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1. Introduction

The concept of lightlike submanifolds in geometry was initially established and expounded upon
in a work produced by Duggal and Bejancu [1]. A nondegenerate screen distribution was employed in
order to produce a nonintersecting lightlike transversal vector bundle of the tangent bundle. They
defined the CR-lightlike submanifold as a generalization of lightlike real hypersurfaces of indefinite
Kaehler manifolds and showed that CR-lightlike submanifolds do not contain invariant and totally
real lightlike submanifolds. Further, they defined and studied GCR-lightlike submanifolds of Kaehler
manifolds as an umbrella of invariant submanifolds, screen real submanifolds, and CR-lightlike and
SCR-lightlike submanifolds in [2, 3], respectively. Subsequently, B. Sahin and R. Gunes investigated
geodesic property of CR-lightlike submanifolds [4] and the integrability of distributions in
CR-lightlike submanifolds [5] . In the year 2010, Duggal and Sahin published a book [6] pertaining to
the field of differential geometry, specifically focusing on the study of lightlike submanifolds. This
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book provides a comprehensive examination of recent advancements in lightlike geometry,
encompassing novel geometric findings, accompanied by rigorous proofs, and exploring their
practical implications in the field of mathematical physics. The investigation of the geometric
properties of lightlike hypersurfaces and lightlike submanifolds has been the subject of research in
several studies (see [7-14] ).

Crasmareanu and Hretcanu [15] created a special example of polynomial structure [16] on a
differentiable manifold, and it is known as the golden structure (H, g). Hretcanu C. E. [17] explored
Riemannian submanifolds with the golden structure. M. Ahmad and M. A. Qayyoom studied
geometrical properties of Riemannian submanifolds with golden structure [18-21] and metallic
structure [22, 23]. The integrability of golden structures was examined by A. Gizer et al. [24].
Lightlike hypersurfaces of a golden semi-Riemannian manifold was investigated by N. Poyraz and E.
Yasar [25]. The golden structure was also explored in the studies [26-29].

In this research, we investigate the CR-lightlike submanifolds of a golden semi-Riemannian
manifold, drawing inspiration from the aforementioned studies. This paper has the following outlines:
Some preliminaries of CR-lightlike submanifolds are defined in Section 2. We establish a number of
properties of CR-lightlike submanifolds on golden semi-Riemannian manifolds in Section 3. In
Section 4, we look into several CR-lightlike submanifolds characteristics that are totally umbilical.
We provide a complex illustration of CR-lightlike submanifolds of a golden semi-Riemannian
manifold in the final section.

2. Opening statements

Assume that (N, g) is a semi-Riemannian manifold with (k + j)-dimension, k, j > 1, and g as a semi-
Riemannian metric on N. We suppose that N is not a Riemannian manifold and the symbol ¢ stands for
the constant index of g.

[15] Let N be endowed with a tensor field Y of type (1, 1) such that

Vr=y+1, 2.1)

where [ represents the identity transformation on [(YN). The structure ¥ 1s referred to as a golden
structure. A metric g is considered y-compatible if

gWy, ) = gy, ¥d) (2.2)

for all y, ¢ vector fields on ['(TN), then (N, g,¢) is called a golden Riemannian manifold. If we
substitute ¥y into y in (2.2), then from (2.1) we have

gWy, ) = gy, ) + gy, ). (2.3)

forany vy, € T(YR).
If (N,g,¥) is a golden Riemannian manifold and v is parallel with regard to the Levi-Civita
connection V on N :
Vy =0, (2.4)

then (N, g, W) is referred to as a semi-Riemannian manifold with locally golden properties.
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The golden structure is the particular case of metallic structure [22,23] with p = 1, g = 1 defined

by
W = py +ql,

where p and g are positive integers.

[1] Consider the case where N is a lightlike submanifold of k of N. There is the radical distribution,
or Rad('r'X), on N that applies to this situation such that Rad(TN) = TN N YN,V p € N. Since Rad (N
has rank r > 0, N is referred to as an r-lightlike submanifold of N. Assume that 8 is a submanifold of
N that is r-lightlike. A screen distribution is what we refer to as the complementary distribution of a
Rad distribution on YN, then

TN = Rad TR LS (IN).

As S(TN) is a nondegenerate vector sub-bundle of Tglx, we have
TRl = S(TR)LS (TR)*,

where S (TX)* consists of the orthogonal vector sub-bundle that is complementary to S (I'N) in T§|N.
S(TN), S (rN*) is an orthogonal direct decomposition, and they are nondegenerate.

