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1. Introduction

Let I be an interval of R and f : I — R. The function f is said to be convex on I, if f(tx+ (1 —1)y) <
tf(x)+ (1 —-10)f(y) forall t € [0,1] and x,y € I. The class of convex functions is widely used in pure
and applied mathematics. Several works related to the study of convex functions can be found in the
literature, (see e.g., [2,15,24,25,28,29]). Convex functions satisfy nice properties that are very useful
for the study of various mathematical problems. A natural question is to ask whether such properties
can be extended to other classes of functions. This question motivated the generalization of convexity
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in various directions. We recall below some interesting generalizations from the literature. Throughout
this paper, by I we mean an interval of R. The class of convex functions on / is denoted by CV(I).

Breckner [3] introduced the class of s-convex functions in the second sense. Namely, a function
f : I — Ris called s-convex in the second sense on /, where 0 < s < 1, if

fax+ 1A =0y < f(x) + (1=’ f()

for all t € [0, 1] and x,y € I. The class of s-convex functions in the second sense on [ is denoted by
K2(I). Observe that, if f € K>(I), then f > 0 (it can be easily seen by taking x = y and ¢ = %). Clearly,
we have K#(I) = CV(I). Remark also that, if f € CV(I) and f > 0, then f € K*(I) forall 0 < s < 1.
Some related works to s-convexity in the second sense can be found in [7,8, 16].

Dragomir et al. [9] introduced the class of P-functions. Recall that f : I — R is called a P-function
on [, if

fx+ 1 =0y) < f(x) + f(y)

forallt € [0, 1] and x, y € I. The class of P-functions on / is denoted by P(I). Observe that, if f € Kf(l )
for some s € (0, 1], then f € P(I). For some studies related to P-functions, see e.g., [17,19,23].

In [27], Toader introduced the class of m-convex functions. Namely, for 0 < m < 1, a function
f : [0, 00) — R is called m-convex on [0, o), if

Fex+ (1 =0y) < t£(x) + (1 - t)mf(%)

for all r € [0,1] and x,y > 0. We denote by K,,,([0, o)) the class of m-convex on [0, c0). Remark that
K ([0, 0)) = CV(]0, 00)). Some contributions related to m-convex functions can be found in [5,10,22].
By combining the concepts of s-convexity and m-convexity, Park [21] introduced the class of (s, m)-

convex functions. Namely, a function f : [0,00) — R is called (s, m)-convex on [0, co) for some
s,me (0,1], if

ftx+(A-0y) <f(x)+( - t)smf(%)

for all + € [0,1] and x,y > 0. We denote by Kim([O, 00)) the class of (s, m)-convex functions on
[0, c0). Observe that K7 ([0, 0)) = K;([0,0)) and K7, ([0,0)) = K,,([0,0)). Remark also that, if
f € K,([0,00)) and f > O, then f € Kim([O, o0)) forall 0 < s < 1. We refer to [1,4,12,30,31], for
some works related to (s, m)-convex functions.

Our aim in this paper is to provide a unification of all the above types of convexity via an implicit
inequality involving three functions F : [0,1] X I X I — R, { € C(I) (C(I) is the class of continuous
functions on I) and w € C'(I) (C'(I) is the class of differentiable functions whose derivatives are
continuous on /). Our main idea is motivated by the following observation. Assume that f € CV(J),
that is,

fax+ (A -y) <tfx)+(1-0f(y), 0<t<l1,x,yel. (1.1)

If we consider the function F : [0, 1] X I X I — R defined by
F(t,x,y)=f(tx+(1-0y), 0<r<1,xyel,

then (1.1) reduces to the inequality

F(O, x,
F(t,x,y) < L(OF(1, x,y) + (1 - I)W’
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where {(1) =t,0 <t < 1,and w(x) = x, x € .

The rest of this paper is arranged as follows. In Section 2, we introduce the class of (£, w)-admissible
functions A, ([0, 1] x 1), where £ € C([0, 1]) and w € C'(1) with w(I) C I and w’ > 0. We show that
the definitions of several kinds of convexity from the literature can be reduced to an implicit inequality
involving a mapping F' € A, ([O, 1] % 12) for some ¢ € C([0,1]) and w € C'(I) with w(I) C I and

the derivative w’ > 0. We also establish some properties of the class of functions A, ([0, 1] x 12).
In Section 3, we establish new integral inequalities involving (£, w)-admissible functions. We show
that several Hermite-Hadamard-type inequalities from the literature can be deduced from our obtained
inequalities.

