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Abstract: We adopted a non decomposition method to study the existence and stability of Stepanov
almost periodic solutions in the distribution sense of stochastic shunting inhibitory cellular neural
networks (SICNNs) with mixed time delays. Due to the lack of linear structure in the set composed
of Stepanov almost periodic stochastic processes in the distribution sense. Due to the lack of linear
structure in the set composed of distributed Stepanov periodic stochastic processes, it poses difficulties
for the existence of Stepanov almost periodic solutions in the distribution sense of SICNNs. To
overcome this difficulty, we first proved that the network under consideration has a unique solution
in a space composed of £” bounded and £” uniformly continuous stochastic processes. Then, using
stochastic analysis, inequality techniques, and the definition of Stepanov almost periodic stochastic
processes in the distribution sense, we proved that this solution is also a Stepanov almost periodic
solution in the distribution sense. Moreover, the result of the global exponential stability of this almost
periodic solution is given. It is worth noting that even if the network under consideration degenerated
into a real-valued network, our results are novel. Finally, we provided a numerical example to validate
our theoretical findings.
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1. Introduction

As stated in [1], a nervous system in the real world, synaptic transmission is a noisy process
caused by random fluctuations in neurotransmitter release and other probabilistic factors. Therefore,
it is necessary to consider stochastic neural networks (NNs) because random inputs may change the
dynamics of the (NN) [2-5].

SICNNs, which were proposed in [6], have attracted the interest of many scholars since their
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introduction due to their special roles in psychophysics, robotics, adaptive pattern recognition, vision,
and image processing. In the above applications, their dynamics play an important role. Thereupon,
their various dynamics have been extensively studied (see [7-13] and references therein). However,
there is limited research on the dynamics of stochastic SICNNs. Therefore, it is necessary to further
study the dynamics of such NNs.

On the one hand, research on the dynamics of NNs that take values from a non commutative
algebra, such as quaternion-valued NNs [14—16], octonion-valued NNs [17-20], and Clifford-valued
NNs [21-23], has gained the interest of many researchers because such neural networks can include
typical real-valued NNs as their special cases, and they have superior multi-dimensional signal
processing and data storage capabilities compared to real-valued NNs. It is worth mentioning that
in recent years, many authors have conducted extensive research on various dynamics of Clifford-
valued NN, such as the existence, multiplicity and stability of equilibrium points, and the existence,
multiplicity and stability of almost periodic solutions as well as the synchronization problems [22-30].
However, most of the existing results for the dynamics of Clifford-valued NNs has been obtained
through decomposition methods [24-27]. However, the results obtained by decomposition methods
are generally not convenient for direct application, and there is little research on Clifford-valued NNs
using non decomposition methods [28-30]. Therefore, further exploration of using non decomposition
methods to study the dynamics of Clifford-valued NNs has important theoretical significance and
application value.

On the other hand, Bohr’s almost periodicity is a special case of Stepanov’s almost periodicity, but
there is little research on the Stepanov periodic oscillations of NNs [19,31-33], especially the results
of Stepanov’s almost periodic solutions of stochastic SICNNs with discrete and infinitely distributed
delays have not been published yet.

Motivated by the discussion above, our purpose of this article is to establish the existence and global
exponential stability of Stepanov almost periodic solutions in the distribution sense for a stochastic
Clifford-valued SICNN with mixed delays via non decomposition methods.

The subsequent sections of this article are organized as follows. Section 2 introduces some concepts,
notations, and basic lemmas and gives a model description. Section 3 discusses the existence and
stability of Stepanov almost periodic solutions in the distribution sense of the NN under consideration.
An example is provided in Section 4. Finally, Section 5 provides a brief conclusion.

2. Preliminaries and model description

Let &7 = | Y x’eg, x” € R} be a real Clifford-algebra with N generators ey = e, = 1, and
enh = 1,2,--- N, where P = {0,0,1,2,--- ,8,--- ,12---N}, e = 1,i = 1,2,--- ,r,e? = —1,i =
r+1,r+2,--- ,m,eej+eje; =0,i # jandi, j=1,2,--- ,N. Forx = } s x’ey € o7, we indicate ||x||, =
maxgep{ X[}, X = i X7es, X% = x — x¢, and for x = (X11, X125+« » Xins X215 X225+« o s X2y o+ » Xun)? €
/™", we denote ||x|lp = max{|[x;ll,,1 <i < m,1 < j < n}. The derivative of x(¢) = Y ycp ¥ (ey is
defined by x(f) = Y yep X" (f)ey and the integral of x(¢) = 3 4cp x”(f)eg over the interval [a, b] is defined
by [ x(0dr = Zyez ([ ¥ (0d)ey.

Let (Y, p) be a separable metric space and P(Y) the collection of all probability measures defined
on Borel o-algebra of Y. Denote by C,(Y) the set of continuous functions f : Y — R with ||g||. :=
sup ey {lg(x)[} < co.
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For g € C,(Y), u,v € P(Y), let us define

18(x) — gy)|
lall, = sup B =8N o maxligle, lgllo),

X£y p(-x’ )’)
f gd(u—v)
Y

Definition 2.1. [35] A continuous function g : R — Y is called almost periodic if for every € > 0,
there is an {(g) > 0 such that each interval with length € has a point T meeting

PaL(i,v) := sup
llgllBL=1

According to [34], (Y, pp.(:,-)) 1s a Polish space.

p(gt+1),8(01) <e, forall reR.

We indicate by AP(R, YY) the set of all such functions.

Let (X, || - |]) signify a separable Banach space. Denote by u(X) := Po X~! and E(X) the distribution
and the expectation of X : (Q, F, P) — X, respectively.

Let £7(€Q,X) indicate the family of all X-valued random variables satisfying E(||X||") =
J, IXIIPdP < co.