S(YR)*T = S(TRHLS(TNRH*-.
Let the vector bundle
tr(TN) = Itr(YR) LS (TR).

Thus,
TN = TR @ 17(TN) = S(YR)LS (TRY L(Rad(TN) @ Itr(TR).

Assume that the Levi-Civita connection is V on 8. We have

V,{ = Vol + h(y,0), ¥y,{ € T(TR) 2.5)

and
V,{ = —Awl + V3 h, Yy € T(YR) and h € T(tr(TN)), (2.6)

where {V,{, Ayy} and {h(y, {), th} belongs to I'(YN) and I'(zr('r'N)), respectively.
Using projection L : tr(YN) — ltr(YN), and S : tr(UN) — S(TN*), we have

VL =V, 0+ Ry, O + B (y,0), 2.7)
V,8 = —Axy + VIR + (7, N), (2.8)

and _
Vox = —Ay + Vi + A (v, x) 2.9)

for any y,¢ € T(TN), 8 € T(ltr(YN)), and y € T(S(TRY)), where hl(y, ) = Lh(y, ), h'(y,0) =
Sh(y, ), V’YN, Ay, x) € TUtr(TN)), V5 A, N) e I'(S(TNY)), and V,, Axy, A,y € T(TN).
The projection morphism of TN on the screen is represented by P, and we take the distribution into
consideration.
V,P{ = VP + (v, PO),
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V,é=-Agy + V’;’f,

where y, { € T(TN), & € T'(Rad((N)).
Thus, we have the subsequent equation.

g(h*(% Pg)’x) = g(ANya P{)’

Consider that V is a metric connection. We get

(V,9)(L,m) = g (v, O)um) + g(h (v, (), O).

Using the characteristics of a linear connection, we can obtain

(VB¢ 1) = ViR m) = BV, m) = B V,),

(V,10)Em) = Vo (&om) = B (VL) = 1 V).

Based on the description of a CR-lightlike submanifold in [4], we have
TR=210 1,

where A = Rad((N) LyRad((N)LA.
S and Q stand for the projection on A and A’, respectively, then

by = fy+wy

for vy, € T(CN), where fy = ¢Sy and wy = ¢ Qy.
On the other hand, we have

Wi = B +C¢

(2.10)

2.11)

(2.12)

(2.13)

(2.14)

for any ¢ € T'(¢r(YN)), B € I'(TN) and C¢ € I'(¢r((N)), unless 8, and N, are denoted as yL; and yL,,

respectively.

Lemma 2.1. Assume that the screen distribution is totally geodesic and that N is a CR-lightlike
submanifold of the golden semi-Riemannian manifold, then V,{ € I'(S (TN)), where y, { € I'(S (TN)).

Proof. Fory, € T(S(TR)),

s(V,4,8) = g(V,{ = h(y,0),N)
—8(£, V,N).

Using (2.8),

g(v)’g’ N) = _g(g’ _AN7 + V;/_N)
= g({’ AN’)/)

Using (2.11),
g(Vyg, N) = g(h*(y, g)’ N)
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Since screen distribution is totally geodesic, h*(y, ) = 0,

g(V,£,8) =0.

Using Lemma 1.2 in [1] p.g. 142, we have

V., £ € T(S(TN)),
where y, £ € T'(S (TN)).

Theorem 2.2. Assume that N is a locally golden semi-Riemannian manifold N with CR-lightlike
properties, then V,yry = ¢V, y for y € I'(4y).

Proof. Assume that y, { € I'(1p). Using (2.5), we have

gV, ) = g(Vy —hiy,¥y),0)
gVyuy, ) = gW(Vyy), )
g(Vyll/)/,{) = g(‘/’(vy')’),g),

0.

gVyy —y(Vyy), )

Nondegeneracy of 4y implies

V),"[/’y = w(vyy)’
where y € I'(4y).

