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Abstract: In this work, the global behavior of a discrete population model

Xpel = ax,e + 5,
{”* R S

Yur1l = ax,(1 —e™),

is considered, where a € (0, 1), 8 € (0, +o0), and the initial value (xg, yo) € [0, 00) X [0, o). To illustrate
the dynamics behavior of this model, the boundedness, periodic character, local stability, bifurcation,
and the global asymptotic stability of the solutions are investigated.
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1. Introduction

The model

Xpe1 = Axe”®n,
n=0,1,2,..., (1.1)

Yne1 = Cxp(l — ™),

is used to describe the Nicholson-Bailey host-parasitoid system, where x, and y, represent the densities
of host and parasitoid at the nth generation, respectively, a is the searching efficiency of the parasitoid, 4
is the host reproductive rate, and c is the average number of viable eggs laid by a parasitoid on a single
host. System (1.1) is simple and its positive equilibrium is unstable [4, 5, 19], which indicates that
the parasitoid populations, or both the parasitoid and host populations, will go extinct. Therefore this
simple model is unrealistic for any practical applications. Up to now, the model has been developed to
describe the population dynamic behavior of a coupled host-parasitoid (or predator-prey) system. The
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improved models display more various dynamic behaviors such as stability, bifurcation, and chaotic
phenomenon, see [1,7-10,16,17,20,21,23]. For more detailed information, refer to [13-15,22,25].

As mentioned in [18], in many populations it is reasonable to believe that either a refuge exists
which isolates some small fraction of the population from density-dependent effects, or that there is
a small amount of immigration from outside the system each generation. Therefore, in this paper we
consider the system

n = ne " + 0,
e S I (1.2)
Yue1 = axp,(1 —e™),
where
a€(0,1), Be(0,+00), (1.3)

and the initial value (xq, yg) € [0, +00) X [0, +00). The parameter « is the host reproductive rate at per
generation (in the absence of a parasitoid), and the term S represents a refuge or a constant amount of
immigration of hosts from outside the system per generation.

In [12], Kulenovi¢ and Ladas proposed an open problem (Open Problem 6.10.16) asking for
investigating the global character of all solutions of system (1.2) with parameters @ € (0,1) and
B e (1,+00).

Inspired by the aforementioned open problem, in this paper the boundedness, periodic character,
transcritical bifurcation, local asymptotic stability, and global asymptotic stability of system (1.2) are
discussed under condition (1.3). Our result partially solves the above open problem.

The paper is organized as follows:

Section 1 is the introduction, and Section 2 involves the preliminaries, where some necessary
lemmas are presented. Section 3 deals with the boundedness and periodic character of system (1.2).
The linearized stability and bifurcation analysis are discussed in Section 4. Section 5 focuses on the
global asymptotic stability of the equilibria of system (1.2). Section 6 is the conclusion.

2. Preliminaries

Prior to commencing the discussion, we present some essential lemmas.

Lemma 2.1. (A Comparison Result [11]) Assume that a € (0, +o0) and 8 € R. Let {x,};", and {z,}",
be sequences of real numbers such that xy < zo and

{%HSQM+ﬁ, H=0.1.2

n+l = ATy +ﬁ’
Then x,, < z,, forn > 0.

The following lemma is proved in [6], which will be applied in analyzing the global attractivity of
Eq (2.1). Additionally, one can refer to [3, 11, 12] for further information.

Lemma 2.2. Consider the difference equation
Upy1 :g(un)’ nzoa 1,2’-"' (2'1)

Let I C [0, +00) be some interval and assume that g € C[I, (0, +o0)] satisfies the following conditions:
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(i) g(u) is non-decreasing in u.

(ii) Equation (2.1) has a unique positive equilibrium u € I and the function g(u) satisfies the negative
feedback condition:
(u—u)(gu)—u) <0 forevery uel{u}.

Then, every positive solution of Eq (2.1) with initial conditions in I converges to ii.

