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1. Introduction

In recent decades, FDEs have become increasingly important for modeling a variety of
phenomena, especially those that are anomalous or involve complex natural processes not fully
described by classical calculus. FDEs are applied across various domains, including mathematical
biology, fluid mechanics, nonlinear optics, image processing, and plasma physics [1–4]. In the
literature, numerous complex differential systems in fractional order defy analytical solutions, posing
a considerable challenge for researchers. In such cases, qualitative properties play a crucial role in
tracing solutions. These properties provide valuable insights and understanding of the system’s
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behavior without explicitly solving it. In the realm of FDEs, two prominent research areas have
garnered significant attention from researchers. The first area focuses on the existence theory of
solutions, exploring the existence and uniqueness of solutions to FDEs. Various fixed-point theorems
are fundamental tools for establishing the existence and uniqueness of solutions for diverse classes of
FDEs. For instance, one may refer to [2, 5–8]. The second area, which has recently gained increasing
interest, revolves around the stability analysis of differential equations, both for classical and
fractional orders [9–11]. These investigations are crucial for understanding the behavior and
properties of solutions in various dynamic systems.

In the literature, there are several definitions of derivatives and integrals of arbitrary orders. Over
the past few decades, researchers have extensively investigated FDEs with diverse boundary
conditions. Notably, a significant area of interest has emerged in the study of nonlocal nonlinear
fractional-order boundary value problems. Ahmad and Nieto [12] investigated the existence and
uniqueness of solutions for an anti-periodic fractional boundary value problem. The same
investigations have been explored for FDEs with fractional non-separated boundary conditions [13].
Subsequently, the properties of solutions (existence and uniqueness results) have been established for
a nonlinear coupled system of Caputo-type fractional differential equations accompanied by
non-separated coupled boundary conditions [14].

Moreover, a more comprehensive form of nonlocal-integral boundary conditions have been
introduced [9, 15–17]. As an illustration, in [18] the authors investigated a system with boundary
conditions of the following form, which turned out to be the inspiration for the current effort:

CDς1Q(t) = L1(t,Q(t),Υ(t)), t ∈ G := [0,T],
CDς2Q(t) = J1(t,Q(t),Υ(t)),
(Q + Υ)(0) = −(Q + Υ)(T),∫ ξ

η

(Q − Υ)(s)ds = A.

Moreover, in [12] the existence of solutions for the following system of fractional derivative equations
involving Liouville-Caputo type with multi-point and integral boundary conditions was investigated:

LCDς1Q(t) = L1(t,Q(t),Υ(t)), t ∈ G := [0,T],
LCDς2Q(t) = J1(t,Q(t),Υ(t)),
(Q + Υ)(0) = −(Q + Υ)(T),∫ ζ

ϱ

(Q − Υ)(κ)dκ −
m∑

i=1

qi(Q − Υ)(φi) −
n∑

j=1

u j(Q − Υ)(δ j) = P1,

where LCDςi denotes the Liouville-Caputo fractional derivative operator of order ςi; i = 1, 2. ς1, ς2 ∈

(1, 2], 0 < φi < ϱ < ζ < δ j < T, i = 1, · · · ,m, j = 1, · · · , n, and L1,J1 : G×R×R→ R are continuous
functions.

In addition, in past decades, the stability of FDEs has emerged as a prominent and essential
research area in mathematical analysis [19–21]. The origins of this stability concept can be traced
back to Ulam’s work in functional equations [22], which was further developed by Hyers in the
context of Banach spaces [23], leading to the renowned Hyers-Ulam (HU) stability. Subsequently,
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Rassias generalized this concept, resulting in Hyers-Ulam-Rassias (HUR) stability [24]. Researchers
have extended the idea of HU and HUR stability to various classes of functional
equations [13, 25, 26], contributing to a comprehensive understanding of stability phenomena. For
example, in [27] the authors investigated the existence and UHR stability of solutions for the
Hilfer-Hadamard FDEs. On the other hand, efforts were made to analyze the existence, uniqueness,
and Ulam stability of solutions for a coupled system of FDEs with integral boundary
conditions [28, 29]. Additionally, the UH stability of a nonlinear fractional Volterra
integro-differential equation was studied [30]. Motivated by these advancements in stability theory,
the focus of our current research is to explore the stability properties of the derived solutions using the
UH stability approach. By employing this stability concept, we aim to gain valuable insights into the
behavior and robustness of the solutions of the considered system.

To gain a deeper understanding of the importance and applications of sequential coupled systems
of fractional-order differential equations, one can refer to [8, 31–33]. These works provide detailed
information and examples that showcase the wide spectrum of problems where such systems find
relevance and applicability. While the study of fractional-order boundary value problems for
individual equations and inclusions has been well-explored, the exploration of coupled SFDEs has
gained contemporary interest in recent decades [34–36]. Motivated by these developments,
substantial progress has been made to investigate the existence, uniqueness, and stability of the
solutions for the coupled SFD system with different boundary conditions [31, 37]. For instance,
in [38] the authors investigated the existence of solutions for the nonlinear SFD system with coupled
boundary conditions of the type


(CDς1 +K1

CDς1−1)Q(t) = L1(t,Q(t),Υ(t)), 0 < t < 1,
(CDς1 +K1

CDς1−1)Υ(t) = L2(t,Q(t),Υ(t)), 0 < t < 1,
Q(0) = Q′(0) = 0, Q(1) = aΥ(ξ),
Υ(0) = Υ′(0) = 0, Υ(1) = bQ(η),

whereK1 is a parameter, 2 < ς1, ς2 ≤ 3, (CDς1), (CDς2) are the Caputo fractional derivatives, ξ, η satisfy
ξ, η ∈ (0, 1), and the non linearity termsL1,J1 : [0, 1]×R×R→ R are the given continuous functions.

