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Abstract: We introduced a flexible class of continuous distributions called the generalized Kavya-

Manoharan-G (GKM-G) family. The GKM-G family extended the Kavya-Manoharan class and 

provided greater flexibility to the baseline models. The special sub-models of the GKM-G family are 

capable of modeling monotone and non-monotone failure rates including increasing, reversed J shape, 

decreasing, bathtub, modified bathtub, and upside-down bathtub. Some properties of the family were 

studied. The GKM-exponential (GKME) distribution was studied in detail. Eight methods of 

estimation were used for estimating the GKME parameters. The performance of the estimators was 

assessed by simulation studies under small and large samples. Furthermore, the flexibility of the two-

parameter GKME distribution was explored by analyzing five real-life data applications from applied 

fields such as medicine, environment, and reliability. The data analysis showed that the GKME 

distribution outperforms other competing exponential models. 
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1. Introduction 

Over the past three decades, there have been expanded attempts to develop more flexible 

distributions for modeling data in different applied sciences including economics, engineering, 

biological studies, environmental sciences, medical sciences, and finance. One such attempt is to add 

one or more parameters to the baseline model to construct a new extended distribution. 

Some well-known families are the Marshall-Olkin-G [1], beta-G [2], transmuted-G [3], 

Kumaraswamy-G [4], Weibull-G [5], transmuted exponentiated generalized-G [6], Kumaraswamy 

transmuted-G family [7], generalized transmuted-G [8], generalized odd log-logistic-G [9], log-logistic 

tan-G [10], Marshall-Olkin-Weibull-H [11], and modified generalized-G families [12], among others. 

Recently, Kavya and Manoharan [13] introduced a new transformation called the Kavya-

Manoharan-G (KM-G) class. Many extended forms of classical distributions have been proposed based 

on the KM-G family. For example, the KM inverse length biased exponential [14], KM Kumaraswamy 

exponential [15], KM log-logistic [16], KM power-Lomax [17], KM Burr X [18], and KM 

Kumaraswamy distributions [19]. 

In this paper, we propose a new family of distributions by adding one extra shape parameter in 

the KM-G class to construct the so-called generalized Kavya-Manoharan-G (GKM-G) family, which 

provides greater flexibility to the generated models. The GKM-G family is constructed based on the 

exponentiated-H (exp-H) family [20] as one of the most widely used generalization techniques. Using 

this technique, the cumulative distribution function (CDF) of the exp-H class takes the form 

𝐹(𝑥; 𝛼, 𝝋) = [𝐻(𝑥; 𝝋)]𝛼, 𝑥 ∈ ℜ, 𝛼 > 0, (1.1) 

where 𝐻(𝑥; 𝝋) is the baseline CDF, which depends on the parameter vector 𝝋. 

The GKM-G family can be considered as a proportional reversed hazard (PRH) family. The PRH 

models are very important in reliability theory and survival analysis, especially in the analysis of left 

censored lifetime data and in the study of parallel systems [21]. More information about the PRH 

models can be explored in [22] and [23]. 

In fact, the technique for generating exp-H models can be traced back to Lehmann [20]. This 

generalization method received a great deal of attention in the last three decades, and more than fifty 

exp-H distributions have already been published. Some notable exponentiated distributions include the 

exponentiated Weibull [24], exponentiated Weibull-Pareto [25], and exponentiated Weibull family [26], 

among others. It has been illustrated that the exp-H distributions provide greater flexibility and have 

useful applications in many applied fields such as biomedical sciences, environmental studies, and 

reliability analysis. Since the exponentiated distribution is more appealing than its baseline counterpart, 

we provide the same approach for a family of distributions studied by [13]. 

We study a comprehensive description of some of its mathematical properties. The new family 

may attract wider applications in reliability, engineering, environmental, and medicine fields due to its 

simple analytical forms and its flexibility. The special sub-models of the GKM-G family can provide 

right-skewed, reversed-J shaped, and unimodal densities, as well as increasing, bathtub, decreasing, 

unimodal, and modified bathtub hazard rate (HR) shapes. These flexible shapes are important for 

modeling several real-life data encountered in many applied fields. 

A special sub-model based on the exponential (E) distribution called the generalized Kavya-

Manoharan exponential (GKME) is studied. The GKME distribution provides greater flexibility for 

modeling real-life data in several applied fields such as reliability, environmental, and medicine, as 
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illustrated in Section 8. Five real data applications show that the GKME distribution provides 

consistently better fits as compared to other competing extended forms of the E model, namely, the 

generalized exponential (GE) [27], generalized inverted exponential (GIE) [28], Marshall-Olkin 

exponential (MOE) [1], alpha-power exponential (APE) [29], generalized Dinesh-Umesh-Sanjay 

exponential (GDUSE) [30], Kavya-Manoharan exponential (KME) [13], and E distributions. 

Additionally, the behavior of the unknown parameters of the GKME distribution for several sample 

sizes and parameter combinations is investigated using eight different estimation procedures. A guideline 

for selecting the optimum estimation method to estimate the GKME parameters is developed, which we 

believe applied statisticians and reliability engineers would find useful. Also, comprehensive simulations 

are performed to evaluate and compare the performance of various estimators. 

The rest of the paper is organized as follows. In Section 2, the GKM-G family is defined. Four 

special sub-models of the GKM-G family are presented in Section 3. In Section 4, some mathematical 

properties of the GKM-G class are obtained. In Section 5, we derive the 𝑟th moment of the GKME 

distribution and present some numerical results for it. Estimation methods of the GKME parameters 

are presented in Section 6. In Section 7, we provide a detailed simulation study. Section 8 provides 

five real-life data applications to show empirically the flexibility of the GKME distribution. Finally, 

some remarks and future perspectives are presented in Section 9. 

2. Construction of the GKM-G family 

Let 𝐺(𝑥; 𝝋) and 𝑔(𝑥; 𝝋) denote the CDF and probability density function (PDF) of a baseline 

model with parameter vector 𝝋, then the CDF of the KM family [13] is defined as 

𝐻(𝑥; 𝝋) =
𝑒

𝑒 − 1
 [1 − 𝑒−𝐺(𝑥;𝝋)], 𝑥 ∈ ℜ. (2.1) 

The corresponding PDF of (2.1) is defined by 

ℎ(𝑥; 𝝋) =
𝑒

𝑒 − 1
  𝑔(𝑥; 𝝋)  𝑒−𝐺(𝑥;𝝋).  

The HR function (HRF) reduces to 

𝜋(𝑥; 𝝋) =
𝑔(𝑥; 𝝋) 𝑒1−𝐺(𝑥;𝝋) 

𝑒1−𝐺(𝑥;𝝋) − 1
.  

By inserting (2.1) in Eq (1.1), the CDF of the GKM-G family is defined by 

𝐹(𝑥; 𝛼, 𝝋) = (
𝑒

𝑒−1
)

𝛼

 [1 − 𝑒−𝐺(𝑥;𝝋)]
𝛼

, 𝑥 ∈ ℜ, 𝛼 > 0. (2.2) 

The PDF of the GKM-G family reduces to 

𝑓(𝑥; 𝛼, 𝝋) = (
𝑒

𝑒 − 1
)

𝛼

 𝛼 𝑔(𝑥; 𝝋)  𝑒−𝐺(𝑥;𝝋)  [1 − 𝑒−𝐺(𝑥;𝝋)]
𝛼−1

. (2.3) 

The HRF of the GKM-G family follows as 
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𝜙(𝒙; 𝛼, 𝝋) =
 𝛼 𝑔(𝑥; 𝝋)  𝑒1−𝐺(𝑥;𝝋)  [𝑒 − 𝑒1−𝐺(𝑥;𝝋)]

𝛼−1

(𝑒 − 1)𝛼 − [𝑒 − 𝑒1−𝐺(𝑥;𝝋)]𝛼
.  

The extra shape parameter 𝛼 may allow us to study the tail behavior of the PDF (2.3) with more 

flexibility. Additionally, the GKM-G family is considered an important class for modeling different 

real-life data due to its flexibility in accommodating all important forms of the HRF. A random variable 

𝑋  having the PDF (2.3) is denoted by 𝑋~ GKM-G (𝛼, 𝝋 ). Simply, the proposed GKM-G family 

reduces to the KM-G family [13] when 𝛼 = 1. 

3. Four special sub-models 

In this section, we provide four special sub-models of the GKM-G family, namely, the GKME, GKM-

Burr X (GKMBX), GKM-Burr XII (GKMBXII), and GKM-log logistic (GKMLL) distributions. These 

sub-models are capable of modeling monotone and non-monotone failure rates including increasing, 

reversed J shaped, decreasing, bathtub, modified bathtub, and upside-down bathtub. They also can have 

right-skewed, symmetrical, and reversed-J shaped densities. Figures 1–4 display all these shapes. 

3.1. The GKME distribution 

The CDF and PDF of the E distribution are defined, respectively, by 𝐺(𝑥) = 1 − 𝑒−𝜆 𝑥  and 

𝑔(𝑥) = 𝜆 𝑒−𝜆 𝑥, where 𝑥 > 0, 𝜆 > 0. By inserting the CDF of the E distribution in (2.2), the CDF of 

the GKME distribution follows as 

𝐹(𝑥; 𝛼, 𝜆) =
1 

(𝑒 − 1)𝛼
(𝑒 − 𝑒𝑒− 𝜆 𝑥

)
𝛼

, 𝑥 > 0,     𝛼, 𝜆 > 0. (3.1) 

The corresponding PDF of the GKME distribution reduces to 

𝑓(𝑥; 𝛼, 𝜆) =
𝛼 𝜆 

(𝑒 − 1)𝛼
 𝑒−𝜆 𝑥+𝑒− 𝜆 𝑥

(𝑒 − 𝑒𝑒− 𝜆 𝑥
)

𝛼−1

. (3.2) 

Therefore, the random variable with PDF (3.2) is denoted by 𝑋~GKME(𝛼, 𝜆) . The GKME 

distribution reduces to the KME distribution [13] for 𝛼 = 1. 

The HRF of the GKME distribution is given by 

ℎ(𝑥; 𝛼, 𝜆) =
 𝛼 𝜆 𝑒−𝜆 𝑥+𝑒− 𝜆 𝑥

 (𝑒 − 𝑒𝑒− 𝜆 𝑥
)

𝛼−1

(𝑒 − 1)𝛼 − (𝑒 − 𝑒𝑒− 𝜆 𝑥
)

𝛼 .  

Figure 1 displays some possible shapes of the PDF and HRF of the GKME distribution. 
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Figure 1. Plots of the PDF and HRF of the GKME distribution for some parameter values. 