3. Geodesic CR-lightlike submanifolds

Definition 3.1. /4] A CR-lightlike submanifold of a golden semi-Riemannian manifold is mixed
geodesic if & satisfies
h(y,a) =0,
where /4 stands for second fundamental form, y € I'(1), and @ € T'(1").
Fory,l eT'(1) and a,B € I'() if
h(y,) =0

and
h(a,pB) =0,

then it is known as A-geodesic and A’-geodesic, respectively.
Theorem 3.2. Assume N is a CR-lightlike submanifold of N, which is a golden semi-Riemannian
manifold. N is totally geodesic if

(Le)(y,4) =0
and

L&)y, ) =0
for @, B € T(TN), £ € ['(Rad(YN)) , and y € I'(S(TN)).
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Proof. Since N is totally geodesic, then
My.0)=0

for y,l € T(TRN).
We know that A(y, ) = 0 if

gh(y,0),6) =0

and
gy, ), x) = 0.

gh(y,0),6) = g(V,l =V, (&)
= =8¢ [y, €1+ Vey
= =g [7. €D + 8, [€.2D) + g(V£.7)
= —(Le)y, ) + 8(Vi£,y)
= —(Le®),0) — 8(€,h(y.0)))
28(h(y, ) = —(Leg)(y, 0).

Since g(h(y, (), &) = 0, we have
(Leg)(y,{) = 0.

Similarly,

gh(, 0. x) = 8Vl =V, x)
= =g [y XD+ 8. Iv. 2D + 8(Vex, y)
= —(L) O +8(Vex.y)

28y, 0. x) = —(L),0).

Since g(h(y, ), x) = 0, we get
(Lyg)(y,0) =0
for y € I'(S(TRH)).

Lemma 3.3. Assume that N is a golden semi-Riemannian manifold whose submanifold & is CR-
lightlike, then

8(h(% {)’X) = g(AXy’ é/)
foryel'(1), £ eT(A) and y € T'(S(TN)).

Proof. Using (2.5), we get

gh,0.x) = gVl =V, 0 x)
= g, V).
From (2.9), it follows that
gy, 0. x) = —8({, =AY+ Vox + (v, 1))
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= 88, Ayy) — 8. Vix) — 8L, (¥, x))

gy, 0. x) = g, Ay,

where y € T(1), £ e T(X) , x € T(S(TRY)).

Theorem 3.4. Assume that N is a CR-lightlike submanifold of the golden semi-Riemannian manifold

and N is mixed geodesic if
A;’)/ S r(/loJ_l,bLl)

and
A,y € I'(AgLRad(YN) LyL;)

fory e I'(1), € € T(Rad((N)), and y € I['(S(TNY)).
Proof. Fory e (1), £ e (), and y € I'(S(TN')), we get
Using (2.5),

gV, = V,L,6)
_g(g’ V)’f)

gh(y, ), &)

Again using (2.5), we obtain

8(h(y,0),&) = -84, Vy& + h(y,&))
= _g(é{’v)’g)

Using (2.10), we have

g(h(y.0). )
8L Azy)

—8(¢, —Ayy + V}€)
0.

Since the CR-lightlike submanifold N is mixed geodesic, we have

8(h(y,0),€) =0

= gl ALy) =0
= A;’y S F(/l()J.l//L]),

where y € I'(1), € T'(1).
From (2.5), we get

gh(y, ) = g@(_— V,4.X)
= =g, V)/X ).
From (2.9), we get
gh(y,0).x) = =8, ~Ay +Vix + (. x)

gy, ), x) 8L, Ayy).
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Since, N is mixed geodesic, then g(h(y,{),x) =0

= g({,Ayy) =0.
Ay € T(AgLRad("TR) Li).

Theorem 3.5. Suppose that N is a CR-lightlike submanifold of a golden semi-Riemannian manifold
N, then N is A’-geodesic if A,n and A;n have no component in N, LyyRad(TRN) for n € I'(A), & €
['(Rad(TN)), and y € I'(S(TNY)).

Proof. From (2.5), we obtain

g B x) = VB~V x)
= _g(vyf’)(),
where y, 8 € I'(1').
Using (2.9), we have
gh(m.B).x) = —gB,=Am+Vy+A1,x)
gh(m.Bx) = 8B, Am). (3.1
Since N is A’-geodesic, then g(h(n,B),x) = 0.
From (3.1), we get
8B, Ay = 0.
Now,
ghn.B).&) = gV -ViB.&)
= 8(VyB.8) = -8B, V;d).
From (2.10), we get
gh(m.B).&) = —gn,—Am+V,€)
gh(n.p).&) = gALB.mn).

Since N is A’- geodesic, then

g(h(n,B),&) =0
= g(AB,m) = 0.
Thus, A,n and Az have no component in M, LyRad(TN).

Lemma 3.6. Assume that N is a golden semi-Riemannian manifold that has a CR-lightlike submanifold
N. Due to the distribution’s integrability, the following criteria hold.