2. The class of (£, w)-admissible functions

2.1. Definition and examples
Definition 2.1. Let £ € C([0, 1]) and w € C'(I) with w(I) C I and w' > 0. A function
F:[0,1]xIxI—>R
is said to be (£, w)-admissible on [0, 1] X I X I, if
F(O, x,w(y))

F(t,x,y)Sg(t)F(l,an)+§(1_t) W/(y)

forallt € [0,1] and x,y € I. The class of ({,w)-admissible functions on [0, 1] X I X I is denoted by
A (10,11 ).

We show below that the class of (£, w)-admissible functions generalizes various kinds of convexity.
Proposition 2.1. For all f € CV(I), there exists F = Fy € A, ([0, 1] x I?) for some ¢ € C([0, 1]) and
w e C'(I) withw(I) c I and w' > 0.

Proof. Let f € CV(I). We introduce the functions ¢ and w defined by
()=t 0<t<,
wkx)=x, xe€el.
We also introduce the function F defined by
Fit,x,y)=fex+ (1 -1)y), te€][0,1], x,yel.
Observe that for all x,y € I, we have
F(1,x,y) = f(x),
FQO,x,y) = f(y).
Then, by convexity of f, forall ¢t € [0, 1] and x,y € I, we obtain
F(t,x,y) = f(tx + (1 = 1)y)
<tfx)+ A -0fQ)
=LOF(,x,y) + {(1 = F(O,x,y)

F(, x,
= COF(1xy) + (1 - t)%,

which shows that F is ({, w)-admissible. O
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Proposition 2.2. Let 0 < s < 1. For all f € K2(I), there exists F = F; € A;,, ([0, 1] x 12) for some
€ C(0,1)) and w € C'(I) withw(I) C I and w’ > 0.

Proof. Let f € K2(I). We introduce the functions ¢ and w defined by

[(n==r, 0<t<l,

w(x)=x, xe€l.
We also introduce the function F defined by
F(t,x,y)=f(tx+ (1 -1y), tel[0,1], x,yel
Then, by s-convexity of f, forall # € [0, 1] and x,y € I, we obtain

F(tax’y) = f(tx+ (l - f))’)
<rfO+A-0°f()
= f(f)F(l’xa)’) +‘:(1 _l)F(O’x’Y)

F(, x,
= COF(1,xy) + (1 - r)%,

which shows that F is (£, w)-admissible. |

Proposition 2.3. For all f € P(I), there exists F = Fy € Ay, ([0, 1] % Iz)for some { € C([0,1]) and
w e C' () withw(I) c I and w' > 0.

Proof. Let f € P(I). We introduce the functions ¢ and w defined by

(=1, 0<r<,

w(x)=x, xel.
We also introduce the function F defined by
F(t,x,y)=f(tx+ (1 -1y), tel[0,1], x,yel.
Then, since f € P(I), forall ¢ € [0, 1] and x,y € I, we obtain

F(l‘,x»)’) = f(tx+ (1 - f))’)
<f)+
= g(t)F(laan) +{(1 —I)F(O,x,)’)

F(Q, x,
=(OF(1,x,y)+ (1 - ;)%;‘)’(V))

b

which shows that F is (£, w)-admissible. O

Proposition 2.4. Let 0 < m < 1. For all f € K,([0,00)), there exists F = Fy € Ay, ([0, 1] x [0, 0)?)
for some ¢ € C([0, 1]) and w € C'([0, 00)) withw > 0 and w’ > .
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Proof. Let f € K,,([0, 0)). We introduce the functions £ and w defined by

We also introduce the function F defined by
F(t,x,y) = f(tx+ (1 =1)y), t€][0,1], x,y >0.
Then, since f € K,,([0, )), forall ¢ € [0, 1] and x,y > 0, we obtain
F(t,x,y) = ftx + (1 = 0)y)

<if(o) +(1 —t)mf(%)

F@©, x,w(y))

:éu(t)F(l’an)+§(1—t) W,(y)

2

which shows that F is (£, w)-admissible. O

Proposition 2.5. Let 0 < s,m < 1. For all f € Kim([O, 00)), there exists F' = F; €
Arw ([O, 11 %[O, oo)z)for some ¢ € C([0,1]) and w € C'([0, 00)) withw > 0 and w’ > 0.