3.2. The GKMBX distribution 

The CDF of the Burr-X (BX) distribution is 𝐺(𝑥) = [1 − 𝑒−(𝜆 𝑥)2
]

𝛽
, where 𝑥 > 0, 𝜆, 𝛽 > 0. By 

inserting the CDF of the BX distribution in (2.2), the CDF of the GKMBX distribution follows as 

𝐹(𝑥; 𝛼, 𝜆, 𝛽) = (
𝑒

𝑒 − 1
)

𝛼

[1 − 𝑒−(1−𝑒−(𝜆 𝑥)2
)

𝛽

]

𝛼

, 𝑥 > 0, 𝛼, 𝜆, 𝛽 > 0. (3.3) 

The corresponding PDF follows as 

𝑓(𝑥; 𝛼, 𝜆, 𝛽) =
2𝑒𝛼𝛼𝛽 𝜆2

(𝑒 − 1)𝛼
𝑥 𝑒−(𝜆 𝑥)2

𝑒−[1−𝑒−(𝜆 𝑥)2
]

𝛽

[1 − 𝑒−(𝜆 𝑥)2
]

𝛽−1
{1 − 𝑒−[1−𝑒−(𝜆 𝑥)2

]
𝛽

}

𝛼−1

. (3.4) 

The GKMBX distribution reduces to the KMBX distribution for 𝛼 = 1 . The GKM-Rayleigh 

distribution follows as a special case for 𝛽 = 1. The KM-Rayleigh distribution follows for 𝛼 = 𝛽 = 1. 

Figure 2 displays some possible shapes of the PDF and HRF of the GKMBX distribution. 

  

Figure 2. Plots of the PDF and HRF of the GKMBX distribution for some parameter values. 
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3.3. The GKMBXII distribution 

The CDF of the BXII distribution is 𝐺(𝑥) = 1 −  (1 + 𝑥𝜆)
−𝛽

, where 𝑥 > 0, 𝛽, 𝜆 > 0. By inserting 

the CDF of the BXII distribution in (2.2), the CDF of the GKMBXII distribution is obtained as 

𝐹(𝑥; 𝛼, 𝛽, 𝜆) = (
𝑒

𝑒 − 1
)

𝛼

[1 − 𝑒−1+(1+𝑥𝜆)
−𝛽

]
𝛼

, 𝑥 > 0, 𝛼, 𝛽, 𝜆 > 0. (3.5) 

The PDF of the GKMBXII distribution reduces to 

𝑓(𝑥; 𝛼, 𝛽, 𝜆) =
𝛼 𝛽 𝜆 

(𝑒 − 1)𝛼
 𝑥𝜆−1 (1 + 𝑥𝜆)

−1−𝛽
𝑒−1+𝛼+(1+𝑥𝜆)

−𝛽

[1 − 𝑒−1+(1+𝑥𝜆)
−𝛽

]
𝛼−1

. (3.6) 

Figure 3 shows some possible shapes of the PDF and HRF of the GKMBXII distribution. 

  

Figure 3. Plots of the PDF and HRF of the GKMBXII distribution for some parameter values. 

3.4. The GKMLL distribution  

Consider the CDF of the log-logistic (LL) distribution, say, 𝐺(𝑥) = 1 −  [1 + (
𝑥

𝜆
)

𝛽

]
−1

, where 

𝑥 > 0, 𝛽, 𝜆 > 0, then the CDF of the GKMLL distribution takes the form 

𝐹(𝑥; 𝛼, 𝛽, 𝜆) = (
𝑒

𝑒 − 1
)

𝛼

[1 − 𝑒
−1+[1+(

𝑥
𝜆

)
𝛽

]

−1

]

𝛼

, 𝑥 > 0, 𝛼, 𝛽, 𝜆 > 0. (3.7) 

The corresponding PDF of the GKMLL distribution reduces to 

𝑓(𝑥; 𝛼, 𝛽, 𝜆) =
𝛼 𝛽 𝜆−𝛽 

(𝑒 − 1)𝛼
 𝑥𝛽−1 [1 + (

𝑥

𝜆
)

𝛽

]

−2

𝑒
−1+𝛼+[1+(

𝑥
𝜆

)
𝛽

]

−1

[1 − 𝑒
−1+[1+(

𝑥
𝜆

)
𝛽

]

−1

]

𝛼−1

. (3.8) 

Figure 4 displays some possible shapes of the PDF and HRF of the GKMLL distribution. 
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Figure 4. Plots of the PDF and HRF of the GKMLL distribution for some parameter values. 

4. Properties of GKM-G family 

This section provides some mathematical properties of the GKM-G family. 

4.1. Linear representation 

In this section, we provide a useful representation of the CDF and PDF of the GKM-G family in 

terms of exp-G density. Consider the following generalized binomial series 

[1 − 𝑧]𝛼 =  ∑(−1)𝑗 (
 𝛼 
𝑗 ) 𝑧𝑗 .

∞

𝑗=0

 (4.1) 

Applying (4.1) to (2.2), we obtain 

[1 − 𝑒−𝐺(𝑥)]
𝛼

=  ∑(−1)𝑗 (
 𝛼 
𝑗 ) 𝑒−𝑗 𝐺(𝑥)

∞

𝑗=0

. (4.2) 

Using the exponential series, we can write 

𝑒−𝑗 𝐺(𝑥) = ∑  (−1)𝑘  
𝑗𝑘 𝐺(𝑥)𝑘

𝑘 !
.

∞

𝑘=0

 (4.3) 

Substituting (4.2) and (4.3) in (2.2), the CDF of the GKM-G takes the form 

𝐹(𝑥) = (
𝑒

𝑒 − 1
)

𝛼

∑
(−1)𝑗+𝑘  𝑗𝑘 

𝑘 !
(

 𝛼 
𝑗 )  𝐺(𝑥)𝑘.

∞

𝑘,𝑗=0

  

Hence, the CDF of the GKM-G family can be expressed as  
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𝐹(𝑥) = ∑ 𝑎𝑘 𝐻𝑘(𝑥),

∞

𝑘=0

 (4.4) 

where 

𝑎𝑘 = ∑ (
𝑒

𝑒 − 1
)

𝛼

 
(−1)𝑗+𝑘  𝑗𝑘 

𝑘 !
(

 𝛼 
𝑗 )

∞

𝑗=0

  

and 𝐻𝑘(𝑥) = 𝐺(𝑥)𝑘 is the CDF of the exp-G family with power parameter 𝑘 > 0. By differentiating 

the above equation, the PDF of the GKM-G family follows as 

𝑓(𝑥) = ∑ 𝑎𝑘 ℎ𝑘(𝑥),

∞

𝑘=0

 (4.5) 

where ℎ𝑘(𝑥) = 𝑘 𝑔(𝑥)𝐺(𝑥)𝑘−1  is the exp-G density with power parameter 𝑘.  Thus, several 

mathematical properties of the GKM-G family can be obtained simply from those properties of the 

exp-G family. 

4.2. Quantile function and moments 

The quantile function (QF) of 𝑋, say, 𝑄(𝑢) = 𝐹−1(𝑥), can be obtained by inverting (2.2), then 

the QF of the GKM-G family follows as 

𝑄(𝑢) = 𝑄𝐺(𝑢) {−log [1 − (𝑢 𝜙−𝛼)
1
𝛼]},  

where 𝜙 = 𝑒/(𝑒 − 1) and  𝑄𝐺(𝑢) = 𝐺−1(𝑢) is the QF of the baseline 𝐺 distribution and 𝑢 ∈ (0,1). 

Henceforth, 𝑇𝑘  denotes the exp-G random variable with power parameter 𝑘 . The 𝑟 th moment of 𝑋 

follows from (4.5) as 

𝜇𝑟
′ = 𝛦(𝑋𝑟) = ∑ 𝑎𝑘 𝐸(𝑇𝑘

𝑟) .

∞

𝑘=0

 (4.6) 

The moment generating function (MGF), 𝑀𝑋(𝑡) = 𝐸(𝑒𝑡 𝑋), of 𝑋 can be derived from (4.5) in 

two different formulas. The first one is given by 

𝑀𝑋(𝑡) = ∑ 𝑎𝑘 𝑀𝑘(𝑡),

∞

𝑘=0

  

where 𝑀𝑘(𝑡) is the MGF of 𝑇𝑘(𝑥). Hence, 𝑀𝑋(𝑡) can be determined from the exp-G generating function. 

The second formula for 𝑀𝑋(𝑡) follows from (4.5) as  
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𝑀𝑋(𝑡) = ∑ 𝑘 𝑎𝑘

∞

𝑘=0

 𝜏(𝑡, 𝑘 − 1),  

where 𝜏(𝑡, 𝑘 − 1) = ∫ exp[𝑡 𝑄𝐺(𝑢)]
1

0
 𝑢𝑘−1 𝑑𝑢. 

4.3. Incomplete moments 

The 𝑠th incomplete moment of 𝑋 can be expressed from (4.5) as 

𝜑𝑠(𝑡) = ∫ 𝑥𝑠  𝑓(𝑥)

𝑡

−∞

 𝑑𝑥 =  ∑ 𝑎𝑘

∞

𝑘=0

∫ 𝑥𝑠 ℎ𝑘(𝑥) 𝑑𝑥

𝑡

−∞

. (4.7) 

The first incomplete moment follows from (4.7) when 𝑠 = 1 . It can be applied to construct 

Bonferroni and Lorenz curves, which are defined, for a given probability 𝜋 , by 𝐵(𝜋) =

𝜑1(𝑞)/(𝜋 𝜇1
′ )  and 𝐿(𝜋) = 𝜑1(𝑞)/𝜇1

′  , respectively, where 𝜇1
′   is given by (4.6) with 𝑟 = 1  and 

𝑞 = 𝑄(𝜋) is the QF of 𝑋 at 𝜋. These curves are very useful in economics, reliability, demography, 

insurance, and medicine. 

Now, 𝜑1(𝑡) can be determined in two expressions. The first expression for 𝜑1(𝑡) is derived 

from (4.7) as 

𝜑1(𝑡) = ∑ 𝑎𝑘 𝑙𝑘(𝑡).

