¢ * —-K1(x—7) . (T - m)§1_2
+A—2 (Pl fg‘ (j; e (j(; —F(g1 1 Wl(m)dm) dr) dx
4 % - ~ T (T _ m)g2—2
K1 (x—1)
+f (f ( ) T D H,r(m)dm dT)d%

N Y W Ak A TN
+Zq’fo ¢ (0 (e — 1) e |dx

m Pi % (% — T)Cz—Z

~Ki(pi—»)

- q; e ————H,(7)dt | dx
i—1 jo‘ ( 0 I'(s;—1) ?

n j Xy _ )\S1-2
+ Z W f 6—7(1(61_”)( i —(;f(g:z D H, (T)d‘[') dx

j=1

_7(1 6-%) (% T)§2—2
;qu ( ; —F(gz— D Ho(t)dt | dx

v (-1
K1 (t-)
+ fo e ( Te oD 7‘{1(7')617') dxn, (2.2)
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_e—mt 1 * —K(T—x) (-T2
T() = 5 [A_l (—j(; e ( T -1 7-{1(T)d7') dx
T ~ o 2 (% _ T)gz—Z
_ K (T—)
fo e ( ) —F(g‘l 1 Wz(r)dr)d%)

(T — m)s1—2

_i(pl fg (f% e—‘Kl(%—T)( ’

Ay o \Jo o I'(c1—1)

f ¢ ( f * e—vq(%—r)( T (r—m)?
o \Jo o I'(ex—1)

pi % (g — T)S172
. f e_q(l(‘;ﬁi_%)( G — 1)
0 0

I'ci—1)
! P %
if e—’Kl((Pi—%)(
— Jo 0

(- 7)22
. 2% _ 12
e_q(l ((5}—7{) ( (% T) 1

+

Ho(m)dm

H,(t)dr

Hy(t)dr

o

I'(¢;—1)
T H, (T)d‘l') dxn
jfdj ek (6_1—%)( * (o — T)Q_z

0 0

I'(¢;—1)
f t e—m—w( G
0 o I'(ex—1)

=

+ H, (T)dT) dx,

where

n

e m
Ay =(1+e™%), A, = f ey — ) e = N ;e 0 £ 0,

=

©

T 4
ref [
0 0

~

X9 X
_ f e—‘7(1 (T-x) (
0 0
(T —m)st—2

_ U x| [T
12_(P‘_fg(foe (0 [ — 1)
( f g e—’]ﬂ(%—r)( T (1 -m)e?

0 o I'e2—1)
qi fw e_(Kl(‘Pi—H)( (- )72
< Jo 0

AR
Di 4
O f e—«.(w—z)(
0 0

i=1
and

(= )12
I'(¢i—1)

(% —1)272 ) )
T =T w0 Hr(t)dT | dx

H, (T)dT) dxn

Ho(m)dm

H,(7)dt

+ +

(% —7)2
I'(c:—1)

M§

H>(t)dt

1l
—

i
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H, (T)d‘[') d%]

H, (m)dm) dT) dx
dT) dx
dx

dr+

(2.3)

(2.4)

H, (m)dm) dr) dxn

dT) dx
dx

dx
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n j %, _ 7)S172
SNy e—7<1<5f‘”>( oY (T)dT) dx
- ’f ICED

J

j %3 _ =2
- u; 'e_wl(‘sf_”)( %7{ TdT)d% .
. ’f ) Te-1 20

J

S

Proof. Equation (2.1) can be equivalently written as

ED + KD HAM) = Hi (),
€D + K CD2HY () = Ha(h).

Rewriting the equation in (2.1) as ¢ (1 + K;CDHQ(t) = H,(t) and D2 (1 + FGEDHT(H) = Ha(b),
then applying the integral operator 73\ and 7;: to it, we get

(s — a)(§1 2)
Q) = e X f ~Halt) ( f ﬂl(q)dq) dx, (2.5)
I'ci—1)
(s — a)(gz 2)
T(t) = doe X1 + f et ( —Wz(q)dq) dx, (2.6)
0 o I'(e2—1)
where ¢, Dy are arbitrary constants. Using BCs (2.1) in (2.5) and (2.6), we obtain
o+ Dy = Il (27)
(o — b() = Iz. (28)

Solving (2.7) and (2.8) for ¢y and d, yields

0= {Ail(- fo Ie-m-’f)( 0% %ﬂl(r)m)dﬁ
- fo C i ( 0% %%(T)m) d%)
AL e
N fﬁ ‘ ( fo ’ e—W—ﬂ( ;%Wz(m)dm dr)d%

N ) i —Ki(pi—) G _T)§_1—2
+Zq,f:e ( . Tei-D H,(t)dt|dx

i=1

m i ) % (% _ T)§2—2
— q; e —7’{ (T)dT dx

- f (o Ie:-1 "~

n S % _ \s1—2
i e_qq«s.f—u)( =Dy, (T)dT) dx
]Z: ’fo o Te-1""

n g % _ )22
- u; 6—7(1(5,._;,)( (i W(T)dr) dx |y,
]ZI ffo 0o Me=1 "
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and
o :% {Ail(- fo T'.e-?ﬂ(z-’ﬂ( 0%%7‘{1(7)617)51%
_ fo * (1—x>( O” (—;f(;fle_; %(r)dr) d%)
_Aiz(pl _ fg ‘(( fo %e—ﬁw—ﬂ( OT%Wl(m)dm)dr)d%
R

i (o (%_T)Sl -2
+Zqij(; e 7@ )( T -1 Wl(r)d‘r)d%
I _ (%—T)Q -2
_ . Ki(pi—x)
Zq,fo e kil ( oD =z H(r )dr)d%

n j K15 (%_T)S‘l
+Zujf: e %@ )( TG l_l)ﬂl(r)dT)d%

I g s * (o —1)5272
. Ki(6j—2x)
2 jjj e ( ) —F(g‘z— D WZ(T)dT)d%]}.

|
=

The solutions (2.2) and (2.3) are obtained by substituting the values of ¢y and b, in (2.5), respectively.

