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Abstract: We consider the inverse scattering problem of reconstructing the boundary of an obstacle by
using far-field data. With the plane wave as the incident wave, a priori information of the impenetrable
obstacle can be obtained via the linear sampling method. We have constructed the shape parameter
inversion model based on a neural network to reconstruct the obstacle. Numerical experimental results
demonstrate that the model proposed in this paper is robust and performs well with a small number of
observation directions.
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1. Introduction

The physical or geometrical parameter inversion problem of obstacles when using the scattering
data of electromagnetic waves, acoustic waves, or elastic waves often arises in the fields of radar, sonar
detection, remote sensing, geophysics, medical imaging, and non-destructive testing. There is usually
no continuous mutual dependence between the scattering data measured in reality and the obstacle. In
the case of measurement error, the inverse obstacle scattering problem is usually ill-posed. Alessandrini
and Rondi [1] and Liu and Zou [2]. successively proved the uniqueness of reconstructing obstacles by
using far-field data with one incident wave under different a priori assumptions.

It is necessary to overcome the ill-posedness while solving the reconstruction problem of the
obstacle. The regularization method is widely used [3]. In the past few decades, the iterative
regularization method has become a standard method for solving ill-posed inverse problems.
However, such methods are computationally intensive, and the choice of regularization parameters is
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rather difficult. Other widely used methods [4–7] for solving inverse scattering problems include
qualitative methods such as the factorization method [8] and the sampling method [9–11]. There is no
need for these methods to have a priori information of the unknown obstacles. Compared with the
iterative regularization methods, they are also computationally faster.

However, the methods mentioned above can only determine the approximate shape of the obstacle,
rather than the accurate shape. In recent years, scholars have used neural networks to learn the
mapping from measurement data to the shape of the obstacle by training sample data and using
data-driven learning techniques [12–16]. As such techniques are less affected by noise, they
demonstrate highly impressive results on many challenging inverse problems [17–20], such as
super-resolution [21], image restoration [22], compressed sensing [23, 24], and ultrasonic
tomography [25]. In [26], the scholars develop a novel reconstruction scheme that involves using
plasmon resonances to investigate the shape reconstructions of sub-wavelength objects. Using the
broad learning system with preprocessing, impenetrable obstacles have been reconstructed [27].
Scholars have also proposed the hybrid approach, which combines the linear sampling method (LSM)
and the Bayesian method to simultaneously reconstruct multiple obstacles [28, 29]. So far, the neural
network methods have been impressive in terms of reconstruction effectiveness, but their theoretical
analyses are relatively scarce. Please see [30–32] for the corresponding studies.

We consider the highly accurate shape parameter inversion problem of a single impenetrable
obstacle with sound-soft boundary conditions. Taking the plane wave with a finite number of incident
directions as the incident waves, the LSM is used to obtain a priori information of the obstacle. A
method for reconstructing the shape of the obstacle has been developed through the use of the
regression neural network.

The remainder of this paper is organized as follows. In Section 2, we discuss the acoustic scattering
model. In Section 3, we use the LSM to obtain a priori information and construct a shape parameter
inversion model that includes the feature extraction module and the parameter inversion module. In
Section 4, a variety of numerical experiments are detailed to illustrate the feasibility and convergence
of the model under different conditions. In Section 5, we conclude the paper.

2. Acoustic scattering model

Consider the two-dimensional acoustic wave-scattering problem of an impenetrable obstacle D ⊂
R2 in homogeneous media, given an incident plane wave ui = eikd·x, where k ∈ R+ is the wave number
of the incident plane wave and d = (cos θ, sin θ)T is the unit incidence direction, θ ∈ [0, 2π]. The
scattering problem is determined by the exterior problem of the Helmholtz equation:

∆us + k2us = 0, x ∈ R2\D̄,
ui + us = 0, x ∈ ∂D,
lim
r→∞

r1/2
(
∂us

∂r − ikus
)

= 0, r := |x|,
(2.1)

and the external total field of the obstacle is given by u(x) := ui(x) + us(x).
The scattering wave-field outside of obstacle D has the following asymptotic form at infinity:

us(x) =
eik|x|

√
|x|

{
u∞(x̂; d, k) + O

(
1
|x|

)}
, |x| → ∞, (2.2)
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where x̂ = x/|x|. The far-field data u∞(x̂; d, k) represents the asymptotic state of the scattering field at
infinity.