Proof. Let f € K2, ([0, 00)). We introduce the functions ¢ and w defined by

S,m

(=r, 0<t<1,

wx) ==, x>0
m
We also introduce the function F defined by
F(t, x,y) = f(ex+ (1 —0py), t€[0,1], x,y 2 0.
Then, since f € Kim([O, 00)), for all # € [0, 1] and x,y > 0, we obtain

F(t’ x»)’) = f(tx + (1 - f))’)
<P o)+ (- t)smf(n%)
F(, x,
= COF(1,xy) + (1 - r)%,

which shows that F is (£, w)-admissible. O

2.2. Basic properties

Proposition 2.6. Let F,G € A;,, ([0, 1] x Iz)for some ¢ € C([0,1]) and w € C'(I) with w(I) C I and
w’ > 0. Then, for all @ > 0, aF € A, ([0,11x I?) and F + G € A, (0, 1] x I?).

AIMS Mathematics Volume 9, Issue 5, 11992-12010.



11997

Proof. Lett € [0,1]and x,y € I. Since F is ({, w)-admissible, we have

FO.xw)

F(t,x,y) < {@OF(1,x,y) +{(1-1) (2.1)
w(y)
For all @ > 0, multiplying the above inequality by a, we get
aF 0, x, w(y))
QF (1, x,y) < 0 [aF (1, x, )] + £(1 - 22X 0,
w'(y)
which shows that aF is (£, w)-admissible. Furthermore, since G is (£, w)-admissible, we have
G0, x, w(y))
Glt,,9) £ LOG(, x,3) +¢(1 - LX) 22)
w(y)
Summing (2.1) and (2.2), we obtain
(F + G)(0, x, w(y))
(F+G)(t,x,y) <{OF +G)(L,x,y) + (1 -1) w0) o ,
which shows that F + G is (£, w)-admissible. O

Proposition 2.7. Let {1,{, € C([0, 1]) be such that

H(@) < H(@), 0<tr<1.

Let w € C'(I) with w(I) ¢ I and w > 0. If F € Ag,([0.11x1*) and F > 0, then F €
Az (10,11 x 12).

Proof. Let F € A, (10,11 x I?). Let t € [0, 1] and x,y € I. Then

F(Q@, x,
F@nwsawnan+aa—wij%§@. 2.3)

Since ¢; < &, w > 0and F > 0, we have

F(, x, F(0,
GOF x5y + 60 - 02822 i p oy + 60 - nEEEYOD g g
w(y) W)
Hence, from (2.3) and (2.4), we deduce that F is ({,, w)-admissible. O

Proposition 2.8. Let £ € C([0,1]), £ > 0 and wy,w, € C'(I) with w;(I) C I and wi>0,i=1,2 Let
F € A, (0. 1] x ) with
FQO,x,wa() _ F(O, x, w1()
w,y) W)
forallx,y el Then F € A;,, ([O, 1] % 12).

(2.5)
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Proof. Lett € [0,1] and x,y € I. Since F is ({, w,)-admissible, we have

F(t,x,y) < L(OF(1, x,y) + (1 - ;)M.
wy(y)
Furthermore, since { > 0 and using (2.5), we obtain
(0P, xy) + 201 - 20220 iy p( xyy 4 g1 - PO 0D
w5 (y) wi(y)

Hence, from (2.6) and (2.7), we deduce that F is (£, w;)-admissible.
We provide below an application of Proposition 2.8.

Example 2.1. Let 0 < m; < my < 1 and f € K,,,([0, 00)), that is,

flex+ (1= 1)) < 1£0) + (1 - r)nnf(ml)
2
forallt € [0,1] and x,y > 0. We shall use Proposition 2.8 to show that f € K, ([0, 00)).
Remark that for t =y = 0, the above inequality reduces to

(1 =my)f(0) <0,

which implies (since m, < 1) that

f(0) <0.
Now, taking y = 0 in (2.8), we get that for all t € [0, 1] and x > 0,

ftx) <1f(x) + (1 = Hmy f(0),

which implies by (2.9) that
f(tx) <tf(x), te[0,1], x=>0.