In [34], the authors applied the tools of fixed point theory to study the existence and uniqueness of
solutions for a boundary value problem of Caputo-SFD equations and inclusions


(CDς1 +K1

CDς1−1)Q(t) = L1(t,Q(t),Υ(t)), t ∈ G := [0,T],
(CDς2 +K1

CDς2−1)Υ(t) = J1(t,Q(t),Υ(t)), t ∈ G := [0,T],

(Q + Υ)(0) = −(Q + Υ)(T),
∫ ξ

η

(Q − Υ)(s)ds = A,

where K1 ∈ R
+ and L1,J1 : [0,T] × R2 → R are given continuous functions.

Inspired by the above-mentioned developments, in this work we explore a system of nonlinear
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coupled SFDEs of the Caputo type accompanied by a novel set of boundary conditions [12], namely

(CDς1 +K1
CDς1−1)Q(t) = L1(t,Q(t),Υ(t)), t ∈ G := [0,T],

(CDς2 +K1
CDς2−1)Υ(t) = J1(t,Q(t),Υ(t)), t ∈ G := [0,T],

(Q + Υ)(0) = −(Q + Υ)(T),∫ ζ

ϱ

(Q − Υ)(κ)dκ −
m∑

i=1

qi(Q − Υ)(φi) −
n∑

j=1

u j(Q − Υ)(δ j) = P1,

(1.1)

where CDςi denotes the Caputo fractional derivative operator of order ςi; i = 1, 2. ς1, ς2 ∈ (1, 2],
0 < φi < ϱ < ζ < δ j < T, i = 1, · · · ,m, j = 1, · · · , n, and L1,J1 : G × R × R → R are continuous
functions. The boundary conditions introduced in problem (1.1) can be interpreted as the sum of
the unknown functions Q and Υ at the endpoints of the interval [0,T] begin zero, while the second
condition asserts that the difference between the unknown functions Q and Υ on an arbitrary strip
(ϱ, ζ) within the domain [0,T] deviates from the sum of similar contributions arising from various
positions at φi, i = 1, · · · ,m and δ j, j = 1, 2, · · · , n, with δ j being a positive constant. The parameters
qi, u j,P1 are non-negative constants. Here, we utilize Schaefer’s fixed point theorem and the Banach
contraction mapping principle with arbitrary strip and multi-point boundary conditions to investigate
the existence and uniqueness of system (1.1). In addition, we also examine the stability of the system
under investigation through UH stability.

Our work is organized as follows. Section 2 provides a review of fundamental concepts and
presents auxiliary lemmas related to the linear variant of problem (1.1). The main results concerning
problem (1.1), obtained using a standard fixed point theorem, are presented in Section 3. The stability
properties of the system of nonlinear coupled SFDEs of the Caputo type are examined using UH
stability analysis in Section 4. To further illustrate our findings, Section 5 includes proof with
examples. We conclude our findings in Section 6.

2. Preliminaries

For the benefit of readers interested in this study’s subject matter, we introduce essential concepts
and definitions foundational to the main results discussed in subsequent sections.

Definition 2.1. [7] The definition of the Riemann-Liouville (RL) fractional integral of order r is defined
as

Irh1(t) =
1
Γ(r)

∫ t

0

h1(u)
(t − u)1−r du, r > 0.

Definition 2.2. [7] For (n− 1) absolutely continuous functions h1 : [0,∞)→ R, the C-D of fractional
order r is defined as

cDrh1(t) =
1

Γ(n − r)

∫ t

0
(t − u)n−r−1h(n)

1 (u)du, n − 1 < r < n, n = [r] + 1.

Lemma 2.3. [39] Let r > 0 and h1(t) ∈ ACn[0,∞) or Cn[0,∞). Then

(IrCDrh1)(t) = h1(t) −
n−1∑
k=0

h
(k)
1 (0)
k!
t
k, t > 0, n − 1 < r < n.
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Lemma 2.4. Let X be a Banach space, E ⊂ X be closed, and F : E → E is a strict contraction,

|F x − F y| ≤ K|x − y|

for some K ∈ (0, 1) and all x, y ∈ E. Then F has a unique fixed point in E.

Lemma 2.5. [Arzela-Ascoli Theorem] [39] A subset F in C([a, b],R) is relatively compact if and only
if it is uniformly bounded and equicontinuous on [a, b].

Lemma 2.6. [Schaefer’s Fixed Point Theorem] [7] Let H1 : E → E be a completely continuous (c.c)
operator in the Banach space E, and let the set ϕ = {u ∈ E|u = µH1u, 0 < µ < 1} be bounded. Then
H1 has a fixed point in E.

The lemma presented next focuses on exploring the linear variant of the problem outlined in
problem (1.1).

Lemma 2.7. LetH1,H2 ∈ C(G,R), then the solution of the system

(CDς1 +K1
CDς1−1)Q(t) = H1(t), t ∈ G := [0,T],

(CDς2 +K1
CDς2−1)Υ(t) = H2(t), t ∈ G := [0,T],

(Q + Υ)(0) = −(Q + Υ)(T),∫ ζ

ϱ

(Q − Υ)(κ)dκ −
m∑

i=1

qi(Q − Υ)(φi) −
n∑

j=1

u j(Q − Υ)(δ j) = P1,

(2.1)

is given by

Q(t) =
e−K1t

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
H1(m)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
H2(m)dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ, (2.2)
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Υ(t) =
e−K1t

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
H2(τ)dτ

)
dκ

)
−

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
H1(m)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
H2(m)dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ, (2.3)

where

∆1 = (1 + e−K1T), ∆2 =

∫ ζ

ϱ

e−K1κdκ −
m∑

i=1

qie−K1(φi) −

n∑
j=1

u je−K1(δ j) , 0, (2.4)

and

I1 =

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
H2(τ)dτ

)
dκ

)

I2 =

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
H1(m)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
H2(m)dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ
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+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ

 .
Proof. Equation (2.1) can be equivalently written as

(CDς1 +K1
CDς1−1)Q(t) = H1(t),

(CDς2 +K1
CDς2−1)Υ(t) = H2(t).