Consider the difference equation

Yn+1 = G(yl’l,yn—l)’ n= 09 192, s (2‘2)

The following strategy for obtaining global attractivity results of Eq (2.2) is derived from [12], which
is also referenced in [2].

Lemma 2.3. Let [a, b] be an interval of real numbers and assume that G : [a,b] X [a,b] — [a,b] is a
continuous function satisfying the following properties:

(i) G(x,y) is non-decreasing in x € [a, b] for each y € [a, b, and G(x,y) is non-increasing in'y € [a, b]
for each x € [a, b].

(ii) If (m, M) € [a, b] X [a, b] is a solution of the system
Gm,M)=m, and G(M,m)= M,
then m = M.
Then, Eq (2.2) has a unique equilibrium X, and every solution of Eq (2.2) converges to X.

3. Boundedness and periodic character

Theorem 3.1. Assume that (1.3) holds. Then every nonnegative solution of system (1.2) is bounded
and eventually enters an invariant rectangle [, £-1x [0, 2£1.

* T-a *T-a

Proof. Using (1.2) and noting that 0 < ¢™ < 1 for y, > 0, we get
B< Xy =axe+B<ax,+B, n=0,1,2,....
Consider the initial value problem
w1 =@z, +B, n=0,1,2,..., 3.1
with initial value zo = x¢. It follows by Lemma 2.1 that
X, <2z, for n=0,1,2,....

The solution of Eq (3.1) is given by
B B

+
1—a) 1-«

Zn = a"(20 —
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and forn > 1,

i~ 2w = @1 =)o~ ),

Therefore, the sequence {z,} is decreasing and bounded below by 1'% with the initial value zy >

1-a’
and it is increasing and bounded above by 1% with the initial value zy < 1%, and z, = ]% forn > 1
with the initial value zo = 1%. Thus, lim z, = 1%. Hence, for every € > 0, there is an integer N such
that, forn > N,
Xp <7, < A + &,
l-«a
and so x, < 1% for n > N. Furthermore, when n > N,
Q

0<yu1 =ax,(1—e)<ax, < I a ,

holds.
Set
afs
M = max{xg, x1,..., Xy, Lo L=max{yo,yi, ..., yne1, T}
-« l-«a

Then

B<x, <M, 0<y, <L, for n>0.

Moreover, if (xo, yo) € [B, 1%] x [0, %], then
Q
B<xi=axee +B<axg+B < P +B8= L,
1l-«a 1l-«a
Q
0<y =ax(l —e™) <axy < i ,
-«
and by using induction, we obtain
Q
(xn’Yn) € [B’ L] X [ > —ﬁ] forn > 0
1 -« l-«a

So, the rectangle [, %] x [0, ;’T'i] is invariant, which completes the proof. O

Theorem 3.2. Assume that (1.3) holds. Then system (1.2) has no positive prime period-two solution.

Proof. Assume for the sake of contradiction that

s (E,m), (G2,m), (€M) (§2,m2), -+
is a positive prime period-two solution of system (1.2). Then it should satisfy
S =abie +B,  m=abi(1-e), (3.2)

and
& = abre ™ + B, m = aé(1—e™™). (3.3)
Clearly, &1,&, > B.
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From (3.2) and (3.3), we derive

& —-B=aé —n, &1 —pB=as&—n,

which are equivalent to
m—m = (+a)é - &). (3.4)
Thus, & =& = m=n1.
Moreover, (3.2) and (3.3) imply that &,& > B. This is because, if & = S, then & = 0 and
n = n, = 0, which is a contradiction. Similarly, if & = B, then &, = 0 and 7, = i7; = 0, which leads to
a contradiction as well.
Additionally, combining (3.2), (3.3), and (3.4), we can obtain

— -n
=B _&e™ & po _ 8 v

L-B &Lem & &

and thus

Ssonerey _ E&=B)

&(&-PB)
which means that
£1(& = BT = £5(&, - Bet . (3.5)
Set
A(f) = t(t — B+,

Then

A(t) = e =Bt +at+ 1) + 1],

from which it follows that A’(¢#) > 0 for t > 8 > 0, and thus A(?) is strictly increasing in ¢ for t > 8 > 0.
So, (3.5) implies that &, = &,. Therefore, ; = 1,, a contradiction.
The proof is complete. O

4. Linearized stability and bifurcation analysis

4.1. Linearized stability

Theorem 4.1. (i) Assume that (1.3) holds and f < le“ Then system (1.2) possesses a unique
nonnegative equilibrium E, = (1’%, 0).

