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1. Introduction

Let Z and P denote the set of integers and primes, respectively. In order to generalize Lehmer’s
congruence (see [4] or [7]) for modulo prime squares to be modulo integer squares, Cai et al. [1]
defined the following generalized Euler function for a positive integer n related to a given positive
integer e:

(2]
QOE(n) = Z 1$
i=1, ged(i,n)=1
where [x] is the greatest integer not more than x, i.e., ¢.(n) is the number of positive integers not greater
than [2] and prime to n. It is clear that ¢;(n) = ¢(n) is just the Euler function of n, ¢,(n) = %(p(n), and

feln) = Zy(g)[g] (1.1)

dn

where u(n) is the Mobius function. There are some good results for the generalized Euler function and
its applications, especially those concerning ¢.(n) (e = 2, 3,4, 6), which can be seen in [3].

In 2013, Cai et al [2] gave the explicit formula for ¢3(n) and obtained a criterion regarding the parity
for ¢,(n) or ¢3(n), respectively. In [8], the authors derived the explicit formulae for ¢4(n) and ¢¢(n),
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and then they obtained some sufficient and necessary conditions for the case that ¢.(n) or ¢.(n + 1) is
odd or even, respectively.

Recently, Wang and Liao [9] gave the formula for ¢s(n) in some special cases and then obtained
some sufficient conditions for the case that ¢s(n) is even. Liao and Luo [5] gave a computing formula
for ¢.(n) (e = p, p?, pq), where p and q are distinct primes, and n satisfies some certain conditions.
Liao [6] obtained the explicit formula for a special class of generalized Euler functions. However, the
explicit formula for ¢.(n) (e # 3,4, 6) was not obtained in the general case.

In this paper, utilizing the methods and techniques given in [2, 5, 8], we study the explicit formula
and the parity for ¢.(n) (e = 8,12), obtain the corresponding computing formula, and then give a
sufficient and necessary condition for the case that ¢.(n) (e = 8, 12) is odd or even, respectively.

For convenience, throughout the paper, we denote )(n) and w(n) to be the number of prime factors
and distinct prime factors of a positive integer n, respectively. And for k primes py,..., pi, set P, =

{Pl,---,Pk},
R]pk = {rilp,' = ri(m0d8),0é r; S7,pi GPk,l SlSk},

and
R]’Pk ={ri| pi=r(mod12),0<r, <11,p; e P, 1 <i <k}

We have organized this paper as follows. In Section 2, we obtain the obvious formulas for [¢]
and [{5] based on Jacobi symbol, and some important lemmas are given. In Sections 3 and 4, according
to (1.1), and by using the property of the Mdbius function u(n), we derive the expressions for ¢,.(8)
and ¢,(12). In Section 5, we give the parities of ¢g(n) and ¢,(n), respectively. In the last section, we
summarize the main advantage of the proposed method, and propose a further problem to be studied.

2. Preliminaries
In this section, we first present Lemmas 2.1 and 2.2, which are necessary for the derivations of

both [§] and [{3].
Lemma 2.1. For any odd positive integer m, we have

2] 4ln-4+22)+ (51) @

Furthermore, if gcd(m, 6) = 1, then we have

[$5]= g3l =0+35)+2(5) @2

where (%) is the Jacobi symbol.
Proof. For any odd positive integer m, by properties of the Jacobi symbol, we have

)

Thus from m = 1(mod 8), we can get that $(m — 4 + 2(=2) + (=) = g(m — 1) and [%4] = g(m — 1),
namely, (2.1) is true. Similarly, if m = 3,5, 7 (mod 8), by direct computation, (2.1) holds.

I, m=1(mod4), d (—2) 1, m=1,3(mod3),
= an =
-1, m =3(mod4), m -1, m =5,7(mod8).
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Furthermore, if gcd(m,6) = 1, then by the properties for the Jacobi symbol and the quadratic
reciprocity law, we have

-3\ _(—lym LGoDml) _ 1, m = 1,7(mod 12),
(=) =(=—)(F)ne™ 1)_{-1, m=5.11(mod 12).

Thus by m = 1 (mod 12), we have that 12(m 6+ 3(= Ly +2( 3)) = 12(m - D =[] ie., (2.2) is true.
Similarly, if m = 5,7, 11 (mod 12), one can get (2.2) also

This completes the proof of Lemma 2.1.

Now, we give a property for the Mobius function, which unifies the cases of Lemma 1.5 in [2] and
Lemmas 1.4 and 1.5 in [8].
Lemma 2.2. Let a be a nonzero integer, p1, ..., p; be distinct odd primes, and a1, ..., a; be positive
integers. Suppose that n = Hf-‘:l p and ged(p;,a) = 1 (1 < i < k); then,

S =TT - () o5

Proof. For a given integer x, set fi(m) = 34, u(5)(3).
First, if m = p®, where p is an odd prime and « is a positive integer, then, by the definition of the
Mobius function, we have
a a\a aa—1
=)= -()

fa(m)=u(1)(l%)+u(p)(pa -C

Second, if m = m; p®, where « is a positive integer, p is an odd prime with gcd(m,, p) = 1, and m;, is
an odd positive integer, then we have
Zu(p)u d - 1)

fum) = Y (=

o) %f«%) fk,%)“l;ﬂ(%)(g)-

p) ) )fa(ml)~

Il
—~
—_—

| 2
~—
S

|

I

This means that f,(m) is a multiplicative function. Now denote p®||n to be the case for both p® | n and
p*! t n; then, we can get

o0 =T =) =TT - ()

p@lin ’
This completes the proof of Lemma 2.2.
The following lemmas are necessary for proving our main results.
Lemma 2.3. /2] Let py,..., p; be distinct primes and «, a1, ..., a; be non-negative integers. If n =
3¢ [15, p¥ > 3 and ged(p;, 3) = 1(1 < i < k), then
o {% @(n) + L (=1)@m2em—a=1 " if ¢ = O or 1, p; = 2(mod 3),
p\n) =

% p(n), otherwise.
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Lemma 2.4. [8] Let py,..., p; be distinct odd primes and @, @, ..., a; be non-negative integers. If
n=2%[15, pi > 4, then

