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Keywords: fractional Langevin equation; mixed boundary condition; existence and uniqueness;
Ulam stability
Mathematics Subject Classification: 34A08, 34A34, 34B15

1. Introduction

The field of fractional calculus, which focuses on the application of fractional derivatives, has been
rapidly developing in recent years. Compared to traditional integer calculus, fractional calculus has a
broader range of applicability in both temporal and spatial scales, enabling more accurate descriptions
of real-world problems. As an important branch of fractional calculus, fractional differential equations
(FDEs) contain fractional derivatives and have been widely applied in various fields, including
chemistry, physics, electrical engineering, economics, and biology [1–3]. These equations hold
significant practical value and have had a profound impact on the theoretical development of calculus,
serving as one of the key foundations in its research. Currently, boundary value problems (BVPs) of
FDEs are a hot topic of study. Scholars have mainly used fixed point theory [4–8], such as the Banach
fixed point theorem, Schaefer fixed point theorem, and Krasnoselskii fixed point theorem, to establish
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sufficient conditions for the existence and uniqueness (EU) of FDEs solutions. These achievements
have been highly important for deepening our understanding of FDEs and promoting their practical
applications.

Fractional differential equations are of great significance in describing actual network structures,
such as pipelines, gas pipelines, molecular structures, and computer network extensions. In 1980,
Lumer [9] proposed the theory of differential equations on graphs based on the branching space
framework, and this field has since been widely developed for application in multiple disciplines such
as chemical engineering, biology, and physics. Therefore, researchers have a strong interest in the
existence and stability of solutions to BVPs of differential equations and their fractional mathematical
models on graphs.

Graet et al. [10] published their first work in the field in 2014, where they utilized known fixed point
theorems to prove the EU of solutions to fractional BVPs on star graphs. That is, the authors studied
a star graph G̃ = Ṽ(G̃) ∪ Ẽ(G̃), where Ṽ = {ε0, ε1, ε2} and Ẽ = {−−→ε1ε0,

−−→ε2ε0} are sets of three vertices
and of two edges, respectively; ε0 is the junction node and −−→εiε0 are the edges connecting nodes εi to ε0

with length ρi =
∣∣∣−−→εiε0

∣∣∣ for i = 1, 2. The nonlinear fractional BVPs system on each edge −−→εiε0 in their
work [10] is defined as follows:{

−Dα0ϕi = mi(t)Fi(t, ϕi), t ∈ (0, ρi), i = 1, 2,
ϕ1(0) = ϕ2(0) = 0, ϕ1(ρ1) = ϕ2(ρ2), Dβ0ϕ1(ρ1) +D

β
0ϕ2(ρ2) = 0,

(1.1)

where Dα0 and Dβ0 represent the Riemann-Liouville fractional derivative of orders α ∈ (1, 2] and β ∈
(0, α), respectively; mi : [0, ρi] → R are continuous functions with mi(t) , 0 on [0, ρi], and Fi :
[0, ρi] × R → R are continuous functions. The EU of solutions for the BVPs (1.1) are derived by
applying Scheafer’s fixed point theorem and the Banach contraction principle. In 2019, Mehandirata
et al. [11] expanded upon Graef’s earlier work by generalizing it to apply to star graphs comprising
k + 1 nodes and k edges as follows:

CDα0ϕi(t) = Fi(t, ϕi(t), CD
β
0ui(t)), t ∈ (0, ρi), i = 1, 2, · · · , k,

ϕi(0) = 0,
∑k

i=1 ϕ
′
i(ρi) = 0, i = 1, 2, · · · , k,

ϕi(ρi) = ϕ j(ρ j), i, j = 1, 2, · · · , k, i , j,
(1.2)

where CDα0 and CD
β
0 represent the Caputo fractional derivative of orders α ∈ (1, 2] and β ∈ (0, α − 1),

Fi : [0, ρi] × R → R are continuous functions; G̃ = Ṽ(G̃) ∪ Ẽ(G̃) with Ṽ(G̃) = {ε0, ε1, · · · , εk} and
Ẽ(G̃) = {ei = −−→εiε0, i = 1, 2, · · · , k}, ρi =

∣∣∣−−→εiε0

∣∣∣ , i = 1, 2, · · · , k (a collection of k edges incident to a
single node point (see Figure 1)). The EU of the solution to the BVPs (1.2) was proven using the same
fixed-point theorem as in prior work [10].
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Figure 1. A sketch of the star graph with k edges.
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The BVPs of FDEs on graphs have attracted widespread attention from scholars, and some
interesting research results have been achieved [12–19]. For instance, in 2020, Etemad [12] proved
the existence of solutions to fractional BVPs on ethane graphs using Schaefer’s fixed point theorem
and Krasnoselskii’s fixed point theorem. In the same year, Mophou and Leugering [13] proved the EU
of the solution through their study of the optimal control of fractional Sturm-Liouville BVPs on star
graphs. In 2021, Turab [14] verified the existence of solutions to fractional BVPs on hexagonal graphs
using Krasnoselskii’s fixed point theorem and Schaefer’s fixed point theorem. In Han’s study [15],
the Banach contraction mapping principle and Schaefer’s fixed point theorem were applied to the EU
of solutions for BVPs of nonlinear fractional differential equations on star graphs. In 2021, Ali [16]
considered the existence of solutions to fractional BVPs on cyclohexane graphs. Additionally, Zhang
et al. [17] studied the BVPs of fractional Langevin equations on star graphs as follows:

CDα0,t(D + λi)ϕi(t) = Fi(t, ϕi(t), CD
β
0,tϕi(t)), t ∈ (0, ρi), i = 1, 2, · · · , k,

ϕi(0) = 0,
∑k

i=1 ϕ
′
i(ρi) = 0, i = 1, 2, · · · , k,

ϕi(ρi) = ϕ j(ρ j), i, j = 1, 2, · · · , k, i , j,
(1.3)

where α ∈ (0, 1) and β ∈ (0, α), λi ∈ R
+,D is the ordinary derivative, Fi : [0, ρi]×R→ R are continuous

functions, and the two fractional operators CDα0 and CD
β
0 denote the Caputo fractional derivatives.

The [17] studied a star graph G̃ = Ṽ(G̃) ∪ Ẽ(G̃), where Ṽ = {ε0, ε1, · · · , εk} and Ẽ = {ei = −−→εiε0,
i = 1, 2, · · · , k} are sets of k + 1 nodes and set of k edges, with ρi =

∣∣∣−−→εiε0

∣∣∣. The author proved the EU of
the BVP (1.3) solution by utilizing Schaefer’s fixed point theorem and Banach contraction principle.

On the other hand, Ulam stability analysis was proposed by Ulam in the 1940s and further developed
by Hyers. This analysis primarily studies whether the behavior of a system remains stable when there
are slight changes in its parameters. Regarding Banach spaces, S. Banach introduced the famous
fixed-point theorem in 1932. Later, Gleason, Ricciardi, and Ulam provided the theoretical foundation
for Ulam stability by extending this theorem to additive mappings in metric spaces. In the field of
FDEs, scholars began to study the stability of Ulam in the late 20th century and have achieved some
notable results [20–26]. In 2017, Khan et al. [20] studied the Ulam stability of solutions to fractional
differential equation systems using topological degree methods. In 2019, the same author [21] utilized
the Guo-Krasnoselskii theorem to study the uniqueness of solutions and Ulam stability for differential
equations containing Atangana-Baleanu-Caputo fractional derivatives. The same year, Devi et al. [22]
proved the Ulam stability of specific FDEs and provided examples illustrating their application. More
recently, Zhang et al. [23] studied the existence and Ulam-type stability of solutions to BVPs containing
Caputo fractional derivatives on star graphs. These research studies show that the analysis of stability
for solutions of FDEs is an active and important field of study with significant implications for
understanding the long-term behavior of complex dynamic systems.

Inspired by the above-mentioned research [15, 17, 23], it can be seen that how to solve the mixed
boundary conditions for a class of nonlinear higher-order fractional Langevin equations on a star graph
consisting of k + 1 nodes and k edges has not yet been examined. Specifically, this work examines the
following problems:

CDα0,t(D
2 + λi)ϕi(t) = Fi(t, ϕi(t),CD

β
0,tϕi(t)), t ∈ (0, ρi), i = 1, 2, · · · , k,

ϕ′i(0) = ϕi(ρi) = 0,
∑k

i=1 ϕ
′′
i (ρi) = 0, i = 1, 2, · · · k,

ϕ′′i (ρi) = ϕ′′j (ρ j), i, j = 1, 2, · · · k, i , j,
(1.4)
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where α ∈ (0, 1) and β ∈ (0, α), λi ∈ R
+,D2 is the ordinary second-order derivative, Fi : [0, ρi]×R→ R

are continuous functions, and the two fractional operators CDα0 and CD
β
0 denote the Caputo fractional

derivatives. The star graph is G̃ = Ṽ(G̃) ∪ Ẽ(G̃), where Ṽ = {ε0, ε1, · · · , εk} and Ẽ = {ei = −−→εiε0,
i = 1, 2, · · · , k} are sets of k + 1 nodes and set of k edges, and ρi =

∣∣∣−−→εiε0

∣∣∣. We consider a local coordinate
system with εi as the origin and coordinates t in the interval (0, ρi).

This study investigates the existence, uniqueness, and Ulam stability of solutions to nonlinear
fractional BVP (1.4). The EU of the solution to problem (1.4) can be demonstrated by utilizing
Krasnoselskii’s fixed point theorem and Banach’s contraction mapping principle. Meanwhile, the
Ulam stability of this system was verified using the matrix eigenvalue method. Compared with existing
research results, the innovative results presented in this article can be summarized as follows: First,
we extend the fractional Langevin equation on a star graph to higher-order fractional cases. Second,
compared with other research [10, 11, 15, 23], the Langevin equation in this paper introduces nonlocal
terms, which increases the difficulty of prior estimation. Third, compared with another study [17],
we not only investigated the existence and uniqueness of solutions to higher-order fractional Langevin
equations, but also extended the relevant results on their Ulam stability. Fourth, compared with prior
research [10,11,15,17,23], the fractional BVP (1.4) considered in this paper are more generalized and
complex, as its nonlinear terms and boundary conditions depend not only on unknown functions, but
also on fractional derivatives. Finally, Theorem 3.1 (see Section 3) proves that the problem (1.4) has
at least one solution. This theorem proposes a linear growth condition for nonlinear terms, reduces
the existence conditions, and thus makes the required existence condition more relaxed than condition
(H3) used in previous literature [11, 15].

The remaining parts of this manuscript are structured as follows. Section 2 proposes the auxiliary
Lemma 2.5, which transforms the BVP (1.4) into an equivalent system (2.1), while reviewing the main
relationships in fractional calculus. Section 3 proves the uniqueness and existence of solutions to the
fractional differential BVP (1.4). Section 4 establishes sufficient conditions for the Ulam stability of
the solution to system (2.1). Section 5 illustrates the main results of this paper regarding the existence,
uniqueness, and Ulam stability of solutions through two examples. Finally, some conclusions are given
in the last section.

2. Preliminaries

In this section, we will revisit the concept of fractional calculus and outline some basic results that
will provide a basis for the subsequent discussions in this paper.

Definition 2.1. [1]. Let f ∈ C([a, b],R). Then the Riemann-Liouville fractional integral is given by

Iαa f (τ) =
1

Γ(α)

∫ τ

a
(τ − s)α−1 f (s)ds, α > 0, τ > a,

where Γ(·) is the classical Euler gamma function.

Definition 2.2. [1]. Let f ∈ Cn([a, b],R). Then the Caputo fractional derivative operator of order
α > 0 is defined by

C
D
α
a,τ f (τ) =

1
Γ(n − α)

∫ τ

a
(τ − s)n−α−1 f (n)(s)ds, τ > a,

AIMS Mathematics Volume 9, Issue 5, 11877–11909.



11881

where n − 1 < α ≤ n and n ∈ N.

Lemma 2.1. [1]. Let α > 0. Suppose that u ∈ ACn[0, 1]. Then

Iα0
C
D
α
0,τu(τ) = u(τ) + c1 + c2τ + c3τ

2 + · · · + cnτ
n−1,

where ci ∈ R, i = 1, 2, · · · n, n = [α] + 1.

Lemma 2.2. [27]. Suppose that (Dnt)(τ) and (CDα+n
a,τ t)(τ) exist. Then

(C
D
α
a,τD

nt)(τ) = (C
D
α+n
a,τ t)(τ), α > 0,

where n ∈ N and D = d/dτ.