Definition 2.2. [2]] A process Z : R — LP(Q,X) is called LP-continuous if for any ty € R,

lim E|IZ(1) = Z(t)II” = 0.
—1o

It is LP-bounded if sup E||Z(1)||P < oo.

teR

For 1 < p < oo, we denote by L) (R, X) the space of all functions from R to X which are locally

p-integrable. For g € L] (R, X), we consider the following Stepanov norm:

f+1 %
lglls» = sup( f ||g(s)||"ds) .
teR t

Definition 2.3. [35] A function g € L (R, X) is called p-th Stepanov almost periodic if for any € > 0,

loc
it is possible to find a number € > 0 such that every interval with length € has a number T such that

llg(t + 1) — g®llsr < &.

Definition 2.4. [9] A stochastic process Z € L? (R, LP(Q,X)) is said to be SP-bounded if

loc

t+1 1
IZIlsp := sup ( f E||Z<s>||f’ds)” < 0.
teR t
Definition 2.5. [9] A stochastic process Z € L;,.(R, LP(Q,H)) is called Stepanov almost periodic in
p-th mean if for any € > 0, it is possible to find a number € > 0 such that every interval with length €
has a number T such that
NZ(t+ 1) = ZD)ls» < &.
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Definition 2.6. [9] A stochastic process Z : R — [LP(Q,X)) is said to be p-th Stepanov almost
periodic in the distribution sense if for each € > 0, it is possible to find a number £ > 0 such that any
interval with length € has a number T such that

a+1 1
sup f dp (P o1+ D1, Po 2] i) <.

aeR

Lemma 2.1. [36] (Burkholder-Davis-Gundy inequality) If f € L*(J,R), p > 2, B(t) is Brownian

motion, then
f If(s)lzds ,

The model that we consider in this paper is the following stochastic Clifford-valued SICNN with
mixed delays:

sup
teJ

f f (S)dB(S)

pp+l )%

where Cp = (W

dxij(t) :[ — a;j(D)x;;(t) + Z Cf‘}(t)f(xkz(t — T(1)))x;(1)

Cri€Np (0,))
+ > Bl f Kij(u)g(xiat — w)duwx; (1) + Lij(1)|dt
Cr1€Np,y (i.)) 0
L EN0S(x( - o) dwi (1), @.1)
Cr€Np, (i)

where i = 1,2,--- ,m,j = 1,2,---,n, C;;(¢t) represents the cell at the (i, j) position, the #;-
neighborhood N, (i, j) of C;; is given as:

Ny, (@, ) ={Cx - max(fk = il,|l = j)) < h;, 1<k<m,1<1<n},

N, (i, j), Npy (i, j) are similarly defined, x;; denotes the activity of the cell C;;, L;j(t) : R — &
corresponds to the external input to C;;, the function a;;(f) : R — &/ represents the decay rate of
the cell activity, Cf}(t) 'R - o, ijl.(t) : R - & and Ef.‘}(t) : R — .o signify the connection
or coupling strength of postsynaptic activity of the cell transmitted to the cell C;;, and the activity
functions f(-) : o — <7, and g(-) : &/ — &/ are continuous functions representing the output or firing
rate of the cell Cy;, and 1y(?), 0;() : R — R" are the transmission delay, the kernel K;;(¢) : R — R is
an integrable function, w;;(?) represents the Brownian motion defined on a complete probability space,
0;j(-) : & — 4/ is a Borel measurable function.

Let (Q,.7 {%:}150,P) be a complete probability space in which {.Z,} - is a natural filtration meeting
the usual conditions. Denote by Bz, ([-6,0], &7") the family of bounded, .%#)-measurable and .o/"-
valued random variables from [—6, 0] — &/”. The initial values of system (2.1) are depicted as

xi(s) = ¢i(s), s €[-6,0],

where ¢; € Bz,([-0,0], %7),0 = max {sup 7;;(1), sup (0}

1<i ]<n teR

AIMS Mathematics Volume 9, Issue 5, 13439-13461.



13443

For convenience, we introduce the following notations:

0 -0 . 0 -0 -0 0 K+ ki
a’ =mina.. = mininfa;.(¢), a = maxa;, = maxsupa..(t), C: =sup||C:(t
= jeA T ijeA reR 50 ijeh U ijeA tdg i Gy tdg IC3 O,

= —c ' kit ki kit ki
a® = max a;j = max sup ”alc'j(t)”b’ Bij = sup ”Bij(t)”b’ Eij = sup ”Eij(t)”b,
ijeA iJEA teR teR teR

K = sup Kij(t), 7 =suptu(t), T3 =suptu(t),o;; =supoiit), 7 =supdt),
teR teR teR teR teR

M, = max Lj; = maxsup [|L;j(®)ll,, =max{r},o}}, A={11,12,---,1n,--- ,mn}.
ijeA ijEA (eR ijeA

Throughout this paper, we make the following assumptions:

(A1) Forije A, f,g,0;; € C(«/, o) satisfy the Lipschitz condition, and f, g are bounded, that is, there
exist constants Ly > 0, L, > 0, ij > 0,M; > 0, M, > 0 such that for all x,y € &7,

1) = FDlb < Lyllx = yllo, 118Cx) = Wl < Lgllx = ylly,
16:j(x) = 65y < LEjllxe = Vo, ILF Ol < My, llg@o)lly, < My;

furthermore, f(0) = g(0) = 6;;(0) = 0.
(A2) Forij € A, a?j € APRR, R*),afj € APR, ), 7,0 € APR,R*) N C'(R,R) satisfying 1 — "r;rj, 1-

o > 0, Cf.‘;,Bf]l.,El’.‘} € APR, ), L = (Lyy,Lyp,++ ,Lyy) € ZL.(R,LP(Q, /™)) is almost
periodic in the sense of Stepanov.
(A3) Forp>2,%+cl]: 1,

8? q ‘ ;
0<rti="rmax{(Lp) @+ (D) €y exty+ My
o

a:. L.
pa;; Cri€Np, (0,))

+( Z (Bf;+)q)s((2KLg + M) fom |K,-J-(u)|du)p]

Cri€Np, (i, ))

p-2 P
-2\ 7 q
vol) X @) ahrf<,
_ZJ

a.. ..
pa;j Cr€Niy (i, )

and for p = 2,

0<r? ::16max{

ijeA

[(afj)2+ Z (CH™) (2KLy + My)* + Z (B y?