;ltgo(n) + i(—l)g(”)Z“’(”)‘“, ifa=0or1, p; =3(mod4),
@4(n) = ) .
7 ¢(n), otherwise.
Lemma 2.5. /8] Let py,..., pr be distinct primes and «,f, @1, ...,a; be non-negative integers. If

n=238 Hle p?" > 6 and ged(p;, 6) = 1 (1 <i < k), then

fon) + ¢ (=120 if ¢ =0 and B = 0 or 1, p; = 5(mod 6),
fo(n) + 3 ()W 201 if g =1 and B = 0 or 1, p; = 5(mod 6),
fo(n) — ¢ (~1)¥W2emF  ifg>2andB=0or1, p; = 5(mod 6),

L p(n), otherwise.

we(n) =

Lemma 2.6. /6] Let py, ..., p; be distinct primes and a4, ..., @; be positive integers. If n = Hle pf"
and e = [T%, p% with 0 <8 < a; — 1 (1 < i < k), then

1
®e(n) = - @(n). (2.4)
3. The explicit formula for pg(n)

First, for a fixed positive integer @ and n = 2%, by Lemma 2.6 we can obtain the following:

0, ifa=1,2,
ps(27) =11, ifa =3, (3.1
2074 ifa > 4.

Next, we consider the case that n = 2%n;, where n; > 1 is an odd integer. We have the following
theorem.
Theorem 3.1. Suppose that @ is a non-negative integer, py, ..., p; are distinct odd primes, and n =
2% [1%, p > 8. Then we have the following:

§ o) + 5 (=D 20,
ifa=0,1,and Rp, = {5,7},{5};
Lom) + 4 (=1)Qm=1954  wm=3(1=(-1")
ifa=0,1,2,and Rp, = {3, 7}, {3};
% go(n) + % (_I)Q(n)—[%] 2w(n)—%(1—(—1)“)
+1‘[T%1] (—1)m 20
ifa=0,1,2,and Rp, = {7};

% o(n), otherwise.

pg(n) = (3.2)

Proof. Forn = 2¢ Hﬁ-‘zl pl>8,setn; = ]_[f;l pi"; then, gcd(n;, 2) = 1. There are 4 cases as follows.

AIMS Mathematics Volume 9, Issue 5, 12458—12478.
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Casel. a =0,i.e.,n=n; > 8. By (1.1), (2.1) and Lemmas 2.1 and 2.2, we have

S u(™)[E] = g S (- 4+2(F) + ()

d|ny d|m

pg(n)

[y [
1) -)7) (3-3)

If 1 € Rp,, i.e., there exists an i (1 < i < k) such that p; = 1 (mod 8), then (-7?) = (;%) = 1. Now by (3.3)
we have

1 1
pg(n) = 3 o(ny) = 3 o(n). 3.4)

If {3,5} € Rp,, i.e., there exist i # j such that p; = 3(mod8) and p; = 5(mod8), which means
that (;—?) = (;—1_) = 1, then, by (3.3) we also have

1 1
pg(n) = 3 o(ny) = 3 o(n).

If Rp, = {5,7} or {5}, i.e., for any p € P;, we have that p = 5,7 (mod 8) or p = 5 (mod 8), respectively.
This means that there exists a prime p such that (‘73) = —1 and (%) = 1. Thus by (3.3) we can obtain

1 T 1 1
ps() = g om) + 3 | [(20 D7) = g + 7 (DT 20, (3.5)

i=1

If Rp, = {3,7} or {3}, 1.e., for any p € Py, p = 3,7 (mod 8) or p = 3 (mod 8), respectively. This implies
that for any p € Py, (‘71) = —1, and there exists a prime p” € P, such that p’ = 3 (mod 8) ; then, (;—,2) =1.
Thus by (3.3) we have

(2- (1) = %(p(n) + % (=1)%m g @ (3.6)

O | ==
I~

1
pg(n) = 3 e(ny) +

If Ry, = {7}, 1.e., for any p € Py, p = 7 (mod 8), then (‘73) = (%) = —1. Thus by (3.3) we have

k

]_[ (2-(-D") = %WL) + g (=P 2@, (3.7)

i=1

ool W

1
ps(n) = 3 w(ny) +
Now from (3.5)—(3.7) we know that Theorem 3.1 is true.

AIMS Mathematics Volume 9, Issue 5, 12458—-12478.
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Case 2. @ = 1,1i.e., n = 2n; > 8. Then from the definition we have

S HEPN )

din; dln

@s(n)
= —g(m) + pa(ny).
Now by Lemma 2.4 and the proof for Case 1, we can get the following:

9

Lo(n) + L (=1 2em=1 1 if R, = (5,7}, {5}
L) + § (DS 2em=1 1 if Ry = (3,7}, {3);

n) = 3.8
o 5 o) + g (=)W 201 1 if Ry = {T); G8
é o(n), otherwise.
This means that Theorem 3.1 is true in this case.
Case 3. @ = 2,1.e., n = 4n; > 8. Then from the definition we have
_ 4n1 d 41’11 2d 41’!1 4d
s(n) = %}ﬂ(j)[g] + zﬂ;ﬂ(z—d)[g] + %ﬂ(m)[g]
_ 2711 d n d
= ;“(7)[1] + Zﬂ(g)b]
ni d|n;
1
= p(m) —pa(my) = EQD(nI) — p4(ny).
Now from Lemma 2.4 and the proof for Case 1, we can also get the following:
%Qo(n% ifR]P’k = {597}9 {5}’
1 + i (=D@m-Tgem if R, ={3,7),{3);
oa(n) = )+ (=1 if Ry, = {3,7},{3} (3.9)

5 o) + g (DRI 290 if Ry = {T);
% o(n), otherwise.
This means that Theorem 3.1 holds in this case.