Lemma 2.3. [1]. If α > 0, β > α − 1, τ > 0, then

C
D
α
0,ττ

β =
Γ(β + 1)

Γ(β + 1 − α)
τβ−α.

Theorem 2.1 (Urs). [28] Suppose A is a square matrix of order n with positive real entries, i.e.,
A ∈ Mnn(R+). Then, the following statements are equivalent:

(i) The eigenvalues of matrix A (in the open unit disc), denoted by λ, ∀λ ∈ C with det(λI − A)=0,
i.e., |λ| < 1;

(ii) The matrix (I −A) is nonsingular;
(iii) The matrix (I −A)−1 has nonnegative elements and (I −A)−1 = I +A + · · · +An + · · · .

Theorem 2.2 (Krasnoselskii’s fixed point theorem). [29]. Let P be a closed, bounded, convex, and
nonempty subset of a Banach space Z. Let A and B be two operators such that

(a) Az + Bz̄ ∈ P for all z, z̄ ∈ P,
(b) A is compact and continuous on P,
(c) B is a contraction mapping on P.

Then there exists ~ ∈ P such that ~ = A~ + B~.

Lemma 2.4. [11]. Let α > 0, ϕ be a function defined on [0, ρ], and z(τ) = ϕ(ρτ). Suppose that CDα0,tϕ

exists on [0, ρ], t ∈ [0, ρ], then

C
D
α
0,tϕ(t) = ρ−α(C

D
α
0,tz(τ)), τ = t/ρ ∈ [0, 1].

Lemma 2.5. Let α ∈ (n−1, n), ϕ be a function defined on [0, ρ], and z(τ) = ϕ(ρτ). Suppose that CDα0,tϕ

exists on [0, ρ], t ∈ [0, ρ], then

C
D
α
0,t(D

2 + λ)ϕ(t) = ρ−α−2C
D
α
0,τ(D

2 + λρ2)z(τ), τ = t/ρ ∈ [0, 1].

Proof. By means of Definition 2.2 and Lemma 2.2, we obtain

C
D
α
0,t(D

2 + λ)ϕ(t) = C
D
α+2
0,t ϕ(t) + λC

D
α
0,tϕ(t)

=
1

Γ(n − α)

∫ t

0
(t − s)n−α−1ϕ(n+2)(s)ds +

λ

Γ(n − α)

∫ t

0
(t − s)n−α−1ϕ(n)(s)ds
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=
1

Γ(n − α)

∫ ρτ

0
(ρτ − s)n−α+1ϕ(n+2)(s)ds +

λ

Γ(n − α)

∫ ρτ

0
(ρτ − s)n−α−1ϕ(n)(s)ds (t = ρτ)

=
ρn−α

Γ(n + 2 − α)

∫ τ

0
(τ − ŝ)n−α+1ϕ(n+2)(ρŝ)dŝ +

λρn−α

Γ(n − α)

∫ τ

0
(τ − ŝ)n−α−1ϕ(n)(ρŝ)dŝ (ŝ = s/ρ)

=
ρ−α−2

Γ(n + 2 − α)

∫ τ

0
(τ − ŝ)n−α+1z(n+2)(ŝ)dŝ

+
λρ−α

Γ(n − α)

∫ τ

0
(τ − ŝ)n−α−1z(n)(ŝ)dŝ

(
z(n)(τ) = ρnϕ(n)(ρτ)

)
=ρ−α−2C

D
α+2
0,τ z(τ) + λρ−αC

D
α
0,τz(τ)

=ρ−α−2C
D
α
0,τ(D

2 + λρ2)z(τ).

This concludes the proof of Lemma 2.5. �

Under the direct application of Lemmas 2.4 and 2.5, BVP (1.4) is equivalently transformed into
system (2.1) defined on [0,1], as given by

CDα0,τ(D
2 + λiρ

2
i )zi(τ) = ρα+2

i fi(τ, zi(τ), ρ−βi
CD

β
0,τzi(τ)), τ ∈ (0, 1),

z′i(0) = zi(1) = 0,
∑k

i=1 ρ
−2
i z′′i (1) = 0, i = 1, 2, · · · k,

z′′i (1) = z′′j (1), i, j = 1, 2, · · · k, i , j,
(2.1)

where zi(τ) = ϕi(ρiτ), fi(τ, u, v) = Fi(ρiτ, u, v).

Lemma 2.6. Let hi(τ) ∈ C[0, 1], α ∈ (0, 1). Then zi(τ) is a solution of the BVP
CDα0,τ(D

2 + λiρ
2
i )zi(τ) = hi(τ), τ ∈ (0, 1), i = 1, 2, · · · k,

z′i(0) = zi(1) = 0,
∑k

i=1 ρ
−2
i z′′i (1) = 0, i = 1, 2, · · · k,

z′′i (1) = z′′j (1), i, j = 1, 2, · · · k, i , j,
(2.2)

which is given by

zi(τ) =
1

Γ(α + 2)

∫ τ

0
(τ − s)α+1hi(s)ds−

1
Γ(α + 2)

∫ 1

0
(1 − s)α+1hi(s)ds

+ λiρ
2
i

∫ 1

0
(1 − s)zi(s)ds − λiρ

2
i

∫ τ

0
(τ − s)zi(s)ds

+ (1 − τ2)
k∑

j=1

` j

( 1
Γ(α)

∫ 1

0
(1 − s)α−1h j(s)ds − λ jρ

2
jz j(1)

)
+ (1 − τ2)

k∑
j=1, j,i

` j
(
λ jρ

2
jz j(1) − λiρ

2
i zi(1)

)
− (1 − τ2)

k∑
j=1, j,i

` j

( 1
Γ(α)

∫ 1

0
(1 − s)α−1(h j(s) − hi(s)

)
ds

)
, (2.3)

where ` j =
ρ−2

j

2
k∑

j=1
ρ−2

j

, j = 1, 2, · · · k.
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Proof. Applying the integral operator Iα+2
0 to (2.2) and using Lemma 2.1, we have

zi(τ) = −λiρ
2
i

∫ τ

0
(τ − s)zi(s)ds + Iα+2

0 hi(τ) − a(1)
i − a(2)

i τ − a(3)
i τ2, i = 1, 2, · · · , k, (2.4)

where a j
i (i = 1, 2, · · · , k, j = 1, 2, 3) are some constants. Deriving both sides of Eq (2.4) from 0 to τ

gives

z′i(τ) = −λiρ
2
i

∫ τ

0
zi(s)ds + Iα+1

0 hi(τ) − a(2)
i − 2τa(3)

i

and

z′′i (τ) = −λiρ
2
i zi(τ) + Iα0 hi(τ) − 2a(3)

i .

z′i(0) = 0 implies that a(2)
i = 0, which leads to

z′i(τ) = −λiρ
2
i

∫ τ

0
zi(s)ds + Iα+1

0 hi(τ) − 2τa(3)
i .

Since z′′i (1) = z′′j (1) and
∑k

i=1 ρ
−2
i z′′i (1) = 0, we obtain

−λiρ
2
i zi(1) + Iα0 hi(τ)|τ=1 − 2a(3)

i = −λ jρ
2
jz j(1) + Iα0 h j(τ)|τ=1 − 2a(3)

j , i , j (2.5)

and ∑k

i=1
ρ−2

i
(
−λiρ

2
i zi(1) + Iα0 hi(τ)|τ=1 − 2a(3)

i
)

= 0. (2.6)

According to (2.5) and (2.6), there is

2
k∑

j=1

ρ−2
j a(3)

i =

k∑
j=1

ρ−2
j

(
−λ jρ

2
jz j(1) + Iα0 h j(τ)|τ=1

)
−

k∑
j=1, j,i

ρ−2
j

(
−λ jρ

2
jz j(1) + λiρ

2
i zi(1) + Iα0 h j(τ)|τ=1 − Iα0 hi(τ)|τ=1

)
,

which implies

a(3)
i = −

k∑
j=1, j,i

` j

(
−λ jρ

2
jz j(1) + λiρ

2
i zi(1) + Iα0 h j(τ)|τ=1 − Iα0 hi(τ)|τ=1

)
+

k∑
j=1

` j

(
−λ jρ

2
jz j(1) + Iα0 h j(τ)|τ=1

)
. (2.7)

By substituting zi(1) = 0 and a(3)
i into in (2.4), we get

a(1)
i =Iα+2

0 hi(τ)|τ=1 − λiρ
2
i

∫ 1

0
(1 − s)zi(s)ds −

k∑
j=1

` j

(
−λ jρ

2
jz j(1) + Iα0 h j(τ)|τ=1

)
+

k∑
j=1, j,i

` j

(
−λ jρ

2
jz j(1) + λiρ

2
i zi(1) + Iα0 h j(τ)

∣∣∣
τ=1
− Iα0 hi(τ)

∣∣∣
τ=1

)
. (2.8)

Inserting the values from (2.7) and (2.8) into (2.4), we get the solution (2.3). This completes the
proof. �
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3. Existence and uniqueness results

In this section, we prove the existence and uniqueness of the solution to system (2.1). We first define
a Banach space X = {z : z, CD

β
0,τz ∈ C[0, 1]}, with the supremum norm

‖z‖X = ‖z‖ + ‖CD
β
0,τz‖,

where ‖z‖ = max
τ∈[0,1]

∣∣∣z(τ)
∣∣∣, ‖CDβ0,τz‖ = max

τ∈[0,1]
|CD

β
0,τz(τ)|. It is obvious that the product space (Xk = X1 ×

X2 × · · · × Xk, ‖·‖Xk) is a Banach space, where the norm is defined by

‖(z1, z2, · · · , zk)‖Xk =
∑k

i=1
‖zi‖X, (z1, z2, · · · , zk) ∈ Xk.

By considering Lemma 2.6, we introduce the operator T : Xk → Xk, related to system (2.1) by

T (z1, z2, · · · , zk)(τ) =
(
T1(z1, z2, · · · , zk)(τ),T2(z1, z2, · · · , zk)(τ) · · · ,Tk(z1, z2, · · · , zk)(τ)

)
,

for τ ∈ [0, 1] and zi ∈ X, i = 1, 2, · · · k, where

Ti(z1, z2, · · · , zk)(τ)

=
ρα+2

i

Γ(α + 2)

∫ τ

0
(τ − s)α+1 fi

(
s, zi(s), ρ−βi

C
D
β
0,szi(s)

)
ds

−
ρα+2

i

Γ(α + 2)

∫ 1

0
(1 − s)α+1 fi

(
s, zi(s), ρ−βi

C
D
β
0,szi(s)

)
ds

+ λiρ
2
i

∫ 1

0
(1 − s)zi(s)ds − λiρ

2
i

∫ τ

0
(τ − s)zi(s)ds

+ (1 − τ2)
k∑

j=1, j,i

` j
(
λ jρ

2
jz j(1) − λiρ

2
i zi(1)

)
+ (1 − τ2)

k∑
j=1

` j

( ρα+2
j

Γ(α)

∫ 1

0
(1 − s)α−1 f j

(
s, z j(s), ρ−βj

C
D
β
0,sz j(s)

)
ds − λ jρ

2
jz j(1)

)
+ (1 − τ2)

k∑
j=1, j,i

` jρ
α+2
i

Γ(α)

∫ 1

0
(1 − s)α−1 fi

(
s, zi(s), ρ−βi

C
D
β
0,szi(s)

)
ds

− (1 − τ2)
k∑

j=1, j,i

` jρ
α+2
j

Γ(α)

∫ 1

0
(1 − s)α−1 f j

(
s, z j(s), ρ−βj

C
D
β
0,sz j(s)

)
ds. (3.1)

Assume that the following conditions hold:

(H1) The functions fi : [0, 1] × R2 → R are continuous, i = 1, 2, · · · , k.
(H2) There exist functions ξi(τ), ηi(τ), ψi(τ) ∈ C([0, 1], [0,+∞)), such that

| fi(τ, u, v)| ≤ ξi(τ) + ηi(τ) |u(τ)| + ψi(τ) |v(τ)| , i = 1, 2, · · · , k,

for all τ ∈ [0, 1] and u, v ∈ R2.

AIMS Mathematics Volume 9, Issue 5, 11877–11909.



11885

(H3) There exist functions wi(τ) ∈ C([0, 1], [0,+∞)), such that

| fi(τ, u, v) − fi(τ, u1, v1)| ≤ wi(τ)(|u − u1| + |v − v1|), i = 1, 2, · · · , k,

for all τ ∈ [0, 1] and (u, v), (u1, v1) ∈ R2.