Since the far-field data u∞(x̂; d, k) is related to the incident direction d and the observation direction
x̂, the following assumptions can be made.

Assumption 2.1. The incident direction d = (cos θ, sin θ), the observation direction x̂ = (cos β, sin β),
the incidence angle α, and the observation angle β are uniformly distributed in [0, 2π), namely,

α := 2(i − 1)π/n, i = 1, 2, · · · , n,
β := 2( j − 1)π/n′, j = 1, 2, · · · , n′,

(2.3)

where n denotes the number of incident directions and n
′

denotes the number of observation directions.

Assumption 2.2. Considering the case of the far-field data u∞i j = u∞
(
x̂ j, di, k

)
and the plane wave with

n incident directions and n
′

observation directions, the vector form of the far-field data is given by

(
u∞11, u

∞
12, · · · , u

∞
1n′ , u

∞
21, · · · , u

∞
2n′ , · · · u

∞
n1, · · · , u

∞
nn′

)
∈ Cnn′

With N = n · n′, the far-field data could be rewritten as

X = (x1, x2, · · · , xN) ∈ CN ,

where x(i−1)n′+ j = u∞i j , i = 1, 2, · · · n, j = 1, 2, · · · , n′.

Next we invert the shape parameters of the obstacle.

3. Shape parameter inversion model based on a neural network

3.1. The linear sampling method

We obtain a priori information of the obstacle by using the LSM and fit the shape parameters of the
obstacle by using the least-squares method. The LSM is a simple and effective method to reconstruct
the shape of an obstacle in inverse scattering problems. Theorem 4.1 in [33] forms the basis of the
LSM. The LSM elegantly turns the reconstruction of the obstacle into the process of numerically
determining the indicator function g. The mathematical principle and the general procedure can be
found in [34–37].

We apply the peanut-shaped, the clover-shaped, and the star-shaped scatters as the examples. We
obtained the far-field data with 360 incident directions and 360 observation directions. The contour
map of the indicator function can be obtained by using the LSM, and we have reconstructed the shape
of the obstacle. The reconstruction results are presented in Figure 1. As seen in Figure 1, the LSM
is unable to accurately invert the location and the shape of the obstacle. In this paper, we indicate the
obstacle boundary by inside-out selecting the second smooth curve, which can contain all branches.

AIMS Mathematics Volume 9, Issue 6, 13607–13623.
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A B C

1

peanut shape clover shape star shape

Figure 1. Contour lines of the shape reconstruction of the peanut-shaped, the clover-shaped,
and the star-shaped obstacles, where the solid lines indicate the contour lines and the dashed
lines indicate the real shape of the obstacle.

The parametric equations of the selected contour lines are assumed to be as follows:

{
x = x(θ),
y = y(θ).

By computing the Fourier series of (x(θ), y(θ)) and truncating to the 2K + 1-th term, we have

{
x(θ) = a0 +

∑K
i=1 ai cos(i · θ) +

∑2K
i=K+1 ai sin((i − K) · θ),

y(θ) = b0 +
∑K

i=1 bi cos(i · θ) +
∑2K

i=K+1 bi sin((i − K) · θ).
(3.1)

According to (3.1), the discrete Fourier approximation method can be used to fit the contour lines
and obtain the coefficients ai and bi, i = 0, 1, · · · , 2K. In order to simplify the function form, the
smaller coefficients were set to be zero. The threshold value ξ can be set such that

ai =

{
ai, |ai| ≥ ξ,

0, |ai| < ξ,
bi =

{
bi, |bi| ≥ ξ,

0, |bi| < ξ,

Then, the approximate expression for contour lines can be obtained.
Taking Figure 1A as an example, we set K = 4 and ξ = 0.05, and the corresponding fitted curve

equations can be obtained by using the above methods:

{
x(θ) = a1 cos(θ) + a3 cos(3θ),
y(θ) = b5 sin(θ) + b7 sin(3θ),

(3.2)

where a1 = 1.724, a3 = 0.2369, b3 = 1.209, b7 = 0.2786. The fitting results for the contour lines
selected from Figure 1A to C are shown in Figure 2A–C, respectively.
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A B C

1

peanut shape clover shape star shape

Figure 2. The contour fitting results for the peanut-shaped, the clover-shaped, and the star-
shaped obstacles, where the blue dotted lines indicate the selected contours, the black dotted
lines indicate the real obstacles, and the red solid lines indicate the fitted curves.