(D) wg(' Wy, ), ) = g (v, ). ¥8) = Ay, §) — g(Ayy. 90,

(i) g(X'Wy), €) = 8(Ayy, ),

(iii) g(A'(y. x). &) = gAY, &) — g(Ayy, Yd),
where v, € T(TR), ¢ € [(Rad(TR)), and y € [(S (TR*)).
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Proof. From Eq (2.9), we obtain

gA'Wy. ), = gVyx + AWy - Vi x.0)

—8(t, Vi O) + 8(A 0y, ).

Using (2.5), we get

g Wy.x), 0 =80, Vgl + h(Wy, O) + g(A Wy, O)

g0, h(y, Q) + g(A by, O).

Again, using (2.5), we get

s AWy x),0) = —8(x; Vil = V) + g(Ay, ©)
= gV, ¥d) + g(Ayy, ).

Using (2.9), we have

g Wy. ), 0
s Wy, x), ) — 'y, ). )

(i1) Using (2.9), we have

8=Ay + Vix + Ay, ), 40 +
AWy, ) — gAY, ¥ ).

gAWy. ). 6 = gAYy =V x + Vyx. )

gAY, &) — gy, Vi, é).

Using (2.10), we get

g Wy x), &
g Wy), &)

(iii) Replacing £ by /¢ in (i), we have
Vg Wy, ), vé) = g, ). W76 = g(A Wy, Yé) = 8(Ayy, Y26
Using Definition 2.1 in [18] p.g. 9, we get

YgA' Wy, x), &) — g (v, ), (W + DE)
wg(A' Wy, ), ) — g (v, x), ¥€) — (A (y, x), 6)

gAY, ) + g, Awry) — gy, V.. €)
gAY, ¥).

gAYy, ¥E) — g(Ayy, (Y + DE)
AWy, Y&) — g(Ayy, ¥é) —
gAY, ).

gAY, &) — 8(Ayy. Y&).

gy, x),6)

4. Totally umbilical CR-lightlike submanifolds

Definition 4.1. [/2] A CR-lightlike submanifold of a golden semi-Riemannian manifold is totally
umbilical if there is a smooth transversal vector field H € tr I'('('X) that satisfies

h(x,n) = Hg(x,n),
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where £ is stands for second fundamental form and y, n € T'(IN).
Theorem 4.2. Assume that the screen distribution is totally geodesic and that N is a totally umbilical
CR-lightlike submanifold of the golden semi-Riemannian manifold N, then

Apx =Ayn, Y x,nelA.

Proof. Given that N is a golden semi-Riemannian manifold,

UVox = Vox.
Using (2.5) and (2.6), we have
WV )+ Y(h(n,x)) = —Aymn+ V. (4.1)
Interchanging 1 and y, we obtain
(V) + w(h(y,m) = —Aypx + Viym. (4.2)
Subtracting Egs (4.1) and (4.2), we get
Y(Vox = Vo) = Viux +Viym = Ay — Ay (4.3)

Taking the inner product with y € I'(1y) in (4.3), we have

gW(Vyn,y) —gW(Vyn,y) = gAyx,y)

_g(AlP)(n’ 7)
gAux — Ay y) = gV, uy) —g(Vyn, ry). 4.4)
Now,
gV gy) = &V = hle,m), ¢y)
gVinyy) = —gm, (V)y —¢(Vyy).

Since ¢ is parallel to v, ie., ?Yz// =0,
gV, 4y) = —(V,7).
Using (2.7), we have

—gWm, Vyy + (v, y) + B (v, 7))
—gm, V,y) — gWm, h*(x, ) — g(m, h'(x, ). (4.5)

gV,n, ¥ry)
g(vxn’ lp’)/)

Since N is a totally umbilical CR-lightlike submanifold and the screen distribution is totally geodesic,
R(.y) = Hglx,7) =0
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and
H(x,y) = H'g(x.y) =0,

where y € I'(1") and y € I'(1y).
From (4.5), we have
g(Vyn, ¥y) = =g, V,yy).

From Lemma 2.1, we get
g(Vyn.yy) = 0.

Similarly,
8(Vox,4py) =0

Using (4.4), we have
8(Aynx — Ay, y) = 0.
Since A is nondegenerate,
Ay = Ay =0
= AWWX = Al///\/n

Theorem 4.3. Let N be the totally umbilical CR-lightlike submanifold of the golden semi-Riemannian
manifold 8. Consequently, X’s sectional curvature, which is CR-lightlike, vanishes, resulting in K(r) =
0, for the entire CR-lightlike section 7.