For the convenience of calculation, the following symbols are given:

Q1 =
2

Γ(α + 3)
+

2
Γ(α + 1)

+
1

Γ(α − β + 3)
+

4
Γ(α + 1)Γ(3 − β)

,

Q2 =
2

Γ(α + 1)
+

4
Γ(α + 1)Γ(3 − β)

.

Theorem 3.1. Assume that (H1) and (H2) hold, then system (2.1) allows at least one solution on [0,1],
provided that

k∑
i=1

θi < 1,

where

θi =
[
∆i(η∗i + ρ

−β
i ψ

∗
i ) + Ωi +

k∑
j=1, j,i

(
∆̃ j(η∗j + ρ

−β
j ψ

∗
j) + Ω̃ j

)]
and

∆i = Q1ρ
α+2
i , Ωi = 3λiρ

2
i +

5λiρ
2
i

Γ(3 − β)
, Ω̃ j = 2λ jρ

2
j +

4λ jρ
2
j

Γ(3 − β)
,

∆̃ j = Q2ρ
α+2
j , ξ∗i = max

τ∈[0,1]
|ξi(τ)| , η∗i = max

τ∈[0,1]
|ηi(τ)| , ψ∗i = max

τ∈[0,1]
|ψi(t)| .

Proof. Let Θ =
{
z = (z1, z2, · · · zk) ∈ Xk : ‖zi‖X ≤ r

}
, where r is chosen such that

r ≥

∑k
i=1

(
∆iξ

∗
i +

∑k
j=1, j,i ∆̃ jξ

∗
j
)

(1 −
∑k

i=1 θi)
, (3.2)

then Θ is a bounded and closed convex subset of the Banach space Xk. We define Ai and Bi on Θ as

Ai(z1, z2, · · · , zk)(τ) =
(
A1(z1, z2, · · · , zk)(τ), A2(z1, z2, · · · , zk)(τ) · · · , Ak(z1, z2, · · · , zk)(τ)

)
,

Bi(z1, z2, · · · , zk)(τ) =
(
B1(z1, z2, · · · , zk)(τ), B2(z1, z2, · · · , zk)(τ) · · · , Bk(z1, z2, · · · , zk)(τ)

)
,

where

Ai(z1, z2, · · · , zk)(τ)

=
ρα+2

i

Γ(α + 2)

∫ τ

0
(τ − s)α+1 fi

(
s, zi(s), ρ−βi

C
D
β
0,szi(s)

)
ds

−
ρα+2

i

Γ(α + 2)

∫ 1

0
(1 − s)α+1 fi

(
s, zi(s), ρ−βi

CDβ
0,szi(s)

)
ds
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+ (1 − τ2)
k∑

j=1

` jρ
α+2
j

Γ(α)

∫ 1

0
(1 − s)α−1 f j

(
s, z j(s), ρ−βj

C
D
β
0,sz j(s)

)
ds

+ (1 − τ2)
k∑

j=1, j,i

` jρ
α+2
i

Γ(α)

∫ 1

0
(1 − s)α−1 fi

(
s, zi(s), ρ−βi

C
D
β
0,szi(s)

)
ds

− (1 − τ2)
k∑

j=1, j,i

` jρ
α+2
j

Γ(α)

∫ 1

0
(1 − s)α−1 f j

(
s, z j(s), ρ−βj

C
D
β
0,sz j(s)

)
ds

and

Bi(z1, z2, · · · , zk)(τ) =λiρ
2
i

∫ 1

0
(1 − s)zi(s)ds − λiρ

2
i

∫ τ

0
(τ − s)zi(s)ds

+ (1 − τ2)
k∑

j=1, j,i

` j
(
λ jρ

2
jz j(1)

− λiρ
2
i zi(1)

)
− (1 − τ2)

k∑
j=1

` jλ jρ
2
jz j(1),

for all τ ∈ [0, 1] and z = (z1, z2, · · · , zk) ∈ Θ.
Now, for every z = (z1, z2, · · · , zk), z̄ = (z̄1, z̄2, · · · , z̄k) ∈ Xk, we have

|(Aiz + Biz̄)(τ)|

≤
2ρα+2

i

Γ(α + 2)

∫ 1

0
(1 − s)α+1

∣∣∣ fi(s, zi(s), ρ−βi
C
D
β
0,szi(s))

∣∣∣ds

+

k∑
j=1

` j

( ρα+2
j

Γ(α)

∫ 1

0
(1 − s)α−1

∣∣∣ f j(s, z j(s), ρ−βj
C
D
β
0,sz j(s))

∣∣∣ds + λ jρ
2
j

∣∣∣z̄ j(1)
∣∣∣)

+ 2λiρ
2
i

∫ 1

0
(τ − s)

∣∣∣z̄i(s)
∣∣∣ds +

k∑
j=1, j,i

` j

(
λ jρ

2
j

∣∣∣z̄ j(1)
∣∣∣ + λiρ

2
i

∣∣∣z̄ j(s)
∣∣∣)

+

k∑
j=1, j,i

` jρ
α+2
j

Γ(α)

∫ 1

0
(1 − s)α−1

∣∣∣ f j(s, z j(s), ρ−βj
C
D
β
0,sz j(s))

∣∣∣ds

+

k∑
j=1, j,i

` jρ
α+2
i

Γ(α)

∫ 1

0
(1 − s)α−1

∣∣∣ fi(s, zi(s), ρ−βi
C
D
β
0,szi(s))

∣∣∣ds

≤
2ρα+2

i

Γ(α + 3)
(
ξ∗i + η∗i ‖zi‖ + ρ

−β
i ψ

∗
i

∥∥∥C
D
β
0,τzi

∥∥∥) + λiρ
2
i ‖z̄i‖ +

k∑
j=1

λ jρ
2
j

∥∥∥z̄ j

∥∥∥
+

k∑
j=1

ρα+2
j

Γ(α + 1)
(
ξ∗j + η∗j

∥∥∥z j

∥∥∥ + ρ
−β
j ψ

∗
j

∥∥∥C
D
β
0,τz j

∥∥∥) + λiρ
2
i ‖z̄i‖

+
1

Γ(α + 1)

k∑
j=1, j,i

ρα+2
j

(
ξ∗j + η∗j

∥∥∥z j

∥∥∥ + ρ
−β
j ψ

∗
j

∥∥∥C
D
β
0,τz j

∥∥∥)
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+

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z̄ j

∥∥∥ +
ρα+2

i

Γ(α + 1)
(
ξ∗i + η∗i ‖zi‖ + ρ

−β
i ψ

∗
i

∥∥∥C
D
β
0,τzi

∥∥∥)
≤

2ρα+2
i

Γ(α + 3)
(
ξ∗i + (η∗i + ρ

−β
i ψ

∗
i )‖zi‖X

)
+ λiρ

2
i ‖z̄i‖X +

k∑
j=1

λ jρ
2
j

∥∥∥z̄ j

∥∥∥
X

+

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z̄ j

∥∥∥
X

+ λiρ
2
i ‖z̄i‖X +

k∑
j=1

ρα+2
j

Γ(α + 1)
(
ξ∗j + (η∗j + ρ

−β
j ψ

∗
j)
∥∥∥z j

∥∥∥
X

)
+

k∑
j=1, j,i

ρα+2
j

Γ(α + 1)
(
ξ∗j + (η∗j + ρ

−β
j ψ

∗
j)
∥∥∥z j

∥∥∥
X

)
+

ρα+2
i

Γ(α + 1)
(
ξ∗i + (η∗i + ρ

−β
i ψ

∗
i )‖zi‖X

)
.

From this we can deduce the following:

‖(Aiz + Biz̄)(τ)‖

≤
( 2
Γ(α + 1)

+
2

Γ(α + 3)

)
ρα+2

i (ξ∗i + (η∗i + ρ
−β
i ψ

∗
i )‖zi‖X) + 3λiρ

2
i ‖z̄i‖X

+

k∑
j=1, j,i

2ρα+2
j

Γ(α + 1)
(ξ∗j + (η∗j + ρ

−β
j ψ

∗
j)
∥∥∥z j

∥∥∥
X
) + 2

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z̄ j

∥∥∥
X

≤
[( 2

Γ(α + 1)
+

2
Γ(α + 3)

)
ρα+2

i (η∗i + ρ
−β
i ψ

∗
i ) + 3λiρ

2
i

+

k∑
j=1, j,i

( 2ρα+2
j

Γ(α + 1)
(η∗j + ρ

−β
j ψ

∗
j) + 2λ jρ

2
j

)]
r

+
( 2
Γ(α + 1)

+
2

Γ(α + 3)

)
ρα+2

i ξ∗i +

k∑
j=1, j,i

2ρα+2
j ξ∗j

Γ(α + 1)
. (3.3)

By Lemma 2.3 and (H2), we also can get∣∣∣CDβ0,τAiz(τ) + C
D
β
0,τBiz̄(τ)

∣∣∣
≤

ρα+2
i

Γ(α − β + 2)

∫ τ

0
(τ − s)α−β+1

∣∣∣ fi(s, zi(s), ρ−βi
C
D
β
0,szi(s))

∣∣∣ds

+
λiρ

2
i

Γ(2 − β)

∫ τ

0
(τ − s)1−β |z̄i(s)| ds +

2τ2−β

Γ(3 − β)

k∑
j=1

` jλ jρ
2
j

∣∣∣z̄ j(1)
∣∣∣

+
2τ2−β

Γ(α)Γ(3 − β)

k∑
j=1

` jρ
α+2
j

∫ 1

0
(1 − s)α−1

∣∣∣ f j(s, z j(s), ρ−βj
C
D
β
0,sz j(s))

∣∣∣ds

+
2t2−β

Γ(3 − β)

k∑
j=1, j,i

` jλ jρ
2
j

∣∣∣z̄ j

∣∣∣ +
2τ2−β

Γ(3 − β)
λiρ

2
i |z̄i|
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+
2τ2−β

Γ(α)Γ(3 − β)

k∑
j=1, j,i

` jρ
α+2
j

∫ 1

0
(1 − s)α−1

∣∣∣ f j(s, z j(s), ρ−βj
C
D
β
0,sz j(s))

∣∣∣ds

+
2τ2−β

Γ(α)Γ(3 − β)
`iρ

α+2
i

∫ 1

0
(1 − s)α−1

∣∣∣ fi(s, zi(s), ρ−βi
C
D
β
0,szi(s))

∣∣∣ds

≤
ρα+2

i

Γ(α − β + 3)
(
ξ∗i + η∗i ‖zi‖ + ρ

−β
i ψ

∗
i

∥∥∥C
D
β
0,τzi

∥∥∥) +
λiρ

2
i

Γ(3 − β)
‖z̄i‖

+
2

Γ(α + 1)Γ(3 − β)

k∑
j=1

ρα+2
j

(
ξ∗j + η∗j

∥∥∥z j

∥∥∥ + ρ
−β
j ψ

∗
j

∥∥∥C
D
β
0,τz j

∥∥∥)
+

2
Γ(3 − β)

k∑
j=1

λ jρ
2
j

∥∥∥z̄ j

∥∥∥ +
2

Γ(3 − β)

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z̄ j

∥∥∥ +
2λiρ

2
i ‖z̄i‖

Γ(3 − β)

+
2

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ρα+2
j

(
ξ∗j + η∗j

∥∥∥z j

∥∥∥ + ρ
−β
j ψ

∗
j

∥∥∥C
D
β
0,τz j

∥∥∥)
+

2ρα+2
i

Γ(α + 1)Γ(3 − β)
(
ξ∗i + η∗i ‖zi‖ + ρ

−β
i ψ

∗
i

∥∥∥C
D
β
0,τzi

∥∥∥).
By using similar computations, we obtain∥∥∥C

D
β
0,τ(Aiz + Biz̄)(τ)

∥∥∥
≤
[( 1

Γ(α − β + 3)
+

4
Γ(α + 1)Γ(3 − β)

)
ρα+2

i (η∗i + ρ
−β
i ψ

∗
i ) +

5λiρ
2
i

Γ(3 − β)

]
‖zi‖X

+

k∑
j=1, j,i

[( 4
Γ(α + 1)Γ(3 − β)

)
ρα+2

j (η∗j + ρ
−β
j ψ

∗
j) +

4λ jρ
2
j

Γ(3 − β)

]∥∥∥z j

∥∥∥
X

+
( 1
Γ(α − β + 3)