In particular, fort = ™ and x = 2, y > 0, we have
my

wrfz)ems)

On the other hand, from Proposition 2.4 (see also its proof), we know that the function
F(t,x,y) = fx+ (1 -0y, 1€[0,1], x>0
is ({,wy)-admissible on [0, 1] X [0, c0) X [0, 00), where {(t) =t and

X
wy(x) = —, x=>0.
ny
Let us introduce the function

X
Wl(X) = m—, x>0.
1

(2.6)

2.7)

(2.8)

(2.9)

(2.10)
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By (2.10), for all x,y > 0, we have

F(O,x,w2() _ mzf(l)
)

wi(y)
cnsl2)
m

— F(O’ x,Wl(Y))

wiy)

Hence, by Proposition 2.8, F is also ({,w)-admissible on [0, 1] X [0, o) X [0, 00), that is,
F 0’ s
Flt,x,y) < COF(L )+ 201 - nZC2MOD o 1)y >,

wi ()

which is equivalent to

A
mi

f(tx+(1—t)y)gtf(x)+(1—t)m1f( ), te[0,1], x,y > 0.

Consequently, f is also m|-convex.

Proposition 2.9. Let {1, € C([0, 1]) be two nonnegative functions and w(x) = x for all x € 1. Let

" = max (1),

0<t<1

where {(t) = max{{,(?), (1)}, t € [0,1]. Let F,G : [0,1] X I X I — [0, 00) be two functions satisfying
the following properties:
(i) F € Ag (10,11 % 17);

(ii) G € A, (10,11 x I2);
(1) Forall x,y € 1,
(F(l,x’y) - F(()’ xa)’))(G(laX,)’) - G(O’ xay)) > 0

Then FG € Ayp¢, (10,11 % I2).
Proof. Lett € [0,1] and x,y € 1. By (i) and (ii), we have

(FG)(t,x,y) = F(t, x, y)G(1, x, )

< (GOF(L x,y) + 41 = DF (0, x,y) (L(0G(L, x,y) + &H(1 = 0G0, x, )

= GH(NLMOFG)L, x,y) + LH1(D6(1 - NF(L, x, y)G(0, x, y)
+ 4(1 = DL(OF 0, x, )G(L, x,y) + §i(1 - D6(1 = N(FG)O, x,y)

< COFG), x,y) + L1 = HF(1, x,y)G(0, x,)
+Z(1 = DOF (0, x,y)G(1, x,y) + (1 = DFG)(O0, x, y),

that is,
(FG)(t, x,y) < OFG)(1, x,y) + {01 = HF(1, x,y)G(0, x, y)

; (2.11)
+ (0 =DL@F O, x, y)G(1, x,y) + (1 = )(FG)(O, x, y).

AIMS Mathematics Volume 9, Issue 5, 11992-12010.
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On the other hand, by (iii), we have
F(1,x,y)G(@O, x,y) + F(0, x,y)G(1, x,y) < (FG)(O, x,y) + (FG)(1, x,y),
which implies by (2.11) that

(FG)(t, x,y) < CO(FG)(1, x,y) + {1 = D(FG)O, x,y) + L1 = H(FG(1, x,)
+*(1 = D(FG)(0, x,y)
= £() CO(FG)(1, x,y) + {(1 = )(FG)(0, x,y))
+ (1 =D COFG)1, x,y) + {1 = )(FG)(O0, x, y))
= (L0 + L = D) COFG)1, x,y) + L(1 = (FG)O, x, y))
< 20°CO)NFGY(1, x,y) + 247 L(1 = )(FG)(O, x, y),

which proves that FG is (2", w)-admissible. |
3. Hermite-Hadamard-type inequalities

One of the most famous inequalities involving convex functions is the double Hermite-Hadamard

inequality [13, 14]: .
a+b 1 f(a) + f(b)
f( 5 )Smj; f(x)dXST,
which holds for all f € CV(I) and a,b € I with a < b. The above double-inequality has been
generalized and extended in various directions, see e.g., [4,5,7,9,11,18,23,26,30] and the references
therein.