∞

𝑘=0

 (4.8) 

Where 𝑙𝑘(𝑡) = ∫ 𝑥  ℎ𝑘(𝑥) 𝑑𝑥
𝑡

−∞
  is the first incomplete moment of the exp-G family. A second 

expression for 𝜑1(𝑡) takes the form 

𝜑1(𝑡) = ∑ 𝑎𝑘 𝜐𝑘(𝑡),

∞

𝑘=0

  

where 𝜐𝑘(𝑡) = 𝑘 ∫ 𝑄𝐺(𝑢) 𝑢𝑘−1 𝑑𝑢
𝐺(𝑡)

0
 , which can be computed numerically, and 𝑄𝐺(𝑢)  is the QF 

corresponding to 𝐺(𝑥), i.e., 𝑄𝐺(𝑢) = 𝐺−1(𝑢). 

The mean deviations about the mean [𝛿1 = 𝐸(|𝑋 − 𝜇1
′ |)]  and about the median [𝛿2 =

𝐸(|𝑋 − 𝑀|)]  of 𝑋  are given by 𝛿1 = 2 𝜇1
′  𝐹(𝜇1

′ ) − 2 𝜑1(𝜇1
′ )  and 𝛿2 =  𝜇1

′  − 2 𝜑1(𝑀) , 

respectively, where 𝜇1
′ = 𝐸(𝑋), 𝑀 = 𝑄(0.5) is the median. 𝐹(𝜇1

′ ) is easily evaluated from (2.2). 

4.4. Mean residual life and mean inactivity time 

The mean residual life (MRL) represents the expected additional life length for a unit, which is 

alive at age 𝑡, and it is defined by 𝑀𝑅𝐿𝑥(𝑡) = 𝐸(𝑋 − 𝑡|𝑋 > 𝑡), for 𝑡 > 0. The MRL of 𝑋 is 
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𝑀𝑅𝐿𝑋(𝑡) =
[1 − 𝜑1(𝑡)]

𝑆(𝑡)
− 𝑡, (4.9) 

where 𝑆(𝑡) is the survival function (SF) of the GKM-G family. Inserting (4.8) in (4.9), we obtain 

𝑀𝑅𝐿𝑋(𝑡) =
1

𝑆(𝑡)
 [1 − ∑ 𝑎𝑘 𝑙𝑘(𝑡) 

∞

𝑘=0

] − 𝑡.  

The mean inactivity time (MIT) represents the waiting time elapsed since the failure of an item, 

on condition that this failure occurred in (0, 𝑡). The MIT is defined by 𝑀𝐼𝑇𝑋(𝑡) = 𝐸(𝑡 − 𝑋|𝑋 ≤ 𝑡), 

for 𝑡 > 0. The MIT of 𝑋 reduces to 

𝑀𝐼𝑇𝑋(𝑡) = 𝑡 −
𝜑1(𝑡)

𝐹(𝑡)
. (4.10) 

Combining Eqs (4.8) and (4.10), the MIT of 𝑋 follows as 

𝑀𝐼𝑇𝑋(𝑡) = 𝑡 −
1

𝐹(𝑡)
 ∑ 𝑎𝑘 𝑙𝑘(𝑡).

∞

𝑘=0

  

4.5. Entropies 

The Rényi entropy of a random variable 𝑋 represents a measure of variation of the uncertainty. 

The Rényi entropy is defined by 

𝐼𝜃 =
1

1−𝜃
log(∫ 𝑓(𝑥)𝜃∞

−∞
 𝑑𝑥) , 𝜃 > 0 and 𝜃 ≠ 1.  

Using the GKM-G density (2.3), we can write 

𝑓(𝑥)𝜃 = 𝜙𝜃𝛼  𝛼𝜃 𝑔(𝑥)𝜃 𝑒−𝜃 𝐺(𝑥) [1 − 𝑒−𝐺(𝑥)]
𝜃 (𝛼−1)

,  

where 𝜙 = 𝑒/(𝑒 − 1). Applying the power series (4.2) to the last term, we obtain 

[1 − 𝑒−𝐺(𝑥)]
𝜃 (𝛼−1)

= ∑(−1)𝑗 (
 𝜃 (𝛼 − 1) 

𝑗
) 

∞

𝑗=0

𝑒−𝑗 𝐺(𝑥).  

Hence, 

𝑓(𝑥)𝜃 = 𝜙𝜃𝛼 𝛼𝜃 𝑔(𝑥)𝜃   ∑(−1)𝑗 (
 𝜃 (𝛼 − 1) 

𝑗
) 

∞

𝑗=0

𝑒−(𝜃+𝑗) 𝐺(𝑥).  

Applying the exponential series, we obtain 
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𝑒−(𝜃+𝑗) 𝐺(𝑥) = ∑  (−1)𝑘  
(𝜃 + 𝑗)𝑘 𝐺(𝑥)𝑘

𝑘 !

∞

𝑘=0

.  

Thus, 𝑓(𝑥)𝜃 reduces to 

𝑓(𝑥)𝜃 = ∑ 𝜂𝑘

∞

𝑘=0

  𝑔(𝑥)𝜃𝐺(𝑥)𝑘,  

where 

𝜂𝑘 = ∑
(𝛼𝜙𝛼)𝜃 (𝜃 + 𝑗)𝑘 

𝑘 !
 (−1)𝑘+𝑗 (

 𝜃 (𝛼 − 1) 
𝑗

) .

∞

𝑗=0

  

The Rényi entropy of the GKM-G family reduces to 

𝐼𝜃 =
1

1 − 𝜃
 log [∑ 𝜂𝑘

∞

𝑘=0

∫ 𝑔(𝑥)𝜃 𝐺(𝑥)𝑘
∞

−∞

 𝑑𝑥].  

The Shannon entropy (𝑆𝐼) follows as a special case of the Rényi entropy when 𝜃 tends to 1. 

4.6. Order statistics 

Let 𝑋1, …  , 𝑋𝑛 be a random sample from the GKM-G family. The PDF of 𝑋𝑖:𝑛 can be written as 

𝑓𝑖:𝑛(𝑥) =  
𝑓(𝑥)

𝐵(𝑖, 𝑛 − 𝑖 + 1)
∑(−1)𝑗

𝑛−𝑖

𝑗=0

(
𝑛 − 1

𝑗
)  𝐹(𝑥)𝑗+𝑖−1, (4.11) 

where 𝐵(. , . ) is the beta function. Using (2.2) and (2.3), we can write 

𝑓(𝑥) 𝐹(𝑥)𝑗+𝑖−1 = 𝜙𝛼(𝑗+𝑖) 𝛼 𝑔(𝑥) 𝑒−𝐺(𝑥) [1 − 𝑒−𝐺(𝑥)]
𝛼(𝑗+𝑖)−1

. (4.12) 

Applying the generalized binomial series to (4.12), we have 

𝑓(𝑥) 𝐹(𝑥)𝑗+𝑖−1 = 𝜙𝛼(𝑗+𝑖) ∑
𝛼 (−1)𝑙+𝑘 (1 + 𝑙)𝑘

𝑘 !
(

 𝛼(𝑗 + 𝑖) − 1 
𝑙

)  𝑔(𝑥) 𝐺(𝑥)𝑘.

∞

𝑘,𝑙=0

 (4.13) 

Inserting (4.13) in Eq (4.11), the PDF of 𝑋𝑖:𝑛 reduces to 

𝑓𝑖:𝑛(𝑥) = ∑ 𝑏𝑘 ℎ𝑘+1(𝑥),

∞

𝑘=0

 (4.14) 

where ℎ𝑘+1(𝑥) = (𝑘 + 1) 𝑔(𝑥) 𝐺(𝑥)𝑘 is the exp-G density with power parameter 𝑘 + 1 and 



11921 

AIMS Mathematics  Volume 9, Issue 5, 11910–11940. 

𝑏𝑘 = ∑ ∑
𝛼 (−1)𝑗+𝑙+𝑘 (1 + 𝑙)𝑘

𝐵(𝑖, 𝑛 − 𝑖 + 1)
(

𝑛 − 1
𝑗

) 
𝜙𝛼(𝑗+𝑖)

(𝑘 + 1) !
(

 𝛼(𝑗 + 𝑖) − 1 
𝑙

)

∞

𝑙=0

𝑛−𝑖

𝑗=0

.  

Hence, the PDF of the GKM-G order statistics is a linear combination of exp-G densities. Based 

on (4.15), we can derive the properties of 𝑋𝑖:𝑛 from those properties of 𝑇𝑘+1. For example, the 𝑞th 

moment of 𝑋𝑖:𝑛 is given by 

𝐸(𝑋𝑖:𝑛
𝑞 ) =  ∑ 𝑏𝑘 𝐸(𝑇𝑘+1

𝑞 )

∞

𝑘=0

. (4.16) 

4.7. Probability weighted moments 

The probability weighted moments (PWMs) are proposed by Greenwood et al. [31] as a special 

class of moments. This class is used to derive estimates of the parameters and quantiles of distributions, 

which can be expressed in inverse form. They also have moderate biases, low variance, and comparable 

with the maximum likelihood (ML) estimators. Let 𝑋 be a random variable with PDF 𝑓(𝑥) and CDF 

𝐹(𝑥), then the (𝑗, 𝑖)th PWM of 𝑋, denoted by 𝜌𝑗,𝑖, is defined by 

𝜌𝑗,𝑖 = 𝐸{𝑋𝑗 𝐹(𝑋)𝑖} = ∫ 𝑥𝑗  𝑓(𝑥)
∞

−∞

 𝐹(𝑥)𝑖 𝑑𝑥, 

where 𝑗 and 𝑖 are nonnegative integers. 

 

Using the CDF and PDF of the GKM-G family and Eq (4.14), we can write 

𝑓(𝑥) 𝐹(𝑥)𝑖 = 𝜙𝛼(1+𝑖)  ∑
𝛼 (−1)𝑙+𝑘 (1 + 𝑙)𝑘

𝑘 !
(

 𝛼(1 + 𝑖) − 1 
𝑙

)  𝑔(𝑥) 𝐺(𝑥)𝑘.

∞

𝑘,𝑙=0

  

The last equation can be expressed as 

𝑓(𝑥) 𝐹(𝑥)𝑖 = ∑ 𝑚𝑘 ℎ𝑘+1(𝑥),

∞

𝑘=0

  

where  

𝑚𝑘 = ∑ 𝜙𝛼(1+𝑖)  
𝛼 (−1)𝑙+𝑘 (1 + 𝑙)𝑘

(𝑘 + 1) !
(

 𝛼(1 + 𝑖) − 1 
𝑙

) .