3. Main results

O

Define & = C(G,R) X C(G,R) as the Banach space endowed with norm [|(Q, )| = sup;; |Q(H)] +
supig [T(1)], for (@, 1) € &. In view of Lemma 2.7, We define the operator A : & — & associated with

system (1.1) as

A@, 1)) = (A1 1)), A2 (@, T)(D)),

where

ASHS T 7 _ A\s1-2
AY@QT)(H) =2 3 [Ail (— fo e—7<1(1—%>( 0 —(;i(s‘l? 0 Li(7,Q1), ‘Y‘(T))dT) d
T

% —_ )22
- f e-m-%)( ks MRS Q(T),T(T)dr) d%)
0 0
1

Ir'ci—1)

e ® o ~ T (T — m) -2
_ K (x—1)
+A2 (701 fg (j; e ( oD Ll(m,Q(m),T(m)dm) dT) dx
.

{ % T _ -2
+ f ( f e‘q(l("_T)( w] 1(m, Q(m), T(m)dm) dT) dxn
o \Jo o I'(e2—1)

o [ [ =T
) K1 (pi—»x)
,f: e ¥ ( CTe-D Ll(T,CZ(T),T(T)dT) dx

+
ingh
o

AIMS Mathematics
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m i 74 _ n—=2
- Z ai f e Kl ( %j (1, Q(1), T(T)dT) dx
0 0 -

i=1
n 0 j P % (% _ T)g] -2
+ ]Z:; uj L e K1(6j—2x) ( , le(T, Q(T), T(T)dT) dx
1 0 % _ )
-2, ‘“’_7('(6’_%)( : %J‘ (5. Q). T(r)m) d%]
=
" x o [ [ e =172
+L e M ( i le(T, Q(T), T(T)dT) d%’ (31)
and
oKt e
(@00 = [ ( e “"”( e Q. 'Y’(T))dT) dx
o I'(ci—1)
* )
o [
\fo ( . T -1 J1(r, Q(1), V(r)dr | dx

1 ¢ * =K1 (x—T1) T(T_m)gl_z
_A_z(pl— f ( [ ( 0 m1:1<m,@<m),'ﬂm)dm)dr)d%

s % ~ ~ T (T _ m)S‘z—Z
K1 (x—1) (T —m)|-
+~£ (f ( o (-1 J1(m, Q(my), T(m)dm) dT) dot

N K (pi—x) * M )
’ Z} fw ¢ ( \ T -1 1AM, T(mdr)dx

m Ko 7 (% _ T)g2—2

; f ¢ ( ) Tlg -1y 1 (m Q@ X@drdx

; ) “ (e —T) 2
+ Z u; Y ) m£1(7', Q(7), Y(7)dt|dx»

o~ K1(6=) * ( —T)272
) Z K 0 mﬂ 1(7, Q(1), T(7)d | dx
—K (t—%) M

+f° ( o I'e2-1) Li(@ J1(7), T(r)dr | dx. (3.2)

Next, we move forward by establishing a set of hypotheses, which are meticulously designed to serve
as the foundational pillars for the demonstration of the primary findings of our research. This step is

crucial in laying the groundwork for the subsequent analytical and empirical validation of our study’s
core assertions.

Consider the continuous functions £; and 1, defined as mappings from G x R? to R.
(‘W) There exist continuous positive functions ¥;, k; € C(G,R"),i = 1,2, 3, such that

|£1(,Q, )| < P, (1) + PL(H)IQ| + W3] forall (1,Q, ") € G x R?,
71 Q, )| < k(1) + kr(1)|@| + k3| forall (t,Q, ) € G x R%.
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(‘W,) There exist non-negative constants Y, Y,, U;, and U, such that, forallt € G, Q;,(; € R,i =
1,2.

ILi(t, Q1,1 — Li(h, &, o)l < (M1|Q1 — Q| + Y| T — T3, forall teg,
T (4 Q1, 1) = J1(t, @, Vo)l < (TR — Q| + Us|Ty — T), forall teg.

To enhance the efficiency of the computational process, we introduce the following notation, which
simplifies complex calculations and facilitates a more streamlined analysis:

Q _6_7(1’f 1 gl (1_ —’Kll) + — u (7( + —7(1§_(]< _ _q(]g)
T [0 \ KTy Az Kir(s1) Hiwe e
(3.3)
“ Sl ! n 691—1
+ ~Kipi + U i 1 — K1 6; ’
Zq ('Klr(gl) ¢ )] JZ::A ’(er(gl)( ¢ )]H
e~ Kt 1 g5l P 1 é«gz—l _ ng_l e e
T2 (e (W(gz)(l_e ))+E{(W)(m” ~Haemem
(3.4)
m (,DQ_I n 662_1
+ ; i 1 = e Keny | + U i 1 — g% ’
;q (%F(gz)( ¢ )] ; ’[er(gz)( € )]}]
and
® '{1 [II\P ||(2Q e )) Ik ||(2Q L m))]
= min — + 1 + + K ’
1 T aren N T wre)

s1—1 tg‘z—l
_ —‘Kl _ oKt
[II‘Psll (291 + 7(11"(;1)(1 )) + [l&sll (292 + ‘Kll"(gz)(l e ))]}

Subsequently, we aim to delineate the implications arising from the existence of the BVP (1.1),
employing Schaefer’s fixed point theorem as outlined in [7].

Theorem 3.1. Suppose that (‘W) holds. Furthermore, the assumption is that

s1—1 -1
w29, + 1- -7“)+k (2Q+ 1- -7“)<1,
[ 2||( | 7<1F(gl)( )| + k|l {2€2 7(1F(§‘2)( e ")
g1—1 -1 (3'5)
w29, + 1= e MY + |1k 129, + 1 - -Wlt)<1,
[ 3||( | ‘7(1F(g‘1)( )) I 3||( 2 7<1F(g2)( e ")

where Q, ), are defined by (3.3) and (3.4). Then the problem (1.1) has at least one solution on G.