In this section, using the class of (£, w)-admissible functions, we provide generalizations of several
Hermite-Hadamard-type inequalities from the literature.

Theorem 3.1. Let F € A;,, ([O, 1] % 12) for some ¢ € C([0,1]) and w € C'(I) with w(I) c I and
w’ > 0. Then, for all x,y € I, we have

1
f Ft,x,y)dt < I, (F(l,x,y) + M) 3.1)
0 ' w(y)
where I, = fol (1) dt.
Proof. Let x,y € 1. Since F is (£, w)-admissible, then
F(t,%,y) < ZOF(, x,y) + £(1 - t)m;:ll—’(;)}w, te(0,1).

Integrating the above inequality over (0, 1), we obtain

1 1 1
fF(t,x,y)dts(f {(t)dt)F(l,x,y)+(f 4(1_;)dt)w_
0 0 0 w'(y)

Remarking that
1 1
fmfwmfawa
0 0

AIMS Mathematics Volume 9, Issue 5, 11992—-12010.
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we get

1 1
tfF@%me(ffwmﬂmLLw+ﬂiﬁﬂ@)
0 0 w’ (y)

which proves (3.1). |
Theorem 3.2. Let F' € A, ([O, 1] % 12) for some ¢ € C([0,1]) and w € C'(I) with w(I) C I and

w’ > 0. Assume also that F is continuous on [0, 1] X I X I. Then, for all x,y € I, we have

b1
f F(E,tx+(1 -y, ty + (1 —t)x) dt
0

1
S((%)]{; F(l,tx+ (1 = t)y,ty + (1 = 1)x) dt (3.2)

+¢;(1)f1 F(O,tx + (1 — Oy, w(ty + (1 — H)x)) "
2] Jo w(ty + (1 -1)x)

Proof. Let x,y € 1. Since F is (£, w)-admissible, then

F(t,u,v) < COF(Lu,v) + £(1 — t)m;:f—’(:;(v)), te(0,1),uvel

In particular, for = 5, we have

1
2

1)M wvel (3.3)

1 1
F|= </l|=|F( +{| =
(2’“’v) < {(2) (1,u,v) 5(2 W)
Takingu = tx+ (1 —f)yand v = ty + (1 — t)x, where ¢ € (0, 1), (3.3) reduces to

F(%,tx + (1 -0y, ty+(1 - t)x)

FQO,tx+ (1 =ty,w(ty + (1 —1t)x))
w(ty + (1 = 1)x) '

< g(%)F(l,t)H (1 -ty,ty+ ({1 -10x) +{(%)

Integrating the above inequality over ¢ € (0, 1), we get

b1
f F(E,tx+(1 -y, ty+ (1 —t)x) dt
0

1
< g(%)fo F(1,tx+ (1 =y, ty + (1 - Hx) dt

1\ (' F,tx + (1 - 1)y, w(ty + (1 — 1)x))
+46)£ Wiyt (-0 at

2

which proves (3.2). O

Theorem 3.3. Let { € C([0,1]), £ > 0and w(x) = x, x € I. Let F : [0,1] X I X I — R be such
that for all x,y € I, the function F(-,x,y) : [0,1] 2 t — F(¢,x,y) is differentiable on [0, 1]. Assume

AIMS Mathematics Volume 9, Issue 5, 11992-12010.
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that |0, F| € A;,, ([O, 1] x 12), where 0\ F is the partial derivative of F with respect to its first variable.
Then, for all x,y € I, we have

F(,xy)+ FQO,xy) fl F(t,x,y) dt
0

2

! 101 F(1, x,y)| + 10, F(0, x, y)| Ch
S(f |2t—1|§(t)dt) 1 » Xy Y 1 » Xy Y )
0 2
Proof. Let x,y € I. For all ¢ € R, integrating by parts, we obtain
1 1
f F(t’xay)dt = [(t+ C)F(t’x’y)](l) _f (t+ C)alF(t,x’y)dt
0 0
1
=(c+ 1)F(1,x,y) — cF(0,x,y) — f (t+c)o, F(t,x,y)dt,
0
that is, 1 1
(c+ DHF(,x,y)—cF(,x,y) —f F(t,x,y)dt = f (t+ )0 F(t,x,y)dt.
0 0

In particular, for ¢ = —1, we get

F(1,x,y) + F(O, x, : 1 (!