∞

𝑙=0

  

Thus, the PWM of 𝑋 is given by 

𝜌𝑗,𝑖 = ∑ 𝑚𝑘 

∞

𝑘=0

∫ 𝑥𝑗  ℎ𝑘+1(𝑥)
∞

−∞

 𝑑𝑥 = ∑ 𝑚𝑘 𝐸(𝑇𝑘+1
𝑗

)

∞

𝑘=0

.  
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5. Moments of the GKME distribution 

In this section, we derive a simple formula for the 𝑟th moment of the GKME distribution. Based 

on Eq (4.5), the PDF of the GKME distribution can be expressed as follows: 

𝑓(𝑥) = ∑ 𝑎𝑘 𝑘  𝜆 𝑒−𝜆 𝑥 (1 −  𝑒−𝜆 𝑥)
𝑘−1

∞

𝑘=0

. 

Applying binomial expansion to (1 −  𝑒−𝜆 𝑥)
𝑘−1

, the last equation follows as 

𝑓(𝑥) = ∑ 𝑎𝑘 𝑘  𝜆 (−1)𝑚 (
𝑘 − 1

𝑚
) 

∞

𝑘,𝑚=0

𝑒𝑥𝑝(−(𝑚 + 1)𝜆𝑥). 

The GKME PDF reduces to 

𝑓(𝑥) = ∑ 𝑣𝑚   𝑔𝑚+1(𝑥)

∞

𝑚=0

, (5.1) 

where  

𝑣𝑚 = ∑ (
𝑒

𝑒 − 1
)

𝛼

 
(−1)𝑗+𝑘+𝑚  𝑗𝑘 

(𝑚 + 1)(𝑘 − 1) !
(

 𝛼 
𝑗 ) (

𝑘 − 1
𝑚

)

∞

𝑗,𝑘=0

 

and 𝑔𝑚+1(𝑥) = (𝑚 + 1) 𝜆 exp(−(𝑚 + 1)𝜆𝑥)  denotes the E density with rate parameter (𝑚 + 1)𝜆 . 

Equation (5.1) means that the GKME density is expressed as a single linear combination of E densities.  

Hence, the 𝑟th moment of GKME distribution follows from (5.1) as 

𝜇𝑟
′ = Ε(𝑋𝑟) = 𝑟! ∑ 𝑣𝑚 [(𝑚 + 1)𝜆]−𝑟

∞

𝑚=0

. (5.2) 

Clearly, the mean of the GKME distribution, say, 𝜇1
′ = 𝜇𝑋, follows from the above equation when 𝑟 = 1. 

It is given by 

𝜇𝑋 =
 1

𝜆
∑ (

𝑒

𝑒 − 1
)

𝛼

 
(−1)𝑗+𝑘+𝑚 𝑘 𝑗𝑘 

(𝑚 + 1)2 𝑘 !
(

 𝛼 
𝑗 ) (

𝑘 − 1
𝑚

)

∞

𝑗,𝑘,𝑚=0

. 

Table 1 lists the numerical integration and the summation (SUM) formula of 𝜇𝑋 for different values of 𝜆 

and 𝛼  at truncated 𝐿  terms. These numerical values are computed by R statistical software. Table 1 

shows that the summation (5.2) converges to the numerical integral (NUI) of 𝜇𝑋 for different values of 𝜆 

and 𝛼 when 𝐿 becomes very large, where 𝐿 is the truncated terms from this summation. 

  



11923 

AIMS Mathematics  Volume 9, Issue 5, 11910–11940. 

Table 1. The generated values of 𝜇𝑋 based on the SUM formula and NUI for different 

values of 𝜆 and 𝛼 at truncated 𝐿 terms. 

𝜆 𝛼 𝐿 SUM NUI 

0.5 2 10 2.35866  

  15 2.35800 2.35800 

  25 2.35800  

  50 2.35800  

 3 10 2.84841  

  15 2.92946 2.92941 

  25 2.92941  

  50 2.92941  

 4 10 5.79089  

  15 3.36228 3.36898 

  25 3.36898  

  50 3.36898  

0.9 2 10 1.31037  

  15 1.31000 1.31000 

  25 1.31000  

  50 1.31000  

 3 10 1.58245  

  15 1.62748 1.62745 

  25 1.62745  

  50 1.62745  

 4 10 3.21716  

  15 1.86793 1.87166 

  25 1.87166  

  50 1.87166  

1.9 2 10 0.62070  

  15 0.62053 0.62053 

  25 0.62053  

  50 0.62053  

 3 10 0.74958  

  15 0.77091 0.77090 

  25 0.77090  

  50 0.77090  

 4 10 1.52392  

  15 0.88481 0.88657 

  25 0.88657  

  50 0.88657  

Furthermore, the 𝜇𝑋, variance (𝜎𝑋
2), skewness (𝜓1), and kurtosis (𝜓2) of the GKME distribution are 

computed numerically for some values of 𝛼 and 𝜆 using the R software. The numerical values of the 

four measures are displayed in Table 2. This table indicates that 𝜇𝑋 and 𝜎𝑋
2 are increasing functions of 

𝛼, whereas 𝜓1 and 𝜓2 are decreasing functions of 𝛼. It is also noted that 𝜓1 can range in the interval 
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(1.2643, 3.1841). The spread of 𝜓2 is much larger, ranging from 5.7854 to 18.1205. 

Table 2. Mean, variance, skewness, and kurtosis of the GKME distribution for different values of 𝛼 and 𝜆. 

𝜆 𝛼 𝜇𝑥 𝜎𝑥
2 𝜓1 𝜓2 

0.5 0.5 0.9244 2.0009 3.1841 18.1205 

 1.5 1.9911 3.5881 2.1145 9.8657 

 5 3.7270 5.1307 1.5402 6.8509 

 10 4.9162 5.7234 1.3677 6.1525 

 20 6.1899 6.1038 1.2643 5.7854 

0.75 0.5 0.6163 0.8893 3.1841 18.1205 

 1.5 1.3274 1.5947 2.1145 9.8657 

 5 2.4847 2.2803 1.5402 6.8509 

 10 3.2775 2.5437 1.3677 6.1525 

 20 4.1266 2.7128 1.2643 5.7854 

1 0.5 0.4622 0.5002 3.1841 18.1205 

 1.5 0.9955 0.8970 2.1145 9.8657 

 5 1.8635 1.2827 1.5402 6.8509 

 10 2.4581 1.4308 1.3677 6.1525 

 20 3.0950 1.5259 1.2643 5.7854 

1.5 0.5 0.3081 0.2223 3.1841 18.1205 

 1.5 0.6637 0.3987 2.1145 9.8657 

 5 1.2423 0.5701 1.5402 6.8509 

 10 1.6387 0.6359 1.3677 6.1525 

 20 2.0633 0.6782 1.2643 5.7854 

2.5 0.5 0.1849 0.0800 3.1841 18.1205 

 1.5 0.3982 0.1435 2.1145 9.8657 

 5 0.7454 0.2052 1.5402 6.8509 

 10 0.9832 0.2289 1.3677 6.1525 

 20 1.2380 0.2442 1.2643 5.7854 

The QF of the GKME distribution is given by 

𝑄(𝑢) =
−1

𝜆
 log {1 + log [1 − (𝑢 𝜙−𝛼)

1
𝛼]}.  

The QF can be used to study the relationships between the parameters (𝜆, 𝛼) and the skewness 

and kurtosis, and the Galton´s skewness and Moors´ kurtosis depend on the QF. Figure 5 displays the 

Galton´s skewness and the Moors´ kurtosis for the GKME distribution for some parametric values of 

𝜆 and 𝛼. 
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Figure 5. Galton´s skewness and Moors´ kurtosis for the GKME distribution. 

6. Estimation methods for the GKME parameters 

In this section, we use eight methods to estimate the GKME parameters, namely: the maximum 

likelihood estimators (MLEs), least-squares estimators (LSEs), weighted least-squares estimators 

(WLSEs), maximum product of spacing estimators (MPSEs), percentiles estimators (PCEs), Cramér-

von Mises estimators (CVMEs), Anderson-Darling estimators (ADEs), and right-tail Anderson-

Darling estimators (RTADEs). 

6.1. Maximum likelihood  

Let 𝑥1, … , 𝑥𝑛  be a random sample from the GKME distribution with parameters 𝛼  and 𝜆 . Let 

𝑥1:𝑛 < 𝑥2:𝑛 < ⋯ < 𝑥𝑛:𝑛 be the associated order statistics, then, the log-likelihood function has the form 

ℓ = 𝑛 log 𝛼 + 𝑛 log 𝜆 − 𝜆 ∑ 𝑥𝑖

𝑛

𝑖=1

+ ∑ 𝑒− 𝜆𝑥𝑖

𝑛

𝑖=1

+ (𝛼 − 1) ∑ log(𝑘𝑖)

𝑛

𝑖=1

− 𝑛 𝛼 log(𝑒 − 1),  

where 𝑘𝑖 = 𝑒 − 𝑒𝑒− 𝜆𝑥𝑖 . The MLEs of  𝛼 and 𝜆 can be obtained by maximizing the last equation with 

respect to 𝛼 and 𝜆, or by solving the following nonlinear equations: 

𝜕ℓ

𝜕𝛼
=

𝑛

𝛼
+ ∑ log(𝑘𝑖)

𝑛

𝑖=1

− 𝑛 log(𝑒 − 1) = 0  

and 

𝜕ℓ

𝜕𝜆
=

𝑛

𝜆
− ∑ 𝑥𝑖

𝑛

𝑖=1

− ∑ 𝑥𝑖  𝑒− 𝜆𝑥𝑖

𝑛

𝑖=1

+ (𝛼 − 1) ∑
𝑥𝑖  𝑒−𝜆 𝑥𝑖+𝑒− 𝜆 𝑥𝑖

𝑘𝑖

𝑛

𝑖=1

= 0.  