Therefore, the shape reconstruction of the obstacle can be transformed into the inversion of the
shape parameters. The inverse obstacle scattering problem in Figure 1A is to determine the shape
parameters denoted Y = (a1, a3, b5, b7) from the far-field data X = (x1, x2, ...., xN).

3.2. Extraction of far-field features

Without loss of generality, it may be assumed that the obstacle has M shape parameters, denoted as

Y = (y1, y2, · · · , yM) ∈ RM.

We next introduce two operator symbols that are used in the shape parameter inversion model
in [38].

1) Let A = (ai j) denote a matrix in n×m and B = (bi j) denote a matrix in p×m; then, [A, B] denotes
the matrix splicing:

[A, B] =



a11 a12 · · · a1m

· · ·

an1 an2 · · · anm

b11 b12 · · · b1m

· · ·

bp1 bp2 · · · bpm


∈ R(n+p)×m.

2) Let A =
(
ai j

)
∈ Rm×n and B =

(
bi j

)
∈ Rm×n both denote matrices in n ×m; then, A ∗ B denotes the

Hadamard product:

A ∗ B =
(
ai jbi j

)
∈ Rm×n,

Particularly, we denote A ∗ A = A2 in the case of A = B.
For the purpose of calculations, we rewrite xt = at + ibt as xt = (at, bt)T , t = 1, 2, · · · ,N, and

the far-field data can be given by X = (x1, x2, · · · , xN) ∈ R2×N . Based on the spatial relationship
between the far-field data and the interaction between the shape parameters, we chose to use a memory-
enabled neural network which can propagate information in the time dimension. The shape parameter
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inversion model based on a neural network (SPINN) model was constructed to invert the parameter
Ỹ = (ỹ1, ỹ2, · · · , ỹM) ∈ RM. As illustrated in Figure 3, the left side represents the feature extraction
module, and the right side represents the parameter inversion module.

Figure 3. The structure of the SPINN model.

The feature extraction module uses gating thought to extract the long-term features cN ∈ R
m and

the short-term features hN ∈ R
m. Let X = (x1, x2, · · · , xN) ∈ R2×N be the input values and ct ∈ R

m be
the long-term features, including the first t components of the far-field data, t = 1, 2, · · · ,N. ht ∈ R

m

denotes the current feature of the t-th component. We initialized c0 and d0 to be zero matrices. The
far-field features ct and dt can be extracted from each component of the far-field data by using the
long short-term memory (LSTM) gating structure presented in Figure 4. The features are calculated as
follows:

ht = ot ∗ L (ct) , (3.3)

ct = ( ft ∗ ct−1) + (it ∗ zt) , (3.4)

where the forget gate ft ∈ R
m controls the information quantity from ct into ct−1, the input gate it ∈

Rm controls the information quantity from zt ∈ R
m into ct−1, and the output gate ot ∈ R

m controls
the information quantity from ht into ct. For the sake of convenience, we set the bias to be a zero
vector, namely, b = (0, 0, · · · , 0)T . In order to increase the nonlinearity of the model, ft, it, zt, ot could
respectively be defined as follows:

ft = σ
(
w f ixt + w f hht−1

)
, (3.5)

it = σ (wixxt + wihht−1) , (3.6)

zt = L (wzxxt + wzhht−1) , (3.7)

ot = σ (woxxt + wohht−1) , (3.8)

where L is a hyperbolic tangent function andσ is the sigmoid function. wox,w f x,wix,wxx ∈ R
m×2 denote

the weights of xt and the hidden layer in ot, ft, it, zt, respectively. woh,w f h,wih,wzh ∈ R
m×m denote the

weights of ht and the hidden layer in ot, ft, it, zt, respectively. cN and hN contain all component features
of the far-field data, and they can be obtained after the N-time feature extraction.
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13613

1

Figure 4. LSTM gating structure.