Case 4. a > 3. Note that u(2”) = 0 for any positive integer y > 2 ; thus, by (1.1) and Lemma 2.4 we
have

e = Y () E A S (MR 310

d|n d|n
If @ = 3, then
IOEEDY u()[E]+ > (%) = —%sO(nl) +¢(m) = %90(111) = %90(11)
d|ny d|n;

If @ > 4, then @g(n) = —2°"*p(n1) + 2*@(ny) = 2**p(n;) = g ¢(n), which means that Theorem 3.1
also holds.
From the above, we have completed the proof of Theorem 3.1.
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4. The explicit formula for ¢,(n)

In this section, we give the explicit formula for ¢,(n). Obviously, ¢,(n) = 0 when n < 12, and

¢12(n) = 1 when n = 12 or 24 ; then, we consider n > 12 and n # 24.

Theorem 4.1. Let o and 3 be non-negative integers. If n = 2¢ 3% > 12 and n # 24, then the following

holds:
1372 - (=), ifa=00ora>1,8>2;
@1a(n) = 42972 . 3572, ifa>2,82>2;
%(2‘”/3‘3 + (=), ifa>4,8=0,1.
Proof. (1) For the case that @ = 0, i.e., n = 3 > 12, and 8 > 3, then we have
3P\ d 3F 3p-1 3p-1 352
%“(g)[ﬁ]:[ﬁ]_[ 12]:[ 4 ]_[ 4 ]

= i(3ﬁ—1 -2+ (=11 - }1(3‘” -2+ (-1¥7?)

¢12(3)

1 -2
= 5(3’* — (=)

(2) For the case that @ = 1,i.e.,n =2-3% > 12, and 8 > 2, by Lemma 2.5,

R Y G W

d|3#

1 1 1
= -3+ pe(3) = —E¢(3ﬁ) +3 (-1 + 890(3/3)
= 2P

(3) For the case that @ = 2,i.e.,n =4 -3# > 12, and so 8 > 2, then we have

WL [

d 12
d)436
. ) . 2B-1 . 3p-1
_ u(l)[%]+ﬂ(2)[%]+ﬂ(3)[4 132’8 ]+,u(6)[2 132 ]
- #-[]-ve
= 32

(4) For the case that @ = 3, i.e.,n = 8 -3/ > 12 and n # 24, and 8 > 2, then

e1a(8-3) = Zu(g%ﬁ)[%]

d|8-38

SRPED o BV L EY

g . 3! 4.3
5|+ uO[—7—]

4.1)

AIMS Mathematics Volume 9, Issue 5, 12458—12478.
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2.3 13 0.3 4 302
= 2.3

(5) For the case that & > 4, i.e.,n =2%-3/ > 12, andso 8 > 0,if 8 = 0, i.e., n = 2% > 4), then we

have

012(27)

W =15 - 5]

e 1 a— 1 a— 1 a—
) R R

277 4+ (-1)°)

W = W] = &
(3]

e~ o~

Ifg=1,1e.,n=3-2% then we have

e1n(3-2%) =

If B > 2, we have

@227 - 3F)

3.20 . 0d ~ . Da-2 -3

d;a'u( d )[E]zzaz_z 3_[ 3 ]+[ 3

%(2(1—2 + (_1)(x+1)'

20.30 1 d
e
0D [ VES iy PTEY S [FOCS
e e
2072 . 3672

This completes the proof of Theorem 4.1.

Now consider the case that n = 2% 3%n,, where n; > 1 and gcd(n;,6) = 1. We have the following

theorem.

Theorem 4.2. Let a and 5 be non-negative integers, k, a; (1 < i < k) be positive integers, and py, ..

<> Pk

be distinct primes. Suppose that gcd(p;,6) = 1 (1 <i < k)andn = 2% 3F ]_[le p;’ > 12; then, we have

the following:

AIMS Mathematics
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Proof. Setny = [1, p ;
Casel. o =0.

L) + 4 (= 1) . g,
ife=0,1,8=0,and Ry ={7,11},{7};

L g(n) + & (=1t g,
ife=0,1,8>2and Ry ={7,11},{7},{11};

1_12 o(n) + % (_1)Q(n)+[%] . zw(n)—[%]—ﬁ’
ife=0,1,2,=0,1,and R = {5, 11}, {5},
ora=0,1,6=1, andR]’Pk ={11};

Y12(n) = ore=2,=0,1,and Ry, = {11}; 4.2)
1_12 o(n) + % (_1)Q(n) . 2w(n)—B’
ife>3,=0,1,and Ry = {5, 11}, {5}, {11}
& plm) + & (1) 200,
ife=0,8=0,and Ry = {11}
&5 ¢(n) + 35 (=1 2001,
ifa=1,=0, andR]’Pk ={11};
ﬁ ¢(n), otherwise.
then, gcd(n,,6) = 1 and n = 2% 3f n;.
(A) If g =0, then n; > 1. Thus by (1.1), (2.2) and Lemmas 2.1 and 2.2, we have
W = pum =Y u(2)L
P12ln P12l %ﬂ( d )[12]
1 -1 -3
- 15;)4%Xd—6+%gﬁ+2&3»
ni
1 n 1 n 1 niyv—1
=31%%§V—%WM§FZ%¥GX7)
1 -3
s ;ﬂ(%)(g)
ni
1 1 k —1 ; -1 a;—1
= ety D((g) -(5))
175 =3\ =3a
s 1) -(5)7) (4.3)

If 1 € Ry or {5,7} C Ry,

, then there exists p; = 1 (mod 12), or there exist p; and p; such that p; =

5(mod 12) and p; = 7(mod 12); then, (51) = (33) = L or (51) = (5) = 1, respectively. Thus by (4.3)

we can get

AIMS Mathematics
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If R];;k = {7,11} or {7}, i.e., for any p € P, we have that p = 7,11 (mod 12) or p = 7 (mod 12),
respectively. This means that (= F 1) = —1 and there exists a prime p’ = 7 (mod 12), i.e., (p,) =1,in
either of the two cases. Thus by (4.3) we can obtain

1 1 1
e = o)+ 7 | [(26D7) = e+ (D020, (4.5)

i=1

If Ry = {5,11} or {5}, i.e, for any p € Px, p = 5,11 (mod 12) or p = 5(mod 12), respectively.
Then ( 3) = —1, and there exists a prime p’ = 5(mod 12), i.e., (;—/1) = 1 in either case. Thus by (4.3)
we can get

1 k
Pi2(n) = —s0(n1) 3 l_[ 2(- 1)“’ = —¢(n)+—( 1 2, (4.6)

i=

If Rka = {11}, i.e., for any p € P;, p = 11 (mod 12); then, (‘7}) = (‘f) = —1. Thus by (4.3) we have

5 k
pi2(n) = —<P(n1) - l_[ 2(- 1)“‘ = —90(11)+—( DB g e, (4.7)

i=

(B) If B > 1, then by (1.1) we have

¢12(3ny) = Zﬂ(%)[%] + Z (3221)[ ]

dlnl d|3/3‘1n|

() @ia(ny) + a3 'ny).