Cu€N, (1,)) Cu€NR, (1, ))

x((szg+Mg) fo ) IKij(u)Idu)2]+2L0 > (Ef}+)2(L?j)2} <1.

a:. ..
—1] Cr€Np, (i, ))

(@)

1 1 _
(A4) For L +1=1,

=l

0< ipl ::16!’—1iO max {(Lo)q[(afj)l’ + ( Z (Cf}+)q)s[2p_l(Lf)p

0 -
a a” ijeA a: . P
pa pa q4;; Cr€Ny, (i,))
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<3 Ol (S ) (e

Cu€Ny, (i) ki CE€N, (i)
” ’ ” ’ PN
x f |Kij(u)|du) +(Mg f |Kij(u)|du) H+2P s )
0
a00'+
(> (Ekl+)‘1) @y e—rl<1, (p>2),
Cri€Npy (i.)) O-lj

2 3 1 U0 ()
0< p—o 1=—5 max {( 0) Z Gl [(Lf)2 Z : jl (' *K) . Zf)
a a ue 4;j Cr€Ny, (0,)) Cia€Nny (0.J) T

24%0°7,
kit\2opoN2 €Y 1 kN2 0,272 2
+ Z (EU ) (LU) m + 2—0 Z (BU ) (4K Lg +Mg)

Cr€Npy (i, )) 1 =] Ck€Np, (i)

x( fo i urqj(u)uu)2 ik

@ ) } <1, ( 2).
24°. p=
—ij
(A5) The kernel Kj; is almost periodic and there exist constants M > 0 and u > 0 such that |K;;(r)| <
Me™ for all r € R.

3. Main results

Let X indicate the space of all £”-bounded and £L”-uniformly continuous stochastic processes from
1
R to LP(Q, /™), then with the norm [|¢llx = sup {Ellp(0)ll5}7, where ¢ = (¢11, d12, ..., Pmn) € X, it s

teR
a Banach space.

Set ¢° = 07, where (1) = [ e b G@UL, (s)ds,t € R,ij € A. Then, ¢° is well
et ¢’ = ((/)11, s Pn) s W ere(ﬁij(t)_f_we s 4ij ij(s)ds,t € R,ij € A. Then, ¢" is we
defined under assumption (A2). Consequently, we can take a constant  such that « > ||¢°||x.

Definition 3.1. [37] An .%,-progressively measurable stochastic process x(t) = (x11(t), x12(?),

s X ()T is called a solution of system (2.1), if x(t) solves the following integral equation:
a u)du " a0 (wdu c

xlj(t) XIJ(fo)e to ( ) f 5 ”( M aij(s)xij(s) + Z Ckl(S)

Cri€Np, (1,))

X f (s — Tu(s)))xi(s) + Z Bi(s) f Kij(u)g(x(s — u))dux;j(s)

Cr€Nn, (i, )

+Ll,<s) ds+ f Jo s E{()6:j(xi(s = 0i())dwi(s). 3.1)

CklENhg @.J)

In (3.1), let ty — —co, then one gets

xi (1) = f LA a9+ Y CH s = Tu()s(s)

Cri€Np, (0,))
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+ > Bl j; ) Kij(u)g(x(s—u))duxij(s)+L,-j(s)]ds+ f ¢~ b

Cri€Npy (0,)) -

X Z E{1(8)6;1(xij(s — 0ij()dwi(s), 1 > to,ij € A. (3.2)

Cri€Npy (0, ))

It is easy to see that if x(¢) solves (3.2), then it also solves (2.1).

Theorem 3.1. Assume that (A1)—(A4) hold. Then the system (2.1) has a unique LP-bounded and L7 -
uniformly continuous solution in X* = {¢ € X : |lp — ¢°llx < ), where « is a constant satisfying

K 2 Il
Proof. Define an operator ¢ : X* — X as follows:

(PP D) = (F11d)D), (Fr2)(®; - .., (X)),

where (¢11,d12,...,0m)" €X,t€ R and

(Pyp)(1) = f LA a0+ Y CHOFGuls = Tu(NB(S)

Cri€Np, (0,))

+ > B fo Kij(1)g($u(s — u)dudj(s) + Lif(s) |ds

Cri€Npy (0,J)

+ ‘[ _ff al](u)du Z Eg(s)éij((pij(s - O'ij(S)))d(x)ij(S), l] € A. (33)

Cr€Niy (i,))

First of all, let us show that E||¥¢(f) — ¢°(1)||’ < « for all ¢ € X*.
Noticing that for any ¢ € X*, it holds

¢l < Nlg°llx + Il — ¢°llx < 2.
Then, we deduce that
E|¥¢(1) - $"0)llg
< ma{E H f e L (9,05

ijeA

!
} + 4P~ max {EH f ¢ L i
ijeA oo
4 1
} + 4P~ max {EH f ¢ i
b ijeA .

x>0 CHS) f(uls — Tu()ij(s)ds

Cr€Np (0,))
kl * p
% Z Bij(s)f Kij(u)g(pu(s — u))dug;;(s)ds }
Cr€N, (i, )) 0 b
-1 — " @ wydu kl p
+ 47 1;1]12/2( H f J; a El.j(s)éij((ﬁij(s - O'ij(S)))da)ij(S) b}
C/dENh (i,))
=F1+F,+ F3+ Fy. (3.4)
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By the Holder inequality, we have

t . )4 v
F, <4P7' max {EH[f e b a?j(u)duds]q [f o LI\ ) wdu
ijeA . .