Rewriting the equation in (2.1) as CDς1(1+K1
CD−1)Q(t) = H1(t) and CDς2(1+K2

CD−1)Υ(t) = H2(t),
then applying the integral operator Iς1

0+ and Iς2
0+ to it, we get

Q(t) = c0e−K1t +

∫ t

0
e−K1(t−κ)

(∫ t

0

(s − a)(ς1−2)

Γ(ς1 − 1)
H1(q)dq

)
dκ, (2.5)

Υ(t) = d0e−K1t +

∫ t

0
e−K1(t−κ)

(∫ t

0

(s − a)(ς2−2)

Γ(ς2 − 1)
H2(q)dq

)
dκ, (2.6)

where c0, d0 are arbitrary constants. Using BCs (2.1) in (2.5) and (2.6), we obtain

c0 + d0 = I1 (2.7)
c0 − d0 = I2. (2.8)

Solving (2.7) and (2.8) for c0 and d0 yields

c0 =
1
2

{
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
H2(τ)dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
H1(m)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
H2(m)dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ


 ,
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and

d0 =
1
2

{
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
H2(τ)dτ

)
dκ

)
−

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
H1(m)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
H2(m)dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
H1(τ)dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
H2(τ)dτ

)
dκ


 .

The solutions (2.2) and (2.3) are obtained by substituting the values of c0 and d0 in (2.5), respectively.
□

3. Main results

Define E = C(G,R) × C(G,R) as the Banach space endowed with norm ∥(Q,Υ)∥ = supt∈G |Q(t)| +
supt∈G |Υ(t)|, for (Q,Υ) ∈ E. In view of Lemma 2.7, We define the operator Λ : E → E associated with
system (1.1) as

Λ(Q,Υ)(t) = (Λ1(Q,Υ)(t),Λ2(Q,Υ)(t)),

where

Λ1(Q,Υ)(t) =
e−K1t

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ))dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
J1(τ,Q(τ),Υ(τ)dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
L1(m,Q(m),Υ(m)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
J1(m,Q(m),Υ(m)dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ)dτ

)
dκ
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−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(τ,Q(τ),Υ(τ)dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ)dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(τ,Q(τ),Υ(τ)dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ)dτ

)
dκ, (3.1)

and

Λ2(Q,Υ)(t) =
e−K1t

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ))dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
J1(τ,Q(τ),Υ(τ)dτ

)
dκ

)
−

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
L1(m,Q(m),Υ(m)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
J1(m,Q(m),Υ(m)dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ)dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(τ,Q(τ),Υ(τ)dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ)dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(τ,Q(τ),Υ(τ)dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
L1(τ,J1(τ),Υ(τ)dτ

)
dκ. (3.2)

Next, we move forward by establishing a set of hypotheses, which are meticulously designed to serve
as the foundational pillars for the demonstration of the primary findings of our research. This step is
crucial in laying the groundwork for the subsequent analytical and empirical validation of our study’s
core assertions.

Consider the continuous functions L1 and J1, defined as mappings from G × R2 to R.
(W1) There exist continuous positive functions Ψi, ki ∈ C(G,R+), i = 1, 2, 3, such that

|L1(t,Q,Υ)| ≤ Ψ1(t) + Ψ2(t)|Q| + Ψ3|Υ| forall (t,Q,Υ) ∈ G × R2,

|J1(t,Q,Υ)| ≤ k1(t) + k2(t)|Q| + k3|Υ| forall (t,Q,Υ) ∈ G × R2.
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(W2) There exist non-negative constants Y1,Y2, U1, and U2 such that, for all t ∈ G, Qi,Υi ∈ R, i =
1, 2.

|L1(t,Q1,Υ1) − L1(t,Q2,Υ2)| ≤ (Y1|Q1 − Q2| +Y2|Υ1 − Υ2|), for all t ∈ G,
|J1(t,Q1,Υ1) − J1(t,Q2,Υ2)| ≤ (U1|Q1 − Q2| +U2|Υ1 − Υ2|), for all t ∈ G.

To enhance the efficiency of the computational process, we introduce the following notation, which
simplifies complex calculations and facilitates a more streamlined analysis:

Ω1 =
e−K1t

2

[
1

(1 + e−K1T)

(
Tς1−1

K1Γ(ς1)
(1 − e−K1T)

)
+

1
∆2

{(
ζς1−1 − ϱς1−1

K2
1Γ(ς1)

)
(ζK1 + e−K1ζ − K1ϱ − e−K1ϱ)

(3.3)

+

m∑
i=1

qi

 φς1−1
i

K1Γ(ς1)
(1 − e−K1φi)

 + n∑
j=1

u j

 δς1−1
i

K1Γ(ς1)
(1 − e−K1δi)



 ,

Ω2 =
e−K1t

2

[
1

(1 + e−K1T)

(
Tς2−1

K1Γ(ς2)
(1 − e−K1T)

)
+

1
∆2

{(
ζς2−1 − ϱς2−1

K2
1Γ(ς2)

)
(ζK1 + e−K1ζ − K1ϱ − e−K1ϱ)

(3.4)

+

m∑
i=1

qi

 φς2−1
i

K1Γ(ς2)
(1 − e−K1φi)

 + n∑
j=1

u j

 δς2−1
i

K1Γ(ς2)
(1 − e−K1δi)



 ,

and

Φ =min
{

1 −
[
||Ψ2||

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ||k2||

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)]
,

1 −
[
||Ψ3||

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ||k3||

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)]}
.

Subsequently, we aim to delineate the implications arising from the existence of the BVP (1.1),
employing Schaefer’s fixed point theorem as outlined in [7].

Theorem 3.1. Suppose that (W1) holds. Furthermore, the assumption is that

||Ψ2||

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ||k2||

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
< 1,

||Ψ3||

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ||k3||

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
< 1,

(3.5)

where Ω1,Ω2 are defined by (3.3) and (3.4). Then the problem (1.1) has at least one solution on G.