(ii) Assume that (1.3) holds and B > =2. Then system (1.2) possesses two equilibria: E, = (1%, 0)

and E = (%,7) € [B, £-1x [0 ﬂ].a

> l-a > l-a

Proof. The equilibria of system (1.2) can be obtained by solving the following equations:

4.1)

x =axe” +p,
y =ax(l —-e™).

Clearly, y = 0 is always the solution of the second equation of (4.1), and thus E, = (1%, 0) is always
the equilibrium of system (1.2).
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From the first equation of (4.1), we get

__ B
X = ’
I —ae™
and thus
_ap(l—e)
C l-ae
or, equivalently,
y—aye” —aBf(l—e”)=0. 4.2)
Let
p(y) =y —aye” —af(l —e7). (4.3)

Then, ¢(0) = 0, and ¢(y) ~ y as y — +oco. Moreover, we have
/ - _ IV |
) =1—ae” +aye™ —aBe™ = —y(ey+ay—oz—aﬁ).
e

Let
() =¢e +ay—-a-—ap. 4.4)
Then, ¥'(y) = ¢’ + a > 0, from which it follows that the function ¥(y) is strictly increasing in [0, +o0).
(i) When 8 < =2, y(y) > ¢(0) = 1 — @ — a8 > 0 with y > 0. Consequently, ¢'(y) = Sy(y) > 0 for
y > 0, and system (1.2) has no other equilibrium, which implies that conclusion (i) is valid.
(i1)) When 8 > % Y(0) =1—-a-af <0, and Y(+00) = +oo. By the continuity of the function
Y(y), there exists a unique root y* € (0, +o0) such that

Y(y) =0. (4.5)

Hence, ¥(y) < 0 with 0 < y < y*, and ¥(y) > 0 with y > y*. Moreover, ¢'(y) < 0 with 0 <y < y*, and
¢’(y) > 0 with y > y*. It follows that ¢(y) is decreasing in (0, y*), and ¢(y) is increasing in (y*, +00).
Thus, the function ¢(y) attains its minimum at y*, ¢(y*) < ¢(0) = 0, and by the continuity of the
function ¢(y), equation ¢(y) = 0 has a unique positive root y such that y > y*.

Adding the two equations of system (4.1) yields

X+y=ax+p, (4.6)

hence
r=pB-y»/1-a. 4.7)
By (4.1) and (4.7), it is easy to obtain that X € [, %] and y € [0, 28 1 Thus, in this case, system (1.2)

_ 1-a
possesses an additional equilibrium E = (X, y), and conclusion (i1) follows.

The proof is complete. O

Theorem 4.2. (i) Assume that (1.3) holds. Then the equilibrium E, = (1%, 0) is locally asymptotically

stable when 3 < 1%’, is nonhyperbolic when 8 = 1?7", and is unstable (a saddle point) when

B> Lo
(ii) Assume that (1.3) holds and B > 1_7“ Then the unique positive equilibrium E is locally
asymptotically stable (a sink).
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Proof. Let
([ fGy ) _( axe? +pB
ey = ( g6y ) \ax(-e) )
By simple calculation, we have
of N of _ -y
— = ae”, — = —axe”,
0x ay
98 = a(l —e?), % = axe™”
0x ay

a
_ a ——
Jr(E,) = 3,
(£ ( 0 Z )
and its eigenvalues are
afs
A=a, A=-—-.
-«

Notice that @ € (0,1), 500 < 4 < 1,and 0 < A, < 1 withf < =2, 1, = 1 with B = =%, and 4, > 1
with 8 > =%, which means that result (i) follows.