X ( Z Cff(S)f(mz(S - Tkl(s)))¢ij(s))pds] b}

Cri€Ny, (i,J)

<47 max {( i ) E[ foo e <u)du( D (||c§;(s>||b)q)5

H 0
ijeA a:. ..
q—l] Cu€Np, (i,))

X > CkLy (s ds]

ijeA
<4 max {(L) q( > ) ety ol (3.5)
e Nady e pdy e N
Similarly, one has

Fy <4r! max{(i) @) s, (3.6)

ijeA qa pau
Fy <47 B"’+‘1§2L " 1K oldu) Wil 3.7
<4 maxf(- 5 2 B (KL | IKGldu) I (3.7)

lJ Cri€Np, (i, ))

By the Burkolder-Davis-Gundy inequality and the Holder inequality, when p > 2, we infer that

- !
F, <477IC maX{E f
ijeA L J_ o

<47"'C, max {E -2 [

4

:ds]z}

— " a0 (uw)du
¢ jewd Z Ef-‘}(s)éij(@j(s—

Cri€Npy (0,))

Z E,]-(;5ij(¢ij(5 -

2 45
ds]}
b

ijeN ..
Cri€Np, (1, ))
3 / =2
2 2
<4r- ]C max {E f (e s al/(u)du),, 2X”dS]
ijeA

Z Ekl(5)511¢u(s oij(s)) 2)[;als]}
Cu€Npy (i) b

> B8t - f’ff(s’))H:}

X E f (e 2 a”(u)du

p—

N
S4”_]Cpmax{(p ) i LOE

[N

i 0
jen \ 2a; i pa;; Ci€Ns (i)
1 p— 2 pT_z q kit\g s §\p p
<4"C, max {( 24° ) _0( D, (& )) (L))" [l G9
ij C_l,'j pgij Cu€Ny (i)

When p = 2, by the Itd isometry, it follows that
f
F, <4 max {E[f e s | afjdu
ijeA oo
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! .
<amax (=5 > B0 (3.9

ijeA
@i Cr€Np, (1,))

Putting (3.5)—(3.9) into (3.4), we obtain that

19 - ' <47 max {(-25 ),,pa @y +( > <Cf}+>‘1)5<2KLf>f’
=ij

ijeA a’ .
94 Cri€Np, (0,))

Ho> (Bf;+)q)q(2KLg fo M|K,-4,(u)|du)p]

Ckleth (i,))
N 4
+Cp(pz 0 ) ; ( )y <Ef‘}+>q)q(L?j>"}ll¢ll” <k, (p>2), (3.10)
a:. p
- Ci€Ny (i)

and

1% — ¢°)12 <4max{

@R+ (O Y, B (L

Cri€Np, (0,)) Cri€Np, (i, ))

1 .
f K, <u>|du v D, (B )2<L?,>2}||¢||§skz, (p=2.  B11)

a:. -
—i] Cl€Np;(i.J)

1
(a;;)?

It follows from (3.10), (3.11) and (A3) that |[¥¢ — ¢°||x < «.

Then, using the same method as that in the proof of Theorem 3.2 in [21], we can show that W¢ is
LP-uniformly continuous. Therefore, we have W(X*) c X*.

Last, we will show that ¥ is a contraction mapping. Indeed, for any ¢, ¢ € X*, when p > 2, we have

)

+ 4p—1 max H f a du Z Cf.‘;(s)[f(()okl(s — Tkl(S)))QDij(S)

ijeN .
Ci€Np, (i,))

p
}+4”_1max Hf - |} dfjwdu Z Bf.‘;(s)
b ijeA

Ckleth (lvl)
}
b

x[ fo K (0)g(u(s — )i (s) - fo Kij<u>g(wk,(s—u))du%,(u)]ds

El(@¢p)(t) = (@y)(Dlg
<4"'max | E H f o~ L o _ —a$(8)¢ij(5) + af(sWrij(s))ds

ijeA

— (s - rk,<s>))¢,-j<s>]ds

+4p_1max Hf - [t Z E,]-(}(S)[@j(%j(s—O'ij(S)))

ijeA ..

Cri€Nnsy (0,))
)
[(a )P +( Z (Cf}*)q)q(szf+Mf)P

Cri€Np, (0,))

= 8;i(ij(s — O'ij(s)))]dwij(s)

P
<4~ max {(L)q
iieh \qal,) pa;)
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P p—2

a * P -2\7
+( D (Bff,’.+)”’) ((2KLg+Mg) f |K,-j(u)|du) ]+c,,(p—0)2 4
CuEN, (i) 0 2a;; /- pay;
(> EY) @yl - vl (3.12)
Cr€Niy (i,))

Similarly, for p = 2, we can get

El[(@e)(®) — (@)l

stma{ ol @i Y @red e Mpe 3 @Y
J (glj) CkleN;,l (i,)) CkIEth(i,j)
” ’ 1 KIHN2 760 \2 2
x (@t + My 0 K] |+ = > B RL e - vk (3.13)

—ij Cu€Nny (i.))

From (3.12) and (3.13) it follows that

I @e)(®) = (@YDl < Yrllle = Yl (p > 2),
I @)(®) = (@YDIlx < VPl = Yl (p = 2).

Hence, by virtue of (A3), ¥ is a contraction mapping. So, W has a unique fixed point x in
X*, 1.e., (2.1) has a unique solution x in X*. O

Theorem 3.2. Assume that (A1)—(AS) hold. Then the system (2.1) has a unique p-th Stepanov-like
almost periodic solution in the distribution sense in X* = {¢ € X : ||¢—¢°|lx < k}, where k is a constant
satisfying k > ||¢°||x.