Proof. The operator Λ : E → E is continuous as a result of continuity ofL1 andJ1. Next, consider the
bounded set ιr̄ ⊂ E. Consequently, there exist positive constants YL1 and YJ1 such that the following
inequalities hold:

|L1(t,Q(t),Υ(t))| ≤ YL1 ,
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|J1(t,Q(t),Υ(t))| ≤ YJ1 ,

and for all (Q,Υ) ∈ ιr̄, t ∈ G, we have

|Λ1(Q,Υ)(t)| ≤
e−K1t

2

[
1
∆1

(∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q(τ),Υ(τ))|dτ

)
dκ

+

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
|J1(τ,Q(τ),Υ(τ)|dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
L1(m,Q(m),Υ(m)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
|J1(m,Q(m),Υ(m)|dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q(τ),Υ(τ)|dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|J1(τ,Q(τ),Υ(τ)|dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q(τ),Υ(τ)|dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|J1(τ,Q(τ),Υ(τ)|dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q(τ),Υ(τ)|dτ

)
dκ,

≤YL1

{
e−K1t

2

[
1

(1 + e−K1T)

(
Tς1−1

K1Γ(ς1)
(1 − e−K1T)

)
+

1
∆2

{(
ζς1−1 − ϱς1−1

K2
1Γ(ς1)

)
(ζK1 + e−K1ζ − K1ϱ − e−K1ϱ)

+

m∑
i=1

qi

 φς1−1
i

K1Γ(ς1)
(1 − e−K1φi)

 + n∑
j=1

u j

 δς1−1
i

K1Γ(ς1)
(1 − e−K1δi)






+

{
tς1−1

K1Γ(ς1)
(1 − e−K1t)

}
YL1 +YJ1

{
e−K1t

2

[
1

(1 + e−K1T)

(
Tς2−1

K1Γ(ς2)
(1 − e−K1T)

)
+

1
∆2

{(
ζς2−1 − ϱς2−1

K2
1Γ(ς2)

)
(ζK1 + e−K1ζ − K1ϱ − e−K1ϱ)

+

m∑
i=1

qi

 φς2−1
i

K1Γ(ς2)
(1 − e−K1φi)

 + n∑
j=1

u j

 δς2−1
i

K1Γ(ς2)
(1 − e−K1δi)




 + P1

∆2
,

≤YL1

(
Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+YJ1Ω2 +

P1

2∆2
.
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Hence,

||Λ1(Q,Υ)|| ≤YL1

(
Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+YJ1Ω2 +

P1

2∆2
, (3.6)

and

|Λ2(Q,Υ)(t)| ≤
e−K1t

2

[
1
∆1

(∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q(τ),Υ(τ))|dτ

)
dκ

+

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
|J1(τ,Q(τ),Υ(τ)|dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
L1(m,Q(m),Υ(m)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
|J1(m,Q(m),Υ(m)|dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q(τ),Υ(τ)|dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|J1(τ,Q(τ),Υ(τ)|dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q(τ),Υ(τ)|dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|J1(τ,Q(τ),Υ(τ)|dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|J1(τ,Q(τ),Υ(τ)|dτ

)
dκ,

≤YL1Ω1 +YJ1

(
Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
+
P1

2∆2
.

Hence,

||Λ2(Q,Υ)|| ≤YL1Ω1 +YJ1

(
Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
+
P1

2∆2
. (3.7)

Thus, from Eqs (3.6) and (3.7), we obtain

||Λ(Q,Υ)|| = ||Λ1(Q,Υ)|| + ||Λ2(Q,Υ)|| ≤YL1

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+YJ1

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
+
P1

∆2
.

Thus, the operator Λ is uniformly bounded, we show that the operator Λ is equicontinuous on E. For
this we let t1, t2 ∈ [0,T], t1 < t2, and (Q,Υ ∈ ιr̄). Then
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|Λ1(Q,Υ)(t2) − Λ1(Q,Υ)(t1)| ≤

∣∣∣∣∣∣e−K1t2 − e−K1t1

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
YL1dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
YJ1dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
YL1dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
YJ1dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
YL1dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
YJ1dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
YL1dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
YJ1dτ

)
dκ



∣∣∣∣∣∣

+

∣∣∣∣∣∣
∫ t1

0
(e−K1(t2−κ) − e−K1(t1−κ))

( ∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
YL1dτ

)
dκ

+

∫ t2

t1

e−K1(t2−κ)
( ∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
YL1dτ

)
dκ

∣∣∣∣∣∣,
≤

YL1

K1Γ(ς1 + 1)
(|tς1

1 − t
ς1
2 | + |t

ς1
1 e−K1t1 − t

ς1
2 e−K1t2 |)→ 0,

and

|Λ2(Q,Υ)(t2) − Λ2(Q,Υ)(t1)| ≤

∣∣∣∣∣∣e−K1t2 − e−K1t1

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
YL1dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
YJ1dτ

)
dκ

)
−

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
YL1dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
YJ1dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
YL1dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
YJ1dτ

)
dκ
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+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
YL1dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
YJ1dτ

)
dκ



∣∣∣∣∣∣

+

∣∣∣∣∣∣
∫ t1

0
(e−K1(t2−κ) − e−K1(t1−κ))

( ∫ κ

0

(κ − q)ς2−2

Γ(ς2 − 1)
YJ1dτ

)
dκ

+

∫ t2

t1

e−K1(t2−κ)
( ∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
YJ1dτ

)
dκ

∣∣∣∣∣∣
≤

YJ1

K1Γ(ς2 + 1)
(|tς2

1 − t
ς2
2 | + |t

ς2
1 e−K1t1 − t

ς2
2 e−K1t2 |)→ 0.