(Lxy) + F0.%) —f F(t, x,y)di = —f 21 - DO F (1, x,y) dr.
2 0 2o

which implies that

F(1,x,y) + F(O, x, ! 1!

‘ CL) : ©.x.) —f F(t,x,y)dt] < Ef 21 — 116, F (1, x, )| dt. (3.5)

0 0

On the other hand, since [0, F| € A;,, ([O, 1] x 12), then for all r € (0, 1), we have
12t = 1|01 F (2, x, y)| < 12t = 1|{(D]0F(1, x, y)| + 12t = 1]{Z(1 = 1[0 F (O, x, ),

which implies after integration over ¢ € (0, 1) that

1 1
f |2t = 1|01 F (¢, x,y)| dt < (f 12t — 11£(2) dt) |0\ F(1, x,y)l
0 0

+ (I)l 12t - 1|1¢(1 - t)dt) [0, F (0, x, y)|.
Remarking that
fl 12t = 1|1{(2) dt = fl 12t = 1|1¢(1 — 1) dt,
we obtain 0 0
I)l 12t — 1|0, F(t, x, y)| dt < (j: 12t — 1|1£(2) dt) (|01 F(1, x,y)| + 01 F(O, x,y)]) . (3.6)

Finally, (3.4) follows from (3.5) and (3.6). O

We now study some special cases of the above results.
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3.1. The case of convex functions

From Theorems 3.1 and 3.2, we deduce the double Hermite-Hadamard inequality for convex
functions.

Corollary 3.1. Let f € CV(I) and a,b € ; (interior of 1) with a < b. Then

b
f(a"'b)stf(x)deM. (3.7)
b-a ], 2

2
Proof. From Proposition 2.1 (see also its proof), we know that F' = F'; € A;,, ([O, 1] % 12), where

Ft,x,y)= ftx+ (1 —1t)y), t€][0,1], x,y €,
()=t 0<tr<,

wx)=x, xel.

In this case, we have

: 17 F(0,a,w(b)) _ 1
L F(t,a, b)dt = EL f(X)dX, F(l,a,b) + W = f((l) +f(b), I{ = E
Hence, (3.1) with x = a and y = b reduces to
b
Lf f(x)dx < M' (3.8)
b—a]J, 2

On the other hand, we have
b
f F(E,ta +(1=0b,th+ (1 — t)a) dt
0

1
:ff(ta+(l—t)b+tb+(l—t)a)dt
0

2
a+b
57)

and 1

f F(l,ta+ (1 =0)b,tb + (1 — Ha)dt

0
~ fl FO,ta+ (1= 0bwith+(1-0a)
— Jo w(th + (1 — t)a)
1 b

= m ja‘ f(X) dx.

Then (3.2) with x = a and y = b reduces to
a+b |
< — . .
(50 ot [ rwas (3.9

Hence, from (3.8) and (3.9), we obtain (3.7). O
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From Theorem 3.3, we deduce the following result, which was previously established in [6].

Corollary 3.2. Let f : I — R be a differentiable function such that |f’| € CV(I). Let a,b € I with

a <b. Then ,
+b 1
. ——ff(x)dx
b-a],

b= af @I+ B

g (3.10)

2

Proof. We consider the same functions F,{ and w introduced in the proof of Corollary 3.1. For all
t€[0,1] and x,y € I, we have

O F(t,x,y) = (x=y)f (tx+ (1 -1)y).
Since |f’| € CV(I), then for all r € [0, 1] and x,y € [,

01 F (8, x, )| < lx = ylelf* (ol + x = yI(1 = DIf ()
= {0101 F(1, x, )| + £(1 = 0|01 F (0, x, y)l,

which shows that |0, F| € A,,.([0, 1] X 1?). On the other hand, we have

1 b
lF(l,a,b)+F(0,a,b)_f Ft.a.bydi| = a+b_#f F) d 3.11)
2 0 2 b —aJ,
and 1
(f 1 - 1|{(t)dt) |51F(1,a,b)lerléhF(O,a,b)l _ b-alf (g)l +1f (b)l). (3.12)
0
Finally, from (3.4) with x = a and y = b, (3.11) and (3.12), we obtain (3.10). O

3.2. The case of s-convex functions in the second sense

From Theorems 3.1 and 3.2, we deduce the double Hermite-Hadamard inequality for s-convex
functions, which was previously obtained in [7].