Proof. From Theorem 3.1, we know that (2.1) has a unique solution x in X*. Now, let us show that x is
Stepanov-like almost periodic in distribution. Since x € X*, it is £”-uniformly continuous and satisfies

|x]] < 2«. So, for any & > 0, there exists ¢ € (0, €), when |h| < §, we have sup E||x(t + h) — x(zf)llf)7 <e&.
teR
Hence, we derive that

+1
sup f Ellx(t + h) — x(t)llgdr < &. (3.14)
(eR J¢
For the ¢ above, according to (A2), we have, forij € A,

lali(t + 1) — al ()] < 6, lla§,(t + 1) — aDl] <6, ICLi(t + 1) = CHOI <6,

ITij(t + 1) = 70 < 6, Bt +7) = BN <6, Ef(t+7) - ESOI <6,

+1
loij(t + 1) — 05(1)] < 6, Sglel]g f ILij(t + 7) = Lij(@)lll dt < 6.

As |1;i(t + 1) — 7;(1)| < 6, by (3.14), there holds

+1
sup f Ellx(s — 7ij(s + 7)) — x(s — T;;())|{ ds < e.
¢

£eR
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Based on (3.2), we can infer that

!
_ ("0
xi(t+7) = f e “"f'(””)d”[ —aj(s + )xij(s + 1) + Z Cf-‘;(s +7)

Cu€Ny, (1))

X fou(s + T = Ti(s + 7))xij(s +7) + Bkl(s +7) f Kij(u)

CkZEth @)

ds+f e falj(u+‘r)du

X Z Ef;(s + 1)0;j(xij(s + T = 0i(s + 7))d[w;;(s + T) — w;(T)],

Cu€Npy (0, ))

X g(x(s + 7 — u))dux;j(s + 1) + L;j(s + 7)

in which ij € A, w;;j(s + 7) — w;;j(7) is a Brownian motion having the same distribution as w;;(s).
Let us consider the process

1
_ (0
Xj(t+71) = f ek “f/(“”)d“[ —a;(s+T)x;(s+7) + E Ckl(s +17)

Cri€Np, (1,))

X fx(s + 17— 1(s + T))xi(s +7) + Bkl(s + T)f K;(u)

CklEth(l J)

ds+f e fa,/(u+‘r)du

X Z Ef}(s + 1)0;(xij(s + T — 0i(s + 7)))dw; (). (3.15)

Cu€Npy (i, ))

X g(x(s + 7 — u))dux;j(s + 1) + L;j(s + 7)

From (3.2) and (3.15), we deduce that

+1
f Ellx(t + 1) — x(0)|[ dt
3

516P1man f ”f ¢~ Ky > Cls+o
ije

Cu€Ny, (1,))

X [f(xkl(s + 17— 1u(s + D)))xij(s + 1) — (s — Tra(s9)))xi;(s + T)]ds

+ 16p ]ma[i( f Hf - au(u+T)dM Z (C (S + T) Clkjl(s))
ije

Cr€Ny, (0,))

p
dt} + 167~ 1max - [} a(urr)du
UEA

Do CHs) X s = Ta())(xijls +7) - xij(s))ds bdt}

Cri€Np, (0,))

a0
+ 167! max (e [ ewsndu o= [ iy Z CH()
ijeA Y

Cri€Np, (i,))

p
dt}
b

X f(xu(s — t(s))x;j(s + T)ds
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dt}+ 167! max f ”f - [ i
leA

f Kij(g(ruls + 7 — w)duxiy(s +7) — f Kij(w)
0

dt}+ 167! max f ”f = I} dfjurydu
l]eA

dt}
Cr€Np, (i,J) b

+1 ! 00
— — | a’ (u+t)du
+ 167 ll}?ff{f EH ‘[Ooe [ djtur) E B Bg(s)‘fo K;j(u)g(xp(s — u))du

C€NR, (i, ))

dt}+ 167~ 1ma/i( f Hf (e [ et
ije

dt}

p

|

b

)4
dl}
b

X f(xu(s = ta(s))xi;(s)ds

Z Bf;(s +7T)

Cr€N, (i,))

X g(x(s — u))dux;i(s + T)]ds

(Bij(s + 1) — Bi(5)) f Kij(w)g(xu(s — w)dux;i(s + )ds
0

X (x;j(s + 7) — x;5(s))ds

— o Fdwan N B Gs) f Kij(u)g(xi(s — w)dux;;(s)ds

Cri€Nw, (i,))

+1 !
+ 16" max { f E f e B (s 4 7) - Li(s)ds
4

ijeA

E+1
+ 1617—1 max { f\{ E f (6 s a (u+‘r)du —e a (u)du)L (S)dS
ijed \ Jg

+1
p—1 ) f a;i(u+7)du kl
rie El}ff{f £ Iwe ] Z Ej(s+7)

Cri€Npy (0, ))

P
X [5ij(xij(s +7—0ij(s + 7)) = 6;;(x;;(s — Uij(S)))]dwij(S) Mdf

}

+1 t
_1 — " (u+r)d ki ki
+ 167 r}}gf{f EHf o Z (Eij(s + 1) = Ejj(5)
¢ —o Cr€N, (i)

dt}+l6" lma/zc f ”f (e [ s
ije

o djuodny Z Ef(06:(xij(s — oij(s)dwi(s) bdt}

X 6(xij(s — 07ij(5)))dwij(s)

Cr€Np; (i.))
+1 ! p
41671 max { f‘( £ f o al](u+‘r)du(al?j(s) —a; (s + T))x;i(s + 7)ds dt}
ije & —oo b
E+1 t ; p
+ 167! max { f: E [ . e~ b wrDtge (9)(xij(s) — xii(s + 1)ds bdl}
é+1 ! . . p
L1 ma{{( { f\( . f (e_fx aiju+t)du _ e—fx aij(u)du)(_afj(s))xij(s)dS dl}
1j€ £ —00 b
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=Y H. (3.16)