¢12(n)

Now from 8 = 1, Lemma 2.4 and Case 1, we can get the following:

—p12(n1) + @a(ny)
& @(n), if R, = {7,11},{7},
5 o) + £ (=D 2eM1 1 if R, = {5,11},{5},
5o + ¢ (=D 201 if R = (11},

= p(n), otherwise.

@12(n)

4.8)

For the case that 8 > 2, note that #(3”) = 0 with y > 2; thus, by Lemma 2.4 we have the following:

e = @3 'm)
Lp(n) + L (=121 200 §f Ry = (7,11},{7),
_ 11—2 w(n), if Ry = {5, 11}, {5}, 4.9)
é e(n) + % (=1)¥mrl e gf Ry = {11},
= o), otherwise.

From the above (4.3)—(4.9), Theorem 4.2 is proved in this case.
Case2. a=1.

AIMS Mathematics Volume 9, Issue 5, 12458—-12478.
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(A)If g =0,1i.e.,n=2ny, then by (1.1), Case 1 and Lemma 2.4, we have

e = Pl 5]

d|l’l| d|”|
—@12(ny) + ps(ny)

5 @)+ 3 (=DM 2071 f RL = {7, 11},{7),
5 @) + 15 (=D 290 if R = (5,11}, {5},

1 1 Q(n) 7 wn)—1 : ’
5 o) + 35 (=1)PW 2901 if R

ﬁ p(n), otherwise.

B) If g =1, 1.e., n = 6ny, then from (1.1) we can get

{11},

6 d 6n;\r2d 6n,\r3d
o) = ;“(%)[ﬁ] + ;“(%)[E] + ;“(%)[ﬁ
ni ny n
6n;\r6d
W
= @) — gs(n) — pa(my) + p2(my).
Now by Lemmas 2.4 and 2.5 and Case 1, we have the following:
= p(n), if Ry, = (7,11}, {7},

pia(n) =

(C) If B = 2, then by (1.1) one can easily see that

@12(n)
d|n d|m

D D L P g

d|3ﬁ‘]n1 d|3'3‘1n1
= —@(3 ') + 23 ).

Now by Lemma 2.4 we can get the following:

Iy KA Py EsEal

|

=
12
2- 3ﬁl’l1

o

6d
12

5 @(n) + 35 (DS 2001 if Ry = (5,11}, {5},
5 @(n) + 35 (=P 20071 af R = {11,

ﬁ p(n), otherwise.

L) + L (=11 201 e Ry =47, 11),(7),

p12(n) =

é w(n), otherwise.

From the above (4.10) and (4.12), Theorem 4.2 is true in this case.

AIMS Mathematics
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Ln) + L (=12t gt if R = (1),
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]

(4.10)

(4.11)

(4.12)
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Case 3. o = 2.
(A) If =0, 1.e., n = 4ny, then from Lemmas 2.3 and 2.5, we can obtain

4 d
pia(n) = d%: /‘(%)[E]
Anine d 4ny\;2d 4y \;4d
= 2Nl Gl 2rEg I
= —ps(ny) + p3(ny)
L g, it R, = {7, 11},(7),

Lo(n) + & (101200 if R = (5,11),(5),
%Qﬁ(l’l)+ %(_1)Q(n)+12w(n), ifRI,Pk = {11},

11—2 p(n), otherwise.

(B) If g = 1, 1.e., n = 12 ny, then by the definition we have

12 d
¢ia(n) = duzzl #( dnl)[ﬁ]
ny
12 12 12 4d
- (2 ; 2 S 2
np ni
12 12 6d 12 12d
+; ”1 Z ( 6:1“)[ ]+;,u( 123)[?]
ni n n

= @e(n1) — @3(m) — pa(n1) + @(ny).
Now by Lemmas 2.3 and 2.4 and Case 1, we can get the following:
5 p(n), if Ry = {7, 11}, {7},
nﬂm+(1ﬂmuwﬂ if Ry = (5,11}, {5),
7 L on) + 12( 1)+l g =1 if Ry = {11},

= o(n), otherwise.

pi(n) =

(C) If B > 2, then from n = 4 - 3% n; and the definition, we know that

PO a8 KA Y R L]

d|4-3fn d|2:3f 1
2.3 2d 2-3fni\rd
= X s XM=
d|35‘]n1 d|35‘1n1

1
= @3 'n) -3 "'ny) = 5()0(313—1”1)

@12(n)

1 1
_ 2B -
= —1290(4 3n) 1290(’1)-

From the above (4.13)—(4.15), Theorem 4.2 is proved in this case.

(4.13)

(4.14)

(4.15)

AIMS Mathematics Volume 9, Issue 5, 12458—12478.
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Case 4. o > 3.
(A)IfB=0,1i.e., n=2%ny, then by Lemma 2.5 we have

2af d 201 2d
() = %u(%)[ﬁ]+d;mﬂ(2—?)[ﬁ]
= (2" 'ny)
L o), it Ry, = (7,11}, (7},

L) + £ (-1 200, R, = (5, 11),(5),
L) + 1 (=120, R, = (11),

= o), otherwise.

B)If g =1,i.e.,n=3-2%n, then by the definition we have

3.00 d 3.2¢ 2d
Pia(n) = %#( p nl)[ﬁ] + d|;n1 “( 2dnl)[ﬁ]
3. 2%\ 3d, 3-2%\;6d
SIS EE
= —906(2“_11’11) + QDz(za_lnl)
Lo, it Ry, = {7, 11},{7)
B e+ (DA 24, iRy = (5,11}, (5)

1 1 n) 7 wn : [
L) + 5 (=12 290 iR, = (11,

1—12 p(n), otherwise.