(ii) The Jacobian matrix of F evaluated at E is given by

_ ae™ —axe™
Ir(E) = a(l —e?) axe™
and its characteristic equation is
A —pl+g=0,

where p = ae”(1 + ¥), g = a’xe™”.

Since the second equation of (4.1) implies that X = y/(a(1 — ¢7)), it can be concluded that
Y — e = _ay <Q:a<1.
1 —e? -1 'y

2

O<g=axe” =ax-ae” =

Moreover, noticing that the function ¢(y) defined by (4.4) is strictly increasing in (0, +c0) and that
y > y*, we can utilize (4.5) to derive

Y@ =€ +ay—a-af>y(") =0,
where y* is the minimum point of ¢(y). Thus,
1 +aye” —ae” —aBe” > 0. (4.8)
In addition, the fact that y is the root of the function ¢(y) given by (4.3) implies that ¢(¥) = 0, namely,
y—aye™ +aBe” —aB = 0. 4.9)

Adding (4.8) and (4.9) yields
l+y—ae” —aB>0. (4.10)
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From (4.6), we have

y=B-00-a)x, 4.11)
and from the first equation of system (4.1), we have
7= F (4.12)
ax
Substituting (4.11) and (4.12) into (4.10) yields
14+p-(l-w)i-2P _ap>o.
X
from which it follows that
a(x—p) > )_C—,B—E_.
X
Applying (4.12), we have g = o*xe™ = a(x — ) and
Ipl = ae(1 + %) = X%B(l+)‘c): 1 +)_c—ﬂ—§_ <l+ax-p)=1+g<?2.
X X
By the Schur-Cohn criterion, we obtain that £ = (X, 7) is locally asymptotically stable.
The proof is complete. m|
4.2. Bifurcation analysis
When parameters a and g satisfy the condition 8 = %, the equilibrium E, = (1%’0) is non-

hyperbolic with eigenvalue A, = 1. This indicates a bifurcation probably occurs as the parameter 8
varies and goes through the critical value le"‘ In fact, in this case, a transcritical bifurcation takes
place at E,.

Theorem 4.3. Assume that (1.3) holds and let B* = 177“ Then system (1.2) undergoes a transcritical
bifurcation at E when the parameter B passes through the critical value .

B

T-a

Proof. Letting u, = x, — , Vu = y, shifts the equilibrium E, to the origin, and tranforms the

system (1.2) into

u = au e—vn + ﬂe_vn — ﬁ,
n+1 n 1-a o l-a op n = 0, 1,2,.... (413)
Vart = aup(l —e™) — e + 1L,

Define T = f—" as a small perturbation around 5* with O < |7| < 1. Then, the map of system (4.13)

can be expressed as:

u aue™’ +e" + e - -1

- l-a

v lau(l —e™) —e™ = eV + £+ 1. 4.14)
T T

Expanding (4.14) in a Taylor series at (u, v, 7) = (0,0, 0) gives

u a —1 0 u F](M7V’T)
vie]l 0 1 Oflv]|+|Gi(u,v,7)], 4.15)
T 0 0 1)\« 0
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where 1 i ,
a
Fi(u,v,7) = =v* — auv — VT — =V + —aw? +

a
2 l-a 6 2 2(1 —a)

VT + 0(3),

1
Gi(u,v,7) = —Evz + auv + I (_IQVT + 6\/3 - Eauv2 - 2(1Ci a/)va + 0(3),

and O(3) is the sum of all remainder terms with a frequency greater than 3.