+
4

Γ(α + 1)Γ(3 − β)

)
ρα+2

i ξ∗i +
4

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ρα+2
j ξ∗j

≤
[( 1

Γ(α − β + 3)
+

4
Γ(α + 1)Γ(3 − β)

)
ρα+2

i (η∗i + ρ
−β
i ψ

∗
i ) +

5λiρ
2
i

Γ(3 − β)

+

k∑
j=1, j,i

( 4
Γ(α + 1)Γ(3 − β)

ρα+2
j (η∗j + ρ

−β
j ψ

∗
j) +

4λ jρ
2
j

Γ(3 − β)

)]
r

+
( 1
Γ(α − β + 3)

+
4

Γ(α + 1)Γ(3 − β)

)
ρα+2

i ξ∗i +
4

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ρα+2
j ξ∗j . (3.4)

From (3.3) and (3.4), we get

‖Tz‖X =
∥∥∥(Aiz + Biz̄)(τ)

∥∥∥ +
∥∥∥C
D
β
0,τ(Aiz + Biz̄)(τ)

∥∥∥
≤
[
Q1ρ

α+2
i (η∗i + ρ

−β
i ψ

∗
i ) + Ωi +

k∑
j=1, j,i

(
Q2ρ

α+2
j (η∗j + ρ

−β
j ψ

∗
j) + Ω̃ j)

)]
r + Q1ρ

α+2
i ξ∗i +

k∑
j=1, j,i

Q2ρ
α+2
j ξ∗j
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≤
[
∆i(η∗i + ρ

−β
i ψ

∗
i ) + Ωi +

k∑
j=1, j,i

(
∆̃ j(η∗j + ρ

−β
j ψ

∗
j) + Ω̃ j

)]
r + ∆iξ

∗
i +

k∑
j=1, j,i

∆̃ jξ
∗
j

≤θir + Ni,

where

Ni = ∆iξ
∗
i +

k∑
j=1, j,i

∆̃ jξ
∗
j , i = 1, 2 · · · k.

Hence,

‖Tz‖Xk =

k∑
i=1

‖Tiz‖X ≤
k∑

i=1

θir +

k∑
i=1

Ni ≤ r,

and so Ai(z) + Bi(z̄) ∈ Θ.
On the other hand, the continuity of Ai follows from the continuity of functions fi (i = 1, 2, · · · , k).

Now, we show that the operator Ai is uniformly bounded. For this, note that∣∣∣(Aiz(τ) + C
D
β
0,τAiz(τ)

∣∣∣
≤
[
Q1ρ

α+2
i (η∗i + ρ

−β
i ψ

∗
i ) +

k∑
j=1, j,i

(
Q2ρ

α+2
j (η∗j + ρ

−β
j ψ

∗
j)
)]

r + Q1ρ
α+2
i ξ∗i +

k∑
j=1, j,i

Q2ρ
α+2
j ξ∗j

≤
[
∆i(η∗i + ρ

−β
i ψ

∗
i ) +

k∑
j=1, j,i

∆̃ j(η∗j + ρ
−β
j ψ

∗
j)
]
r + ∆iξ

∗
i +

k∑
j=1, j,i

∆̃ jξ
∗
j .

This shows that the operator Ai is uniformly bounded on Θ.
Now, we show that the operator Ai is compact on Θ. Let τ1, τ2 ∈ (0, 1), τ1 < τ2, then we have∣∣∣Aiz(τ2) − Aiz(τ1)

∣∣∣
=

ρα+2
i

Γ(α + 2)

∫ τ1

0

(
(τ2 − s)α+1−(τ1 − s)α+1)ds

(
ξ∗i + η∗i ‖zi‖ + ρ

−β
i ψ

∗
i

∥∥∥C
D
β
0,τzi

∥∥∥)
+

ρα+2
i

Γ(α + 2)

∫ τ2

τ1

(τ2 − s)α+1ds
(
ξ∗i + η∗i ‖zi‖ + ρ

−β
i ψ

∗
i

∥∥∥C
D
β
0,τzi

∥∥∥)
+ (τ2

2 − τ
2
1)

k∑
j=1

( ρα+2
j

Γ(α + 1)
(
ξ∗j + η∗j

∥∥∥z j

∥∥∥ + ρ
−β
j ψ

∗
j

∥∥∥C
D
β
0,τz j

∥∥∥))
+ (τ2

2 − τ
2
1)

k∑
j=1, j,i

ρα+2
j

Γ(α + 1)
(
ξ∗j + η∗j

∥∥∥z j

∥∥∥ + ρ
−β
j ψ

∗
j

∥∥∥C
D
β
0,τz j

∥∥∥)
+ (τ2

2 − τ
2
1)

ρα+2
i

Γ(α + 1)
(
ξ∗i + η∗i ‖zi‖ + ρ

−β
i ψ

∗
i

∥∥∥C
D
β
0,τzi

∥∥∥)
≤
ρα+2

i
(
ξ∗i + (η∗i + ρ

−β
i ψ

∗
i )‖zi‖X

)
Γ(α + 3)

(τα+2
2 − τα+2

1 )

AIMS Mathematics Volume 9, Issue 5, 11877–11909.



11890

+
1

Γ(α + 1)

k∑
j=1

ρα+2
j

(
ξ∗j + (η∗j + ρ

−β
j ψ

∗
j)
∥∥∥z j

∥∥∥
X

)
(τ2

2 − τ
2
1)

+
1

Γ(α + 1)
ρα+2

j
(
ξ∗j + (η∗j + ρ

−β
j ψ

∗
j)
∥∥∥z j

∥∥∥
X

)
(τ2

2 − τ
2
1)

+
ρα+2

i
(
ξ∗i + (η∗i + ρ

−β
i ψ

∗
i )‖zi‖X

)
Γ(α + 1)

(τ2
2 − τ

2
1) (3.5)

and ∣∣∣CDβ0,τAiz(τ2) − C
D
β
0,τAiz(τ1)

∣∣∣
≤
ρα+2

i
(
ξ∗i + η∗i ‖zi‖ + ρ

−β
i ψ

∗
i

∥∥∥CD
β
0,τzi

∥∥∥)
Γ(α − β + 2)

∫ τ1

0

(
(τ2 − s)α−β+1 − (τ1 − s)α−β+1)ds

−
ρα+2

i
(
ξ∗i + η∗i ‖zi‖ + ρ

−β
i ψ

∗
i

∥∥∥CD
β
0,τzi

∥∥∥)
Γ(α − β + 2)

∫ τ2

τ1

(τ2 − s)α−β+1ds

+
2(τ2−β

2 − τ
2−β
1 )

Γ(α + 1)Γ(3 − β)

k∑
j=1

ρα+2
j

(
ξ∗j + η∗j

∥∥∥z j

∥∥∥ + ρ
−β
j ψ

∗
j

∥∥∥C
D
β
0,τz j

∥∥∥)
+

2(τ2−β
2 − τ

2−β
1 )

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ρα+2
j

(
ξ∗j + η∗j

∥∥∥z j

∥∥∥ + ρ
−β
j ψ

∗
j

∥∥∥C
D
β
0,τz j

∥∥∥)
+

2(τ2−β
2 − τ

2−β
1 )

Γ(α + 1)Γ(3 − β)
ρα+2

i
(
ξ∗i + η∗i ‖zi‖ + ρ

−β
i ψ

∗
i

∥∥∥C
D
β
0,τzi

∥∥∥)
≤

ρα+2
i

Γ(α − β + 3)
(
ξ∗i + (η∗i + ρ

−β
i ψ

∗
i )‖zi‖X

)
(τα−β+2

2 − τ
α−β+2
1 )

+
2

Γ(α + 1)Γ(3 − β)

k∑
j=1

ρα+2
j

(
ξ∗j + (η∗j + ρ

−β
j ψ

∗
j)
∥∥∥z j

∥∥∥
X

)
(τ2−β

2 − τ
2−β
1 )

+
2ρα+2

i

Γ(α + 1)Γ(3 − β)
(
ξ∗i + (η∗i + ρ

−β
i ψ

∗
i )‖zi‖X

)
(τ2−β

2 − τ
2−β
1 )

+
2

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ρα+2
j

(
ξ∗j + (η∗j + ρ

−β
j ψ

∗
j)
∥∥∥z j

∥∥∥
X

)
(τ2−β

2 − τ
2−β
1 ). (3.6)

From (3.5) and (3.6), we get

‖Aiz(τ2) − Aiz(τ1)‖X

≤
(2ρα+2

i
(
ξ∗i + (η∗i + ρ

−β
i ψ

∗
i )‖zi‖X

)
Γ(α + 1)

)
(τ2

2 − τ
2
1)

+
ρα+2

i
(
ξ∗i + (η∗i + ρ

−β
i ψ

∗
i )‖zi‖X

)
Γ(α + 3)

(τα+2
2 − τα+2

1 )

+
ρα+2

i

Γ(α − β + 3)
(
ξ∗i + (η∗i + ρ

−β
i ψ

∗
i )‖zi‖X

)
(τα−β+2

2 − τ
α−β+2
1 )
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+
4ρα+2

i

Γ(α + 1)Γ(3 − β)
(
ξ∗i + (η∗i + ρ

−β
i ψ

∗
i )‖zi‖X

)
(τ2−β

2 − τ
2−β
1 )

+
2

Γ(α + 1)

k∑
j=1, j,i

ρα+2
j

(
ξ∗j + (η∗j + ρ

−β
j ψ

∗
j)
∥∥∥z j

∥∥∥
X

)
(τ2

2 − τ
2
1)

+
4

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ρα+2
j

(
ξ∗j + (η∗j + ρ

−β
j ψ

∗
j)
∥∥∥z j

∥∥∥
X

)
(τ2−β

2 − τ
2−β
1 ),

which implies ‖Aiz(τ2) − Aiz(τ1)‖X → 0 as τ2 → τ1, and so ‖Aiz(τ2) − Aiz(τ1)‖Xk → 0 as τ2 → τ1.
Thus, Ai is equicontinuous and, by the Arzelá-Ascoli theorem, we conclude that the operator Ai is a
completely continuous operator.

Next, we prove that the operator Bi is a contraction. Letting z, z̄ ∈ Θ, we have

|Biz(τ) − Biz̄(τ)|

≤λiρ
2
i

∫ τ

0
(τ − s) |z̄i(s) − z̄i(s)| ds + λiρ

2
i

∫ 1

0
(1 − s) |z̄i(s) − z̄i(s)| ds

+ (1 − τ2)
k∑

j=1

` jλ jρ
2
j

∣∣∣z j(1) − z̄ j(1)
∣∣∣ + (1 − τ2)

k∑
j=1, j,i

` jλ jρ
2
j

∣∣∣z j(1) − z̄ j(1)
∣∣∣

+ (1 − τ2)
k∑

j=1, j,i

` jλiρ
2
i |zi(1) − z̄i(1)|

≤3λiρ
2
i ‖zi − z̄i‖ + 2

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥ (3.7)

and ∣∣∣CDβ0,τBiz(τ) − C
D
β
0,τBiz̄(τ)

∣∣∣
≤

λiρ
2
i

Γ(2 − β)

∫ τ

0
(τ − s)1−β |zi(s) − z̄i(s)| ds +

2τ2−β

Γ(3 − β)

k∑
j=1

` jλ jρ
2
j

∣∣∣z j − z̄ j

∣∣∣
+

2τ2−β

Γ(3 − β)

k∑
j=1, j,i

` jλ jρ
2
j

∣∣∣z j − z̄ j

∣∣∣ +
2τ2−β

Γ(3 − β)

k∑
j=1, j,i

` jλiρ
2
i |zi − z̄i|

≤
λiρ

2
i

Γ(3 − β)
‖zi − z̄i‖ +

2
Γ(3 − β)

k∑
j=1

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
+

2
Γ(3 − β)

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥ +
2λiρ

2
i

Γ(3 − β)
‖zi − z̄i‖ . (3.8)

Thus, from (3.7) and (3.8), we get

‖Biz − Biz̄‖X = ‖Biz − Biz̄‖ +
∥∥∥C
D
β
0,τBiz − C

D
β
0,τBiz̄

∥∥∥
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≤
(
3λiρ

2
i +

5λiρ
2
i

Γ(3 − β)

)
‖zi − z̄i‖X +

k∑
j=1, j,i

(
2λ jρ

2
j +

4λ jρ
2
j

Γ(3 − β)

)∥∥∥z j − z̄ j

∥∥∥
X

≤ Li

k∑
j=1

∥∥∥z j − z̄ j

∥∥∥
X
.