Employing the Holder inequality, we can obtain

1

L L é+1
H, §32p_lrggz{(io)q( Z (Cffr)q)q(Lf)P Z f [f o 79

a. . . ..
q4;; Cu€Ny, (i) Cu€N, (i) Y€ Oo

X E||[x(s + 7 = T(s + 1)) — x(s — Ty(s + 7)) ] x(t + T)”gds

+ f e a" S)“JE” [x(s — T(s + 7)) — x(s — T1a(8)) | x(2 + T)”pds]dt}

By a change of variables and Fubini’s theorem, we infer that

H, §32p_1max{(io)s( Z (C,l-{er)q)Z(Lf)p

ijeA a.. .
94; Cri€Np, (0,))

+1 =Ty (1+7) 1
X I S - oy N
Z . f [Iw 1 - ‘i-kl(s + T) Qlj( u T/d(s T))

CkleNhl(l,j)
P 2 p
% EH[X(” +7) — x(u)]x(z + T)”gdu + M]dt}
pa;;

332!7_1?3,{‘{(10)2( 3 (Ckl+)q)Z(Lf)P D

a:. ..
9%ij”" e (o)) CuENm (ir))

s+1
xf e ’>“u(f+ E||x(t+T)—x(t)||gdt)ds}+AH18, (3.17)

where

[N 3 e

a:. L.
94;j Cr€Nyp, (i, ))

Similarly, when p > 2, one can obtain

é+1 !
H, <16”'C max{f E[f e 2 [ (utn)du
ijeA £ o

Z Eg(s +7)

Cri€Np, (i, ))

2 %

X (5,~j(x,-.,-(s + 7 O','j(S + T))) - 5l-j(x,-.,-(s - dS] dl}
paoa'fr.

<327°1C, max {(p DHECY @i = f e
en ZQU C€N, (1.J) 0-"1' -
s+1
x( f Ellste+ ) = xt)ds)} + o 2, (3.18)
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where

_ p—2. 02 qg -
A, =320 1@133}{( RO AU wyLer ',

—ij CrENp, (i) CuEN; (. J) =ij

+1 t .
H, <16”7'C max{f( E[f ezfs“?f'("”)d”E‘
ijeA £ oo

> (Els+1) - Ef(s)

Cri€Np, (i, ))

>
X 6,’j(.X,‘j(S — dS] dt}
1 P \z g 5 egg?j i I
<16"'C max{( O)q—O(Lij)p—+(2K)p}8‘1 SN (3.19)
ijeA qgij pgij 1 - O-ij 12

and when p = 2, we have
+1 1 ‘o .
H][ Sl6maX{f{ EI:f e_zfsaij(“‘*'?')du Z (Elkjl )2
leA f —00 Ck[ENh3 (i,j)

XL L ils + 7= ails + 1) = xiils - ()R]}

Cri€NR; (i,))

2400,
e 4ij% i _9(£— )0
<32 max{ > ESL — f ¢ 29
ijeA 1 - 05 Joo

Cr€Np, (1, ))

s+1
x ( f Ellx(t + 1) - x(t)llgdt)ds} Yo, (3.20)

where

en=gum{ 3@y 3 )

—=ij Cri€NRs (0, )) Cri€Npy (i, )
efl‘] :—
Hi, <16 1;5;3}{(61 )2(L5 y-= (,ﬂ4k2}s Sy 3.21)
ij
In the same way, we can get
H, <16/ n}gf{ ’ZZO . }g’q’ = Ape, (3.22)
4ij P4
V4
H; <16/! max {( )q( Z (Cl’,‘j?Jr)q)q(Mf)p f ~LE-s)a);
en qall Cr€Np, (i.]) e
s+1
X E|lx(t + 1) — x(0)||Pdt )ds t, (3.23)
0
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4 P o »
Hs <161 maAX{(LO)q( > (B"”)" q(zng f IKij(u)|du) f im0
ije 0 -

a. . . _
q—lJ Cri€Np, (i,))

s+1
x( f E||x(t+7)—x(t)||gdt)ds}, (3.24)
He <16/ max{(mnp)" (@eny f Kialda) et = ape. (325)
ier U qdl,” pal)
1 ma (LS @) o, [k [ e
VA L4 N N 0 00
s+1
x( f Ellx(t+T)—x(t)||gdt)ds}, (3.26)
H, <1677 max{( po )147) 610 }s" = ApyE, (3.27)
ijen qq;; P4;;
H <16p—1 P \r 4 plop .
< max 5 q—0(2/<) g’ = Ap,,¢E, (3.28)
ijeA qq;; Pa;;
N s+1
s <167 max {2y @, f i f Ellx(t + 1) - x0lde)ds}. (3:29)

Noting that

p

0 1 q

f |e X a (u+‘r)du _ fyaij(u)du pds]
ptq

s[ f ¢ bali- ” f 0%+ 1) - (u)ldu) ] < (r(q;p ))5(5?]_)"3. (3.30)

We can gain

=16 (D) T D

ijeA p lj
P
q 4
> (Cf-ff)q) (ZKMf)p}qu S (3.31)
Ck[ENhl @i.))

1 p+q
Hg <16”~! max {(F(Q+p)) F(q;p)(a_o)Z(" )

ijeN a;

x( > (B§j+)‘f)‘;(2KMg fo i |K,-,~(u)|du)l’}82+‘ = Ape (3.32)

Cr€N, (i, ))

1 ptq
HIO <16p lmaji( {(r(q + p)) F(q +p)( )2( )(M )p}gq — AHl()S’ (3'33)
ije a,_
Zij

1 ptq
Hyg <167 lmax{(r(q+p)) LDy ) @uayr et = sy (3.34)
ijeA p gij
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when p > 2, we have

E+1 t . . 2
H,; <16°7'C, max { E[ (e_fx djusndu _ o= [ “?f(”)d")
- Plijea \ J, .