Note that, in the limit case as t1 → t2, the right-hand side of the previous inequalities approach zero,
regardless of (Q,Υ) ∈ ιr̄. This implies that the operator Λ(Q,Υ) is equicontinuous. By applying the
Arzela-Ascoli theorem, we can conclude that Λ(Q,Υ) is completely continuous. Furthermore, we
will now demonstrate that the set Θ1 = (Q,Υ) ∈ E|(Q,Υ) = ΠΛ(Q,Υ), 0 < Π < 1 is bounded. For any
t ∈ G, one can get

Q(t) = ΠΛ1(Q,Υ)(t), Υ(t) = ΠΛ2(Q,Υ)(t).

Exploiting the definitions of Ω1 and Ω2 given by (3.3) and (3.4), we obtain

|Q(t)| =Π|Λ1(Q,Υ)(t)|

≤
e−K1t

2

[
1
∆1

(∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(|Ψ1| + Ψ2|Q(τ)| + Ψ3|Υ(τ)|)dτ

)
dκ

+

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
J1(|k1| + k2|Q(τ)| + k3|Υ(τ)|)dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
L1(|Ψ1| + Ψ2|Q(m)| + Ψ3|Υ(m)|)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
J1(|k1| + k2|Q(m)| + k3|Υ(m)|)dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(|Ψ1| + Ψ2|Q(τ)| + Ψ3|Υ(τ)|)dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(|k1| + k2|Q(τ)| + k3|Υ(τ)|)dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(|Ψ1| + Ψ2|Q(τ)| + Ψ3|Υ(τ)|)dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(|k1| + k2|Q(τ)| + k3|Υ(τ)|)dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(|Ψ1| + Ψ2|Q(τ)| + Ψ3|Υ(τ)|)dτ

)
dκ
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≤ (||Ψ1|| + ||Ψ2||||Q|| + ||Ψ3||||Υ||)
{

e−K1t

2

[
1

(1 + e−K1T)

(
Tς1−1

K1Γ(ς1)
(1 − e−K1T)

)
+

1
∆2

{(
ζς1−1 − ϱς1−1

K2
1Γ(ς1)

)
(ζK1 + e−K1ζ − K1ϱ − e−K1ϱ)

+

m∑
i=1

qi

 φς1−1
i

K1Γ(ς1)
(1 − e−K1φi)

 + n∑
j=1

u j

 δς1−1
i

K1Γ(ς1)
(1 − e−K1δi)





+

{
tς1−1

K1Γ(ς1)
(1 − e−K1t)

}}
+ (||k1|| + ||k2||||Q|| + ||k3||||Υ||)

{
e−K1t

2

[
1

(1 + e−K1T)

(
Tς2−1

K1Γ(ς2)
(1 − e−K1T)

)
+

1
∆2

{(
ζς2−1 − ϱς2−1

K2
1Γ(ς2)

)
(ζK1 + e−K1ζ − K1ϱ − e−K1ϱ)

+

m∑
i=1

qi

 φς2−1
i

K1Γ(ς2)
(1 − e−K1φi)

 + n∑
j=1

u j

 δς2−1
i

K1Γ(ς2)
(1 − e−K1δi)




 + P1

2∆2
,

≤ (||Ψ1|| + ||Ψ2||||Q|| + ||Ψ3||||Υ||)
(
Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ (||k1|| + ||k2||||Q|| + ||k3||||Υ||)Ω2 +

P1

2∆2
,

and

|Υ(t)| =Π|Λ2(Q,Υ)(t)|

≤
e−K1t

2

[
1
∆1

(∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(|Ψ1| + Ψ2|Q(τ)| + Ψ3|Υ(τ)|)dτ

)
dκ

+

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
J1(|k1| + k2|Q(τ)| + k3|Υ(τ)|)dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
L1(|Ψ1| + Ψ2|Q(m)| + Ψ3|Υ(m)|)dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
J1(|k1| + k2|Q(m)| + k3|Υ(m)|)dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(|Ψ1| + Ψ2|Q(τ)| + Ψ3|Υ(τ)|)dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(|k1| + k2|Q(τ)| + k3|Υ(τ)|)dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(|Ψ1| + Ψ2|Q(τ)| + Ψ3|Υ(τ)|)dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(|k1| + k2|Q(τ)| + k3|Υ(τ)|)dτ

)
dκ



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+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(|k1| + k2|Q(τ)| + k3|Υ(τ)|)dτ

)
dκ

≤ (||Ψ1|| + ||Ψ2||||Q|| + ||Ψ3||||Υ||)Ω1

+ (||k1|| + ||k2||||Q|| + ||k3||||Υ||)
(
Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
+
P1

2∆2
.

As a result, we obtain

||Q|| + ||Υ|| ≤||Ψ1||

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ||k1||

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
+
P1

∆2

+

[
||Ψ2||

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ||k2||

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)]
||Q||

+

[
||Ψ3||

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ||k3||

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)]
||Υ||.

By employing Eq (3.5), we can deduce that

||(Q,Υ)|| ≤
||Ψ1||

(
2Ω1 +

tς1−1

K1Γ(ς1) (1 − e−K1t)
)
+ ||k1||

(
2Ω2 +

tς2−1

K1Γ(ς2) (1 − e−K1t)
)
+ P1
∆2

Φ
.

It is shows that ||(Q,Υ)|| is bounded for t ∈ [0,T]. The set Θ1 is bounded. Consequently, by applying
Schaefer’s fixed point theorem, we can conclude that a solution of Eq (1.1) exists. □

The statement of Theorem 3.1 reduces to the following special form by fixing Ψ2(t) = Ψ3(t) = 0
and k2(t) = k2(t) = 0 in it.

Remark 3.1. There exist positive functions Ψ1, k1 ∈ C(G,R+) and L1,J1 : G × R2 → R, which are
continuous functions such that

|L1(t,Q,Υ)| ≤ Ψ1(t), |J1(t,Q,Υ)| ≤ k1(t) for all (t,Q,Υ) ∈ G × R2.