The MLEs can also be obtained by using different programs such as R (optim function), 

Mathematica, and SAS (PROC NLMIXED). 
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6.2. Least-squares and weighted least-squares  

The LS and WLS methods are used to estimate the parameters of the beta distribution [32]. The 

LSEs and WLSEs of the GKME parameters 𝛼 and 𝜆 can be obtained by minimizing 

𝑉(𝛼, 𝜆) = ∑ 𝜐𝑖

𝑛

𝑖=1

[(
𝑒 − 𝑒𝑒−𝜆𝑥𝑖:𝑛

𝑒 − 1
)

𝛼

−
𝑖

𝑛 + 1
]

2

,  

with respect to 𝛼 and 𝜆, where 𝜐𝑖 = 1 in case of the LS approach and 𝜐𝑖 = (𝑛 + 1)2(𝑛 + 2)/
[𝑖(𝑛 − 𝑖 + 1)] in case of the WLS approach. Furthermore, the LSEs and WLSEs follow by solving 

the nonlinear equations 

∑ 𝜐𝑖

𝑛

𝑖=1

[(
𝑒 − 𝑒𝑒−𝜆𝑥𝑖:𝑛

𝑒 − 1
)

𝛼

−
𝑖

𝑛 + 1
] ∆𝑠(𝑥𝑖:𝑛⎸𝛼, 𝜆) = 0, 𝑠 = 1,2,  

where 

∆1(𝑥𝑖:𝑛⎸𝛼, 𝜆) =
𝜕ℓ

𝜕𝛼
 𝐹 (𝑥𝑖:𝑛⎸𝛼, 𝜆) = (

𝑒 − 𝑒𝑒−𝜆𝑥𝑖:𝑛

𝑒 − 1
)

𝛼

log (
𝑒 − 𝑒𝑒−𝜆𝑥𝑖:𝑛

𝑒 − 1
) (6.1) 

and 

∆2(𝑥𝑖:𝑛⎸𝛼, 𝜆) =
𝜕ℓ

𝜕𝜆
 𝐹 (𝑥𝑖:𝑛⎸𝛼, 𝜆) =

𝛼𝑥𝑖:𝑛𝑒−𝜆𝑥𝑖:𝑛𝑒𝑒−𝜆𝑥𝑖:𝑛

𝑒 − 1
(

𝑒 − 𝑒𝑒−𝜆𝑥𝑖:𝑛

𝑒 − 1
)

𝛼−1

. (6.2) 

6.3. Maximum product of spacings  

The MPS method is used to estimate the parameters of continuous univariate models as an 

alternative to the ML method [33,34]. The uniform spacings of a random sample of size 𝑛 from the 

GKME distribution can be defined by 

𝐷𝑖 = 𝐹 (𝑥𝑖:𝑛⎸𝛼, 𝜆) − 𝐹 (𝑥𝑖−1:𝑛⎸𝛼, 𝜆),  

where 𝐷𝑖  denotes the uniform spacings, where 𝐹 (𝑥0:𝑛⎸𝛼, 𝜆) = 0, 𝐹 (𝑥𝑛+1:𝑛⎸𝛼, 𝜆) = 1 , and 

∑ 𝐷𝑖(𝛼, 𝜆)𝑛+1
𝑖=1 = 1. The MPSEs of the GKME parameters can be obtained by maximizing 

𝐺(𝛼, 𝜆) =
1

𝑛 + 1
∑ log 𝐷𝑖(𝛼, 𝜆) ,

𝑛+1

𝑖=1

  

with respect to 𝛼 and 𝜆. Further, the MPSEs of the GKME parameters can also be obtained by solving 

1

𝑛 + 1
∑

1

𝐷𝑖(𝛼, 𝜆)

𝑛+1

𝑖=1

[∆𝑠(𝑥𝑖:𝑛⎸𝛼, 𝜆) − ∆𝑠(𝑥𝑖−1:𝑛⎸𝛼, 𝜆)] = 0, 𝑠 = 1, 2,  

where ∆𝑠(𝑥𝑖:𝑛⎸𝛼, 𝜆) = 0 are defined in (5.1) and (5.2) for 𝑠 = 1, 2. 
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6.4. Percentile method 

The percentile method [35] is used to estimate the unknown parameters of the GKME distribution 

by equating the sample percentile points with the population percentile points. Let 𝑢𝑖 = 𝑖/(𝑛 + 1) be 

an unbiased estimator of 𝐹 (𝑥𝑖:𝑛⎸𝛼, 𝜆) , then the PCEs of the GKME parameters are obtained by 

minimizing the following function: 

𝑃(𝛼, 𝜆) = ∑ (𝑥𝑖:𝑛 −
−1

𝜆
 log {1 + log [1 − (𝑢𝑖  𝜙−𝛼)

1
𝛼]})

2

,

𝑛

𝑖=1

  

with respect to 𝛼 and 𝜆. 

6.5. Cramér-von Mises method 

The CVMEs [36,37] can be obtained based on the difference between the estimates of the CDF 

and the empirical CDF. The CVMEs of the GKME parameters are obtained by minimizing the 

following function 

𝐶(𝛼, 𝜆) =
1

12𝑛
+ ∑ [(

𝑒 − 𝑒𝑒−𝜆𝑥𝑖:𝑛

𝑒 − 1
)

𝛼

−
2𝑖 − 1

2𝑛
]

2

.

𝑛

𝑖=1

  

Further, the CVMEs follow by solving the nonlinear equations 

∑ [(
𝑒 − 𝑒𝑒−𝜆𝑥𝑖:𝑛

𝑒 − 1
)

𝛼

−
2𝑖 − 1

2𝑛
]

𝑛

𝑖=1

∆𝑠(𝑥𝑖:𝑛⎸𝛼, 𝜆) = 0,  

where ∆𝑠(𝑥𝑖:𝑛⎸𝛼, 𝜆) = 0 are defined in (5.1) and (5.2) for 𝑠 = 1, 2. 

6.6. Anderson-Darling and right-tail Anderson-Darling 

The ADEs are another type of minimum distance estimators. The ADEs of the GKME parameters 

are obtained by minimizing 

𝐴(𝛼, 𝜆) = −𝑛 −
1

𝑛
∑(2𝑖 − 1)

𝑛

𝑖=1

 [log 𝐹(𝑥𝑖:𝑛⎸𝛼, 𝜆) + log �̅�(𝑥𝑛+1−𝑖:𝑛⎸𝛼, 𝜆)],  

with respect to 𝛼 and 𝜆. The ADEs can also be determined by solving the nonlinear equations 

∑(2𝑖 − 1)

𝑛

𝑖=1

[
∆𝑠(𝑥𝑖:𝑛⎸𝛼, 𝜆)

𝐹(𝑥𝑖:𝑛⎸𝛼, 𝜆)
−

∆𝑗(𝑥𝑛+1−𝑖:𝑛⎸𝛼, 𝜆)

𝑆(𝑥𝑛+1−𝑖:𝑛⎸𝛼, 𝜆)
] = 0.  

The RTADEs of the GKME parameters 𝛼  and 𝜆  are obtained by minimizing the following 

function, with respect to 𝛼 and 𝜆, 

𝑅(𝛼, 𝜆) =
𝑛

2
− 2 ∑ 𝐹(𝑥𝑖:𝑛⎸𝛼, 𝜆)

𝑛

𝑖=1

−
1

𝑛
∑(2𝑖 − 1)

𝑛

𝑖=1

 log �̅�(𝑥𝑛+1−𝑖:𝑛⎸𝛼, 𝜆).  
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7. Simulation analysis 

In this section, we assess the performance of all estimation methods of the GKME parameters 

using a simulation study. We generate 2000 samples from the GKME distribution for different sample 

sizes of 𝑛 = {20, 50, 100, 250} and different parametric values of 𝛼 = (0.5, 0.75, 1.5, 2) and 𝜆 =

(0.5, 1.3, 1.5). We obtain the average values of the estimates (AEs) and mean square errors (MSEs) 

for each estimate. 

The performance of different estimators is evaluated in terms of MSEs, i.e., the most efficient 

estimation method will be the one whose MSEs values decay toward zero as the sample size increases. 

Tables 3–6 show the AEs and MSEs (in parentheses) of the MLEs, LSEs, WLSEs, MPSEs, PCEs, 

CVMEs, ADEs, and RTADEs. It is noted that, as the sample size increases, the AEs tend to the true 

parameter values. Furthermore, the values of the MSEs decay toward zero, indicating that all 

estimators are asymptotically unbiased. According to the values in these tables, all eight estimation 

methods perform very well in terms of MSEs. 

Table 3. The AEs and MSEs of the GKME parameters for 𝑛 = 20. 

Par. MLEs LSEs WLSEs MPSEs PCEs CVMEs ADEs RTADEs 

𝛼 = 0.5 0.530(0.009) 0.470(0.012) 0.485(0.01) 0.44(0.01) 0.452(0.045) 0.529(0.012) 0.498(0.009) 0.517(0.012) 

𝜆 = 0.5 0.545(0.019) 0.456(0.03) 0.48(0.026) 0.405(0.023) 0.409(0.046) 0.554(0.031) 0.496(0.022) 0.514(0.023) 

𝛼 = 0.5 0.536(0.009) 0.476(0.012) 0.48(0.01) 0.444(0.01) 0.426(0.05) 0.534(0.012) 0.488(0.009) 0.507(0.012) 

𝜆 = 1.3 1.459(0.144) 1.195(0.201) 1.208(0.18) 1.043(0.171) 1.03(0.337) 1.442(0.197) 1.274(0.156) 1.337(0.17) 

𝛼 = 0.5 0.537(0.01) 0.472(0.012) 0.479(0.01) 0.432(0.01) 0.455(0.045) 0.529(0.013) 0.502(0.009) 0.509(0.012) 

𝜆 = 1.5 1.658(0.188) 1.355(0.267) 1.407(0.24) 1.163(0.23) 1.226(0.431) 1.616(0.26) 1.535(0.213) 1.498(0.22) 

𝛼 = 0.75 0.803(0.024) 0.694(0.029) 0.71(0.026) 0.643(0.028) 0.669(0.084) 0.81(0.035) 0.747(0.026) 0.778(0.031) 

𝜆 = 0.5 0.552(0.017) 0.455(0.026) 0.467(0.019) 0.407(0.02) 0.413(0.038) 0.546(0.024) 0.498(0.019) 0.515(0.02) 

𝛼 = 0.75 0.808(0.023) 0.702(0.031) 0.731(0.027) 0.653(0.027) 0.67(0.085) 0.793(0.032) 0.745(0.027) 0.754(0.031) 

𝜆 = 1.3 1.429(0.115) 1.200(0.161) 1.255(0.141) 1.075(0.127) 1.094(0.238) 1.393(0.158) 1.267(0.113) 1.327(0.129) 

𝛼 = 0.75 0.811(0.022) 0.708(0.029) 0.727(0.028) 0.644(0.027) 0.651(0.089) 0.782(0.032) 0.748(0.023) 0.759(0.032) 

𝜆 = 1.5 1.633(0.147) 1.377(0.217) 1.431(0.201) 1.243(0.166) 1.205(0.345) 1.633(0.225) 1.498(0.153) 1.527(0.181) 

𝛼 = 1.5 1.618(0.121) 1.413(0.157) 1.417(0.152) 1.25(0.138) 1.274(0.314) 1.628(0.18) 1.493(0.12) 1.532(0.181) 

𝜆 = 0.5 0.537(0.012) 0.475(0.017) 0.484(0.013) 0.421(0.016) 0.423(0.024) 0.535(0.016) 0.494(0.011) 0.507(0.015) 