Proof. The operator A : & — & is continuous as a result of continuity of £; and 7. Next, consider the
bounded set ¢; € . Consequently, there exist positive constants Yz, and Y 4, such that the following
inequalities hold:

1Li(t, QD), YD) < Y,

AIMS Mathematics Volume 9, Issue 6, 14130-14157.
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1t Q). TMH) < Y,

and for all (Q, ") € (;,t € G, we have

IAL(@Q D)D) <

T %
_I_f 8—7(1(3—%)(
0 0
s 7 T
+f (f e—?(l(%—r)(
¢ 0 0

-k T %
e Tt [i (f e_q(l(i—%)(

(% — 7)5272
I'¢i—1)

(i
Ay 1% 0 0

(T — m)s2~2
I's;—1)

(% —1)5172
I'(ci—1)

|T1 (T, Q(1), T(T)Idr) d%)

1L (1, Q(7), T(T))IdT) dx

(t —m)s1—2
I'ci—1)

T (m, Q(m), ‘r(m)um) df) i

m Qi . B X (% _ T)gl—z
; Ki(pi—2) @ —7)
' Z] QZfo ‘ ( ) Tiei- 1m0 T(ﬂ'df) dx
m Qi ~ _ X (% _ T)g2—2
. K (pi—x) =7,
' Zl q’fo ’ ( ) T—1) A T(ﬂ'dT) dx
' Zn: Y f o ( % MMH(T Q(7) T(T)ldT) dx
=y \ T(e 1) H(ne@:
n Ji . _ 7 (% _ T)gz—Z )
. K1(6j—2x) —7), - : Q ’ ) Py
+;u’f ) ( o Tig— 1 /1m0 Holdr %)
t ‘o a2
+ f e‘7<1 (t—2) ( %ll:] (T, Q(T), T(T)ldT) dx
0 0 _
e—‘](] t 1 T . o
= { 2 (e (%r@o(l ¢ ))
S e
A, {( KT (s1) )(M e =Ko - e
S‘l 1 " n 5-@_1 .
i 1—-¢€ 19i ) i 1— e 5
+Zq [W(g])( ¢ ))+;uj(%r(gl)( e ))H}
ts1-1 —‘Klt e~ Kt 1 ol s
' {7‘1”?1)(1 )}y"‘” Y { 2 | +e ™ (wlr(gz)(l ¢ ))
+i {(M) ({7( + e e ‘Klg)
A \\ KT (s2) 0=
SDQ | ~Kigi . 5?_ 1 ~K16; P
+ZQZ[(K1F(S‘2)(1 ¢ ))+;uj(7(l“(g)(l e 1o + A
y 0 s1—1 . _(K y 5 7)1
< v ] P
- Jzl( 1+(K1F(S‘1)( ))+ Ji 2+2A2
AIMS Mathematics

L(m, Q(m), T(m)dm) dT) dx
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Hence,

si—1

Kil'(s1)

P
20’

IAL(@Q, T)|| <Y, (Q1 + (1 — %t )) + Y50+ — (3.6)

and

Y a0
A2Q DB <— [A—l (fo e ( ) ml&(T,Q(T),T(T))ldT)d%

T ~ _ 7 (% _ T)gz—z
K1 (T—x)
+ fo e ( e e, T(T)Idr) d%)

1 ¢ * =K1 (x—71) T(T_m)§1—2
+A—2(fp1— f ( [ ( 0 mL(m,cxm),'r(m)dm)dr)d%

% T _ -2
( j; e-m-ﬂ( i %Ul(m,c}(m), ‘I’(m)ldm)dT)d%

_ \S1—2
o fo e-qﬂwm( 0 %I&(T,Q(ﬂ, T(r>|dr)dz

+
Msh

+
1

i

Eqs

i n—2
0 fo ” e-“ﬂ%-w( 0 %mw,a(r), T<r>|dr)d%

i=1

M:

+

u; f ~K1(6; —%)( O (;f(gfz 0 |Li(1,Q(1), T(T)|d7')d%

(St “ (- 1)
u] f %, (6 >( 0 %LTI(T,Q(T),T(TNdT)d%J

1

J

@

—K (t=x) M
+‘f0 ( o I'(cx—1) T (7, Q(x), T(7)ldT | dx

$52-1

Kil'(s2)

P

Syglgl +yjl (Qz+ E
2

(1- e—“lf)) +

Hence,

-1

Kl (s2)

IA2(Q, M <Y £, Q1 + Y o, (Qz + 1- e‘W't)) P . (3.7

+ —_—
2A,
Thus, from Egs (3.6) and (3.7), we obtain

si—1

Kil'(s1)

IAQ DI = IA1(Q Dl + 1A2(Q DIl <Y, (291 + (1- 6_7(”))

+Y (ZQ + e (1—€W't))+&
T 2T KT (sy) Ay

Thus, the operator A is uniformly bounded, we show that the operator A is equicontinuous on &. For
this we let t;,t, € [0, T], t; < t,, and (@, Y € ¢;). Then
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-Kitr

IAL@Q, T)(t) — Ai(Q T)(t)] <

54

XN
)
[
el

S__Xi__
Kil'(s+1)

and

-Kit

1A2(Q, T)(1) — Aa(Q, T)()] <

AIMS Mathematics

e _ e—?(ltl [i (_ fl e—’](l(l_;;)( %
2 A 0 0
T %
_ f e—7<1(1—%)(
0 0
4 % T
_f (f e—‘Kl(%—‘r)(
0 0 0
4 74 T
LU
0 0

| e (

~Ki(ta—x) _

+ f -Ki (t2— %)(
tg 0

-¥Kit
(lts‘l _t§1| + |t§1 RS _tgl

-Kit T %
e it — g~Hl [i (_f oK@ (f
2 A 0 0
T 74
_f e—“Kl(l—%)(
0 0
1 4 2% T
i (7)1 _f (f e—%(%—f)(
AZ 0 0 0
4 74 T
_I_f (f e—’]ﬂ(u—r)(
0 0 0
Pi
. f e—'Kl(sDi—%) (
i=1 0 0