Now from (4.16)—(4.18), Theorem 4.2 is proved in this case.

From the above, we complete the proof for Theorem 4.2.

5. The parity of the generalized Euler functions ¢g(n) and ¢,(n)

Based on Theorems 3.1, 4.1 and 4.2, this section gives the parity of ¢g(n) and

(4.16)

b
b

4.17)

(4.18)

@12(n), respectively.

Theorem 5.1. If n is a positive integer, then ¢g(n) is odd if and only if n = 8,16 or n is given by

Table 1.
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Table 1. the conditions of ¢g(n) is odd.

n Conditions

Pt p=9,15(mod 16); p = 3,5(mod 16), 2 |a; p = 11,13 (mod 16), 2 1 a;
2p” p=7,9(mod 16); p =3,13(mod 16), 2 |a; p = 5,11 (mod 16), 2 1 a;

4p® p = 3,5 (mod 8);

8p” p = 3,7 (mod 8);

202 p1 = p2 = 3(mod8); p; = pr = 5(mod8); py =3 (mod8), p, = 5 (mod 8);
2p{' py? p1 = p2 =3(mod8); p; = p, = 5(mod8); p; = 3 (mod8), p, = 5 (mod 8).

In the above table, p, p;, p, are odd primes with p; # p,, and @, a;, @, are positive integers.
Proof. For n = 2%, by (3.1) we know that ¢g(n) is odd if and only if n = 8, 16.

Now suppose that n = 2¢ Hle p;" , where @ > 0, a4, ..., @ are positive integers, and py,..., p; are
distinct odd primes. Set n; = ]—[i-‘:1 pf" ; then, ny > 1 is odd. By Theorem 3.1, we have the following
four cases.

Case 1. Rp, = {5,7} or {5}.

(A)If @ = 0, i.e, n = ny is 0dd, then, by (3.2) we have that ps(n) = (n) + 3(—1)*"2“"_ Note that
there exists a prime factor p of n such that p = 5 (mod 8); thus, we must have that w(n) < 2 if ¢g(n) is
odd. For w(n) = 2, i.e., n = p{'p3’, by (3.2) we have

1 a1— (0% |+
g = 5Py (pr = D P (pa = D+ (D)7
Therefore g(n) is odd if and only if p; = p, = 5 (mod 8), which is true. Now for w(n) = 1,i.e.,n = p‘l’1
with p; = 5 (mod 8), similarly, by (3.2) we have

s(n) = %p?“(pl - D+ %(—1)“‘ = %(p‘f]“(pl —D+4-(=D").
From p; = 5 (mod 8), we have that p; = 5, 13 (mod 16). If p; = 5 (mod 16), then
p‘fl_l(pl — D) +4=D" =457 4 4(=1)"'(mod 16).
Thus, ¢g(n) is odd if and only if 2 | ;. If p; = 13 (mod 16), then
p(l“_l(pl — D) +4=D" =12 (=3)2"" + 4(=1)¥(mod 16).

Thus, @g(n) is odd if and only if @ is odd.

B) If @ = 1, i.e., w(n) > 2, by (3.2) we have that g(n) = zp(n) + 7(~1)2®2“"!_ Then we must have
that w(n) < 3 if g(n) is odd. For w(n) = 3, namely, n = 2p{" p5*, using the same method as (A), ¢s(n)
is odd if and only if p; = p, = 5 (mod 8). Now for w(n) = 2,1.e.,n = 2[9‘1’l with p; = 5 (mod 8), similar
to (A), pg(n) is odd if and only if p; = 5 (mod 16) and «; is odd, or if p; = 13 (mod 16) and 2 | a; .
(O) Ifa = 2,ie., w(n) > 2, then by (3.2), we have that ¢g(n) = %go(n) = }‘ Hle p;”'_l(pl- —1). Thus
from the assumption that p; = 5,7 (mod 8) or p; = 5 (mod 8), we know that w(n) = 2 if ¢g(n) is odd. In

a—1

this case, n = 4p{" with p; = 5 (mod 8); then, p{'~ (p; — 1) = 4 (mod 8), namely, ¢s(n) is odd.
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(D) If @ > 3, then by (3.2), g(n) = %(p(n) =04 ]—[f-‘:1 pj."'_l(pi — 1). Thus we must have that @ = 3 and
k = 11if pg(n) is odd, namely, n = Sp‘f' with p; = 5 (mod 8). In this case, ¢g(n) = %go(n) = %ptl”_l(pl -1
is always even.

Case 2. Rp, = {3,7} or {3}.

(A) If @ = 0, by (3.2) we have that gs(n) = ¢(n) + 5(=1)*"2¢". Thus we must have that w(n) < 3
if pg(n) is odd. For the case that w(n) = 3, i.e, n = p}'py°ps’, where p; = 3(mod4) (i = 1,2,3),
it is easy to see that ¢g(n) is always even in this case. Therefore we must have that w(n) = 1,2.
Consider that w(n) = 2, i.e., n = p{'pS”. Note that Rp, = {3,7} or {3}; then, by (3.2), ps(n) =
é(p" pi - 1) py*~ Y(po—D)+4-(=1)"*) is odd if and only if p; = p, = 3 (mod 8). Now, for w(n) = 1,
i.e., n = p{" with p; = 3 (mod 8), then by (3.2) we have that pg(n) = S(p“l 1(pl — 1)+ 2(=1)*). Thus,
wg(n) is odd if and only if p; = 3(mod 16) and 2 | @y, or if p; = 11 (mod 16) and a; 1s odd.

B)If a = 1,i.e., w > 2, by (3.2) we have that gg(n) = go(n) + 5(—1)™~129¢~1 Thus we must have
that w(n) < 3 if gg(n) is odd. Using the same method as (A) in case 1, we can get that ¢g(n) is odd if
and only if n = 2p{' p5* with p; = p, = 3(mod 8), or if n = 2p{" with p; = 3(mod 16) and 2 | a4, or if
p1 = 11 (mod 16) and a; is odd.