Corollary 3.3. Let 0 < s < 1, f € K*(I) be a continuous function and a,b € I with a < b. Then

b
2s—1f(a+b)SLf f(x)dxsw' (3.13)
b—-a ], s+ 1

2
Proof. From Proposition 2.2 (see also its proof), we know that F' = F'; € A;,, ([O, 1] % 12), where

Fit,x,y)=fex+ (1 —=1)y), t€][0,1], x,y€l,
(H=r, 0<r<l,

wx)=x, xe€l.
In this case, we have

F(0,a,w(b)) 1

W b) =@+ ). I = —

1 b
f F(t,a,b)dt = Lf f(x)dx, F(1,a,b) +
0 b-a a

AIMS Mathematics Volume 9, Issue 5, 11992—-12010.
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Hence, (3.1) with x = a and y = b reduces to
1 b b
—f f(x)de—f(a)+f( ] (3.14)
b-aJ, s+ 1

On the other hand, we have

1
f F(l,m+(1 — )b, th+ (1 —t)a) dt:f(a+b)
0 2 2
1
f F(l,ta+ (1 -0b,tb+ (1 —t)a)dt
0

f F(0,ta + (1 — Hb, w(th + (1 — t)a))
B w(th + (1 — H)a)

f f(x)dx.

Then (3.2) withx =aandy = b reduces to

and

b 1 b
2Hf(a - ) < —f £ dox. (3.15)
2 b-a]J,
Finally, from (3.14) and (3.15), we get (3.13). o

From Theorem 3.3, we deduce the following result, which was previously established in [20]
(Corollary 3.8 with r; = 1).

Corollary 3.4. Let f : I — R be a differentiable function such that |f’| € K>(I) for some 0 < s < 1.
Leta,b € I witha < b. Then

fla) + f(b) f Flx)dx L (842790 = a)(f (@)l + 1/ (0))
2(s+ 1)(s +2) '

Proof. Let {(t) = t°, t € [0,1]. We consider the same functions F and w introduced in the proof of
Corollary 3.1. For all r € [0, 1] and x,y € I, we have

OF(t,x,y) = (x=yf(tx+ (1 -1)y).
Since |f’| € K*(I), then for all 7 € [0, 1] and x,y € I,
101 F(, x, )| < |x = yIE1f" (O] + |x = yI(1 = )°1 )
= (IO F(1, x,y)| + {(1 = 0|01 F(O, x, y),
which shows that |0, F| € A, ([0, 1] x 1?). On the other hand, we have

(3.16)

1 b
‘F(l,a,b);F(O,a,b) _f F(t.a.b)di = a;b_;f Foda. 3.17)
0 - a
10, F(1,a, b)l +10:F(0,a,0) _ (b - a)(f' (@] +1f (b)l)
2
s+27¢
f |2t — 1|{(t)dt—f 2t - 1'dt = ——— Gr DG
Then, from (3.4) with x = a and y = b, we obtain (3.16). O
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3.3. The case of m-convex functions

From Theorem 3.1, we deduce the following Hermite-Hadamard-type inequality for m-convex
functions, which was previously obtained in [5].

Corollary 3.5. Let0 <m < 1, f € K,,([0,)) and 0 < a < b. We have

1 (@ +mf (L) fb)+mf(2)
m[}f(x)dxgmm , . (3.18)

2 2

Proof. From Proposition 2.4 (see also its proof), we know that F = Fy € A;,, ([O, 1] x [0, 00)2), where

F(t,x,y)= f(tx+ (1 —1)y), te€[0,1], x,y >0,
[(=t, 0<t<1,

wx) = =, x>0.
m

In this case, for all x,y > 0 with x # y, we have

1 1 b
[ Fevpa=— [ o
0 y—XJa

F(, x,
F(l ) + 20O g o (2).
w(y) m
Hence, (3.1) with x = @ and y = b reduces to
1 f@) +mf(2)
—f f@dz s —————. (3.19)
b—a ], 2
We now apply (3.1) with x = b and y = a to obtain
T fb)+mf(2)
— f f(Rdz € —————=. (3.20)
b-a], 2
Hence, from (3.19) and (3.20), we obtain (3.18). O

From Theorem 3.2, we deduce the following Hermite-Hadamard-type inequality for m-convex
functions, which was also previously obtained in [5].