3.3. Parameter inversion

Similar to the feature extraction module, in the parameter inversion module, HT ∈ R
m represents

the current feature of the T -th component, and CT ∈ R
m represents the long-term features of the first T

components, T = 1, 2, · · · ,M. ỹT represents the T -th shape parameter inverted by HT . By initializing
y′m = 0, C0 = cN , and H0 = hN , HT and CT can be calculated as follows:

HT = OT ∗ L (CT ) , CT = (FT ∗CT−1) + (IT ∗ ZT ) ,
FT = σ

(
WFyy′T−1 + WFHHT−1

)
, IT = σ

(
WIyy′T−1 + WIHHT−1

)
,

ZT = L
(
WZyy′T−1 + WZHHT−1

)
, OT = σ

(
WOyy′T−1 + WOHHT−1

)
,

where OT , FT , IT ,ZT respectively represent the output gate, the forget gate, the input gate, and the input
value. WOy,WFy,WIy,WZy ∈ R

m×2 respectively represent the weights of y′T−1 and the hidden layer in
OT , FT , IT ,ZT . WOH,WFH,WIH,WZH ∈ R

m×m respectively represent the weights of HT−1 and the hidden
layer in OT , FT , IT ,ZT .

It is noteworthy that, for the parameter inversion, during the training process, we set y′T = yT . During
the testing process with yT unknown, ỹT can be used as an approximation of yT , namely, y′T = ỹT .

Considering that HT ∈ R
m and ỹT ∈ R, we can invert HT to the T -th shape parameter ỹT by applying

a full connection with an output dimension of one,

ỹT = WT
D · HT , (3.9)

where WD ∈ R
m represents the full connection weights of HT and ỹT . After M time steps, all shape

parameters Y = (ỹ1, ỹ2, · · · , ỹM) ∈ RM can be inverted.

3.4. SPINN model parameter update method

X j = (x j
1, x

j
2, · · · , x

j
N) denotes the far-field data of the j-th sample, Y j = (y j

1, y
j
2, · · · , y

j
M) denotes

the real shape parameters of the j-th sample, and Ỹ j = (ỹ j
1, ỹ

j
2, · · · , ỹ

j
M) denotes the shape parameter by

inverting, where j = 1, 2, · · · , J. Here, J is the total number of samples.

AIMS Mathematics Volume 9, Issue 6, 13607–13623.
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We set
XT =

(
X1

T , X
2
T , · · · , X

J
T

)T
, T = 1, 2, · · · ,N,

ψT =
(
y1

T , y
2
T , · · · , y

J
T

)T
, T = 1, 2, · · · ,M,

ψ̃T =
(
ỹ1

T , ỹ
2
T , · · · , ỹ

J
T

)T
, T = 1, 2, · · · ,M.

Define the following error function:

E
(
ψT , ψ̃T

)
=

1
2

M∑
T=1

∥∥∥ψT − ψ̃T

∥∥∥2
, (3.10)

where ‖ · ‖ denotes the Euclidean norm. Noting that

we = (wx,wh) =

(
wox w f i wix wzx

woh w f h wth wzh

)T

,

Wd = (WY ,WH) =

(
WOy WFy WW WZy

WOH WFH WIH WZH

)T

,

the model parameters are updated by using the gradient method. For l = 0, 1, 2, ..., we randomly
initialize the weight W (0) as follows:

W (l+1) = W (l) + ∆W (l), (3.11)

∆W (l) = −η
∂E(l)

∂W (l) ,

where W (l) denotes the weight generated by the model in the l-th iteration update, E(l) denotes the error,
and η denotes the learning rate.

4. Numerical experiments

We chose to apply the class of obstacle boundary curves estimated by the LSM as the examples to
verify the performance of the proposed method. Thus, we have{

x(θ) = a1 cos(θ) + a3 cos(3θ),
y(θ) = b5 sin(θ) + b7 sin(3θ),

and the shape parameter Y = (a1, a3, b5, b7) ∈ R4.
J is the number of the experimental samples (X j,Y j)J

j=1, j = 1, 2, · · · , J. X j denotes the far-field data
of the j-th experimental sample, and Y j denotes the corresponding shape parameters. They constitute
the data set of the inversion model given by

Q =
{(

X j,Y j

)
| X j ∈ R

2×N ,Y j ∈ R
4, j = 1, 2, · · · , J

}
.
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4.1. Experimental setting

The standardized data set has been divided into the training set and the test set at the ratio of 9 : 1.
The numerical experiments were trained on the training set in a small batch mode. The size of the batch
was v, 1 < v < J. As given in Table 1, the hyperparameters of the inversion model were derived from a
large number of experiments. In the following part of the paper, we fix the wave number k = 1.5. We
used Python as the programming language.