Let
1 1 0
T=10 a-1 0
0 0 1

be an invertible matrix. Through the variable transformation
X
Yy,
w

a 0 0 Fy(X,Y,w)
010 Gr(X, Y, w)
0 01 0

=T

N < &

the map (4.15) is transformed into the form

X X
Y|— Y

w

+ , (4.16)

w

where
Fy(X, Y, w) :%(1 —aHY?* —a(a - DXY + aYw + é(a/ ~ 1)?Qa+ HY?
+%a(a —1)°XY?* - %a(a - DHY?w + 0(3),
GL(X, Y, w) :%(az ~DHY? +a(a - DXY - a¥Yw - é(a - 1)’Qa + HY?
—%a'(a —1)°XY* + %a(a - DHY?w + 0(3).

By the center manifold Theorem 2.1.4 in [24], for the map (4.16), there exists a center manifold that
can be locally represented in the form:

W(0,0) = {(X,Y,w) € R*|X = h(Y,w), Y| <6, |w| <6, h(0,0) =0, Dh(0,0) =0},
for ¢ sufficiently small. Suppose that the center manifold has the representation
X = h(Y,w) = mY* + mYw + myw?® + OQ2).
Then, it satisfies
N(h(Y, w)) = (Y + G2(h(Y, w), Y, w), w) - [eh(Y, w) + F>(h(Y, w), Y, w)] = 0,
where O(2) represents the sum of all remainder terms with a frequency greater than 2. Hence,

mY? + mYw + myw® = am Y? + amyYow + amzw” + 0Q2). “4.17)
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Comparing the corresponding coefficients of terms in Eq (4.17), we have
m =0, m=0, m=0,

so the map (4.16) on the center manifold can be written as

1
F':Y>Y+ E(a2 - DY? - aYw+ 0Q).

Since 5P
F*(0,0) =0, =1,
0,0 37 l0.0)
oF* O*F* O*F*
=0, =-a#0, =a’-1+#0,
) l(0.0) oY aw|(o,0) a # lo.0) = @ *

oY?
therefore a transcritical bifurcation takes place at the equilibrium (Y, w) = (0,0) of the map (4.16),
implying that, as the parameter S changes and passes through the critical value g*, system (1.2)
undergoes a transcritical bifurcation at E,.

The proof is complete. O

5. Global asymptotic stability

In view of Lemma 4.2, to deal with the global asymptotic stability of E, and E, it is sufficient to
solve its global attractivity.
Consider the difference equation

U =A(l—e™), n=0,1,2,..., (5.1)

with A € (0, +o0) and the initial value ug € [0, +00).

Lemma 5.1. When A < 1, Eq (5.1) possesses a unique equilibrium zero, and when A > 1, an additional
positive equilibrium it emerges satisfying it > In A.

Proof. Clearly, zero is always an equilibrium of Eq (5.1). The positive equilibrium can be obtained by
solving the equation
u=Al-e") ue(0,+c0).

Let
h(u) = Al —e™) —u. (5.2)

Then, h(0) = 0, h(+00) = —oco0, and A’ (u) = Ae™ — 1, h""(u) = —Ae™ < 0.

When A < 1, W'(u) < '(0) = A—1 < 0 for u > 0, and thus Eq (5.1) has a unique equilibrium,
namely zero.

When A > 1, the function h(u) attains its maximum at u = In A. Hence, by the continuity of A(u),
there exists a unique # such that 4(i1) = 0, namely Eq (5.1) has a unique positive equilibrium # which
satisfies # > In A and h(u) > 0 for 0 < u < i1, and h(u) < O for u > . O

Lemma 5.2. (i) Assume that A < 1. Then every nonnegative solution of Eq (5.1) converges to the
zero equilibrium.
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(ii) Assume that A > 1. Then every positive solution of Eq (5.1) converges to the unique
positive equilibrium .