Pi 4
l_ f o~ Kilo) (
i=1 0 0

(x —7)572
't -1
(¢ — )22
mygldr)d%)
(T —m)s1—2
I'ci—1)
(T —m)ys22
I'(¢; - 1)
* (% —7)5172
o I'lci—1)

K (pi—%) (f% (% — T)§2—2 )
0

YU y,dr
I, -1)"7
—7(1(6j—%) (
0

(% T)S 1= -2
—K1(6 %) (
0

yjl dm) dT) dx
yLIdT dxn

dx

—— VY, ,dt|dx
g —-1)°"*

ks )
M-
“ -1

o I'(ci=1

Y, dr)d% ,

|

Y p,d)dx

—'Kl (ty—x) (

(-7
I =1

e M%) - 0,

(x — 7)1
I'ci—1)
(¢ — )22
myjl dT) d%)
(T —m)st2
T -1
— m)s22

%y g dm) dT) dx
QG A
I'(ci—1)
(x — 1)
T(e-1)

dT) dx

Y, dT) dx

ylldm) dT) dxn

y&d?‘)d%

y&dm) dT) dxn

yLIdT)d%
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n I X% _ c1—2
+ > U e‘“‘(‘sf_”)( uy ,dr)d%
: ff o Ma=D7F

n

1 0
Ny [ e (@D
;”’f:e (0 Tie -1 )

t % G2
“Ki(t—x) _ K (t—x) (¢ —q)
+ € —e ————VY4,dt)dx
‘[0 ( )( o Ier—1)"7 )
t2 i -2
K1 (ta—x) (% - T)
+ e ———Y qdt)dx
jt: ( o Te -1~ )

< Y Ji

CKil(s2+ 1)
Note that, in the limit case as t; — t,, the right-hand side of the previous inequalities approach zero,
regardless of (@, Y) € ;. This implies that the operator A(Q, T) is equicontinuous. By applying the
Arzela-Ascoli theorem, we can conclude that A(Q, T) is completely continuous. Furthermore, we
will now demonstrate that the set @, = (Q, 1) € &|(Q, ) = [IA(Q, T),0 < IT < 1 is bounded. For any
t € G, one can get

(57 — 2] + e 7700 — £52¢7%92)) > 0.

Q) = ITA(Q, T)(D), T(1) = [TA(Q, 1)(D).
Exploiting the definitions of ; and €, given by (3.3) and (3.4), we obtain
QM| =HIA(Q, T)(D)

e—7<1t 1 % (% _ T)g1—2

X
< [AT( fo e_q(l(z_”)( 0 mzzlqw+\P2|Q<r>|+%|‘r(r>|>dr)d%

3 * (e — 1)
+ f 6'_7(1(‘1—74) ( ujl(lk” + k2|Q(T)| + k3|T(T)|)dT) d%)
0 0

-1
1 ¢ * =K1 (x-7) ’ (T — m)§1 2
+A—2(¢>l— [ ( fo e ( fo milq%uwamn+\If3|‘r<m>|)dm)df)d%
o
YT (=7) T(r—m)e?
o[ ( [fem ( —mkn+k2|a(m)|+k3|'r(m>|)dm)df)d%
, s ) Ter-1)

£ f " i ([T EZDT p w9+ W) d
Y o g —n T2 ’

+
[
=

# —Ki(pi—») g (% - T)gz—Z
if e " ( ——J1(ki| + k2 |Q(7)| + k3|T(T)|)dT) dx
0 o I'(¢x—1)

U O R O 7)5172
+ ) e M1 ———— L (V4] + Y21Q(0)| + 5| (D))dT | dx
0 0

2 I -1
I e
+;u,. j: K10 >( 0 %mqklukﬂa(rn+k3|‘r<r>|)dr)d%)

t . (o — 7)) -2
4 f et —u)( = L]+ Q) + ‘Pgl‘Y‘(T)I)dT) dx
0 o I'(c1—1)

AIMS Mathematics Volume 9, Issue 6, 14130-14157.



14144

=Kt

2

< (M AT+ Y5 IHCTTD {e

1 ( 357!

KT
T+ ® 0\ Ko~ ° ))

+i {(M) K, + e K _ Ko — 6—709)
Ay K (s1)

§11

m n (5?1_1
—Kipi L (1= —Ki6;
le [7(1F( 1) ¢ ))+;u1 [7(1F(S'1)( ‘ ))H

ts1-1
1= Kt
¥ {%r(go( ¢ )}}

D@l + ety { o [~ (1 = )
| 2 3 2 (v e\ Kl

=1 _ o1
+AL {({—9) K + e Kl _ Ko — e‘w'ﬁ’)
2

K (s)
¢’ 1 K1 C 57! —K(6; P
+ i L—e ™)+ > uj| ———(1 —e " + —,
Zq[vmgz)( )) ; f[vqr(gz)( 11 24
¢s1—1
< (911l + I 1QI + s1NYID [ Q4 + 1 —e %t
M+ 2R+ 11511 II)( 1 7<1F(g1)( e ))
P
+ ([l Il + k2 NQI + NI 2 + j
2

and

1T =HIAQ, D))

¥t 2 % _ 1-2
< [i ( [ ( oD ) + Pl + %rr(rmdr) dx
0 0

2 | A I'(gi—1)

o e[ [TEZDI L Q)+ k@D d
) e ) F(g]_l)ﬁ(l il + k| Q(T)| + k3| Y()))dT | dx
1 4 % T _ 12