Furthermore, we obtain

‖Biz − Bīz‖Xk =

k∑
i=1

‖Biz − Biz̄‖X ≤
k∑

i=1

Li

∥∥∥z j − z̄ j

∥∥∥
Xk .

k∑
i=1

Li < 1, which means that Θ is bounded. We use Theorem 2.2 to show that the operator T at least

has one fixed point, and then system (2.1) has at least one solution. �

Theorem 3.2. Assume that (H1) and (H3) hold. Then system (2.1) has a unique solution on [0,1], that
is,

( k∑
i=1

Ki

)( k∑
i=1

Wi

)
+

k∑
i=1

Li < 1, (3.9)

where

Ki = Q1(ρα+2
i + ρ

α−β+2
i ) + Q2

k∑
j=1, j,i

(ρα+2
j + ρ

α−β+2
j ),

Wi = max
τ∈[0,1]

|wi(τ)| , Li = 3λiρ
2
i +

5λiρ
2
i

Γ(3 − β)
+

k∑
j=1, j,i

(
2λ jρ

2
j +

4λ jρ
2
j

Γ(3 − β)

)
.

Proof. We will prove that T is a contraction mapping. For any z = (z1, z2, · · · , zk), z̄ = (z̄1, z̄2, · · · , z̄k) ∈
Xk, τ ∈ [0, 1]. By Eq (3.1), we get

|Tiz(τ) − Tiz̄(τ)|

≤
ρα+2

i

Γ(α + 2)

∫ τ

0
(τ − s)α+1

∣∣∣ f̃i(s)
∣∣∣ds +

ρα+2
i

Γ(α + 2)

∫ 1

0
(1 − s)α+1

∣∣∣ f̃i(s)
∣∣∣ds

+ λiρ
2
i

∫ τ

0
(τ − s) |zi(s) − z̄i(s)| ds + λiρ

2
i

∫ 1

0
(1 − s) |zi(s) − z̄i(s)| ds

+ (1 − τ2)
k∑

j=1

` jρ
α+2
j

Γ(α)

∫ 1

0
(1 − s)α−1

∣∣∣ f̃ j(s)
∣∣∣ds + (1 − τ2)

k∑
j=1

` jλ jρ
2
j

∣∣∣z j(1) − z̄ j(1)
∣∣∣

+ (1 − τ2)
k∑

j=1, j,i

` jλ jρ
2
j

∣∣∣z j(1) − z̄ j(1)
∣∣∣ + (1 − τ2)

k∑
j=1, j,i

` jλiρ
2
i |zi(1) − z̄i(1)|

+ (1 − τ2)
k∑

j=1, j,i

` jρ
α+2
j

Γ(α)

∫ 1

0
(1 − s)α−1

∣∣∣ f̃ j(s)
∣∣∣ds
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+ (1 − τ2)
k∑

j=1, j,i

` jρ
α+2
i

Γ(α)

∫ 1

0
(1 − s)α−1

∣∣∣ f̃ j(s)
∣∣∣ds,

where

f̃i = fi
(
s, zi(s), ρ−βi

C
D
β
0,szi(s)

)
− fi

(
s, z̄i(s), ρ−βi

C
D
β
0,sz̄i(s)

)
,

f̃ j = f j
(
s, z j(s), ρ−βj

C
D
β
0,sz j(s)

)
− f j

(
s, z̄ j(s), ρ−βj

C
D
β
0,sz̄ j(s)

)
, i = 1, 2, · · · , k.

Now using assumption (H3) and 1 − τ2 < 1 (0 < τ < 1), ` j ∈ (0, 1), j = 1, 2, · · · , k, we have

|Tiz(τ) − Tiz̄(τ)|

≤
2ρα+2

i

Γ(α + 3)
Wi ‖zi − z̄i‖ +

2ρα−β+2
i

Γ(α + 3)
Wi

∥∥∥C
D
β
0,szi −

C
D
β
0,sz̄i

∥∥∥
+ λiρ

2
i ‖zi − z̄i‖ +

k∑
j=1

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥ +

k∑
j=1

ρα+2
j W j

Γ(α + 1)

∥∥∥z j − z̄ j

∥∥∥
+

k∑
j=1

ρ
α−β+2
j W j

Γ(α + 1)

∥∥∥C
D
β
0,sz j −

C
D
β
0,sz̄ j

∥∥∥ +

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
+

k∑
j=1, j,i

λiρ
2
i ‖zi − z̄i‖ +

k∑
j=1, j,i

ρα+2
j W j

Γ(α + 1)

∥∥∥z j − z̄ j

∥∥∥ +

k∑
j=1, j,i

ρα+2
i Wi

Γ(α + 1)
‖zi − z̄i‖

+

k∑
j=1, j,i

ρ
α−β+2
j W j

Γ(α + 1)

∥∥∥C
D
β
0,sz j −

C
D
β
0,sz̄ j

∥∥∥ +

k∑
j=1, j,i

ρ
α−β+2
i Wi

Γ(α + 1)

∥∥∥C
D
β
0,szi −

C
D
β
0,sz̄i

∥∥∥
≤

2Wi

Γ(α + 3)
(ρα+2

i + ρ
α−β+2
i )

(
‖zi − z̄i‖ +

∥∥∥C
D
β
0,szi −

C
D
β
0,sz̄i

∥∥∥)
+ 3λiρ

2
i ‖zi − z̄i‖ + 2

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
+

Wi

Γ(α + 1)
(ρα+2

i + ρ
α−β+2
i )

(
‖zi − z̄i‖ +

∥∥∥C
D
β
0,szi −

C
D
β
0,sz̄i

∥∥∥)
+

1
Γ(α + 1)

k∑
j=1

(ρα+2
j + ρ

α−β+2
j )W j

(∥∥∥z j − z̄ j

∥∥∥ +
∥∥∥C
D
β
0,sz j −

C
D
β
0,sz̄ j

∥∥∥)
+

1
Γ(α + 1)

k∑
j=1, j,i

(ρα+2
j + ρ

α−β+2
j )W j

(∥∥∥z j − z̄ j

∥∥∥ +
∥∥∥C
D
β
0,sz j −

C
D
β
0,sz̄ j

∥∥∥).
Hence, for any z, z̄ ∈ Xk, we obtain

‖Tiz − Tiz̄‖

≤
( 2
Γ(α + 3)

+
2

Γ(α + 1)

)
(ρα+2

i + ρ
α−β+2
i )Wi‖zi − z̄i‖X + 3λiρ

2
i ‖zi − z̄i‖X

+ 2
k∑

j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
X

+
2

Γ(α + 1)

k∑
j=1, j,i

(ρα+2
j + ρ

α−β+2
j )W j

∥∥∥z j − z̄ j

∥∥∥
X
. (3.10)
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On the other hand, using Lemma 2.3,∣∣∣CDβ0,τTiz(τ) − C
D
β
0,τTiz̄(τ)

∣∣∣
≤

ρα+2
i

Γ(α − β + 2)

∫ τ

0
(τ − s)α−β+1

∣∣∣ f̃i(s)
∣∣∣ds +

λiρ
2
i

Γ(2 − β)

∫ τ

0
(τ − s)1−β |zi(s) − z̄i(s)| ds

+
2τ2−β

Γ(3 − β)

k∑
j=1

` jλ jρ
2
j

∣∣∣z j − z̄ j

∣∣∣ +
2τ2−β

Γ(α)Γ(3 − β)

k∑
j=1

` jρ
α+2
j

∫ 1

0
(1 − s)α−1

∣∣∣ f̃ j(s)
∣∣∣ds

+
2τ2−β

Γ(3 − β)

k∑
j=1, j,i

` jλ jρ
2
j

∣∣∣z j − z̄ j

∣∣∣ +
2τ2−β

Γ(3 − β)

k∑
j=1, j,i

` jλiρ
2
i |zi − z̄i|

+
2τ2−β

Γ(α)Γ(3 − β)

k∑
j=1, j,i

` jρ
α+2
j

∫ 1

0
(1 − s)α−1

∣∣∣ f̃ j(s)
∣∣∣ds

+
2τ2−β` jρ

α+2
i

Γ(α)Γ(3 − β)

k∑
j=1, j,i

∫ 1

0
(1 − s)α−1

∣∣∣ f̃i(s)
∣∣∣ds,

by using similar computations, we get∣∣∣CDβ0,τTiz(τ) − C
D
β
0,τTiz̄(τ)

∣∣∣
≤

(ρα+2
i + ρ

α−β+2
i )

Γ(α − β + 3)
Wi

(
‖zi − z̄i‖ +

∥∥∥C
D
β
0,szi −

C
D
β
0,sz̄i

∥∥∥) +
λiρ

2
i

Γ(3 − β)
‖zi − z̄i‖

+
2

Γ(3 − β)

k∑
j=1

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥ +
2

Γ(3 − β)

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥ +
2λiρ

2
i

Γ(3 − β)
‖zi − z̄i‖

+
2

Γ(α + 1)Γ(3 − β)

k∑
j=1

(ρα+2
j +ρ

α−β+2
j )W j

(∥∥∥z j − z̄ j

∥∥∥ +
∥∥∥C
D
β
0,sz j −

C
D
β
0,sz̄ j

∥∥∥)
+

2
Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

(ρα+2
j +ρ

α−β+2
j )W j

(∥∥∥z j − z̄ j

∥∥∥ +
∥∥∥C
D
β
0,sz j −

C
D
β
0,sz̄ j

∥∥∥)
+

2
Γ(α + 1)Γ(3 − β)

(ρα+2
i + ρ

α−β+2
i )Wi

(
‖zi − z̄i‖ +

∥∥∥C
D
β
0,szi −

C
D
β
0,sz̄i

∥∥∥),
this implies that, for any z, z̄ ∈ Xk,∥∥∥C

D
β
0,τTiz − C

D
β
0,τTiz̄

∥∥∥
≤
( 1
Γ(α − β + 3)

+
4

Γ(α + 1)Γ(3 − β)

)
(ρα+2

i + ρ
α−β+2
i )Wi‖zi − z̄i‖X

+
5λiρ

2
i

Γ(3 − β)
‖zi − z̄i‖X +

4
Γ(3 − β)

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
X

+
4

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

(ρα+2
j +ρ

α−β+2
j )W j

∥∥∥z j − z̄ j

∥∥∥
X
. (3.11)
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It follows from (3.10) and (3.11) that

‖Tiz − Tiz̄‖X = ‖Tiz − Tiz̄‖ +
∥∥∥C
D
β
0,τTiz − C

D
β
0,τTiz̄

∥∥∥
≤
( 2
Γ(α + 3)

+
2

Γ(α + 1)
+

1
Γ(α − β + 3)

+
4

Γ(α + 1)Γ(3 − β)

)
(ρα+2

i + ρ
α−β+2
i )Wi‖zi − z̄i‖X

+
(
3λiρ

2
i +

5λiρ
2
i

Γ(3 − β)

)
‖zi − z̄i‖X +

k∑
j=1, j,i

(
2λ jρ

2
j +

4λ jρ
2
j

Γ(3 − β)

)∥∥∥z j − z̄ j

∥∥∥
X

+
( 2
Γ(α + 1)

+
4

Γ(α + 1)Γ(3 − β)

) k∑
j=1, j,i

(ρα+2
j + ρ

α−β+2
j )W j

∥∥∥z j − z̄ j

∥∥∥
X

≤Q1(ρα+2
i + ρ

α−β+2
i )Wi‖zi − z̄i‖X +

(
3λiρ

2
i +

5λiρ
2
i

Γ(3 − β)

)
‖zi − z̄i‖X

+

k∑
j=1, j,i

(
2λ jρ

2
j +

4λ jρ
2
j

Γ(3 − β)

)∥∥∥z j − z̄ j

∥∥∥
X

+ Q2

k∑
j=1, j,i

(ρα+2
j + ρ

α−β+2
j )W j

∥∥∥z j − z̄ j

∥∥∥
X
.

From this it follows that

‖Tiz − Tiz̄‖X

≤
(
Q1(ρα+2

i + ρ
α−β+2
i ) + Q2

k∑
j=1, j,i

(
ρα+2

j + ρ
α−β+2
j

))( k∑
i=1

Wi

) k∑
j=1

∥∥∥z j − z̄ j

∥∥∥
X

+
(
3λiρ

2
i +

3λiρ
2
i

Γ(3 − β)
+

k∑
j=1, j,i

(
2λ jρ

2
j +

4λ jρ
2
j

Γ(3 − β)
)) k∑

j=1

∥∥∥z j − z̄ j

∥∥∥
X

=
(
Ki

k∑
i=1

Wi + Li

) k∑
j=1

∥∥∥z j − z̄ j

∥∥∥
X
.