2
x> B 0its — ryo)IEds| dr}
Cri€Npy (0, ))
7 p-2
316P-1cpmax{(r(L) L2y

ijeA p-2 22?],

[S1pS}

20 ot
ed%iivij

P
q + o \4
X 7( Z (Ejj )q) (L) T (26 }8 = A&,
p—ij Cri€Npy (1,)) ij
for p = 2, we get

24% o+
LG
— 4 0
1 -o7,8(a;)

kITN2 762
Hy <lomax{ > (B
Cr€Npy (0, )

Substituting (3.17)—(3.36) into (3.16), we have the following two cases:
Case 1. When p > 2, we have

+1
f Ellx(t + 1) — x(0)|[ dt
3

‘ ¢ s+1
SH18+,01 f e—(-f—S>§a°(f E|x(t+ 1) - x(t)llgdt)ds

s+1 :
<H'e +p! sup (f Ellx(t+71) - x(t)||gdt) f o905 g

seR

s+1
<H'e + pli sup ( f Ellx(t + 1) — x(z)||gdt),

pa® er

(2K)2}8 = A .

(3.35)

(3.36)

where p' is the same as that in (A3) and H' = Ay, + A, + A, + A, + Mgy + Apy + Dy + Apy, + Apyg +

AHlll +AH}2 +AH}3' .
By (A4), we know p! < %. Hence, we derive that

+1 » paOHl
sup Ellx(t + 1) = x(Dlodt < —— &
£eR J¢ pa —pq

Case 2. When p = 2, we can obtain

E+1
f Ellx(t + 1) — x()|3dt
3

s+1
<H’c +p° f e—<s—s>5a°( f E|lx(t + 1) — x(t)ll(z)dt)ds,

(3.37)
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where p? is defined in (A4) and
2k \? + m?n®
H? =32 max {(—) (Cfg Y*(L )2}a+ 16 max{
ijeA Q?j CME%ZA(LD J f ijeA (ﬂ?j )2
00 2 1 4
x f Kiwida) [+ @@P ()| Y €vreamr e Y @y
0 " b CulN ) CuENmy (,))
~ : 2 —c\2 ki t\2
x(26M, [ 1K jGoldu) + (M) + 26 @
0

0y2
(—ij) Cri€Nn, (0,.))

[(2/<Mf)2 + (2KMg

+

co 2
x (2KMg fo IK,»j(u)Idu) £ 207+ 1]}8 Fhp + A+ Dgp.

Similar to the previous case, by (A4), we know p* < a° and hence, we can get that
1 ) LH?
E|lx(t + 1) — x(®)llpdt < &
& a—p
Noting that

dyu(P o [x(t + D), Po [x(r)]‘l))

< sup fd(Po[xt+1)] "' =Po[x(O]™)
[IfllB<1 af mxn

< sup f fx(t+1)—-f (x(t))'dP
[IfllB<1 Q

< f lx(¢ + 7) = x(®)||od P
Q

<(Ellx(t + 1) = x()I))7.

Hence, we have

E+1 1
sup ( f: dp (Po[x(t+ D)™, Po [x(t)]‘l)dt)p

£€R

é+1 1
<(sup f Ellx(r + ) - <))
¢

éeR

(3.38)

(3.39)

Combining (3.37)—(3.39), we can conclude that x(¢) is p-th Stepanov almost periodic in the distribution

sense. The proof is complete.

Similar to the proof of Theorem 3.7 in [21], one can easily show that.

O

Theorem 3.3. Suppose that (A1)—(AS) are fulfilled and let x be the Stepanov almost periodic solution
in the distribution sense of system (2.1) with initial value ¢. Then there exist constants A > 0 and

M > 0 such that for an arbitrary solution y with initial value  satisfies
_P
Elly(t) = x0)ll§ < Mllp = glle™s", 1> 0,

where ||o — Y|l = sup Ello(s) — y(s)II?, i.e., the solution x is globally exponentially stable.
ae[-6,0]
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4. Numerical example

The purpose of this section is to demonstrate the effectiveness of the results obtained in this paper
through a numerical example.

In neural network 2. 1) Choose f = 5 sm erO + 3 sin(x? + xDe; + 5 sm2 X 2e2 +
2 tanh® X%ey5, g(x) = & sin x’eq + == sin(x? + x')e; + 55 sin® x'%e; + = tanh® x'epp, Kij(r) =
a0 (7 + 2sinf) ey + cost e; + cos V5t e, + sin V3t ey,
ap@)| _ (6 — cost)ey + sin V3te, + cos V3tes
a (1) (8 + cos V31) ey + sin V5t e + sint eq, ’

an(1) (10 — 2sin \/gt) eo + cos V31 e + cost e, + tanht e,

[Cn(l) C12(l)] _ [311(1) Blz(l)] _ [Ell(f) Elz(f)]

Cu() Cxn() Byi(t) Baxul(t) Ey(t) Exn(1)
[ 0.02+0.01cost  0.03 +0.2sin V3t
~10.05 + 0.07sin V5t 0.02 + 0.05c0s V3t|

L] [(0.2]cos|r) ey + (0.2cos V31) ey + 0.3sin( V31) e, + (0.08 sinz + 0.04¢™") ey,
Lin®| | (0.3sin(V20) + ™) eg + (0.1cos V5t + 0.04e™) e; + 0.2¢™" e + 0.2sint ey,
Lyy(®| | 0.02sin7 ey + 0.05sin V57 e; + (0.03 cost + 0.01e™) 5 + 0.02cos V3t 15
Lo (1) 0.08sin7 g + (0.04cos V57 + 0.04e™") e, + 0.03sin V57 e,