Corollary 3.6. Let 0 <m < 1 and f € K,,([0, )) be a continuous function. Let 0 < a < b. We have

(3.21)

f(a+b) _ ! fb fe+mf(3) I

2 ) b-a 2

Proof. We consider the same functions F, { and w introduced in the proof of Corollary 3.5. We have

1
f F(%,ta+(1—t)b,tb+(1—t)a) dt:f(a+b),
0

2
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1 b
f F(l,ta+ (1 —0b,tb+ (1 —t)a)dt = Lf f(x)dx
0 b-a a

and
VF@,ta + (1 = Db, w(tb + (1 = f)a)) V(b a
f(; Wb+ (1= D) dt = mfo f(% +(1 - t)%) dt
m box
= — | dx.
b—a L f(m) o
Then (3.2) with x = a and y = b reduces to (3.21). |

3.4. The case of (s, m)-convex functions

From Theorem 3.1, we deduce the following Hermite-Hadamard-type inequality for (s, m)-convex
functions, which was previously obtained in [4].

Corollary 3.7. Let0 < s,m < 1, f € K2 ,([0,0)) and 0 < a < b. Then

b a
zéz‘fwfujdxsnﬁn{fM)+nﬁ(m)mﬂb)+nﬁ(m)}. .

s+ 1 ’ s+ 1

Proof. From Proposition 2.5, the function F' = F; € A,,,([0, 1] X [0, 00)?), where

F(t,x,y) = f(tx+ (1 = 1t)y), t€][0,1], x,y >0,
[(=¢r, 0<r<l,

wx) ==, x>0,
m

In this case, for all x,y > 0 with x # 0, we have

1 1 b
f F(t,x,y)dt = —f f(2)dz,
0 y—XJa

anw+59¥ﬂQD=ﬂw+mdly

w(y) m
1

le= s+1°

Hence, (3.1) with x = a and y = b reduces to

1 fla)+mf (L)
— f f(R)dz € ————=. (3.23)
-aJ, s+ 1
Similarly, (3.1) with x = b and y = a reduces to
ﬂm+mﬁ)
f f(@dz < . (3.24)
Hence, (3.22) follows from (3.23) and (3.24). O
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Similarly, from Theorem 3.2, we obtain [4, Theorem 8] (with g = 1).

Corollary 3.8. LetO < s,m <l and f € Kim([O, 00)) be a continuous function. Let 0 < a < b. Then

f(a+b) 1 fb f) +mf (£) . 595)

2 ) b-a 25

Proof. We consider the same functions F, { and w introduced in the proof of Corollary 3.7. In this case,
we have

1
f F(%,ta+(1—t)b,tb+(1—t)a) dt:f(a+b),
0

2

1 b
f F(l,ta+ (1 —0b,tb+ (1 —t)a)dt = Lf f(x)dx
0 b-a a

and
VF(, ta + (1 = Db, w(th + (1 — Ha)) ' (b a
’ ’ dt = t—+(1-0—=|dt
fo Wb+ (1 - Da) mfo f( m )m)
m b X
= — ) dx.
b—a L f(m) *
Hence, (3.2) with x = a and y = b reduces to (3.25). O

4. Conclusions

We generalized several kinds of convexity from the literature using an implicit inequality involving
three functions F : [0,1] X I xI — R, € C(I) and w € C'(I) with w(I) c I and w’ > 0, where I is
an interval of R. After studying some properties of this class of functions, we established new integral
inequalities unifying several Hermite-Hadamard-type inequalities from the literature.

It would be interesting to continue the study of this new class of functions. For instance, several
known inequalities from the literature (such as Jensen-type inequalities, Ostrowski-type inequalities,
Simpson-type inequalities) can be studied using the class of functions A, ([0, 1] x I?).
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