+A—2(5Dl— fg ( fo e—W—ﬂ( ) %LIU%H‘MQ(m)l+‘I‘3|T(m)|)dm)d7)d%

([ oK) G

+ mﬂ' 1(ki] + kol Q)| + k3| Y (m))dm | d | dx
o 0

+quf oKt —u)( (I}i(—szg'l) L(|¥] + ¥,|Q(7)| +‘I’3|'Y'(T)|)d7') dx
i=1 0 0
m Pi i) T)Cz -2

+qufo e ( Ter jl(|k1|+k2|Q(T)| +k3|'I’(T)|)dT)d%
i=1

A f _7<l<a,—x>( (Igf(ngzgll) _[1(|‘P1|+‘I’2|Q(T)|+‘I’3|T(T)|)d‘r) dx
Jj=1
n n—2

+ ) f ‘“‘“"’”( e ;)g J1(lki] + kalQ(7)| +k3|‘r<r>|)dr) dx)
j=1
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t it % (¢ — T)cz—Z
+f oKt ( = Tk + klQ()| + ksIT(T)I)dT) dx
0 o I'(&2—1)

< (Ml + 20N+ (12511111 €24

J[Q_l Pl
TIH(Q 1—e K|+ —.
+ (k1] + Ne2QIN + (1]l II)( 2+7(1r(§2)( e ))+2A2

As a result, we obtain

g1—1 -1 P
—'7(1 _ Kt _1
Il + (171l SII‘I’1II(291 + «—]r(g])(l )) + Iyl (292 + (K]F(Q)(l e )) + A,
si—1 ¢—1
Wl (29 + ———(1 — 7%t k|| [ 2Q 1 -t )] Q
+ ||l 2||( 1+7(1F(g1)( ))+|| 2||( 2+7(1F(§2)( )| [ IQl
s1—1 sr—1
20 + ——(1 — 5t k|29 1 —e %t )] Y
+ ||l 3||( 1+7<1r(§1)( ))+|| %||( 2+7(1F(§2)( )T

By employing Eq (3.5), we can deduce that

I 1291 + 7o (1= e9) + llall (29 + rs (1 - e7X1h) + 2

KiI(s1) KiI'(s2) 2
()

QT <
It is shows that ||(Q, T)|| is bounded for t € [0, T]. The set @, is bounded. Consequently, by applying
Schaefer’s fixed point theorem, we can conclude that a solution of Eq (1.1) exists. m|

The statement of Theorem 3.1 reduces to the following special form by fixing ¥,(t) = Ws(t) = 0
and ky(t) = kp(t) = O in it.

Remark 3.1. There exist positive functions ¥, k, € C(®,R*) and L, : ® x R? — R, which are
continuous functions such that

1L, Q,T) <P (b), 1T1(L Q1) < ki(t) forall (1,Q,T) e G xR

Then system (1.1) has at least one solution on .

Remark 3.2. According to the assumptions of Theorem 3.1, if V(1) = v;, k;(t) = €;,i = 1,2,3(g; and ;)
non-negative constants, and the criteria of the functions L, J have the following form:
(Q)) there are real constants i;,&; > 0,i = 1,2,3, so

L1, Q, )| <ty + 1u|Q| + 3|Y| forall (t,Q,T) e ® x R2,
Tt Q, 1) < & + &lQ| + &|Y] forall t,Q,T) e ® xR,

and (3.5) becomes
- Kt et %t
0L [29 + 11—+ 120, + 1-e")] <1,
2( ! 7(1F(§‘1)( )) 2( ? (Klr(S‘z)( ))
s1—1 -1
;529 + 1—e-7<1*)+g(29+ 1—e—7<1t)<1.
3( ! (Klf(g‘l)( ) ; ? 7<1F(§‘2)( )
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Now, we proceed to present our second result, which builds upon Banach’s fixed point theorem and
provides evidence for the existence of a unique solution to (1.1).

Theorem 3.2. Suppose that (W) holds. Then problem 1.1 has a unique solution on & if
y(ZQ] +

s1—1

Kil'(s1)

-1
KiI(s2)
where Y = max{¥,Y,}, U = max{U,, U} and Q;,i = 1,2 are defined by (3.3) and (3.4).

(1 — %t )) + (u(zgz +—~1 - e-"“)) <1, (3.8)

Proof. Let us take M = sup; o+ |£1(1,0,0)] and M, = sup, o+ [J1(t, 0, 0)] and fix
My (20 + 75 (1 = ) + My (20, + d2(1 - X))

r> % f(ff) .
1= (Y (290 + (1= e709) + U (200 + 7751 = 7))
Now, we show that AB, C B,, where B, = {(Q, ) € & : ||(Q, T)|| < r}. Then
(A(Q,Y))
<5 |5 _fz i ([T Qe M) - £a(5,0,00+ Milde|d
) A] 06 . r(g‘l—l) 1T, T), T 1(T, U, jat|ax
* ey i A )
—f e ——[1J1(7, Q(7), T(7)) — J1(,0,0)| + M,]d7|dx
0 o I'(ct—1)
1 ¢ * =K1 (x—-71) ’ (T — m)§1—2
+— P — f f e ————[|L;(m, Q(m), YT (m)) — L;(m,0,0)] + M;ldm|dt|dx
A2 ) 0 0 F(gl - 1)
* =K1 (x—T) ’ (T m)cz_z
f : ——[|lJ1(m, Q(m), T(m)) — J1(m,0,0)| + My]dm |dt|dx
o I'(sx2—1)

o [ [ D
i e —[|Li(7, Q(1), T (1)) — Li(7,0,0)| + M,1dt|dx»
0

1 o I'lci=1

i

Ms

Ty i R Gk
q; fo e Y | F(z——l)[ljl(T’ Q(1), Y(1)) — J1(7,0,0)| + My|ldr |dx

i=1

Y, f Ha, —%)( s [ILl(T,Q(T),‘Y'(T))—£1(T,0,0)I+M1I]dT)d%
- o I'ci—1

~.
Il

M:

_7( (6j—x) (% - T)s‘z -
u; Ho ——— T (7 Q1), T(7) - J1(7,0,0)| + Mylldr | dx
o I'(e2—1)

1
t

~.
Il

. f e-“l“-’“( D 5 QLY@ — L1(7,0,0) + Mlndr) dx
0 o I'(ci—1)
11 Kt ¢1-1 —‘K1
(y (Ql + e (i-e )) ; waz) @l + 11D + M, (91 * e )) - Mo,

which turns out to be of the form

(A(Q.T))
-1

ts1-1
S(y (-Ql +———(1 - )) + WQz) A1l + 11 + M, (Ql + K<)

—'Kl
K T(s1) Ko~ )) + Mafdy.
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Similarly, we get
(A2(Q, 1))

<(ufon s

-1

Kil'(s2)

-1

Kil'(s2)

(1 - -7“5) ; ygl) QI + 111D + Mo (Qz + (- _w)) A

Consequently, for any (@, T) € B, , we find

IA@, DIl = I(A(Q, DI + [I(A2(Q, DI

§1—1 g‘]—l
20 1 — %t 20 1 -7t T
S(M( 1+ 7(1F(§1)( )) + ﬂ( 2+ 7(11_@1)( ))) A1l + 11°c1l)
s1—1 ¢—1
_ Kt _ Kt
+ M, (291 + (K—ll“(gl)(l e )) + M, (292 + ‘}(1F(g2)(1 e )) <T.

Next, we show that A is a contraction, and it is necessary to demonstrate that it maps B, into itself.

Let (Q1, Y1), (@,,,) € &1 € G. By considering the relation (W), we can derive the following
expression:

[(A1(Q1, T1)) — (A1(Q, 1))

L [ [TEZD im0 = L1 @ule. Yool | d
-2 Al \]; 4 0 I_,(gl —l) l(T, I(T), 1(‘[’)) 1(7—’ Z(T), 2(1_)) | dx

T KT 4 (% _ T)gz—Z
- e ——— 1717, Q1(7), T1(7) = J1 (1, Q(7), To(1))ld7 | dx
0 o I'tct—1

1 [ K, (1) T (r—m)S' 2
+— P — f f e ! ———|Li(m, Qi (1), T1(m)) — Li(m, @y (M), Yo (m))|dm | dt|dx
A2 0 0 0 r(gl - 1)

+

2 &

¢ " —K\ (x—7) ’ (T - 1TI)§272
( [ e ( | 1m, @ (), T4 () = 1 (m, @a(m), ‘rz<m>>|dm) dr) d
0 o I'ex-1

Pi

Y N e o
. K (pi—%) -
+ ;:1 a ) oe ? ( . Te-D I£1(7, Qi(7), T1(7)) LI(T,Qz(T),‘Y’z(T))IdT)d%

m P
_ Z a f e~ Kilpi=n)
i=1 0
* (o — 1)1 72

fl
n 6j
+Zuf f 6‘“‘“"”( T L@ Q@ T(D) - Lin (), ‘r2<r>)|dr)dz
= 0 0
!

I'cir—1)
n 3
_Zuf f o~ Ki6;=2)
=10

t %t 4 (% _ T)gl—Z

+ f e ‘(‘”)( = Li(nQ (1), T1(7) - Li(, Qz(T),Tz(T))IdT) dx
0 o I'tci—=1

s1—1

t —N
s(y(szl et e7) wz)(uau T,

% (% — 1)5272
——— 171 (7, Q1(7), T1(7) = J1 (1, Q(7), To(1))|d7 | dx
I'ex-1)

O
w7 W@ i), T1(1) = J1(7, &u(7), Tz(T))IdT) dx
(g = 1)

and we have

s1—1

Kil'(s1)

(A1(Q1 1)) = (A1 Qe T s(y(szl ¥ (1) + mz)u@n e,
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and

[(A2(Q1, T1)) = (A2(Qa, 1))

3 —Kit [ 1 T —vq(z—x)( (%—T)"‘ZL Q % Li(1.Q To(1))ld
72| A _fo ¢ | T 1 D Q@N@) ~ Li( Q). Ta(r)lde

* i ([ =D
- f e N ”’( —IJI(T,QI(T),‘YH(T))—jl(T,Qz(T),Tz(T))IdT)d%)
0 0

IGi- D)
1 A Y o A el
—A—2(§D1 —f (j(; e M (j(; ml.&(m,@(m),%(nl))—£1(m,Q2(m), Tz(m))ldm)d‘r) dx
%
J X K eet) T(T_m)QfZ
" f ( f oK ( f C 0 11m, @), 1) —Jl(m,ag<m>,n<m>>|dm)dr) d
0 0 0 r(gZ - )

m 0i — )12
# Y [ e ( L Q. i) - L Q). ‘rz<r)>|dr) dx
i=1 0

o I'(ci—1)
— i a; fwj e~ Kilpi=n)
i=1 0
* (0 — 7)1 2

(0
n g
DR f e‘“‘“f"”( o L@ Q@) Ti(@) - Lin Q). Tz(T))|dT)d%
=) 0 0
fl

I'gi =1
n 3
_Z”J' f oK)
= Yo

t e 7 (% _ T)g272
+f el ")( ————|71(x, Qi (1), T1(1) - Ji(x, Qz(T),Tz(T))IdT) d%}
0 o I'lex-1)
-1

t —Kt
<[00+ - ) + v Jo + i,

% (% — 1)5272
——— 11, Q(7), T1(7) = J1 (7, Q(7), To(1))|d7 | dx
I'g;—1)

% (¢ — 7)5272
——— |91 (7, (1), T1(7)) = J1(7, Qx(7), VoT))dT | d
I'ex-1)

In a like manner, we have

-1

Kil'(s2)