T11(0) le(t)_ _O'll(l) o12(t) _ 0.03 + 0.009sin0.6t  0.05 + 0.05co0s1.2t
T1(0) 12| |2 o02() ~10.02 = 0.008sin1.1t  0.09 + 0.04sin1.7t |’

o | 1= sin \/_x eo + 55 sinx’e; + 35 tanhzx elz
S| | o 04 sin 10 e +0. 03 sm2 x%e; + 0,05 sin’ x en
on(x)| 002tanhx eo+006smx e +0015 sm Xe, |7
02(X)] 20 sinx'eg + 5 tanhx el + 35 sinx'?e; + 55 sinx’e,

and let hy = hy = 1,h; = 0,m = n = 2. Then we get

Li=L,=M,=M;=004,a"=5a=1, M, =1, M=u=1, L‘fI:E, L}, =0.05,

1
L5, =0.06, L), = —, 7}, =0}, =0.039, 7}, = ¢}, = 0.1, 73, = 03, = 0.028, 73, = 03,

15’
= 0.13, 1, = 61, = 0.0054, 1, = &1, = 0.006, 5, = 65, = 0.0088, 3, = ¢, = 0.068,

Z Ck1+_ Z Bk1+: Z Ck1+: Z Bkl+: Z Ck1+

CreNy(1,1) Cr€eNy(1,1) CreN(1,2) CreN(1,2) CreN1(2,1)

_ kit klt kit _ kit _

= > Bi'= Y = > By=045, ) EN" =003
Ck/ENl(z,l) Ck1€N|(2,2) Ck1€N|(2,2) C/dEN()(],])
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B =023, > ERT=002 Y ERT= 007
Cu€No(1,2) CueNo(2,1) CueNo(2,2)

Takek =1, p = %,q = % then we have

' <0.6812 <1, —Lp'<0.6259<1.
pa

And when p = 2, we have

2
P <0.6408 < 1, 2 <0.6786 < 1.
a
Thus, all assumptions in Theorems 3.2 and 3.3 are fulfilled. So we can conclude that
the system (2.1) has a unique S”-almost periodic solution in the distribution sense which is
globally exponentially stable.

The results are also verified by the numerical simulations in Figures 1-4.

0.4 o o 1 1
‘—xn(o):o.a —x2,(0)=-0.3 ——x},(0)=0.3 —x},(0)=-0.3
0.2 q 0.2
o= o = o
5 8
-0.2 q -0.2
-0.4 -0.4
o 20 40 60 80 100 o 20 40 60 80 100
t t
0.4 0.4
2 — 2 _ 12 — 12 —
——x%,(0)=0.3 —x2,(0)=-0.3 —x3%(0)=0.3 x12(0)=-0.3
0.2 q 0.2
N::i o H 5:: o
8 S
-0.2 1 -0.2
-0.4 -0.4
o 20 40 60 80 100 o 20 40 60 80 100

t

Figure 1. Global exponential stability of states x?,, xj,, x7, and x|7 of (2.1).

0.4 0.4

o — o . 1 — 1 —
x3,(0)=0.3 x7,(0)=-0.3 x1,(0)=0.3 x71,(0)=-0.3
0.2
o S0
%< 5
-0.2
-0.4 -0.4
o 20 40 60 80 100 o 20 40 60 80 100
t t
0.4 0.4
2 — 2 —.
——xZ_,(0)=0.3 —x?,(0)=-0.3 ——x]5(0)=0.3 ——x}2(0)=-0.3

xiz(t)

-0.4
o 20 40 60 80 100

t t

Figure 2. Global exponential stability of states x?,, x1,, x>, and x}3 of (2.1).
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o — o — - 1 — 1 —
——x3,(0)=0.3 —x8,(0)=-0.3 ——x3,(0)=0.3 —x3,(0)=-0.3

0.4 -0.4
o 20 40 60 80 100 o 20 40 60 80 100
t t
0.4 0.4
2 _ 2 _ 2 12.6y— W 120v—
—x2,(0)=0.3 —xZ,(0)=-0.3 x12(0)=0.3 x32(0)=-0.3
0.2 0.2
R © S o
L3 =
0.2 0.2
-0.4 -0.4
o 20 40 60 80 100 o 20 40 60 80 100

t t

Figure 3. Global exponential stability of states x,, x;,, x5, and x}7 of (2.1).

0.4 0.4
o — o — 1 — (e} —
——x9,(0)=0.3 —x3,(0)=-0.3 ——x3,(0)=0.3 x9,(1)=-0.3

-0.4 -0.4

t t

0.4 0.4
2 . 2 —  12.0v— 12,0y,
x2,(0)=0.3 x2,(0)=-0.3 x%2(0)=0.3 x32(0)=-0.3

0.2

2

xzz(t)
o
12

Xzz(t)

-0.2

-0.4 -0.4
o 20 40 60 80 100 o 20 40 60 80 100

t t

Figure 4. Global exponential stability of states x),, xJ,, x3, and x}3 of (2.1).

From these figures, we can observe that when the four primitive components of each solution of this
system take different initial values, they eventually tend to stabilize. It can be seen that these solutions
that meet the above conditions do exist and are exponentially stable.

5. Conclusions

In this article, we establish the existence and global exponential stability of Stepanov almost
periodic solutions in the distribution sense for a class of stochastic Clifford-valued SICNNs with mixed
delays. Even when network (2.1) degenerates into a real-valued NN, the results of this paper are new.
In fact, uncertainty, namely fuzziness, is also a problem that needs to be considered in real system
modeling. However, we consider only the disturbance of random factors and do not consider the issue
of fuzziness. In a NN, considering the effects of both random perturbations and fuzziness is our future
direction of effort.
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