Proof. (i) Clearly, u, = 0 with uy = 0 for n > 0, and the result follows. Given uy > 0, then u, > 0 for
n>1,and
upep = A(l - e_un) < Au, < uy,

from which it follows by induction that the sequence {u,} is strictly decreasing and bounded below by
zero, so it is convergent. Since, in this case Eq (5.1) has a unique equilibrium zero, hence lim u, = 0.

n—0oo

(i1) Let g(u) = A(1 — e™). Observing that the function g(u) is increasing for u > 0, and using the
properties of the function A(u) defined by (5.2), we obtain

guw)y=hw)y+u>u with O<u<ii

and
gw)=hu)+u<u with u> .
Hence,
(u — @)(g(u) —u) < 0 for u € (0,00)\ (@),
and condition (ii) in Lemma 2.2 is satisfied. It follows that lim u,, = & with uy > 0. O

n—oo

We now start the discussion of our main results.
Theorem 5.3. Every solution {(x,,y,)} of system (1.2) with xyyo = 0 converges to E..

Proof. Notice that y; = 0 with xy = 0, so it is sufficient to discuss the case that y, = 0. Obviously, in
this case, y, = 0 for n > 1, and thus system (1.2) becomes

Xpp1 =ax, +6, n=1,2,...,

and

B

(1—a”)—>1—, as n — oo,
-«

X, = " xp + 7

since « € (0, 1), finishing the proof. O

Theorem 5.4. Assume that (1.3) holds and 8 < I?T“ Then the unique equilibrium E, of system (1.2) is
a global attractor of all nonnegative solutions.

Proof. Let {(x,,y,)} be a nonnegative solution of system (1.2). Then, from Theorem 3.1, the

subsequence {x,} is eventually bounded and thus there exists an integer N such that x, < f — for
n > N. Using the second equation of system (1.2), we get
Vel = @x,(1 —e?") < ap (1—e>). (5.3)
l-«a
Noticing that, in this case % < 1 and applying 5.2 (i), we obtain that every nonnegative solution of

the difference equation

o= - (e, n=0,1.2,...,
l-«a
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converges to zero. Using the boundedness of the subsequence {y,}, (5.3) yields

0 <lim inf y,; < limsup y,y; < lim ¥, =0,
n—oo n—oo

n—oo

from which it follows that lim y, = 0 and lim x, = 1% Thus, lim(x,, y,) = E..

n—090 n—oo

The proof is complete.

In view of Theorems 5.4 and 4.2 (i), we have the following result:

Theorem 5.5. Assume that (1.3) holds and < 177“ Then the unique equilibrium E, of system (1.2) is

globally asymptotically stable.

Next, we deal with the global asymptotic stability of the unique positive equilibrium E. We will
provide a sufficient condition for E to be globally asymptotically stable with respect to all positive
solutions {(x,,y,)} of system (1.2). The positive solution we talk about here means a solution of

system (1.2) satisfying x,,y, > 0 forn > 0.

Theorem 5.6. Assume that (1.3) holds and B > ITTQ Then the unique positive equilibrium E of

system (1.2) is a global attractor of all positive solutions.

Proof. Let {(x,,y,)} be a solution of system (1.2) with xqy, # 0, then y, > 0 forn > 1.

From the second equation of system (1.2), we get

Yn+1

S -0,1,2,.
ad—eon)y "

Xn =

then
Yn+2 o Yntl

a(l —_ e_yn+l) - 1 — e_yn

e+,
or, equivalently,

~Yn

— — p Yn+l
Yz = @Y (1 = €)=

which is a second-order difference equation with initial values y; = axo(1 — e™?), yo > 0.
Clearly, the equilibrium of Eq (5.4) is not equal to zero and it must satisfy the equation

y—aye” —af(l-e?) =0,

+af(1—-e"), n=0,1,2,...,

(5.4)

which is the equation defined by (4.2). Hence, Eq (5.4) has a unique positive equilibrium, namely ¥.

Equation (5.4) implies that

Yar1 Z @Bl —e™), n=12,....

(5.5)

Ifg> “7“, then a5 > 1. By utilizing Lemma 5.2 (ii), it can be concluded that every positive solution

of the difference equation
Fper =Bl —e), n=1,2,...,
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converges to its positive equilibrium, denoted by y, and by Lemma 5.1, § > Inef. Hence, for e = y —
In @B > 0, there exists an integer N such that y,, > y — € = Inag for n > N. Further, y, >y, > InaS > 0
for n > N. Therefore,

liﬂglfyn+1 > InaB > 0.