As a consequence, we obtain

‖Tiz − Tiz̄‖Xk =

k∑
i=1

‖Tiz − Tiz̄‖X ≤
( k∑

i=1

Ki

( k∑
i=1

Wi

)
+

k∑
i=1

Li

)∥∥∥z j − z̄ j

∥∥∥
Xk ,

which, given condition (3.9), proves that operator T is a contraction. This implies that T has a unique
fixed point on Xk, that is, system (2.1) has a unique solution on [0,1]. �

4. Ulam type stability analysis

In this section, we introduce Ulam type stability concepts for system (2.1). Let εi > 0, fi : [0, 1] ×
R2 → R be continuous, and Φi(τ) : [0, 1] → R+ (τ ∈ [0, 1]) be nondecreasing. Consider the following
inequalities:∣∣∣CDα0,τ(D2 + λiρ

2
i )zi(τ) − ρα+2

i fi(τ, zi(τ), ρ−βi
C
D
β
0,τzi(τ))

∣∣∣ ≤ εi, i = 1, 2, · · · , k, (4.1)∣∣∣CDα0,τ(D2 + λiρ
2
i )zi(τ) − ρα+2

i fi(τ, zi(τ), ρ−βi
C
D
β
0,τzi(τ))

∣∣∣ ≤ Φi(τ)εi, i = 1, 2, · · · , k, (4.2)∣∣∣CDα0,τ(D2 + λiρ
2
i )zi(τ) − ρα+2

i fi(τ, zi(τ), ρ−βi
C
D
β
0,τzi(τ))

∣∣∣ ≤ Φi(τ), i = 1, 2, · · · , k. (4.3)
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Definition 4.1. [23] System (2.1) is Ulam-Hyers stable if there exists a real number c f1, f2,··· , fk > 0
such that, for each ε = ε(ε1, ε2, · · · , εk) > 0 and for each solution z = (z1, z2, · · · , zk) ∈ X of
inequalities (4.1), there exists a solution z̄ = (z̄1, z̄2, · · · , z̄k) ∈ X of system (2.1) with

‖z − z̄‖X ≤ c f1, f2,··· , fkε, τ ∈ [0, 1].

Definition 4.2. [23] System (2.1) is generalized Ulam-Hyers stable if there exists a function Υ f1, f2,··· , fk

∈ C(R+,R+) with Υ f1, f2,··· , fk(0) = 0 such that, for each ε = ε(ε1, ε2, · · · , εk) > 0 and for each solution
v = (z1, z2, · · · , zk) ∈ X of inequalities (4.2), there exists a solution z̄ = (z̄1, z̄2, · · · , z̄k) ∈ X of
system (2.1) with

‖z − z̄‖X ≤ Υ f1, f2,··· , fk(ε), τ ∈ [0, 1].

Definition 4.3. [23] System (2.1) is Ulam-Hyers-Rassias stable with respect to Φ = Φ(Φ1,Φ2, · · · ,Φk)
∈ C([0, 1],R+) if there exists a real number c f1, f2,··· , fkΦ > 0 such that, for every ε = ε(ε1, ε2, · · · , εk) > 0
and for each solution z = (z1, z2, · · · , zk) ∈ X of inequalities (4.2), there exists a solution z̄ =

(z̄1, z̄2, · · · , z̄k) ∈ X of system (2.1) with

‖z − z̄‖X ≤ c f1, f2,··· , fk,ϕεΦ(τ), τ ∈ [0, 1].

Definition 4.4. [23] System (2.1) is generalized Ulam-Hyers-Rassias stable with respect to Φ =

Φ(Φ1,Φ2, · · · ,Φk) ∈ C([0, 1],R+) if there exists a real number c f1, f2,··· , fkΦ > 0 such that, for each
solution z = (z1, z2, · · · , zk) ∈ X of inequalities (4.2), there exists a solution z̄ = (z̄1, z̄2, · · · , z̄k) ∈ X of
system (2.1) with

‖z − z̄‖X ≤ c f1, f2,··· , fk,ΦΦ(τ), τ ∈ [0, 1].

Remark 4.1. A function z = (z1, z2, · · · , zk) ∈ X is a solution of (4.1), if there exist functions φi ∈

C([0, 1],R) which depend on zi such that

(i) |φi(τ)| ≤ εi, τ ∈ [0, 1], i = 1, 2, · · · , k,
(ii) CDα0,τ(D

2 + λiρ
2
i )zi(τ) = ρα+2

i fi(τ, zi(τ), ρ−βi
CD

β
0,τzi(τ)) + φi(τ), τ ∈ [0, 1], i = 1, 2, · · · , k.

One can make similar Remarks for inequalities (4.2) and (4.3).

Lemma 4.1. If z = (z1, z2, · · · , zk) ∈ X is a solution of inequality (4.1), then the following inequalities
hold:

|zi(τ) − θi(τ)| ≤
( 2
Γ(α + 3)

+
2

Γ(α + 1)

)
εi +

2
Γ(α + 1)

k∑
j=1, j,i

ε j, i = 1, 2, · · · , k

and ∣∣∣CDβ0,τzi(τ) − C
D
β
0,τθi(τ)

∣∣∣ ≤( 1
Γ(α − β + 3)

+
4

Γ(α + 1)Γ(3 − β)

)
εi

+
4

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ε j, i = 1, 2, · · · , k,

where

θi(τ) =
1

Γ(α + 2)

∫ τ

0
(τ − s)α+1hi(s)ds +

1
Γ(α + 2)

∫ 1

0
(1 − s)α+1hi(s)ds
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+ λiρ
2
i

∫ 1

0
(1 − s)θi(s)ds − λiρ

2
i

∫ τ

0
(τ − s)θi(s)ds

+ (1 − τ2)
k∑

j=1

` j

( 1
Γ(α)

∫ 1

0
(1 − s)α−1h j(s)ds − λ jρ

2
jθ j(1)

)
+ (1 − τ2)

k∑
j=1, j,i

` j
(
λ jρ

2
jθ j(1) − λiρ

2
i θi(1)

)
− (1 − τ2)

k∑
j=1, j,i

` j

( 1
Γ(α)

∫ 1

0
(1 − s)α−1(h j(s) − hi(s)

)
ds

)
, i = 1, 2, · · · , k

and
hi(s) = ρα+2

i fi(s, zi(s), ρ−βi
C
D
β
0,τzi(s)), i = 1, 2, · · · , k,

h j(s) = ρα+2
j f j(s, z j(s), ρ−βj

C
D
β
0,τz j(s)), i = 1, 2, · · · , k.

Proof. Given z is the solution of (4.1), then according to Remark 4.1 we have
CDα0,τ(D

2 + λiρ
2
i )zi(τ) = ρα+2

i fi
(
τ, zi(τ), ρ−βi

CD
β
0,τzi(τ)

)
+ φi(τ), i = 1, 2, · · · k,

z′i(0) = zi(1) = 0,
∑k

i=1 ρ
−2
i z′′i (1) = 0, i = 1, 2, · · · k,

z̄′′i (1) = z′′j (1), i, j = 1, 2, · · · k, i , j.
(4.4)

By Lemma 2.6, the solution of (4.4) is given by

zi(τ) =
1

Γ(α + 2)

∫ τ

0
(τ − s)α+1(hi(s) + φi(s))ds−

1
Γ(α + 2)

∫ 1

0
(1 − s)α+1(hi(s) + φi(s))ds

+ λiρ
2
i

∫ 1

0
(1 − s)zi(s)ds − λiρ

2
i

∫ τ

0
(τ − s)zi(s)ds

+ (1 − τ2)
k∑

j=1

` j

( 1
Γ(α)

∫ 1

0
(1 − s)α−1(h j(s) + φ j(s))ds − λ jρ

2
jz j(1)

)
+ (1 − τ2)

k∑
j=1, j,i

` j

(
λ jρ

2
jz j(1) − λiρ

2
i zi(1)

)
+ (1 − τ2)

k∑
j=1, j,i

` j

( 1
Γ(α)

∫ 1

0
(1 − s)α−1(hi(s) + φi(s))ds

)
− (1 − τ2)

k∑
j=1, j,i

` j

( 1
Γ(α)

∫ 1

0
(1 − s)α−1(h j(s) + φ j(s))ds

)
. (4.5)

From (4.5), we deduce that

|zi(τ) − θi(τ)| ≤
2

Γ(α + 3)
εi +

1
Γ(α + 1)

k∑
j=1

` jε j +
1

Γ(α + 1)

k∑
j=1, j,i

` jεi +
1

Γ(α + 1)

k∑
j=1, j,i

` jε j
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≤
( 2
Γ(α + 3)

+
2

Γ(α + 1)

)
εi +

2
Γ(α + 1)

k∑
j=1, j,i

ε j, i = 1, 2, · · · , k.

Similarly, applying the operator CD
β
0,τ on (4.5), we have

C
D
β
0,τzi(τ) ≤

1
Γ(α − β + 2)

∫ τ

0
(τ − s)α−β+1(hi(s) + φi(s))ds +

λiρ
2
i

Γ(2 − β)

∫ τ

0
(τ − s)1−βzi(s)ds

+
2τ2−β

Γ(3 − β)

k∑
j=1

` jλ jρ
2
jz j(1) +

2τ2−β

Γ(α)Γ(3 − β)

k∑
j=1

` j

∫ 1

0
(1 − s)α−1(h j(s) + φ j(s))ds

+
2τ2−β

Γ(3 − β)
λiρ

2
i zi(1) +

2τ2−β

Γ(α)Γ(3 − β)
`i

∫ 1

0
(1 − s)α−1(hi(s) + φi(s))ds

+
2τ2−β

Γ(α)Γ(3 − β)

k∑
j=1, j,i

` j

∫ 1

0
(1 − s)α−1(h j(s) + φ j(s))ds

+
2τ2−β

Γ(3 − β)

k∑
j=1, j,i

` jλ jρ
2
jz j(1), i = 1, 2, · · · , k.

Then we have∣∣∣CDβ0,τzi(τ) − C
D
β
0,τθi(τ)

∣∣∣
≤

1
Γ(α − β + 3)

εi +
2

Γ(α + 1)Γ(3 − β)

k∑
j=1

` jε j +
2

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

` jε j +
2

Γ(α + 1)Γ(3 − β)
`iεi

≤
( 1
Γ(α − β + 3)

+
4

Γ(α + 1)Γ(3 − β)

)
εi +

4
Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ε j, i = 1, 2, · · · , k.

The proof is completed. �

Lemma 4.2. If z = (z1, z2, · · · , zk) ∈ X is the solution of inequality (4.2). then, the following inequalities
hold:

|zi(τ) − θi(τ)| ≤
( 2Φi(τ)
Γ(α + 3)

+
2Φ j(1)

Γ(α + 1)

)
εi +

2
Γ(α + 1)

k∑
j=1, j,i

ε jΦ j(1), i = 1, 2, · · · , k

and ∣∣∣CDβ0,τzi(τ) − C
D
β
0,τθi(τ)

∣∣∣ ≤( Φi(τ)
Γ(α − β + 3)

+
4Φ j(1)

Γ(α + 1)Γ(3 − β)

)
εi

+
4

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

Φ jϕ j(1), i = 1, 2, · · · , k.

Proof. The proof can be obtained using a similar analysis as in Lemma 4.1 and the fact that Φi(τ)
i = 1, 2, · · · , k are nondecreasing functions. Therefore, the proof is omitted. �
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Theorem 4.1. Suppose that (H1), (H3), and (3.9) hold. If |λ| < 1, for every λ ∈ C with det(λI−A) = 0,
then system (2.1) is Ulam-Hyers stable, where

A =


Q1σ1 + π1 Q2σ2 + π2 · · · Q2σk + πk

Q2σ1 + π1 Q1σ2 + π2 · · · Q2σk + πk
...

...
. . .

...

Q2σ1 + π1 Q2σ2 + π2 · · · Q1σk + πk


and

σi = (ρα+2
i + ρ

α−β+2
i )Wi, πi =

(
3λiρ

2
i +

5λiρ
2
i

Γ(3 − β)

)
.