(C)If @ = 2,i.e., w(n) > 2, by (3.2) we have that 5(n) = gp(n) + g (1)1 20 Therefore we must
have that w(n) < 3 if pg(n) is odd. For the case that w(n) = 3, i.e., n = 4p{"' p5*, we know that

1 a1 @ a (0%
gs(m) = 7p7' " (1 = Dy (p2 = D+ (D

which is always even. Now for the case that w(n) = 2,1.e.,n = 4p"1 with p; = 3 (mod 8), by (3.2) we
have that gg(n) = 2(py'~'(p1 — 1) + 2(~1)**"). Since

(n l(pl _ 1) +2( 1)a1+1 2.301—1 +2(_1)(t1+1 = 4(m0d8),

it follows that ¢g(n) is odd.

(D) If @ > 3, by (3.2) we have that pg(n) = go(n) = Qo4 Hl Py (p,~ — 1). From Rp, = {3,7} or {3},
we must have that @ = 3 and k = 1 if ¢g(n) is odd, namely, n = 8p1‘ with p; = 3 (mod 8). Obviously,
ws(n) = 5 pi" '(py = 1) is odd in this case.

Case 3. Rp, = {7}.

(A) If @ = 0, by (3.2), ps(n) = g¢(n) + 2 (=1)*” 24" Then we must have that w(n) < 2 if gs(n) is
odd. For w(n) = 2,i.e., n = p}' p3*, it follows that

1 o pi—1 p,—1
R

+3- (=D,

Since p; = p» = 7 (mod 8), we have that ”‘T_l 1= (mod 4) and

ai—1_ar—1 pl_l p2_1
p .

P X T 5 +3- (_1)a1+az = (_1)m+az—2 +3. (_1)fll+0/2 = 0(m0d4)’

which means that ¢g(n) is even. Now for w(n) = 1,1i.e.,n = p1 , by (3.2) we have

1 (03
wg(n) = ( N

5 L3 (- 1)01)
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Now from p; = 7 (mod 8), we have that p; = 7, 15 (mod 16). If p; = 7 (mod 16), then

-1
P B 431 =3 () 43 (<1 = 0(mod8),

namely, ¢g(n) is even. Thus, p; = 15(mod 16), then

-1
PP S 3 )T =T () 3 (1) = 4(mod8),
namely, ¢g(n) is odd.
(B) If & = 1, by (3.2), gs(n) = go(n) + 3(~1)*M2 -1 Using a similar proof as that for (A) in case 1,
¢s(n) is odd if and only if n = 2p{" and p, = 7 (mod 16).
(O If @ = 2, ie., wn) > 2, by (3.2), ps(n) = 3o(n) + 5 (-1 24" Then we must have that

a

w(n) < 3 if pg(n) is odd. For w(n) = 3, i.e., n = 4p{' p;> with p; = p, = 7 (mod 8), we know that

a;—1_ar-1 pl_l p2_1
ws(n) = pi'" py’ T T

is always even. Now for w(n) = 2, i.e., n = 4p}' with p; = 7 (mod 8), we can verify that

+ (_1)(l1+az—l

al—l.pl_l

wg(n) = %(Pl — 7 (—l)al_l)

is also even.

D) Ifa > 3,by (3.2), pg(n) = %go(n) =04 Hle pf"_l(pi— 1). Hence, by Rp, = {7} we know that ¢g(n)
isodd if and only if @ =3 and k = 1, i.e., n = 8p{" with p; = 7 (mod 8).

Case 4. {3,5} CRp, or 1 € Ry,.

(A) If {3,5} C Ry,, i.e., k > 2, then by (3.2) we have that gs(n) = Lo(n) = 102 [T, pi ! (pi— D).

@] @2 ) @2

Thus we must have that k = 2 and a < 1 if ¢g(n) is odd, namely, n = p|'p5* or 2p|'p,*, where
p1 = 3(mod8) and p, = 5 (mod 8). Obviously, ¢g(n) = %p‘f‘_l(pl - 1)p(2’2_1(p2 — 1) is always odd in
this case.

B) If | € Rz, by (3.2), ps(n) = 2p(n) = £0(29) [T, p""'(p; — 1). Thus, we must have that o < 1
and k = 1 if pg(n) is odd. Namely, n = p{',2p{" with p; = 1 (mod 8); then, gg(n) = %p‘“‘l(pl -1).
Obviously, ¢g(n) is odd if and only if p; = 9 (mod 16).

From the above, we have completed the proof of Theorem 5.1.
Theorem 5.2. If n is a positive integer, then ¢,(n) is odd if and only if n = 2% (@ > 4), 3 - 2% (a > 2),

2-38(B>2),4-3%(B >2),orif it satisfies the conditions given in Table 2.
Table 2. the conditions of ¢1,(n) is odd.

n Conditions

p° p=13,17,19,23 (mod 24);
2p® p=7,11,13,17 (mod 24);
3p“ p =5,7 (mod 12);

4p° p =15,7(mod 12);

6p” p =5,7(mod 12);

12p® p=5,11(mod 12).
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Here, p > 3 is an odd prime and o > 1.
Proof. Obviously, by the definition of ¢,(n) we can get that ¢,(n) = 0 for n < 12 and ¢,(n) = 1 for
n = 12,24; then, we consider that n > 12 and n # 24. First, we consider the case that n = 2¢ - 35.

If @ = 0, we have that 8 > 3 ; then, by (4.1), ¢12(n) = 5(3#72 — (—=1)°) is even.

If @ = 1, we have that 8 > 2 ; then, by (4.1), ¢12(n) = 3(372 = (=1)/*!) is odd.

If @ = 2, we have that 8 > 2 ; then, by (4.1), ¢12(n) = 372 is odd.

If @ = 3, we have that 8 > 2 ; then, by (4.1), ¢12(8 - 3%) = 2 - 372 is even.

If @ > 4, then that 8 > 0. For 8 = 0, by (4.1), ¢12(n) = %(2"‘3 + (=1)*) is odd. For g = 1, by (4.1),
@1a(n) = 22772 + (=1)"*!) is odd. For 8 > 2, by (4.1), ¢12(2" - 3¥) = 2°7% - 372 which is always even.