Table 1. The hyperparameters of the SPINN model.

Hyperparameters m v Iterations

Value 256 1000 100

4.2. Effect of learning rate on convergence

While using the gradient method to train the model parameters, we need to take the effect of the
learning rate η into account to make the method converge quickly.

The steady sound-field was generated by a plane wave with a single incident direction. We observed
it in n′ directions and applied the observation angle α =

{
0, 2π

n , · · · ,
2(n−1)π

n

}
. For the case of n′ = 35

and the learning rates η = 10−1, η = 10−3, and η = 10−5, the reconstruction results for the obstacles
are shown in Figure 5A–C. Figure 6A–C show the error-iteration images with the learning rates η =

10−1, η = 10−3, and η = 10−5, respectively, where the horizontal axis represents the iterations and the
vertical axis represents the error values.

A B C

1

Figure 5. The reconstruction results for the peanut-shaped, the clover-shaped, and the star-
shaped obstacles with different learning rates.

According to Figure 6A–C, in the case of the learning rate η = 10−1, a large gradient resulted in
a large update range each time. Thus, the method has no convergence and less desirable inversion.
In the case of η = 10−3, the range of each weight update is appropriate and the method can converge
quickly. According to Figure 6B, it is known that the proposed method has superior convergence. In
the case of η = 10−5, the range of each weight update is so small that the model is less optimized by
self-learning. The method is unable to achieve a good representation within relatively fewer iterations,

AIMS Mathematics Volume 9, Issue 6, 13607–13623.
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and the inversion is not satisfactory. Consequently, in the following experiments, we chose to fix the
learning rate η = 10−3.

A B C
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Figure 6. The error-iteration images for the clover-shaped obstacle with the learning rates
η = 10−1, η = 10−3, and η = 10−5.

4.3. Reconstruction of the obstacles

In this subsection, we present simulations of the convergence and inversion effect of the SPINN
model in different realistic scenarios.

Example 1. Reconstruct the obstacles with n incident directions and n observation directions, and
there is no noise in the far-field measurement.

We set n = 3, n = 5, n = 7, the incidence angle α =
{
0, 2π

n , · · · ,
2(n−1)π

n

}
, and the wave number

k = 1.5. The observation angle could be the same as the incident angle.

The reconstruction results for the obstacles are shown in Figure 7A–C. Figure 8A–C are the error-
iteration images of the peanut-shaped, clover-shaped, and star-shaped obstacles, respectively. Table 2
presents the mean square error of the inversion parameters, as obtained by using the validation set
corresponding to Figure 7A.

A B C

1

Figure 7. The reconstruction results for the peanut-shaped, the clover-shaped, and the star-
shaped obstacles with n incident directions and n observation directions.

AIMS Mathematics Volume 9, Issue 6, 13607–13623.
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Figure 8. The error-iteration images with the learning rates η = 10−1, η = 10−3, and η = 10−5.
n = 7.

Table 2. The mean square error results obtained by reconstructing the peanut-shaped obstacle
with n incident directions and n observation directions.

n 3 5 7
MSE of training data sets 0.0555 0.0339 0.0297
MSE of test data sets 0.0581 0.0368 0.0206

Figure 7 and Table 2 illustrate that, with increases in incident direction and observation direction,
more far-field information is obtained, the inversion error is reduced, and the reconstruction effect of
the obstacle is promoted. In the case of n ≥ 5, the method proposed in this paper can achieve a better
reconstruction effect. It can be ascertained from Figure 8 that the error function first decreases and
eventually becomes stable, which indicates the convergence of the model.
Example 2. Reconstruct the obstacles with a single incident direction and n

′

observation directions,
and there is no noise in the far-field measurement.