Then system (1.1) has at least one solution on G.

Remark 3.2. According to the assumptions of Theorem 3.1, ifΨi(t) = ιi, ki(t) = εi, i = 1, 2, 3(εi and ιi)
non-negative constants, and the criteria of the functions L1,J1 have the following form:

(Q′1) there are real constants ιi, εi > 0, i = 1, 2, 3, so

|L1(t,Q,Υ)| ≤ ι1 + ι2|Q| + ι3|Υ| for all (t,Q,Υ) ∈ G × R2,

|J1(t,Q,Υ)| ≤ ε1 + ε2|Q| + ε3|Υ| for all (t,Q,Υ) ∈ G × R2,

and (3.5) becomes

ι2

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ε2

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
< 1,

ι3

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ε3

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
< 1.
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Now, we proceed to present our second result, which builds upon Banach’s fixed point theorem and
provides evidence for the existence of a unique solution to (1.1).

Theorem 3.2. Suppose that (W2) holds. Then problem 1.1 has a unique solution on E if

Y

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+U

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
< 1, (3.8)

where Y = max{Y1,Y2},U = max{U1,U2} and Ωi, i = 1, 2 are defined by (3.3) and (3.4).

Proof. Let us takeM1 = supt∈[0,T] |L1(t, 0, 0)| andM2 = supt∈[0,T] |J1(t, 0, 0)| and fix

r >
M1

(
2Ω1 +

tς1−1

K1Γ(ς1) (1 − e−K1t)
)
+M2

(
2Ω2 +

tς2−1

K1Γ(ς2) (1 − e−K1t)
)

1 −
(
Y

(
2Ω1 +

tς1−1

K1Γ(ς1) (1 − e−K1t)
)
+U

(
2Ω2 +

tς2−1

K1Γ(ς2) (1 − e−K1t)
)) .

Now, we show that ΛBr ⊂ Br, where Br = {(Q,Υ) ∈ E : ||(Q,Υ)|| ≤ r}. Then

(Λ1(Q,Υ))

≤
e−K1t

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
[|L1(τ,Q(τ),Υ(τ)) − L1(τ, 0, 0)| +M1]dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
[|J1(τ,Q(τ),Υ(τ)) − J1(τ, 0, 0)| +M2]dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
[|L1(m,Q(m),Υ(m)) − L1(m, 0, 0)| +M1]dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
[|J1(m,Q(m),Υ(m)) − J1(m, 0, 0)| +M2]dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
[|L1(τ,Q(τ),Υ(τ)) − L1(τ, 0, 0)| +M1]dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
[|J1(τ,Q(τ),Υ(τ)) − J1(τ, 0, 0)| +M2|]dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
[|L1(τ,Q(τ),Υ(τ)) − L1(τ, 0, 0)| +M1|]dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
[|J1(τ,Q(τ),Υ(τ)) − J1(τ, 0, 0)| +M2|]dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
[|L1(τ,Q(τ),Υ(τ)) − L1(τ, 0, 0)| +M1|]dτ

)
dκ

≤

(
Y

(
Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+UΩ2

)
(||Q|| + ||Υ||) +M1

(
Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+M2Ω2,

which turns out to be of the form

(Λ1(Q,Υ))

≤

(
Y

(
Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+UΩ2

)
(||Q|| + ||Υ||) +M1

(
Ω1 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
+M2Ω2.
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Similarly, we get

(Λ2(Q,Υ))

≤

(
U

(
Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
+YΩ1

)
(||Q|| + ||Υ||) +M2

(
Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
+M1Ω1.

Consequently, for any (Q,Υ) ∈ Br , we find

||(Λ(Q,Υ))|| = ||(Λ1(Q,Υ))|| + ||(Λ2(Q,Υ))||

≤

(
Y

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+U

(
2Ω2 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

))
(||Q|| + ||Υ||)

+M1

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+M2

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
< r.

Next, we show that Λ is a contraction, and it is necessary to demonstrate that it maps Br into itself.
Let (Q1,Υ1), (Q2,Υ2) ∈ E, t ∈ G. By considering the relation (W2), we can derive the following
expression:

|(Λ1(Q1,Υ1)) − (Λ1(Q2,Υ2))|

≤
e−K1t

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q1(τ),Υ1(τ)) − L1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
|J1(τ,Q1(τ),Υ1(τ)) − J1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
|L1(m,Q1(τ),Υ1(m)) − L1(m,Q2(m),Υ2(m))|dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
|J1(m,Q1(m),Υ1(m)) − J1(m,Q2(m),Υ2(m))|dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q1(τ),Υ1(τ)) − L1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|J1(τ,Q1(τ),Υ1(τ)) − J1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q1(τ),Υ1(τ)) − L1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|J1(τ,Q1(τ),Υ1(τ)) − J1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q1(τ),Υ1(τ)) − L1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

≤

(
Y

(
Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+UΩ2

)
(||Q|| + ||Υ||),

and we have

|(Λ1(Q1,Υ1)) − (Λ1(Q2,Υ2))| ≤
(
Y

(
Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+UΩ2

)
(||Q|| + ||Υ||),
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and

|(Λ2(Q1,Υ1)) − (Λ2(Q2,Υ2))|

≤

[
e−K1t

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q1(τ),Υ1(τ)) − L1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
|J1(τ,Q1(τ),Υ1(τ)) − J1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

)
−

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
|L1(m,Q1(m),Υ1(m)) − L1(m,Q2(m),Υ2(m))|dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
|J1(m,Q1(m),Υ1(m)) − J1(m,Q2(m),Υ2(m))|dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q1(τ),Υ1(τ)) − L1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|J1(τ,Q1(τ),Υ1(τ)) − J1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|L1(τ,Q1(τ),Υ1(τ)) − L1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|J1(τ,Q1(τ),Υ1(τ)) − J1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|J1(τ,Q1(τ),Υ1(τ)) − J1(τ,Q2(τ),Υ2(τ))|dτ

)
dκ

]
≤

(
U

(
Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
+YΩ1

)
(||Q|| + ||Υ||).