𝛼 = 1.5 1.642(0.122) 1.388(0.17) 1.432(0.144) 1.258(0.142) 1.287(0.294) 1.61(0.184) 1.498(0.121) 1.519(0.18) 

𝜆 = 1.3 1.398(0.082) 1.218(0.118) 1.232(0.106) 1.101(0.094) 1.101(0.146) 1.403(0.124) 1.297(0.089) 1.313(0.095) 

𝛼 = 1.5 1.639(0.119) 1.365(0.177) 1.423(0.154) 1.252(0.134) 1.321(0.284) 1.605(0.18) 1.512(0.125) 1.53(0.189) 

𝜆 = 1.5 1.605(0.103) 1.371(0.155) 1.419(0.14) 1.266(0.137) 1.308(0.188) 1.576(0.154) 1.494(0.121) 1.513(0.14) 

𝛼 = 2 2.197(0.233) 1.824(0.311) 1.868(0.3) 1.633(0.302) 1.756(0.516) 2.214(0.374) 1.973(0.267) 2.133(0.348) 

𝜆 = 0.5 0.536(0.011) 0.463(0.014) 0.474(0.013) 0.422(0.014) 0.438(0.017) 0.533(0.015) 0.493(0.012) 0.516(0.013) 

𝛼 = 2 2.246(0.265) 1.872(0.347) 1.899(0.299) 1.639(0.287) 1.683(0.539) 2.188(0.339) 1.984(0.256) 2.076(0.351) 

𝜆 = 1.3 1.395(0.072) 1.215(0.103) 1.253(0.083) 1.112(0.092) 1.116(0.128) 1.394(0.103) 1.292(0.076) 1.346(0.09) 

𝛼 = 2 2.196(0.233) 1.854(0.327) 1.891(0.298) 1.631(0.27) 1.702(0.554) 2.131(0.353) 2.000(0.27) 2.042(0.336) 

𝜆 = 1.5 1.609(0.099) 1.409(0.133) 1.445(0.115) 1.271(0.119) 1.277(0.194) 1.567(0.143) 1.480(0.1) 1.518(0.118) 
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Table 4. The AEs and MSEs of the GKME parameters for 𝑛 = 50. 

Par. MLEs LSEs WLSEs MPSEs PCEs CVMEs ADEs RTADEs 

𝛼 = 0.5 0.511(0.003) 0.489(0.005) 0.493(0.004) 0.466(0.004) 0.461(0.025) 0.51(0.005) 0.497(0.004) 0.505(0.005) 

𝜆 = 0.5 0.519(0.008) 0.491(0.012) 0.487(0.009) 0.444(0.009) 0.431(0.02) 0.519(0.013) 0.496(0.009) 0.499(0.01) 

𝛼 = 0.5 0.517(0.004) 0.486(0.004) 0.496(0.004) 0.467(0.004) 0.449(0.024) 0.511(0.005) 0.501(0.004) 0.505(0.005) 

𝜆 = 1.3 1.344(0.051) 1.24(0.077) 1.265(0.059) 1.156(0.071) 1.107(0.159) 1.359(0.082) 1.285(0.06) 1.309(0.067) 

𝛼 = 0.5 0.516(0.003) 0.488(0.005) 0.498(0.004) 0.466(0.004) 0.434(0.023) 0.512(0.005) 0.504(0.003) 0.502(0.005) 

𝜆 = 1.5 1.56(0.066) 1.451(0.116) 1.479(0.086) 1.309(0.096) 1.24(0.215) 1.536(0.105) 1.487(0.08) 1.518(0.093) 

𝛼 = 0.75 0.77(0.009) 0.731(0.013) 0.744(0.01) 0.685(0.01) 0.679(0.046) 0.77(0.013) 0.749(0.01) 0.759(0.013) 

𝜆 = 0.5 0.521(0.007) 0.483(0.011) 0.502(0.008) 0.442(0.008) 0.439(0.016) 0.516(0.009) 0.503(0.007) 0.501(0.007) 

𝛼 = 0.75 0.773(0.009) 0.728(0.013) 0.74(0.011) 0.686(0.011) 0.665(0.045) 0.767(0.012) 0.746(0.01) 0.76(0.012) 

𝜆 = 1.3 1.348(0.041) 1.264(0.058) 1.283(0.051) 1.158(0.054) 1.126(0.107) 1.34(0.059) 1.293(0.048) 1.33(0.055) 

𝛼 = 0.75 0.769(0.008) 0.721(0.013) 0.742(0.01) 0.696(0.01) 0.671(0.045) 0.766(0.013) 0.75(0.009) 0.762(0.015) 

𝜆 = 1.5 1.542(0.051) 1.424(0.085) 1.48(0.073) 1.339(0.071) 1.304(0.141) 1.536(0.083) 1.492(0.06) 1.516(0.075) 

𝛼 = 1.5 1.539(0.043) 1.464(0.07) 1.459(0.056) 1.354(0.056) 1.347(0.149) 1.542(0.072) 1.488(0.048) 1.533(0.07) 

𝜆 = 0.5 0.514(0.004) 0.489(0.007) 0.49(0.006) 0.456(0.006) 0.455(0.01) 0.508(0.007) 0.493(0.005) 0.508(0.005) 

𝛼 = 1.5 1.549(0.045) 1.452(0.065) 1.477(0.053) 1.34(0.059) 1.337(0.16) 1.538(0.071) 1.498(0.049) 1.514(0.078) 

𝜆 = 1.3 1.328(0.027) 1.273(0.042) 1.283(0.038) 1.171(0.035) 1.165(0.07) 1.341(0.045) 1.299(0.032) 1.306(0.043) 

𝛼 = 1.5 1.558(0.048) 1.437(0.067) 1.475(0.054) 1.361(0.052) 1.335(0.157) 1.546(0.08) 1.489(0.047) 1.521(0.076) 

𝜆 = 1.5 1.557(0.04) 1.448(0.062) 1.48(0.049) 1.36(0.048) 1.346(0.091) 1.528(0.063) 1.485(0.044) 1.526(0.055) 

𝛼 = 2 2.082(0.096) 1.934(0.128) 1.969(0.104) 1.803(0.108) 1.804(0.245) 2.072(0.129) 1.983(0.103) 2.041(0.142) 

𝜆 = 0.5 0.516(0.004) 0.493(0.006) 0.497(0.004) 0.46(0.005) 0.454(0.008) 0.516(0.006) 0.5(0.005) 0.508(0.006) 

𝛼 = 2 2.117(0.096) 1.928(0.138) 1.968(0.113) 1.797(0.104) 1.763(0.279) 2.066(0.141) 1.997(0.106) 2.029(0.148) 

𝜆 = 1.3 1.357(0.028) 1.264(0.041) 1.277(0.033) 1.194(0.031) 1.188(0.058) 1.329(0.044) 1.303(0.033) 1.312(0.037) 

𝛼 = 2 2.082(0.093) 1.921(0.137) 1.962(0.115) 1.792(0.108) 1.752(0.27) 2.051(0.133) 1.984(0.102) 2.009(0.149) 

𝜆 = 1.5 1.551(0.041) 1.452(0.056) 1.483(0.042) 1.364(0.046) 1.354(0.078) 1.55(0.054) 1.502(0.042) 1.512(0.045) 
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Table 5. The AEs and MSEs of the GKME parameters for 𝑛 = 100. 

Par. MLEs LSEs WLSEs MPSEs PCEs CVMEs ADEs RTADEs 

𝛼 = 0.5 0.506(0.002) 0.496(0.002) 0.501(0.002) 0.481(0.002) 0.451(0.014) 0.504(0.002) 0.501(0.002) 0.504(0.003) 

𝜆 = 0.5 0.507(0.004) 0.493(0.006) 0.502(0.005) 0.466(0.005) 0.446(0.012) 0.505(0.006) 0.506(0.005) 0.502(0.005) 

𝛼 = 0.5 0.509(0.002) 0.493(0.002) 0.501(0.002) 0.477(0.002) 0.456(0.014) 0.508(0.003) 0.502(0.002) 0.5(0.003) 

𝜆 = 1.3 1.331(0.029) 1.278(0.036) 1.296(0.031) 1.207(0.035) 1.161(0.081) 1.319(0.042) 1.304(0.033) 1.306(0.029) 

𝛼 = 0.5 0.508(0.002) 0.495(0.002) 0.499(0.002) 0.475(0.002) 0.457(0.014) 0.503(0.002) 0.5(0.002) 0.502(0.003) 

𝜆 = 1.5 1.531(0.039) 1.462(0.052) 1.489(0.044) 1.386(0.043) 1.349(0.099) 1.513(0.054) 1.514(0.04) 1.498(0.04) 

𝛼 = 0.75 0.76(0.004) 0.743(0.006) 0.749(0.005) 0.714(0.005) 0.685(0.026) 0.757(0.006) 0.747(0.005) 0.753(0.007) 

𝜆 = 0.5 0.507(0.003) 0.491(0.005) 0.499(0.004) 0.468(0.003) 0.454(0.008) 0.509(0.005) 0.497(0.004) 0.5(0.004) 

𝛼 = 0.75 0.759(0.004) 0.736(0.006) 0.746(0.005) 0.716(0.005) 0.678(0.027) 0.751(0.006) 0.751(0.005) 0.753(0.007) 

𝜆 = 1.3 1.325(0.019) 1.273(0.033) 1.288(0.024) 1.217(0.025) 1.173(0.061) 1.323(0.029) 1.291(0.023) 1.308(0.026) 

𝛼 = 0.75 0.760(0.004) 0.737(0.007) 0.749(0.005) 0.712(0.005) 0.683(0.024) 0.758(0.006) 0.752(0.005) 0.754(0.007) 

𝜆 = 1.5 1.522(0.028) 1.466(0.041) 1.489(0.037) 1.408(0.034) 1.354(0.075) 1.533(0.041) 1.512(0.032) 1.506(0.037) 

𝛼 = 1.5 1.527(0.022) 1.479(0.03) 1.493(0.027) 1.403(0.027) 1.368(0.078) 1.516(0.035) 1.502(0.024) 1.508(0.036) 

𝜆 = 0.5 0.508(0.002) 0.493(0.003) 0.499(0.003) 0.47(0.003) 0.464(0.005) 0.503(0.003) 0.498(0.002) 0.501(0.003) 

𝛼 = 1.5 1.52(0.024) 1.46(0.032) 1.492(0.027) 1.411(0.026) 1.368(0.094) 1.509(0.035) 1.493(0.026) 1.521(0.039) 