Proof. We know that N is a totally umbilical CR-lightlike submanifold of N, then from (2.13)
and (2.14),

(V,h)(¢, w) = g, )V, H' = H{(V,8)({, w)), (4.6)
(Vyh)(¢, w) = g(¢, )V H® — H*{(V,8)({, w)} (4.7)

for a CR-lightlike section 7 =y A w, y € I'(4y), w € ['().
From (2.12), we have (Vy¢)({, w) = 0. Therefore, from (4.6) and (4.7), we get

(V)¢ ) = 8¢, 0V, H', (4.8)
(Vyh)(, w) = g({, w) VL H'. (4.9)

Now, from (4.8) and (4.9), we get

Ry, Dw)" = g, w)V,H' - g(y,w)ViH' + g(l, w)A'(y, H”)
—g(y, A H’) + g({, )V H' — g(y, w)ViH’
+g(¢, w)A'(y, H') — gy, w)A°(¢, HY). (4.10)

For any g € I'(tr('N)), from Equation (4.10), we get

Ry.lw.p) = g wig(V,H'.B) - gy, w)g(V,H'B) +

g(g’ w)g(/ll(% HS)’ 4) - g()’, w)g(/ll(g’ HS)’ﬁ) +
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+8(£, w)g(X°(y, H'), B) — 8y, w)g(A' (&, H', B).

Ry, w.yy.yw) = gw,yy)g(VLH yw) - gy, yy)g(VLH' yw) +
2w, Yyy)gA (v, H), yw) - gy, yy)g(X(w, H'),yw) +
8w, Yy)g(ViH yw) — gy, yy)g(V, H' , yw) +
(W, Yy (y, H), yw) = gy, y1)g(X’(w, H', V),

For any unit vectors y € I'(1) and w € I'(1"), we have

E(’)’, w, Yy, Ww) = 1_3(% w,v, w) =

We have
K@) = Kn(y A ) = gR(y, 0, y),
where
Ry, w,7,w) = gR(y, w)y, w)
or
R(y, w, ¥y, yw) = gR(y, )y, yw)
1.e.,

K(m) =0

for all CR-sections 7.
5. Example

Example 5.1. We consider a semi-Riemannian manifold Rg and a submanifold N of co-dimension 2 in
6 . .
R3, given by equations
U5 = U1COSa — vpSIna — vszstana,

Ug = USIN@ — U2COSQ — U3y,

where a € R — {5 + kn; k € z}. The structure on Rg is defined by

o o0 a4 o0 0 o o0 o0 0

(G o o o )—(¢—¢ ¢ x4 ’¢6_US’¢(?_1;6

Ov,’ Ovy” Ous’ Ouy” Aus’ Oug ovy )

6U3 6_1}4

Now,

2 ______ e —_—
lﬁ(avl 305" o3’ Fon’ o’ B ) ((¢+1) (¢+1) (¢+1) (¢+1)

0 0
(¢ + 1)8_115’ (¢ + 1)6—%)

yr=y+1
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It follows that (RS, ¢) is a golden semi-Reimannian manifold.
The tangent bundle TN is spanned by

Zy = —smcx——cosa/i—¢i
Us 01/6 01)2 ’
VAR —¢sma/i—¢cosa/i+ i
(9115 aU(, 8112
Z; = i—5sinai+i
Ous ov, Ov,’

Z ¢ cos 9 + +1i 9
= — a—+—+i—.
3 6v2 8114 61/6
Thus, N is a 1-lightlike submanifold of RS with RadYN = Span{X,}. Using golden structure of RS,
we obtain that X; = ¥(Xjy). Thus, ¥(RadI'N) is a distribution on N. Hence, the N is a CR-lightlike

submanifold.
6. Conclusions

In general relativity, particularly in the context of the black hole theory, lightlike geometry finds its
uses. An investigation is made into the geometry of the N golden semi-Riemannian manifolds that are
CR-lightlike in nature. There are many intriguing findings on completely umbilical and completely
geodesic CR-lightlike submanifolds that are examined. We present a required condition for a
CR-lightlike submanifold to be completely geodesic. Moreover, it is demonstrated that the sectional
curvature K of an entirely umbilical CR-lightlike submanifold N of a golden semi-Riemannian
manifold N disappears.
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