In a like manner, we have

|(Λ2(Q1,Υ1)) − (Λ2(Q2,Υ2))| ≤
(
U

(
Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
+YΩ1

)
(||Q|| + ||Υ||).

Explicitly, the preceding inequalities indicate that

||(Λ(Q1,Υ1)) − (Λ(Q2,Υ2))|| = |(Λ1(Q1,Υ1)) − (Λ1(Q2,Υ2))| + |(Λ2(Q1,Υ1)) − (Λ2(Q2,Υ2))|

≤

(
Y

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+U

(
Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

))
||(Q1 − Q2,Υ1 − Υ2)||.

Assuming condition (3.8), it follows that the operator Λ demonstrates contraction characteristics.
Therefore, through the application of Banach’s contraction mapping theorem, we ascertain the
presence of a singular fixed point for Λ. This finding definitively verifies that system (1.1) has a
unique solution within the domain G. □

4. Stability results

In this section, our attention is directed towards examining the U-H stability of the coupled (SFDEs)
represented by (1.1). To grasp the stability characteristics of the system, we delve into the analysis of
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the following inequality: |(CDς1 +K1
CDς1−1)Q(t) − L1(t,Q(t),Υ(t))| ≤ ϵ1 t ∈ G := [0,T],

|(CDς2 +K1
CDς2−1)Υ(t) − J1(t,Q(t),Υ(t))| ≤ ϵ2 t ∈ G := [0,T].

(4.1)

Here ε1, ε2 are given two positive numbers.

Definition 4.1. [22] Problem (1.1) is Hyers-Ulam stable if there exist Ωi > 0, where i = 1, 2, such that
for given ε1, ε2 > 0, and for each solution (Q,Υ) ∈ E([0,T] × R2,R) of inequality problem (4.1), there
exists a solution (Q∗,Υ∗) ∈ E([0,T] × R2,R) of system 1.1 with|Q(t) − Q∗(t)| ≤ Ω1ε1 + Ω2ε2, t ∈ [0,T],

|Υ(t) − Υ∗(t)| ≤ Ω1ε1 + Ω2ε2, t ∈ [0,T].
(4.2)

Remark 4.1. The pair (Q,Υ) is considered a solution of inequality (4.1) if there exist functions
Ai ∈ ([0,T],R), where i = 1, 2, which are dependent on (Q,Υ) respectively, such that the following
conditions hold:

|A1(t)| ≤ ε1, |A2(t)| ≤ ε2, t ∈ [0,T]. (4.3) |(CDς1 +K1
CDς1−1)Q(t) = L1(t,Q(t),Υ(t))| +A1(t) t ∈ G := [0,T],

|(CDς2 +K1
CDς2−1)Υ(t) = J1(t,Q(t),Υ(t))| +A2(t) t ∈ G := [0,T].

(4.4)

Remark 4.2. If (Q,Υ) represent a solution of inequality (4.1), then (Q,Υ) is a solution of the
inequalities |Q(t) − Q∗(t)| ≤ Ω1ε1 + Ω2ε2, t ∈ [0,T],

|Υ(t) − Υ∗(t)| ≤ Ω1ε1 + Ω2ε2, t ∈ [0,T],

for all (Q,Υ) ∈ E([0,T],R).

Theorem 4.2. Assume that (W2) holds. Then problem (1.1) is Ulam-Hyers stable.

Proof. With the help of Definitions 4.1 and Remark 4.1 we get (CDς1 +K1
CDς1−1)Q(t) = L1(t,Q(t),Υ(t)) +A1(t) t ∈ G := [0,T],

(CDς2 +K1
CDς2−1)Υ(t) = J1(t,Q(t),Υ(t)) +A2(t) t ∈ G := [0,T].

This implies,

Q(t) =Q∗(t) +

∣∣∣∣∣∣e−K1t

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ))dτ

)
dκ

−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
J1(τ,Q(τ),Υ(τ)dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
L1(m,Q(m),Υ(m)dm

)
dτ

)
dκ
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+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
J1(m,Q(m),Υ(m)dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ)dτ

)
dκ

−

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(τ,Q(τ),Υ(τ)dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ)dτ

)
dκ

−

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
J1(τ,Q(τ),Υ(τ)dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
L1(τ,Q(τ),Υ(τ)dτ

)
dκ

∣∣∣∣∣∣.
It follows that

|Q(t) − Q∗(t)| ≤
e−K1t

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|A1(t)|)dτ

)
dκ

+

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
|A2(t)|dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
|A1(t)|dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
|A2(t)|dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|A1(t)|dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|A2(t)|dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|A1(t)|dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|A2(t)|dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|A1(t)|dτ

)
dκ

≤ϵ1

[
e−K1t

2

[
1

(1 + e−K1T)

(
Tς1−1

K1Γ(ς1)
(1 − e−K1T)

)
+

1
∆2

{(
ζς1−1 − ϱς1−1

K2
1Γ(ς1)

)
(ζK1 + e−K1ζ − K1ϱ − e−K1ϱ)
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+

m∑
i=1

qi

 φς1−1
i

K1Γ(ς1)
(1 − e−K1φi)

 + n∑
j=1

u j

 δς1−1
i

K1Γ(ς1)
(1 − e−K1δi)



 ]

+ ϵ2

[
e−K1t

2

[
1

(1 + e−K1T)

(
Tς2−1

K1Γ(ς2)
(1 − e−K1T)

)
+

1
∆2

{(
ζς2−1 − ϱς2−1

K2
1Γ(ς2)

)
(ζK1 + e−K1ζ − K1ϱ − e−K1ϱ)

+

m∑
i=1

qi

 φς2−1
i

K1Γ(ς2)
(1 − e−K1φi)