In view of Theorem 3.1, it follows that every positive solution of Eq (5.4) eventually enters an invariant
interval [In af, “Tﬁa] c [0, ”T/i], and y € [Inag, %] is unique.
Set

-V

Gu,v) = au(l — e")—=

+aB(1 —e™),
] —evV

then G is increasing in u for v > 0, and is decreasing in v for u > 0.
Let (m, M) € [In af, “T‘l] X [In B, “T‘l] be a solution of the following system:

M

m  =am(l —e™) = +af(l —e™),
M =aM( -e ™) 1+ aB(1 —e ™).

l—em

Then we have

1 af  ae™
l—e” m l1-eM (5.6)

1 af ae™
l—eM M 1-enm S

Adding (5.6) and (5.7) yields
1 _a_/3+ ae™” 1 _cx;B+ ae™
l—e™ m l—em™ l—eM M 1-—eM
which is equivalent to

e+ a %_eM+a_%. (5.8)

em—1 m eM—1 M

Consider the function

e+a ap 7¢]

rellnaf, ——]
- — naf, —I.
el —1 t’ a/’l—a/

To prove that m = M, it is sufficient to show that the function /() is injective on the interval [In af3, “TBQ]
under the condition that g > % Simple computation shows that

I(t) =

1 ! 1
I/(t) = — % + C:—ZB = m[aﬂ(et - 1)2 - (1 + a()tzet]
1
th(ef—_“l)z[(e’ C1Y = 2.
Let
J@) = (e = 1)* = ¢,
then

1
J(@t) =2 —1—-1t- Etz) >0 for >0,
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and so, for ¢t > 0,
J(t) > J(0) = 0.

Therefore, I'(¢t) > 0 for ¢t > 0, which implies that the function /() is strictly increasing on the interval
[In aB, "T’Z]. Thus, equality (5.8) yields m = M. By applying Lemma 2.3, we get that every positive
solution of Eq (5.4) converges to y.

Consequently, every positive solution of system (1.2) satisfies r}l_)ﬂ; y, = ¥ and lim x, = X, and so

lim(x,,y,) = E.

The proof is complete. O

In view of Theorems 5.6 and 4.2 (ii), we have the following result:

Theorem 5.7. Assume that (1.3) holds and > % Then the unique positive equilibrium E of
system (1.2) is globally asymptotically stable.

6. Conclusions

In this work, the global behavior of a discrete population model (1.2) is considered with the
conditions @ € (0, 1), 8 € (0, +0c0). It is shown that, forall @ € (0, 1) and 8 € (0, +00), every nonnegative
solution of this system is bounded and there is no positive prime period-two solution. However, the
existence of equilibria, the local stability, bifurcation, and the global asymptotic stability depend upon
the parameters a,. Specifically, if § < 1_7", then this system possesses a unique equilibrium E,.
It is globally asymptotically stable for g < % and as parameter S varies and passes through the
critical value 1‘7“, this system experiences a transcritical bifurcation at E. If 8 > 1‘7", then this system
possesses two equilibria, £, and E, where E, is unstable and E is locally asymptotically stable. Finally,
a sufficient condition S > “T“ is established, under which E is globally asymptotically stable.

The research result indicates that the use of refuge or external immigration of hosts can contribute to
stabilizing the system. If the level of the use of refuge or external immigration of hosts per generation
remains at or below the threshold % the parasitoids will go extinction for all initial populations. Once
this threshold is surpassed, the extinct equilibrium E| loses its stability and the stable coexistence
equilibrium E = (X, ) emerges. Specifically, maintaining the level at or above lfT“ guarantees the
hosts and the parasitoids will eventually coexist at a steady density (X, y) for all initial populations.
Therefore, it is essential to keep enough of a level of refuge or external immigration of hosts for the

long-term survival and stability of this system.
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