Next, we consider the case that n = 2% 3fn;, where @ > 0, 8 > 0, n; > 1 and gcd(n;,6) = 1. For
convenience, we set n = 2% 38 Hf-‘zl p}’, where @; > 1, p; is an odd prime and p; > 3(1 < i < k). By
Theorem 4.2 we have the following four cases.
Case 1. prk ={7,11} or {7}.
(A)a =0.If =0, ie, wn) > 1, from (4.2) we have that 1;(n) = {5¢(n) + 3 (=1)*" 2" Thus,
from the assumption that Rka = {7, 11} or {7}, we must have that w(n) < 2 if ¢(n) is odd. For w(n) = 2,
i.e., n = p{"' p5?, note that Ry ={7,11} or {7} ; then,

-t ot P1=1 pa=l

1 a Q;
p12(n) = 3PP > > + (=)

is always even in this case. Thus, w(n) = 1,1i.e., n = p‘l"; then, by (4.5),

1
Qi(n) = E(p?‘l(pl —1)+6-(=D)™).

Note that p; = 7(mod 12), i.e., p; = 7,19 (mod 24). If p; = 7 (mod 24), then pcl“_l(p— D+6- (=) =
0 (mod 24), which means that ¢ ,(n) is even. Thus, p; = 19 (mod 24); then, p‘l”_l(pl -D+6-(-1)n =
12 (mod 24), namely, ¢;,(n) is odd.

If5 = 1,ie., w(n) > 2,by (4.2), p1o(n) = Sn) = LT, pi"'(p;—1). Similarly, we must have that

w(n) = 2if p12(n) is odd. In this case, n = 3p{ with p; = 7 (mod 12); then, ¢»(n) = %p‘l"l(pl —1), easy
to see that ¢1»(n) is always even. If 8 > 2, i.e., w(n) > 2, by (4.2), p12(n) = 50(n) + 5 (=1)2W+ 200,
Similarly, we must have that w(n) = 2,1i.e.,n = 3 p(fl if ¢1o(n) is odd. Since p; = 7 (mod 12), it follows
that ¢12(n) = 3F2p7 " p‘T_l + (=)ot ig always even.
B)a = 1. If g = 0,ie., w®n) > 2, by (4.10), p12(n) = He(n) + (=121 Similarly, we must
have that w(n) < 3 if ¢5(n) is odd. For w(n) = 3, i.e., n = 2p{' p3*, note that Ry ={7,11} or {7}; then,
it is easy to see that ¢,(n) is always even. Thus, w(n) = 2,1.e.,n = 2p‘1"; note that p; = 7 (mod 12),
namely, p; = 7, 19 (mod 24). In this case, ¢>(n) is odd if and only if p; = 7 (mod 24).

It =1,ie., wn) > 3, by (4.2), ¢1n(n) = égo(n) = él_[i-‘zl p?"_l(pi — 1). Similarly, from R]’Pk =
{7,11} or {7}, we can get that ¢5(n) is odd if and only if w(n) = 3, i.e., n = 6p] with p; =7 (mod 12).

If B > 2, ie., wn) > 3, by(4.2), pia(n) = 5e(n) + 3(=1)HW*1290~1 " Then we must have that
w(n) = 3 if ¢12(n) is odd, namely, n = 2 - 3#p{" with p; = 7 (mod 12). Obviously, ¢»(n) = 3 2p*~! .
pT_l + (=1)*>"#* is always even in this case.

OC)a=2.Itg=0,ie., wn) > 2, by (4.2), p1o(n) = ﬁgo(n) = éHle p;”'_l(p,- —1). Thus, we must
have that w(n) = 2 if ¢»(n) is odd. In this case, n = 4p}' with p; = 7 (mod 12); then, p{"(p; — 1) =
6 (mod 12), which means that ¢;,(n) is always odd in this case.
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If B> 1, ie, wn) > 3, by 4.2), pp(n) = 5p(n) = 372 M1, pi~'(pi = 1). Note that R, =
{7, 11} or {7}; then, ¢1,(n) is always even.
(D) @ > 3. By (4.2) and R]’P,k = {7,11} or {7}, ¢12(n) = l—lzgo(n) = % - 2973¢(3Pn;) is always even in this
case.
Case 2. R; = ({5,11}or {5}.
(A)a=0.1fB=0,ie., wn) > 1, from (4.6), we can get that ¢15(n) = 15 @(n) + ¢ (-1)*™ 24" Thus,
we must have that w(n) = 1 if ¢1,(n) is odd, namely, n = p(fl with p; = 5(mod 12). Hence

pr—-1

(7 1 ap—1 1 17 _1 ai—1
e = P = D DM = (0T

27 S+ D7),

Note that p; = 5(mod 12), i.e., p; = 5,17 (mod 24). If p; = 5(mod 24), then p"“ . ”1_1 + (=" =

a)—1 p1—1 +

O(mod 6), which means that ¢15(p{) is always even. Thus, p; = 17 (mod 24), in this case p| 7

(—1D)* = 3 (mod 6), namely, ¢,(p*") is odd.
If B =1,ie., wn) > 2, from (4.8) we have that 15(n) = 5 @(n) + ¢ (1) 290~ Thus, we must
have that w(n) = 2 if ¢»(n) is odd, namely, n = 3p{' with p; = 5 (mod 12); in this case

P1

PB3p)") = (2 o +(-1)")
1s always odd.

Ifp >2,ie., wn) > 2, from (4.9) we can get that ¢,(n) = é ¢(n). We must have that a)(n) =2,1e.,
n=3p*B > 2), if @12(n) is odd. From the assumption p; = 5(mod 12), ¢1»(3° p") = 55 @(3¥ p{") =
2371 pn~t. 2l is always even.

B) a = 1 ie., a)(n) > 2. By (4.10)—(4.12), we must have w(n) < 3 if ¢(n) is odd. Namely,
n= 2p‘1",2p‘1"p‘2’2, 6py', or 2 - 3Fp{' (B > 2). Similar to the proof of (A) in case 1, ¢1»(n) is odd if and
only if n = 2p{" with p; = 17 (mod 24), or if n = 6p}" with p; = 5 (mod 12).