KM@WM%M@XMS@Qﬁ (- %»um%m+mn

Explicitly, the preceding inequalities indicate that
ICA@1, 1)) — (A(G, Tl = [(A1(Q1, T1)) = (A1(Qa, T2))| + [(A2(Q1, T1)) — (Aa(Qa, 1))

s1—1
oKt B
< (M (2!21 + KT 1- ))) Q) — @, Y = )l

-1

Kil'(s2)

(1-e™t )) +1{(Qz +
Assuming condition (3.8), it follows that the operator A demonstrates contraction characteristics.
Therefore, through the application of Banach’s contraction mapping theorem, we ascertain the
presence of a singular fixed point for A. This finding definitively verifies that system (1.1) has a
unique solution within the domain G. O

4. Stability results

In this section, our attention is directed towards examining the U-H stability of the coupled (SFDEs)
represented by (1.1). To grasp the stability characteristics of the system, we delve into the analysis of
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the following inequality:

{ CD + K CDT QM) — L1 QM), YD) < & teG:=[0,T], wn

(€D + KCD DY) — T1(LQR), YH) <& teG:=][0,T].

Here &1, &, are given two positive numbers.

Definition 4.1. [22] Problem (1.1) is Hyers-Ulam stable if there exist Q; > 0, where i = 1,2, such that
for given &1, &, > 0, and for each solution (Q,T) € &([0, T] x R%, R) of inequality problem (4.1), there
exists a solution (Q*, V*) € &[0, T] X R%,R) of system 1.1 with

{IQ(‘[) - Q) < Qg + e, t e [0, T], 42)

IT() =T < Qg + D, t e [0, T].

Remark 4.1. The pair (Q,Y) is considered a solution of inequality (4.1) if there exist functions
A; € ([0,T],R), where i = 1,2, which are dependent on (Q, ) respectively, such that the following
conditions hold:

(A (D) < &1, A (1)| < &, t € [0, T]. 4.3)

{ (CD + K CDHAM) = Li(1, Q). YD) + Ai(h) teG:=10,T],

4.4)
(€D + K DY) = J1(t, QD), TH) + Ax(t) te G :=1[0,T].

Remark 4.2. If (Q,Y) represent a solution of inequality (4.1), then (Q,Y) is a solution of the
inequalities

{IQ(t) —Q M) < Qe+ Qe te[0,T,

IT(t) = T < Qi1 + Qye,, t e [0,%],

forall (Q,Y) € &0, T],R).

Theorem 4.2. Assume that (W,) holds. Then problem (1.1) is Ulam-Hyers stable.
Proof. With the help of Definitions 4.1 and Remark 4.1 we get

CDM + K COOHQM) = L1, Q(), T(H)) + A(t) te G:=][0,3],
(CDQ + 7(1(3@5’2—1)‘1'(1:) =91t Q1), TH) + A(t) te G :=]0,T].

This implies,
. e—’Klt 1 T K1) %(%_T)gl—Z
Qb =Q'(t) +|— [A_l (— fo e (0 mLI(T,Q(T),T(T))dT)d%
T % _ n—2

_ fo e—vﬂ(z—n)( 0 —(I’f(gf =i, 'r(r)dT) d%)
4 % T _ s1—2

+Ai2(7)l_ f ( fo e—?ﬁ(x—r)( 0 %Ll(m,Q(m),T(m)dm)dT)d%
4
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4 T _ 72
+ ( f e % Wﬂ( mm (m, Q(m), T(m)dm) dT) dx
o \Jo o I'(e2—-1)

tf‘p e_7<1(¢l %)( (% _ T)gl LI(T Q(T) T(T)d‘[') 0
0 0

Z 't =1

i=1

g [ [T
Z;qfo e Kt (O T Q. (| dx

+
Q

n

Sy f Vit %>( D T(T)dT)d%
"o o Tei -1 ’

j=1

J =2
—Zuj fo 6‘7‘“‘5’"’”( ) —(;f@;)g - T1(5,Q), T d%”
=1

R B A O
K1 (t—x)
+ j; e ( i T D “-D Ll(T,Q(T),‘Y'(T)dT)d%

It follows that

_7(1 1 T KT 71 (% _ T)gl -2
a0-aois |5 (- e [T mn)a
T ~ - 1 (% _ T)Q—Z
K1 (T—x)
+j(; e ( ; —F(gl - Iﬂz(t)ldr) d%)

1 ¢ g =K (—7) ’ (T B m)S‘] -
A_(pl L (f(; e ( . —F(gl — 1) |ﬂ1(t)|dm)d7’) dx

4 _ (T m)gz 2
Ki(x—1)
N fg ( fo ( f r(g2 - Iﬂz(t)ldm) dr)dx
N Y K -~
+;q1f0 e ( T Iﬂl(t)ldr)d%
|ﬂ2(t)|dr) dx
oK m( (-T2 G =D 2 ) dT) g

+zq,f S [ s
f o I'(ci—1)

par o I'(ex—1)
22
S R ( f oDy, b | dx
jzl ‘IL 0o Te=1)""
te—‘Kl(t—x) ( 7 (% _ T)S‘l—z
0 o I'(ci—1)
e—?(ﬁ 1 Iﬂ_l
<€ —
[ 2 [ +e %D (7(1F(§‘1)

+i {(M) K + e K _ Kio - 6—7(19)
Ay K (s1)

+ Iﬂl(t)ldr) dx

(1- e—m))
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¢1—1

- ¥, _—Kigi : . 61'9_1 K6
+Zq’(7(1f(§‘1)(1 ¢ 90))4_;11](7(1@1)(1 ¢ ))}”

e ! 1 ! <
1 _ —7(]4,
L I s (vqr(gz)( ¢ ))
s {(é@z 1 _ §2 1 )(47(1 .\ 6—7(15 _ 7(19 ~ 6—7(19)
Ay K (s2)

m gz 1
Z:‘ (‘KF(S‘z)

SQISI + 9282.