Since, in the actual measurements, only a single incident direction can be used, we applied the
incident direction d = (1, 0), the wave number k = 1.5, the number of observation directions n′ = 15,
n′ = 25, and n′ = 35, and the observation angle β =

{
0, 2π

n′ , · · · ,
2(n−1)π

n′

}
. The reconstruction results for

the obstacles are shown in Figure 9. Figure 10 shows the error-iteration images for the peanut-shaped,
clover-shaped, and star-shaped obstacles with one incident direction and 35 observation.

The mean square error of the shape parameter inversion is shown in Table 3. According to Figure 9
and Table 3, with an increase of n′, the far-field information increases; thus, the mean square error
decreases and the obstacle reconstruction effect improves. It can be ascertained from Figure 10 that,
with only one incident direction and 35 observation directions, the method proposed in this paper can
quickly converge and accurately invert the shape parameters.

AIMS Mathematics Volume 9, Issue 6, 13607–13623.
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A B C
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Figure 9. The reconstruction results for the peanut-shaped, the clover-shaped, and the star-
shaped obstacles with one single incident direction and n′ observation directions.
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Figure 10. The error-iteration images with one single incident direction and 35 observation
directions.

Table 3. Mean square error results obtained by reconstructing the peanut-shaped obstacle
with different observation directions.

n′ 15 25 35
MSE of training data sets 0.0686 0.0445 0.0230
MSE of test data sets 0.0495 0.0368 0.0186

Example 3. Reconstruct the obstacles with n incident directions and n observation directions, and
there is multiplicative noise in the far-field measurement.

It is known from Example 1 that, when the numbers of incident and observation directions are
both 7, the obstacles can be reconstructed well. In the actual measurement, the far-field data often
contain certain measurement errors. In order to illustrate the inversion effect of the model, we applied
n = 7, the incidence angle α =

{
0, 2π

n , · · · ,
2(n−1)π

n

}
, and the wave number k = 1.5. The observation angle

could be the same as the incidence angle. The far-field data contain different levels of multiplicative
Gaussian noise ε. The reconstruction results for the obstacle are shown in Figure 11A–C. Figure 12
shows the error-iteration images for the peanut-shaped, clover-shaped, and star-shaped obstacles at

AIMS Mathematics Volume 9, Issue 6, 13607–13623.
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a far-field noise level of 30%. Table 3 shows the mean square error of the inversion parameters, as
obtained by using the test set corresponding to Figure 9A.

From Figure 11A–C and Table 4, we can know that the SPINN model can perform better if the level
of multiplicative Gaussian noise is less than 30%. This is because the method trains the real shape
parameters and the far-field data by using measurement errors. It approximates the mapping between
the far-field data and the real shape parameters, and reduces the impact of measurement errors on the
inversion effect. Even if the measured noise level in the far-field data reaches 50%, the SPINN method
can still roughly invert the shape parameters of the obstacle. Figure 12 illustrates that the SPINN model
still converges well.

A B C

1

Figure 11. The reconstruction results for the peanut-shaped, the clover-shaped, and the star-
shaped obstacles with noise in the far-field measurement.
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Figure 12. The error-iteration images with 30% far-field noise level.

Table 4. Mean square error results obtained by reconstructing the peanut-shaped obstacle
with noise in the far-field measurement.

Noise level 5% 10% 30% 50%
MSE of training data sets 0.0207 0.0314 0.0473 0.0723
MSE of test data sets 0.0392 0.0410 0.0527 0.0892

In the numerical experiments, we first investigated the influence of different learning rates on the
convergence of the SPINN model; we then determined the learning rate for the subsequent experiments.
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Numerical experiments show that the proposed method converges and yields better results in the case
of small numbers of incident directions and observation directions. In particular, when the incident
wave has only one incident direction, by increasing the number of observation directions, the method
converges and can reconstruct the shape of the obstacle more accurately. In addition, Example 3 shows
the convergence of the method proposed in this paper in the case of low noise; it also shows the
robustness of the model.

5. Conclusions

In this study, we have used the LSM to obtain a priori information of the obstacle and construct the
SPINN model to invert the shape parameters. In the numerical experiments, the effect of
hyperparameters on the convergence of the model was evaluated. It was shown that the method is
suitable for the case of small numbers of incident directions and observation directions, and it is also
suitable for the case of one single incident direction and multiple observation directions. It also
applies to the inverse obstacle scattering problem with noise data. The method proposed in this paper
converged in all of the experiments.
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