Proof. Let z = (z1, z2, · · · , zk) ∈ X be the solution of inequality (4.1) and z̄ = (z̄1, z̄2, · · · , z̄k) ∈ X be the
solution of the following BVP:

CDα0,τ(D
2 + λiρ

2
i )z̄i(τ) = ρα+2

i fi
(
τ, z̄i(τ), ρ−βi

CD
β
0,τz̄i(τ)

)
, i = 1, 2, · · · k,

z̄′i(0) = z̄i(1) = 0,
∑k

i=1 ρ
−2
i z′′i (1) = 0, i = 1, 2, · · · k,

z̄′′i (1) = z̄′′j (1), i, j = 1, 2, · · · k, i , j.
(4.6)

According to Lemma 2.6 and Theorem 3.1, the solution to Eq (4.6) can be expressed as

z̄i(τ) =
ρα+2

i

Γ(α + 2)

∫ τ

0
(τ − s)α+1 fi

(
s, z̄i(s), ρ−βi

C
D
β
0,sz̄i(s)

)
ds

−
ρα+2

i

Γ(α + 2)

∫ 1

0
(1 − s)α+1 fi

(
s, z̄i(s), ρ−βi

C
D
β
0,sz̄i(s)

)
ds

+ λiρ
2
i

∫ 1

0
(1 − s)z̄i(s)ds − λiρ

2
i

∫ t

0
(τ − s)z̄i(s)ds

+ (1 − τ2)
k∑

j=1

` j

( ρα+2
j

Γ(α)

∫ 1

0
(1 − s)α−1 f j

(
s, z̄ j(s), ρ−βj

C
D
β
0,sz̄ j(s)

)
ds − λ jρ

2
j z̄ j(1)

)
+ (1 − τ2)

k∑
j=1, j,i

` j
(
λ jρ

2
j z̄ j(1) − λiρ

2
i z̄i(1)

)
+ (1 − τ2)

k∑
j=1, j,i

` jρ
α+2
i

Γ(α)

∫ 1

0
(1 − s)α−1 fi

(
s, z̄i(s), ρ−βi

CDβ
0,sz̄i(s)

)
ds

− (1 − τ2)
k∑

j=1, j,i

` jρ
α+2
j

Γ(α)

∫ 1

0
(1 − s)α−1 f j

(
s, z̄ j(s), ρ−βj

CDβ
0,sz̄ j(s)

)
ds, i = 1, 2, · · · k.

Now, by Lemma 4.1, for τ ∈ [0, 1], we have

|zi(τ) − z̄i(τ)| ≤ |zi(τ) − θi(τ)| + |θi(τ) − z̄i(τ)|

≤
( 2
Γ(α + 3)

+
2

Γ(α + 1)

)
εi +

2
Γ(α + 1)

k∑
j=1, j,i

ε j
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+
( 2
Γ(α + 3)

+
2

Γ(α + 1)

)
(ρα+2

i + ρ
α−β+2
i )Wi‖zi − z̄i‖X

+ 3λiρ
2
i ‖zi − z̄i‖X + 2

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
X

+
2

Γ(α + 1)

k∑
j=1, j,i

(ρα+2
j + ρ

α−β+2
j )W j

∥∥∥zi − z̄ j

∥∥∥
X

(4.7)

and ∣∣∣CDβ0,τzi(τ) − C
D
β
0,τz̄i(τ)

∣∣∣ ≤ ∣∣∣CDβ0,τzi(τ) − C
D
β
0,τθi(τ)

∣∣∣ +
∣∣∣CDβ0,τθi(τ) − C

D
β
0,tτz̄i(τ)

∣∣∣
≤
( 1
Γ(α − β + 3)

+
4

Γ(α + 1)Γ(3 − β)

)
εi +

4
Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ε j

+
( 1
Γ(α − β + 3)

+
4

Γ(α + 1)Γ(3 − β)

)
(ρα+2

i + ρ
α−β+2
i )Wi‖zi − z̄i‖X

+
5λiρ

2
i

Γ(3 − β)
‖zi − z̄i‖X +

4
Γ(3 − β)

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
X

+
4

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

(ρα+2
j +ρ

α−β+2
j )W j

∥∥∥z j − z̄ j

∥∥∥
X
. (4.8)

Therefore, from (4.7) and (4.8), it follows that

‖zi(τ) − z̄i(τ)‖X =
∥∥∥zi(τ) − z̄i(τ)

∥∥∥ +
∥∥∥C
D
β
0,τzi(τ) − C

D
β
0,τz̄i(τ)

∥∥∥
≤Q1εi + Q2

k∑
j=1, j,i

ε j+Q1(ρα+2
i + ρ

α−β+2
i )Wi‖zi − z̄i‖X +

(
3λiρ

2
i +

5λiρ
2
i

Γ(3 − β)

)
‖zi − z̄i‖X

+

k∑
j=1, j,i

(
2λ jρ

2
j +

4λ jρ
2
j

Γ(3 − β)

)∥∥∥z j − z̄ j

∥∥∥
X

+ Q2

k∑
j=1, j,i

(ρα+2
j + ρ

α−β+2
j )W j

∥∥∥z j − z̄ j

∥∥∥
X

≤Q1εi + Q2

k∑
j=1, j,i

ε j+Q1(ρα+2
i + ρ

α−β+2
i )Wi‖zi − z̄i‖X +

(
3λiρ

2
i +

5λiρ
2
i

Γ(3 − β)

)
‖zi − z̄i‖X

+

k∑
j=1, j,i

(
3λ jρ

2
j +

5λ jρ
2
j

Γ(3 − β)

)∥∥∥z j − z̄ j

∥∥∥
X

+ Q2

k∑
j=1, j,i

(ρα+2
j + ρ

α−β+2
j )W j

∥∥∥z j − z̄ j

∥∥∥
X

≤Q1εi + Q2

k∑
j=1, j,i

ε j+Q1σi‖zi − z̄i‖X + πi‖zi − z̄i‖X +

k∑
j=1, j,i

π j

∥∥∥z j − z̄ j

∥∥∥
X

+ Q2

k∑
j=1, j,i

σ j

∥∥∥z j − z̄ j

∥∥∥
X
. (4.9)

Meanwhile, inequality (4.9) can also have the form

(‖z1 − z̄1‖X, ‖z2 − z̄2‖X, · · · , ‖zk − z̄k‖X)T
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≤ B(ε1, ε2, · · · , εk)T +A(‖z1 − z̄1‖X, · · · , ‖zk − z̄k‖X)T ,

where

B = (bi j)k×k, bi j =

{
Q1, i = j,
Q2, i , j.

Using matrixA and Theorem 2.1, we get

(‖z1 − z̄1‖X, ‖z2 − z̄2‖X, · · · , ‖zk − z̄k‖X)T

≤ (I −A)−1B(ε1, ε2, · · · , εk)T , (4.10)

set

C = (I −A)−1B =


c11 c12 · · · c1k

c21 c21 · · · c2k
...

...
. . .

...

ck1 ck2 · · · ckk

 .
Obviously, ci j ≥ 0. Choose ε = max{ε1, ε2, · · · , εk}. Then it follows from (4.10) that

‖z − z̄‖X ≤
( k∑

i=1

k∑
i=1

ci j

)
ε = Ξε. (4.11)

Thus, system (2.1) is Ulam-Hyers stable. �

Remark 4.2. Take Υ f1, f2,··· , fk(ε) = Ξε in (4.11). Obviously, we have Υ f1, f2,··· , fk(0) = 0. Then, using
Definition 4.2, we conclude that system (2.1) is generalized Ulam-Hyers stable.

Theorem 4.2. Suppose that (H1), (H3), and (3.9) hold. Let Φi(τ) ∈ C([0, 1],R+) (i =1, 2, · · · , k) be
nondecreasing. If |λ| < 1, for every λ ∈ C with det(λI − A) = 0, where A is defined as before and the
function Φ is defined by

Φ = Φ(Φ1,Φ2, · · · ,Φk) ∈ C([0, 1],R+),Φ(τ) = max {gi(τ), i = 1, 2, · · · , k}

and

gi(τ) =
( Φi(τ)
Γ(α − β + 3)

+
4Φ j(1)

Γ(α + 1)Γ(3 − β)
+

2Φi(τ)
Γ(α + 3)

+
2Φ j(τ)

Γ(α + 1)

)
,

then system (2.1) is Ulam-Hyers-Rassias stable with respect to Φ.

Proof. Assume that z = (z1, z2, · · · , zk) ∈ X is a solution of inequality (4.2). Also, let z̄ =

(z̄1, z̄2, · · · , z̄k) ∈ X be the unique solution of system (2.1). Then, combining Lemma 4.2 with an
analysis similar to that used to prove Theorem 4.1, we obtain

|zi(τ) − z̄i(τ)| ≤ |zi(τ) − θi(τ)| + |θi(τ) − z̄i(τ)|

≤
( 2Φi(τ)
Γ(α + 3)

+
2Φ j(1)

Γ(α + 1)

)
εi +

2
Γ(α + 1)

k∑
j=1, j,i

ε jΦ j(1)
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+
( 2
Γ(α + 3)

+
2

Γ(α + 1)

)
(ρα+2

i + ρ
α−β+2
i )Wi‖zi − z̄i‖X

+ 3λiρ
2
i ‖zi − z̄i‖X + 2

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
X

+
2

Γ(α + 1)

k∑
j=1, j,i

(ρα+2
j + ρ

α−β+2
j )W j

∥∥∥zi − z̄ j

∥∥∥
X
, i = 1, 2, · · · , k (4.12)

and

|CD
β
0,τzi(τ)−C

D
β
0,τz̄i(τ)| ≤ |CDβ0,τzi(τ)−C

D
β
0,τθi(τ)| + |CDβ0,τθi(τ)−C

D
β
0,τz̄i(τ)|

≤
( Φi(τ)
Γ(α − β + 3)

+
4Φ j(1)

Γ(α + 1)Γ(3 − β)

)
εi +

4
Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ε jΦ j(1)

+
( 1
Γ(α − β + 3)

+
4

Γ(α + 1)Γ(3 − β)

)
(ρα+2

i + ρ
α−β+2
i )Wi‖zi − z̄i‖X

+
5λiρ

2
i

Γ(3 − β)
‖zi − z̄i‖X +

4
Γ(3 − β)

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
X

+
4

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

(ρα+2
j +ρ

α−β+2
j )W j

∥∥∥z j − z̄ j

∥∥∥
X
, i = 1, 2, · · · , k. (4.13)

Hence, from (4.12) and (4.13), we get

‖zi(τ) − z̄i(τ)‖

≤
( 2Φi(τ)
Γ(α + 3)

+
2Φ j(1)

Γ(α + 1)

)
εi +

2
Γ(α + 1)

k∑
j=1, j,i

ε jΦ j(1)

+
( 2
Γ(α + 3)

+
2

Γ(α + 1)

)
(ρα+2

i + ρ
α−β+2
i )Wi‖zi − z̄i‖X

+ 3λiρ
2
i ‖zi − z̄i‖X + 2

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
X

+
2

Γ(α + 1)

k∑
j=1, j,i

(ρα+2
j + ρ

α−β+2
j )W j

∥∥∥zi − z̄ j

∥∥∥
X
, i = 1, 2, · · · , k. (4.14)

Similarly, one can obtain∥∥∥C
D
β
0,τzi(τ)−C

D
β
0,τz̄i(τ)

∥∥∥
≤
( Φi(τ)
Γ(α − β + 3)

+
4Φ j(1)

Γ(α + 1)Γ(3 − β)

)
εi +

4
Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

ε jΦ j(1)

+
( 1
Γ(α − β + 3)

+
4

Γ(α + 1)Γ(3 − β)

)
(ρα+2

i + ρ
α−β+2
i )Wi‖zi − z̄i‖X
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+
5λiρ

2
i

Γ(3 − β)
‖zi − z̄i‖X +

4
Γ(3 − β)

k∑
j=1, j,i

λ jρ
2
j

∥∥∥z j − z̄ j

∥∥∥
X

+
4

Γ(α + 1)Γ(3 − β)

k∑
j=1, j,i

(ρα+2
j +ρ

α−β+2
j )W j

∥∥∥z j − z̄ j

∥∥∥
X
, i = 1, 2, · · · , k. (4.15)

From (4.14) and (4.15), we find that

‖zi(τ) − z̄i(τ)‖X = ‖zi(τ) − z̄i(τ)‖ +
∥∥∥CDβ

0,τzi(τ)−CDβ
0,τz̄i(τ)

∥∥∥
≤gi(τ)εi + Q2

k∑
j=1, j,i

ϕ j(1)ε j+Q1σi‖zi − z̄i‖X + πi‖zi − z̄i‖X

+

k∑
j=1, j,i

π j

∥∥∥z j − z̄ j

∥∥∥
X

+ Q2

k∑
j=1, j,i

σ j

∥∥∥z j − z̄ j

∥∥∥
X
. (4.16)

We rewrite (4.16) as:

(‖z1 − z̄1‖X, ‖z2 − z̄2‖X, · · · , ‖zk − z̄k‖X)T

≤ B(τ)(ε1, ε2, · · · , εk)T +A(‖z1 − z̄1‖X, ‖z2 − z̄2‖X, · · · , ‖zk − z̄k‖X)T ,

where

B = (bi j)k×k, bi j =

{
gi(τ), i = j,
Q2, i , j.