𝜆 = 1.3 1.323(0.016) 1.272(0.019) 1.292(0.019) 1.229(0.017) 1.212(0.035) 1.316(0.024) 1.295(0.018) 1.309(0.021) 

𝛼 = 1.5 1.532(0.023) 1.485(0.035) 1.499(0.028) 1.405(0.027) 1.368(0.093) 1.518(0.034) 1.487(0.025) 1.512(0.042) 

𝜆 = 1.5 1.525(0.019) 1.492(0.029) 1.498(0.023) 1.411(0.025) 1.392(0.049) 1.519(0.03) 1.492(0.024) 1.493(0.025) 

𝛼 = 2 2.03(0.045) 1.957(0.065) 1.999(0.051) 1.875(0.06) 1.81(0.147) 2.049(0.073) 2.0(0.054) 2.018(0.064) 

𝜆 = 0.5 0.508(0.002) 0.492(0.003) 0.499(0.002) 0.473(0.003) 0.467(0.004) 0.509(0.003) 0.499(0.002) 0.505(0.002) 

𝛼 = 2 2.027(0.043) 1.962(0.066) 1.993(0.057) 1.874(0.052) 1.817(0.141) 2.039(0.064) 1.992(0.047) 2.015(0.072) 

𝜆 = 1.3 1.316(0.013) 1.288(0.022) 1.299(0.017) 1.231(0.016) 1.221(0.026) 1.313(0.02) 1.294(0.015) 1.311(0.018) 

𝛼 = 2 2.023(0.042) 1.965(0.072) 1.98(0.059) 1.856(0.054) 1.821(0.149) 2.026(0.066) 1.984(0.047) 2.033(0.077) 

𝜆 = 1.5 1.519(0.018) 1.477(0.027) 1.493(0.021) 1.411(0.022) 1.397(0.038) 1.523(0.023) 1.49(0.018) 1.518(0.024) 
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Table 6. The AEs and MSEs of the GKME parameters for 𝑛 = 250. 

Par. MLEs LSEs WLSEs MPSEs PCEs CVMEs ADEs RTADEs 

𝛼 = 0.5 0.502(0.001) 0.499(0.001) 0.499(0.001) 0.49(0.001) 0.466(0.006) 0.506(0.001) 0.499(0.001) 0.501(0.001) 

𝜆 = 0.5 0.506(0.002) 0.495(0.003) 0.498(0.002) 0.485(0.002) 0.468(0.005) 0.505(0.002) 0.501(0.002) 0.499(0.002) 

𝛼 = 0.5 0.503(0.001) 0.497(0.001) 0.501(0.001) 0.487(0.001) 0.468(0.006) 0.503(0.001) 0.5(0.001) 0.502(0.001) 

𝜆 = 1.3 1.312(0.011) 1.298(0.016) 1.305(0.013) 1.25(0.012) 1.205(0.034) 1.313(0.016) 1.302(0.013) 1.304(0.014) 

𝛼 = 0.5 0.504(0.001) 0.499(0.001) 0.499(0.001) 0.488(0.001) 0.468(0.006) 0.503(0.001) 0.499(0.001) 0.500(0.001) 

𝜆 = 1.5 1.508(0.014) 1.497(0.022) 1.499(0.017) 1.442(0.015) 1.402(0.04) 1.514(0.021) 1.5(0.017) 1.496(0.017) 

𝛼 = 0.75 0.753(0.002) 0.745(0.003) 0.751(0.002) 0.729(0.002) 0.703(0.012) 0.756(0.003) 0.749(0.002) 0.751(0.003) 

𝜆 = 0.5 0.503(0.001) 0.499(0.002) 0.502(0.001) 0.481(0.001) 0.47(0.003) 0.506(0.002) 0.499(0.001) 0.501(0.002) 

𝛼 = 0.75 0.754(0.002) 0.745(0.003) 0.753(0.002) 0.729(0.002) 0.709(0.012) 0.753(0.003) 0.751(0.002) 0.750(0.003) 

𝜆 = 1.3 1.307(0.008) 1.294(0.013) 1.307(0.01) 1.254(0.009) 1.233(0.022) 1.314(0.013) 1.301(0.01) 1.303(0.011) 

𝛼 = 0.75 0.753(0.002) 0.746(0.002) 0.749(0.002) 0.729(0.002) 0.708(0.011) 0.75(0.003) 0.752(0.002) 0.754(0.003) 

𝜆 = 1.5 1.508(0.011) 1.497(0.018) 1.501(0.012) 1.441(0.013) 1.422(0.032) 1.51(0.018) 1.505(0.014) 1.506(0.016) 

𝛼 = 1.5 1.518(0.009) 1.497(0.016) 1.499(0.01) 1.444(0.011) 1.418(0.039) 1.508(0.013) 1.497(0.01) 1.513(0.015) 

𝜆 = 0.5 0.505(0.001) 0.497(0.001) 0.5(0.001) 0.482(0.001) 0.479(0.002) 0.501(0.001) 0.5(0.001) 0.502(0.001) 

𝛼 = 1.5 1.504(0.009) 1.5(0.014) 1.504(0.01) 1.455(0.01) 1.424(0.04) 1.513(0.014) 1.496(0.01) 1.502(0.015) 

𝜆 = 1.3 1.301(0.006) 1.298(0.009) 1.302(0.006) 1.269(0.007) 1.252(0.014) 1.31(0.008) 1.297(0.007) 1.296(0.008) 

𝛼 = 1.5 1.515(0.009) 1.498(0.013) 1.497(0.011) 1.46(0.01) 1.416(0.041) 1.502(0.014) 1.501(0.01) 1.508(0.014) 

𝜆 = 1.5 1.509(0.007) 1.495(0.011) 1.502(0.009) 1.456(0.009) 1.433(0.018) 1.507(0.012) 1.501(0.01) 1.502(0.01) 

𝛼 = 2 2.016(0.018) 1.991(0.03) 1.994(0.021) 1.929(0.02) 1.901(0.063) 2.003(0.029) 1.993(0.022) 2.005(0.03) 

𝜆 = 0.5 0.503(0.001) 0.499(0.001) 0.499(0.001) 0.487(0.001) 0.483(0.002) 0.501(0.001) 0.499(0.001) 0.5(0.001) 

𝛼 = 2 2.024(0.019) 1.979(0.027) 1.997(0.021) 1.941(0.018) 1.89(0.063) 2.022(0.03) 1.997(0.02) 2.005(0.03) 

𝜆 = 1.3 1.307(0.005) 1.293(0.008) 1.301(0.006) 1.261(0.006) 1.249(0.011) 1.31(0.008) 1.299(0.006) 1.3(0.007) 

𝛼 = 2 2.02(0.019) 1.981(0.028) 2.011(0.02) 1.938(0.021) 1.89(0.071) 2.010(0.026) 2.007(0.022) 2.002(0.029) 

𝜆 = 1.5 1.513(0.007) 1.485(0.011) 1.503(0.008) 1.457(0.008) 1.445(0.015) 1.511(0.01) 1.500(0.008) 1.499(0.009) 

8. Data analysis in different applied fields 

In this section, we present five applications of real-life data from medicine, environmental, and 

reliability fields to illustrate the flexibility of the GKME model. The ML method is used to estimate 

the parameters of each model and R statistical software is used for computations. We compare the 

fitting performance of the GKME with other competing E models, namely: The GE [27], GIE [28], 

MOE [1], APE [29], GDUSE [30], KME [13], and E distributions. 

To compare the competing distributions with the proposed GKME model, we calculate some 

goodness-of-fit statistics, including the Cramér-von Mises (𝑊∗) , Anderson-Darling (𝐴∗) , and 

Kolmogorov-Smirnov (KS) statistics with its 𝑝-value. 

8.1. Modeling reliability data 

The first set of data is studied by Murthy et al. [38], and it represents the time between failures 

for a repairable item. The data observations are: 1.43, 0.11, 0.71, 0.77, 2.63, 1.49, 3.46, 2.46, 0.59, 

0.74, 1.23, 0.94, 4.36, 0.40, 1.74, 4.73, 2.23, 0.45, 0.70, 1.06, 1.46, 0.30, 1.82, 2.37, 0.63, 1.23, 1.24, 

1.97, 1.86, 1.17. 
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8.2. Modeling environmental data 

The second set of data represents the waiting times (in minutes) before the service of 100 bank 

customers. This data set is previously studied by Ghitany et al. [39]. The data observations are: 0.8, 

0.8, 3.2, 3.3, 4.6, 4.7, 6.2, 6.2, 7.7, 8, 9.7, 9.8, 12.5, 12.9, 17.3, 18.1, 27, 31.6, 1.3, 3.5, 4.7, 6.2, 8.2, 

10.7, 13, 18.2, 33.1, 1.5, 1.8, 1.9, 3.6, 4, 4.1, 4.8, 4.9, 4.9, 6.3, 6.7, 6.9, 8.6, 8.6, 8.6, 10.9, 11, 11, 13, 

13.3, 13.6, 18.4, 18.9, 19, 38.5, 1.9, 2.1, 2.6, 4.2, 4.2, 4.3, 5, 5.3, 5.5, 7.1, 7.1, 7.1, 8.8, 8.8, 8.9, 11.1, 

11.2, 11.2, 13.7, 13.9, 14.1, 19.9, 20.6, 21.3, 2.7, 2.9, 3.1, 4.3, 4.4, 4.4, 5.7, 5.7, 6.1, 7.1, 7.4, 7.6, 8.9, 

9.5, 9.6, 11.5, 11.9, 12.4, 15.4, 15.4, 17.3, 21.4, 21.9, 23. 

The third set of data is studied by Dumonceaux and Antle [40] and it consists of annual maximum 

flood levels (in millions of cubic feet per second) over a 20-year period of the Susquehanna River at 

Harrisburg, Pennsylvania. The data observations are: 0.654, 0.613, 0.315, 0.449, 0.297, 0.402, 0.379, 

0.423, 0.379, 0.324, 0.269, 0.740, 0.418, 0.412, 0.494, 0.416, 0.338, 0.392, 0.484, 0.265. 

8.3. Modeling medicine data 

The fourth set of the data is analyzed by Mann [41], and it represents the number of vehicle 

fatalities for 39 counties in South Carolina in 2012. The data observations are: 22, 26, 17, 4, 48, 9, 9, 

31, 27, 20, 12, 6, 5, 14, 9, 16, 3, 33, 9, 20, 68, 13, 51, 13, 2, 4, 17, 16, 6, 52, 50, 48, 23, 12, 13, 10, 15, 

8, 1. 