 + n∑
j=1

u j

 δς2−1
i

K1Γ(ς2)
(1 − e−K1δi)



 ]

≤Ω1ε1 + Ω2ε2. (4.5)

Similarly, we obtain

|Υ(ζ) − Υ∗(ζ)| ≤
e−K1t

2

[
1
∆1

(
−

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|A1(t)|)dτ

)
dκ

+

∫ T

0
e−K1(T−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς1 − 1)
|A2(t)|dτ

)
dκ

)
+

1
∆2

(
P1 −

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς1−2

Γ(ς1 − 1)
|A1(t)|dm

)
dτ

)
dκ

+

∫ ζ

ϱ

(∫ κ

0
e−K1(κ−τ)

(∫ τ

0

(τ −m)ς2−2

Γ(ς2 − 1)
|A2(t)|dm

)
dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|A1(t)|dτ

)
dκ

+

m∑
i=1

qi

∫ φi

0
e−K1(φi−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|A2(t)|dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς1−2

Γ(ς1 − 1)
|A1(t)|dτ

)
dκ

+

n∑
j=1

u j

∫ δ j

0
e−K1(δ j−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|A2(t)|dτ

)
dκ




+

∫ t

0
e−K1(t−κ)

(∫ κ

0

(κ − τ)ς2−2

Γ(ς2 − 1)
|A2(t)|dτ

)
dκ

≤Ω1ε1 + Ω2ε2, (4.6)

where Ω1 and Ω2 are defined in (3.3)–(3.8), respectively. Hence, problem (1.1) is U-H stable. □
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5. Examples

Example 5.1. Consider the system

(CDς1 +K1
CDς1−1)Q(t) = L1(t,Q(t),Υ(t)), t ∈ G := [0,T],

(CDς2 +K1
CDς2−1)Υ(t) = J1(t,Q(t),Υ(t)), t ∈ G := [0,T],

(Q + Υ)(0) = −(Q + Υ)(T),∫ ζ

ϱ

(Q − Υ)(κ)dκ −
m∑

i=1

qi(Q − Υ)(φi) −
n∑

j=1

u j(Q − Υ)(δ j) = P1,

(5.1)

where ς1 = 3/2, ς2 = 4/3, ϱ = 3/4, ζ = 3/2,T = 2,P1 = 1, q1 = 1, q2 = 1/5, u1 = 26/100, u2 =

6/25, ϖ1 = 1/4, ϖ2 = 1/3, δ1 = 7/4, δ2 = 47/25. Utilizing the above data, we get Ω1 = 0.200876 and
Ω2 = 0.156334, where Ω1 and Ω2 are respectively given by (3.3) and (3.4). To illustrate Theorem 3.1,
we will use

L1(t,Q(t),Υ(t)) =
e−t

2
√

900 + t2
(Qt + sinΥ + cos t), (5.2)

J1(t,Q(t),Υ(t)) =
1

(3 + t)2

(
sinQ +

Υ

2
+ e−t

)
. (5.3)

Next, L1 and J1 are continuous and accomplish the hypothesis (W1) with

Ψ1(t) =
e−t cos t

2
√

900 + t2
,Ψ2(t) =

te−t

2
√

900 + t2
,Ψ3(t) =

e−t

2
√

900 + t2
, (5.4)

k1 =
1

(3 + t)2 , k2 =
e−t

(3 + t)2 , and k3 =
1

2(3 + t)2 . (5.5)

Also,

||Ψ2||

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ||k2||

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
≈ 0.084034843 (5.6)

and

||Ψ3||

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+ ||k3||

(
2Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

)
≈ 0.01951157668. (5.7)

Thus, by Theorem 3.1, ∃ a solution to system (5.1) on [0, 2].

Example 5.2. For the application of Theorem 3.2, we take into account

L1(t,Q(t),Υ(t)) =
1

40(1 + t2)

(
|Q||

1 + |Q|
+ tan−1Υ

)
,

J1(t,Q(t),Υ(t)) =
1

√
900 + t2

(
sinΥ + 2 tan−1Q

)
, (5.8)

where L1 and J1 are continuous and fulfill the hypothesis (W2) with Y1 = Y2 = 1/40 = Y and
U1 = 1/15,U2 = 1/30, andU = 1/15.
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Further, we acquire

(
Y

(
2Ω1 +

tς1−1

K1Γ(ς1)
(1 − e−K1t)

)
+U

(
Ω2 +

tς2−1

K1Γ(ς2)
(1 − e−K1t)

))
≈ 0.08291559097 < 1. (5.9)

Thus, all the conditions of Theorem 3.2 are satisfied.

6. Conclusions

In this work, we have explored a comprehensive study on a novel set of boundary value problems
involving an arbitrary strip and multi-points. These boundary value problems are associated with a
coupled system of nonlinear SFDEs of the Caputo type. We construct the existence and uniqueness of
solutions by employing Schaefer’s fixed point theorem and the Banach contraction mapping principle.
Stability features of the considered system are examined through UH stability analysis. Our findings
not only contribute new insights, but also advance the understanding of coupled fractional order
boundary value problems. Moreover, the solution forms applicable to the generalized SFDEs with
different sets of boundary conditions can be leveraged to conduct a more comprehensive investigation
into positive solutions and their associated asymmetries.

Furthermore, our research can be expanded to include the study of various integral boundary
conditions for coupled (SFDEs) and inclusions, incorporating different derivatives such as Hadamard,
Caputo-Hadamard, and Hilfer. Future work could also seamlessly extend this investigation to assess
the existence and uniqueness of solutions under specific boundary conditions, employing Mönch and
Darbo’s fixed point theorems, and to investigate solution stability using generalized Hyers-Ulam and
Ulam-Hyers-Rassias stability criteria. Additionally, forthcoming studies will aim to elucidate the
stability and existence of neutral time-delay systems, particularly those with finite delays.
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