Using matrixA and Theorem 2.1, we get

(‖z1 − z̄1‖X, ‖z2 − z̄2‖X, · · · , ‖zk − z̄k‖X)T
≤ (I −A)−1B(τ)(ε1, ε2, · · · , εk)T , (4.17)

and further, we define

(I −A)−1 =


a11 a12 · · · a1k

a21 a22 · · · a2k
...

...
. . .

...

ak1 ak2 · · · akk,

 ,C(τ) =


c11(τ) c12(τ) · · · c1k(τ)
c21(τ) c22(τ) · · · c2k(τ)
...

...
. . .

...

ck1(τ) ck2(τ) · · · ckk(τ)

 .
It is easy to verify that

ai j ≥ 0, ci j(τ) ≥ 0, i, j = 1, 2, · · · , k

and

ci j(τ) = ai jg j(τ) + Q2Φ j(1)
k∑

r=1,r, j

air ≤
(
ai j + Q2

Φ j(1)
g j(0)

k∑
r=1,r, j

air

)
g j(τ), i, j = 1, 2, · · · , k.

Setting ε = max{ε1, ε2, · · · , εk}, we have

‖z − z̄‖X ≤
k∑

j=1

k∑
i=1

(
ai j + Q2

Φ j(1)
g j(0)

k∑
r=1,r, j

air

)
Φ(τ)ε. (4.18)
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Let

c f1, f2,··· , fk ,Φ =

k∑
j=1

k∑
i=1

(
ai j + Q2Φ j(1)g−1

j(0)
k∑

r=1,r, j

air

)
.

By Definition 4.3, system (2.1) is Ulam-Hyers-Rassias stable with respect to Φ. �

Remark 4.3. Taking ε = 1 in (4.18), we conclude using Definition 4.4 that system (2.1) is generalized
Ulam-Hyers-Rassias stable with respect to Φ.

5. Example

Example 5.1. Consider the BVP (1.4) with α = 1
2 , β = 1

3 , k = 3, λ1 = 1
2 , λ2 = 1

4 , λ3 = 1
8 , ρ1 =

ρ2 = 1
10 , ρ3 = 1

5 , and
f1(t, u, v) = t

5 + u
4(t+3)2 + 5

3
√

2(t+2)
v, (t, u, v) ∈ [0, ρ1] × R × R,

f2(t, u, v) = cos x
3 + u

2(t+4)3 + 5t
6
√

2
v, (t, u, v) ∈ [0, ρ2] × R × R,

f3(t, u, v) = 2t2 + u
2(t+5)2 + v

6(t+2) , (t, u, v) ∈ [0, ρ3] × R × R.

Using Lemma 2.5, we obtain the equivalent system

CD
1/2
0,τ

(
D2 + 1

200

)
z1(τ) =

(1
2

)5/2
(
τ
5 +

z1(τ)
4(τ+3)2 +

(1
2

)−1/3 5
3
√

2(τ+2)
CD

1/3
0,τz1(τ)

)
,

CD
1/2
0,τ

(
D2 + 1

400

)
z2(τ) =

(1
4

)5/2
(

cos τ
3 +

z2(τ)
2(τ+4)3 + ( 1

4 )−1/3 5
6
√

2
CD

1/3
0,τz2(τ)

)
,

CD
1/2
0,τ

(
D2 + 1

200

)
z3(τ) =

(1
8

)5/2
(
2τ2 +

z3(τ)
2(τ+5)2 +

(1
8

)−1/3 1
6(τ+2)

CD1/3
0,τz3(τ)

)
,

z′1(0) = z′2(0) = z′3(0) = z1(0) = z2(0) = z3(0) = 0,
z′′1 (1) = z′′2 (1) = z′′3 (1), 9z′′1 (1) + 16z′′2 (1) + 25z′′3 (1) = 0,

(5.1)

then

ξ1(τ) =
τ

5
, ξ2(τ) =

cos τ
3

, ξ3(τ) = 2τ2,

η1(τ) =
1

4(τ + 3)2 , η2(τ) =
1

2(τ + 4)3 , η3(τ) =
1

2(τ + 5)2 ,

ψ1(τ) =
(1
2
)−1/3 5

3
√

2(τ + 2)
, ψ2(τ) =

(1
4
)−1/3 5

6
√

2
, ψ3(τ) =

(1
8
)−1/3 1

6(τ + 2)
.

For τ ∈ [0, 1], we have ξ∗1 = 1
5 , ξ

∗
2 = 1

3 , ξ
∗
3 = 2, η∗1 = 1

36 , η
∗
2 = 1

128 , η
∗
3 = 1

50 , ψ
∗
1 = ψ∗2 = 5

3 , ψ
∗
3 = 1

4 . By
calculation, we get

L1 = 0.06674, ∆1 = 0.022, ∆̃1 = 0.01664, Ω1 = 0.0317, Ω̃1 = 0.01168, N1 = 0.1982,
L2 = 0.06257, ∆2 = 0.022, ∆̃2 = 0.01664, Ω2 = 0.01586, Ω̃2 = 0.01168, N2 = 0.1988,
L3 = 0.07842, ∆3 = 0.1242, ∆̃3 = 0.09410, Ω3 = 0.0317, Ω̃3 = 0.0234, N3 = 0.2573,

so, we have

θ1 = ∆1(η∗1 + ρ
−β
1 ψ

∗
1) + Ω1 + ∆̃2(η∗2 + ρ

−β
2 ψ

∗
2) + Ω̃2 + ∆̃3(η∗3 + ρ

−β
3 ψ

∗
3) + Ω̃3 = 0.2487,
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θ2 = ∆2(η∗2 + ρ
−β
2 ψ

∗
2) + Ω2 + ∆̃1(η∗1 + ρ

−β
1 ψ

∗
1) + Ω̃1 + ∆̃3(η∗3 + ρ

−β
3 ψ

∗
3) + Ω̃3 = 0.2445,

θ3 = ∆3(η∗3 + ρ
−β
3 ψ

∗
3) + Ω3 + ∆̃1(η∗1 + ρ

−β
1 ψ

∗
1) + Ω̃1 + ∆̃2(η∗2 + ρ

−β
2 ψ

∗
2) + Ω̃2 = 0.2448,

and
3∑

i=1

θi = 0.736 < 1,
3∑

i=1

Ni = 0.6543.

Thus,

r >
∑3

i=1 Ni

1 −
∑3

i=1 θi
=

0.6543
1 − 0.736

.
= 2.479.

According to Theorem 3.1, BVP (5.1) has at least one solution on [0,1].

Example 5.2. Consider the BVP (1.4) with α = 1
2 , β = 1

3 , k = 3, λ1 = λ2 = λ3 = 1
10 , ρ1 = ρ2 = ρ3 =1

5 ,
and 

f1(t, u, v) = cos t + 1
3(
√

t+3)2 (sin u + v), (t, u, v) ∈ [0, ρ1] × R × R,

f2(t, u, v) = 1
t +

√
π

(t+27) (|u| + |v|), (t, u, v) ∈ [0, ρ2] × R × R,

f3(t, u, v) = 1 + 2t2 + 2
√

2
9(t+3) (

u
1+u + v), (t, u, v) ∈ [0, ρ3] × R × R.

Using Lemma 2.5, we obtain the equivalent system

CD
1/2
0,τ

(
D2 + 1

250

)
z1(τ) =

(1
5

)5/2
[
cos τ + 1

3(
√
τ+3)2

(
sin z1(τ) +

(1
5

)−1/3CD
1/3
0,τz1(τ)

)]
,

CD
1/2
0,τ

(
D2 + 1

250

)
z2(τ) =

(1
5

)5/2
[

1
τ

+
√
π

(τ+27)

(
|z2(τ)| +

(1
5

)−1/3∣∣∣CD1/3
0,τz2(τ)

∣∣∣)],
CD

1/2
0,τ

(
D2 + 1

250

)
z3(τ) =

(1
5

)5/2
[
1 + 2τ2 + 2

√
2

9(τ+3)

( τ
1+τ

+
(1

5

)−1/3CD
1/3
0,τz3(τ)

)]
,

z′1(0) = z′2(0) = z′3(0) = z1(0) = z2(0) = z3(0) = 0,
z′′1 (1) = z′′2 (1) = z′′3 (1), 9z′′1 (1) + 16z′′2 (1) + 25z′′3 (1) = 0,

(5.2)

and for τ ∈ [0, 1], u, v, u1, v1 ∈ R, we can conclude that∣∣∣ f1(τ, u, v) − f1(τ, u1, v1)
∣∣∣ ≤ 1

3(
√
τ + 3)2

(∣∣∣u − v
∣∣∣ +

∣∣∣u1 − v1

∣∣∣),
∣∣∣ f2(τ, u, v) − f2(τ, u1, v1)

∣∣∣ ≤ √
π

(τ + 27)
(∣∣∣u − v

∣∣∣ +
∣∣∣u1 − v1

∣∣∣),
∣∣∣ f3(τ, u, v) − f3(τ, u1, v1)

∣∣∣ ≤ 2
√

2
9(τ + 3)

(∣∣∣u − v
∣∣∣ +

∣∣∣u1 − v1

∣∣∣),
and so, we get

w1(τ) =
1

3(
√
τ + 3)2 , w2(τ) =

√
π

(τ + 27)
, w3(τ) =

2
√

2
9(τ + 3)

.

By simple calculation, we obtain

a = Q1σi + πi = 0.1652, b = Q2σi + πi = 0.1316, i = 1, 2, 3,
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W1 = W2 = W3 = max
τ∈[0,1]

|w1(τ)| =
1

27
, σ1 = σ2 = σ3 = 0.0202,

K1 = K2 = K3
.
= 0.8467, L1 = L2 = L3

.
= 0.04396, π1 = π2 = π3 = 0.02531.

Then

( k∑
i=1

Ki

)( k∑
i=1

Wi

)
+

k∑
i=1

Li � 0.4450 < 1.

Since all conditions of Theorem 3.2 have been satisfied, therefore, the system (5.2) has a unique
solution in [0,1]. Using the given value, we also have

A =


0.1652 0.1316 0.1316
0.1316 0.1652 0.1316
0.1316 0.1316 0.1652

 .
Let

0 = det(λE −A) = (λ − 0.4288)(λ − 0.034)2. (5.3)

Solving Eq (5.3) gives
λ1 = 0.4288 < 1, λ2 = λ3 = 0.034 < 1.

From Theorem 4.1 and Remark 4.2, it can be seen that the system (5.2) is Ulam-Hyers stable and
generalized Ulam-Hyers stable. Similarly, we obtain that system (5.2) is Ulam-Hyers-Rassia stable
and generalized Ulam-Hyers-Rassia stable.

6. Conclusions

This article discussed a class of nonlinear Caputo type higher-order fractional Langevin equations
on a star graph. By utilizing Lemmas 2.4 and 2.5, BVP (1.4) was transformed into system (2.1)
defined on the interval [0,1]. The existence and uniqueness of solutions are proven using fixed
point theorems, specifically the Krasnoselskii fixed point theorem and the Banach contraction
mapping principle. Furthermore, the Ulam-Hyers stability, Ulam-Hyers-Rassias stability, and their
generalized forms are explored based on Definitions 4.1–4.4, which may provide researchers with a
new approach to analyzing the Ulam stability of higher-order fractional differential equations. The
results presented in this article are new and extend some existing literature on this topic (see prior
references [10, 11, 15, 17, 23]). Finally, two examples demonstrated the application of the main
results. One promising avenue for future research is to explore fractional differential equations on
star graphs, including the fractional Sturm-Liouville equation, the fractional Langevin equation with
the p-Laplacian operator, and fractional integral-differential equations.
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