The fifth set of data is given by Lee and Wang [42], and it represents the remission times (in 

months) of a random sample of 128 bladder cancer patients. The data observations are: 0.08, 2.09, 3.48, 

4.87, 6.94, 8.66, 13.11, 23.63, 0.20, 2.23, 3.52, 4.98, 6.97, 9.02, 13.29, 0.40, 2.26, 3.57, 5.06, 7.09, 

9.22, 13.80, 25.74, 0.50, 2.46, 3.64, 5.09, 7.26, 9.47, 14.24, 25.82, 0.51, 2.54, 3.70, 5.17, 7.28, 9.74, 

14.76, 26.31, 0.81, 2.62, 3.82, 5.32, 7.32, 10.06, 14.77, 32.15, 2.64, 3.88, 5.32, 7.39,10.34, 14.83, 

34.26, 0.90, 2.69, 4.18, 5.34, 7.59, 10.66,15.96, 36.66, 1.05, 2.69, 4.23, 5.41, 7.62, 10.75, 16.62, 43.01, 

1.19, 2.75, 4.26, 5.41, 7.63, 17.12, 46.12, 1.26, 2.83, 4.33, 5.49, 7.66, 11.25, 17.14, 79.05, 1.35, 2.87, 

5.62, 7.87, 11.64, 17.36, 1.40, 3.02, 4.34, 5.71, 7.93, 11.79, 18.10, 1.46, 4.40, 5.85, 8.26, 11.98, 19.13, 

1.76, 3.25, 4.50, 6.25, 8.37, 12.02, 2.02, 3.31, 4.51, 6.54, 8.53, 12.03, 20.28, 2.02, 3.36, 6.76,12.07, 

21.73, 2.07, 3.36, 6.93, 8.65, 12.63, 22.69. 

8.4. Findings from the five datasets 

Tables 7–11 provide the values of 𝑊∗, 𝐴∗, KS, and the KS 𝑝-value of the fitted models for the 

five datasets, respectively. Further, Tables 7–11 display the MLEs and standard errors (SEs) (appear in 

parentheses) of the parameters of the GKME, GE, GDUSE, MOE, APE, GIE, E, and KME models. 

The values in these tables indicate that the GKME distribution has the lowest values of 𝑊∗, 𝐴∗, and 

KS statistics and largest 𝑝-value, among all fitted models. The fitted functions of the GKME model 

including the fitted PDF, CDF, SF, and probability-probability (PP) plots for all datasets are displayed 

in Figures 6–8, respectively. 
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Table 7. The findings of the fitted distributions for failures times data. 

Distribution Estimates (SEs) 𝑊∗ 𝐴∗ KS 𝑝-value 

GKME 𝛼 2.4499 (0.7020) 0.0170 0.1233 0.0626 0.9996 

 𝜆 0.9103 (0.2017)     

GE 𝛼 1.9724 (0.5241) 0.0209 0.1425 0.0681 0.9984 

 𝜆 1.0317 (0.2051)     

GDUSE 𝛼 1.6627 (0.4901) 0.0301 0.1952 0.0823 0.9818 

 𝜆 1.1436 (0.2178)     

MOE 𝛼 3.2566 (1.8757) 0.0530 0.3341 0.0837 0.9784 

 𝜆 1.1985 (0.3041)     

APE 𝛼 13.999 (16.1660) 0.0404 0.2590 0.0851 0.9746 

 𝜆 1.1822 (0.2417)     

GIE 𝛼 3. 0.990 (0.2161) 0.1228 0.8122 0.1460 0.5026 

 𝜆 1.6293 (0.4407)     

E 𝜆 0.6914 (0.1222) 0.0246 0.1645 0.1787 0.2583 

KME 𝜆 0.4985 (0.0998) 0.0182 0.1276 0.1996 0.1562 

Table 8. The findings of the fitted distributions for waiting times data. 

Distribution Estimates (SEs) 𝑊∗ 𝐴∗ KS 𝑝-value 

GKME 𝛼 2.7513 (0.4562) 0.0170 0.1322 0.0385 0.9984 

 𝜆 0.1417 (0.0174)     

GE 𝛼 2.1837 (0.3343) 0.0208 0.1431 0.0402 0.9970 

 𝜆 0.1592 (0.0175)     

GDUSE 𝛼 1.8592 (0.3156) 0.0384 0.2423 0.0492 0.9691 

 𝜆 0.1764 (0.0185)     

MOE 𝛼 4.1167 (1.3542) 0.1073 0.6563 0.0597 0.8687 

 𝜆 0.1924 (0.0260)     

APE 𝛼 21.1797 (14.1717) 0.0667 0.4179 0.0528 0.9430 

 𝜆 0.1831 (0.0197)     

GIE 𝛼 7.8532 (0.9383) 0.2716 1.8253 0.1075 0.1979 

 𝜆 1.8662 (0.2924)     

E 𝜆 0.1013 (0.0101) 0.0271 0.1794 0.1730 0.0050 

KME 𝜆 0.0725(0.0082) 0.0176 0.1280 0.1920 0.0013 
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Table 9. The findings of the fitted distributions for flood levels data. 

Distribution Estimates (SEs) 𝑊∗ 𝐴∗ KS 𝑝-value 

GKME 𝛼 95.5974(71.3536) 0.04648 0.2851 0.1217 0.9284 

 𝜆 10.9424 (2.0872)     

GE 𝛼 57.5708(42.0625) 0.0465 0.2861 0.1218 0.9281 

 𝜆 11.0157(2.0564)     

GDUSE 𝛼 61.2250 (49.1245) 0.0499 0.3129 0.1311 0.8821 

 𝜆 12.0039 (2.2007)     

MOE 𝛼 480.3879(600.3460) 0.0928 0.5943 0.1433 0.8061 

 𝜆 15.1397(2.9917)     

APE 𝛼 14860830 (23726.57) 0.0566 0.3562 0.1544 0.7270 

 𝜆 7.9302 (0.6336)     

GIE 𝛼 1.6448 (0.2888) 0.0691 0.4325 0.1584 0.6974 

 𝜆 37.7007 (23.1976)     

E 𝛼 2.3632 (0.5284) 0.0741 0.4620 0.4654 0.0003 

KME 𝜆 1.5806 (0.4018) 0.0683 0.4266 0.4585 0.0004 

Table 10. The findings of the fitted distributions for vehicle fatalities data. 

Distribution Estimates (SEs) 𝑊∗ 𝐴∗ KS 𝑝-value 

GKME 𝛼 1.9136 (0.4726) 0.0355 0.2572 0.08720 0.9281 

 𝜆 0.0589 (0.0124)     

GE 𝛼 1.5726 (0.3616) 0.0465 0.3228 0.0929 0.8893 

 𝜆 0.0674 (0.0128)     

GDUSE 𝛼 1.3016 (0.3328) 0.0640 0.4288 0.1079 0.7543 

 𝜆 0.0746 (0.0135)     

MOE 𝛼 2.0222 (1.0401) 0.0779 0.5099 0.0992 0.8374 

 𝜆 0.0718 (0.0183)     

APE 𝛼 4.9155 (4.9562) 0.0739 0.4902 0.1033 0.7998 

 𝜆 0.0731 (0.01637)     

GIE 𝛼 9.4533 (1.9872) 0.1905 1.1852 0.1826 0.1486 

 𝜆 1.2388 (0.2864)     

E 𝛼 0.0512 (0.0082) 0.0505 0.3453 0.1383 0.4443 

KME 𝜆 0.0375 (0.0068) 0.0379 0.2721 0.1636 0.2477 
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Table 11. The findings of the fitted distributions for bladder cancer data. 

Distribution Estimates (SEs) 𝑊∗ 𝐴∗ KS 𝑝-value 

GKME 𝛼 1.4334(0.1863) 0.0660 0.4133 0.0565 0.8086 

 𝜆 0.1034(0.0128)     

GE 𝛼 1.2179(0.1488) 0.1122 0.6741 0.0725 0.5113 

 𝜆 0.1212(0.0136)     

GDUSE 𝛼 0.9879(0.1346) 0.2038 1.2876 0.7136 0.000 

 𝜆 0.1343(0.0144)     

MOE 𝛼 1.0558(0.3216) 0.1254 0.7510 0.0811 0.3685 

 𝜆 0.1099(0.0199)     

APE 𝛼 1.1744(0.8437) 0.1283 0.7672 0.0793 0.3963 

 𝜆 0.1113(0.0226)     

GIE 𝛼 1.9945 (0.2705) 1.1615 6.8690 0.2067 0.0000 

 𝜆 0.7463 (0.0883)     

E 𝜆 0.1068(0.0094) 0.1193 0.7160 0.0846 0.3184 

KME 𝜆 0.0797 (0.0079) 0.0707 0.4384 0.1092 0.0943 

 

Figure 6. The fitted GKME PDF, CDF, SF, and PP plots for failures times data (left panel) 

and waiting times data (right panel). 
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Figure 7. The fitted GKME PDF, CDF, SF, and PP plots for flood levels data (left panel) 

and vehicle fatalities data (right panel). 

 

Figure 8. The fitted GKME PDF, CDF, SF, and PP plots for bladder cancer data. 

9. Conclusions 

We proposed a new class of continuous distributions called the GKM-G family. The GKM-G 

family generalizes the KM family and provides greater flexibility. Some special models of the GKM-

G family are provided. Some of its basic properties are studied. Eight methods are used for estimating 

the parameters of the GKME distribution. The performance of the estimators is assessed by simulation 

studies for small and large samples. Our study shows that all considered estimation approaches are 

consistent. Five real-life data applications from medicine, environment, and reliability fields are 

analyzed to illustrate the flexibility of the GKME distribution. These applications indicate that the 

GKME distribution provides a better fit as compared to other existing exponential distributions. 



11937 

AIMS Mathematics  Volume 9, Issue 5, 11910–11940. 

For a possible direction of future works, the research in this article can be extended in some ways. 

For example, construction of autoregressive processes based on the special sub-models of the GKM-

G family, constructing regression models by exploiting the flexibility of the GKME distribution, and 

a discrete version of the GKME distribution may be established. Furthermore, considering the works 

of Alsadat et al. [43] and Tolba et al. [44], the parameters of the GKME distribution can be explored 

using the Bayesian approach under complete and censored samples. Additionally, considering the work 

of Chinedu et al. [45], the GKME distribution and other special models of the family may have some 

applications to the single acceptance sampling plan under different scenarios of failure rates. Also, the 

detailed study of theoretical statistical properties that distinguishes the GKME distribution and makes 

it distinct from some corresponding distributions such as the skewness and kurtosis can be addressed 

according to the works of Barakat [46] and Barakat and Khaled [47]. 
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