(C)a =2 IfB=0,ie, whn) > 2, by 4.13), pip(n) = 5en) + 5(—1)HV*129M; then, we must
have that w(n) = 2 if ¢5(n) is odd. In this case, n = 4p‘1“ with p; = 5(mod 12). Hence, ¢;(n) =
Lpi i = D+ 2@ = H(p T 2+ (-1)@*3) is always odd.

IfB = 1,ie., w(n) > 3,by (4.14), p12(n) = F@(n)+75(—DH*12¢071: we must have that w(n) = 3 if
@12(n) is odd. In this case, n = 12 p{' with p; = 5 (mod 12); then, ¢1»(n) = %p‘l“_l(pl —1)+% (—DHu** =
S (o= D+ (=DM is odd.

Ifp > 2, ie., wn) > 3, by (4.15), ¢12(n) = %go(n); we must have that w(n) = 3 if ¢,(n) is odd.
Namely, n = 4 - 3p{" with p; = 5 (mod 12); then,

1 2 a 1
pa(m) = 7 ¢(n) = - D

is always even.
D) a > 3,1e., wn) > 2. If B = 0, then by (4.16) and Rﬁ)k = {5, 11} or {5}, we konw that ¢,(n) =
Se(n) + $(=1)%" 290 s always even in this case.

If 8 =1,by (4.17) and R; = {5,11} or {5}, we know that ¢5(n) = 5¢(n) + {5(=1D2“" is
always even in this case.

Ifg>2,by(4.18) and R];Jk = {5, 11} or {5}, ¢12(n) = 1—12<p(n) is always even in this case.
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Case 3. R; = {I11}.

(A) @ =0,1i.e., wn) > 1. From (4.7)—(4.9), we must have that w(n) < 2 if ¢;,(n) is odd. Consider that
w(n) =2,ie.,n=p{' py?, or 3Fpl" (B> 1) with p; = p, = 11 (mod 12). Thus, by (4.7)~(4.9), ¢12(n) is
always even. Hence, w(n) = 1,1.e.,n = ‘“ with p = 11 (mod 12); then, (4.7) we can get

_ 1 01 1 a _1 -1 pl a
o) = =Py (- 1) + —( DT = (P S 5D,
Note that p; = 11(mod 12), i.e., p; = 11,23 (mod 24). If p; = 11 (mod 24), then

pal—l pl

X 5 +5( D™ =5-D"" +5(-1)" = 0(mod 12),

namely, ¢»(n) is even. If p; = 23 (mod 24), then

-1 P1—
Py .

L 51 = 1= 1) + 5(=1)" = 6 (mod 12).

namely, ¢»(n) is odd.

B) a =1, 1i.e., w(n) > 2. From (4.10)—(4.12), we must have that w(n) < 3 if ¢1,(n) is odd. Namely,
n=2p{", 2py' py2, 6p{", or 2-3Fpi* (B > 2) with p; = p, = 11 (mod 12). Using the same method as
for (A) in case 1, ¢1,(n) is odd if and only if n = 2p‘1” with p; = 11 (mod 24).

(O a=21e, wn) > 2. If g =0,by (4.13), we must have that w(n) = 2 if ¢;5(n) is odd, namely,
n = 4p{" with p; = 11 (mod 12). Then by (4.13),

@ — 1P1—
2

1
en(@p]) = —( +(=1)"*)
is always even.
Ifg > 1,1e, wn) > 3, by (4.14)—(4.15), we must have that w(n) = 3 if ¢2(n) is odd. Namely,
n=4-3pl" (B >1)with p; = 11 (mod 12). If 8 > 2, then by (4.15),

a 1 a 0{
g4 ¥pi) = @ Fp) =32 i (- 1)

is always even. Thus, 8 = 1; by (4.14), ¢1,(12 p{') = I(p“l Y(p1 = 1)+ (=1)™*3) is odd.
M)a=3.1fB=0,ie., wn) > 2, then by (4.16) and R’k = {11}, we know that ¢,(n) = %go(n) +
$(=1)2m 2™ js always even in this case.

Ifg=1,ie.,w(n) > 3,thenby (4.17) and R, = {11}, we know that ¢5(n) = Sp(n)+35(=1)*m 2«0
is always even in this case.

IfB > 2, ie., w(n) > 3, then by (4.18) and Ry, = {11}, we know that ¢;(n) = égo(n) = 2072
3T, P (pi — 1) is always even.
Cased. {5, 7} CR; orl R .
(A)If{5,7} C R]’Pk, by (4.2) we have that ¢,(n) = égo(n) is always even.
B)If1e R’k, then by (4.2), ¢12(n) = f—zgo(n); thus, we must have thatk = 1, @ < 1, and 8 = 0 if ¢,(n)
is odd. Namely, n = p{' or 2p{" with p; = 1 (mod 12). In this case, ¢12(n) = 33 Lp” Y(py = 1) is odd if
and only if p; = 13 (mod 24).

From the above, we have completed the proof of Theorem 5.2.
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6. Final remark

In [2, 8], Cai, et al. gave the explicit formulae for the generalized Euler functions denoted by
@.(n) for e = 3,4,6. The key point is that the derivation of [f] can be obtained by utilizing the
corresponding Jacobi symbol for e = 3,4, 6. In the present paper, by applying Lemmas 2.1 and 2.2, the
exact formulae for ¢g(n) and ¢,(n) have been given and the parity has been determined. Therefore,
the obvious expression for [2] depends on the Jacobi symbol, seems to be the key to finding the exact
formulae for ¢, (n).

We propose the following conjecture.

Conjecture 6.1. Let ¢ > 1 be a given integer. For any integer d > 2 with gcd(d, e) = 1, there exist
u€Q a,aa3,bi(1<j<r)eZandg;(1 <j<r)eP,such that

[2’] u(ard +az + as(— Zb ) @td), 6.1)

or

[d] a1d+a2+2b ) @ld). (6.2)

where r > 1 and ¢; € {1, -1}.

It is easy to see that Conjecture 6.1 is true for e = 2,3,4,6,8 and 12. (see [2,8] and (2.1), (2.2)).
If the formulas for (6.1) and (6.2) in the above conjecture can be obtained, then, by (1.1), using the
properties of Mobius functions, we can find the exact formulae for ¢, (n).
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