Similarly, we obtain

n 5g.“2—1
-Kipi . L _ -K16;
me )) i ,:21 W (W(gz)(l ‘ ))}”

—'Kl ~ ~ % (% _ T)§1—2
Y 7G(z %)
[Y()—T > [ ( (O Te-D Iﬂl(t)l)dr)dx
T " (o — 7)522
K1(T—x)
+fo ¢ ( o T -1 'ﬂZ(t)'dT)d’{)

4 7 T _ s1-2
+AL2 (7’1 _ f ( fo e—?(l(%—‘r)( 0 (;(glm—)_l) |ﬂ1(t)|dm)dr)d%
%
e * o ~ T (Tt — m)§2—2
7(](% T)
+£ (fo e ( \ —F(gz—l) Iﬂz(t)ldm)dr)d%

m
+qu f —%](w;—z)(
= 0 0
m
+quf 6—7(1(%‘—%)(
= 0 0
6]
Jf e—?ﬂ((sj—x)(
0
J]
+Zujf e‘w‘(éf_")(
t 7
+ f e—‘l(l(t—%)(
0 0

SQ]Sl + 9282,

+
gl
f;‘

where QQ; and Q, are defined in (3.3)—(3.8), respectively. Hence, problem (1.1) is U-H stable.

AIMS Mathematics

(% —1)5272

', = 1)

' =1

* (3 —T)272

1-2
kol Iﬂl(t)ldr) d
Iﬂz(t)ldr) d

I'(s; = 1)

't =1

* (6 —1)272

— 7)s1—2
Gy |ﬂ1(t)|dT) dx
I'(¢;—1) )

[Ar(t)|dT d%)

Iﬂz(t)ldr) dx

4.5)

(4.6)

O
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S. Examples

Example 5.1. Consider the system

CD + KON = L1, QM), T(1). t € G == [0, T,
D% + K CD2HTW) = J1(1QW), Y1), t € G = [0,T],

@+ T)0)=—-(Q+ "D, 5.1
é’ m n
[[@-00ax- Y a@- 100 - Y 0@ 106 =P,
0 i=1 =1

where ¢ = 3/2,¢, = 4/3,0 =3/4,( =3/2, 7 =2,P, =1,q = 1,0, = 1/5, 14 = 26/100,u, =
6/25, @, = 1/4,@w, = 1/3,6, =7/4,6, = 47/25. Utilizing the above data, we get Q1 = 0.200876 and
Q, = 0.156334, where Q, and Q, are respectively given by (3.3) and (3.4). To illustrate Theorem 3.1,
we will use

-t

L£1(4Q), T(b)) = 2\/ﬁ(@t +sin Y + cost), (5.2)
T
J1(t,QM), () = 310 (sinQ 3+ e_t). (5.3)

Next, Ly and [, are continuous and accomplish the hypothesis (‘W) with

Pi(t) = ﬂ,‘l’z(t) = te—_t,%(t) = e—_t, (5.4)
2900 + 12 2 W 2900 + 2
k = (3;)2,1@ - (3e+t)2, and ks = m (5.5)
Also,
s1-1 61
RA (291 + 7<1F(g1)(1 - e—%t)) + ||kl (292 + er(gz)(l - e-“lf)) ~ 0.084034843 (5.6)
and
c1-1 -1
%P5 (291 + 7(1F—(§1)(1 - e-“lf)) + [kl (292 + 7(1F(§2)(1 -~ e—%t)) ~ 0.01951157668.  (5.7)

Thus, by Theorem 3.1, 9 a solution to system (5.1) on [0, 2].

Example 5.2. For the application of Theorem 3.2, we take into account

_ (@] 1
L1, Q1), Y1) = D (1 R T),
Ti(t, Q). V(1) = ———— (sinT +2tan"' Q), (5.8)

V900 + 12

where L and | are continuous and fulfill the hypothesis (W) with Y, = Y, = 1/40 = Y and
U, =1/15,U, = 1/30, and U = 1/15.
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Further, we acquire

-1

Kil'(s2)

s1—1

Kil'(s1)

(y (2(21 + (1- e—%*)) + fL{(Q2 + (1- e—“t))) ~ 0.08291559097 < 1. (5.9)

Thus, all the conditions of Theorem 3.2 are satisfied.

6. Conclusions

In this work, we have explored a comprehensive study on a novel set of boundary value problems
involving an arbitrary strip and multi-points. These boundary value problems are associated with a
coupled system of nonlinear SFDEs of the Caputo type. We construct the existence and uniqueness of
solutions by employing Schaefer’s fixed point theorem and the Banach contraction mapping principle.
Stability features of the considered system are examined through UH stability analysis. Our findings
not only contribute new insights, but also advance the understanding of coupled fractional order
boundary value problems. Moreover, the solution forms applicable to the generalized SFDEs with
different sets of boundary conditions can be leveraged to conduct a more comprehensive investigation
into positive solutions and their associated asymmetries.

Furthermore, our research can be expanded to include the study of various integral boundary
conditions for coupled (SFDEs) and inclusions, incorporating different derivatives such as Hadamard,
Caputo-Hadamard, and Hilfer. Future work could also seamlessly extend this investigation to assess
the existence and uniqueness of solutions under specific boundary conditions, employing Monch and
Darbo’s fixed point theorems, and to investigate solution stability using generalized Hyers-Ulam and
Ulam-Hyers-Rassias stability criteria. Additionally, forthcoming studies will aim to elucidate the
stability and existence of neutral time-delay systems, particularly those with finite delays.
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Abbreviations

The following abbreviations are used in this manuscript:

BVP Boundary Value Problems
FDEs  Fractional Differential Equations
SFDEs Sequential Fractional Differential Equations

HU

Hyers-Ulam

HUR  Hyers-Ulam-Rassias
SFD Sequential Fractional Differential
CFDs  Caputo Fractional Derivatives
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