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1. Introduction

The theory of fractional integral and differential equations has a fundamental role in several
branches of science, such as economics, biology, engineering, physics, electrical circuits, electro-
chemistry, earthquakes, fluid dynamics, traffic models, and viscoelasticity (cf. [1-3]).

Hadamard fractional integral operators were defined by Hadamard in 1892 [4]. These operators
have a kernel of logarithmic function of arbitrary order, which is not of convolution type. Consequently,
they should be examined separately from the more well-known Caputo and Riemann-Liouville
fractional operators. These types of operators have been studied by several researchers in numerous
function spaces. (cf. [5-7]).

The present work investigates and establishes the existence theorem as well as the uniqueness of
the solution to a general and abstract form of a product of n-quadratic fractional integral equations of
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Hadamard-type in Orlicz spaces L, which has the form

. 1 Gy
3(s) :l:l(h(s)+62(y)( 5) + lriy)g) | (log;) %)(T)dr), seflel. 0<ar <1, (1.1)

in arbitrary Orlicz spaces L,, where G;,, j = 1,2, 3 are general operators.
The theory of fractional calculus in Orlicz spaces was studied by O’Neill in 1965 [8], and,
subsequently, several interesting articles were published on this topic (see, for example, [9-11]).
Orlicz spaces L, are suitable spaces for studying operators with strong nonlinearities (e.g.,
exponential growth) rather than polynomial growth in Lebesgue spaces L,, p > 1, (see [12, 13]).
These are motivated by some problems in statistical physics and mathematical physics (see [14, 15]).
In particular, the thermodynamics problem

y(s) + fa(s, u)- ™ du =0,
I

contains exponential nonlinearity (cf. [16]).

Moreover, quadratic integral equations have been applied in astrophysics, radiative transfer theory,
or neutron transport [17-19]. It should be noted that several kinds of quadratic integral equations
have been investigated in L, spaces [20-22] and in L,-spaces [12, 13, 23] using the measure of non-
compactness analysis associated with Darbo’s fixed-point hypothesis via different sets of assumptions.

It is useful to study the product of two or more than two operators, as mentioned by Medved and
Brestovanskad in [24,25]; however, they consider the Banach algebras of continuous functions, which
have a different technique in the proof. Since Orlicz spaces are not Banach algebras, we use the
methods given in [26,27] to obtain our results.

In [26], the author proved some fixed point theorems and employed them in examining the solution
of the equation

n

¥ =[] (st + f Kits. Tyt dr)

i=1
in some types of ideal spaces like L,, p > 1 and Orlicz spaces L,(I), I = [a, b], where ¢ verifies the
A,-condition.

In [27], the existence theorems for the product of n-integral equations operating on n-distinct Orlicz
spaces

n

b
y(s) = l_[ (gi(S) + i - his, y(5)) - f Ki(s, 7)fi(7, (1)) dT),
i=1 a
were discussed in Orlicz spaces L,([a, b]), for n > 2, when the function ¢ verifies the so-called A’, As,
and A,-conditions.
The author in [28] demonstrated and proved some basic theorems for the Riemann-Liouville
fractional integral operator and investigated the existence theorems in L,-spaces for the equation

S _ -1
y(s) = y(s) + GY)(s) &f(ﬂy(ﬂ) dr, 0<a <1, s€[0,d].
o o)
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In [29], some basic theorems were demonstrated and proved for the Hadamard fractional order
integral operator, and the existence theorems were also investigated for the equation:

Giy)(s) (7 s\a-1Go(y)(7)
I'(@) | (log ;) T

y(s) = G3(y)(s) + dr, O0<a<l1, se[l,e],
in Orlicz spaces L.

Basic theorems for the Erdélyi-Kober fractional order integral operator can be found, both
demonstrated and proved, in [30], where the existence theorems were also investigated for the
following equation:

Bhi(s,y(s) [ 7 ha(z,3(7))
[(a) o (F-1H)le

¥s) = g5+ fils. (s + £s ar), s l0,dl,
where 0 < @ < 1 and 8 > 0 in both L, and L, spaces.

This paper is motivated by studying monotonic solutions for a general and abstract form of a product
of n-quadratic fractional integral equations of Hadamard-type in Orlicz spaces L,. We provide two
existence theorems, namely (the existence and the uniqueness of) the solutions for Eq (1.1). The
measure of non-compactness and Darbo’s fixed point theorem are our main tools for examining the
obtained results.

2. Preliminaries

Let R* = [0,00) CR = (—0co,0) and I = [1,e], e ~ 2.718. A function M : [0, co) — [0, o) points
to a Young function if

M(T) :f u(s)dt, for >0,
0

where u : [0, 0) — [0, 00) is a left-continuous-increasing function and is neither equal to infinite, nor
zero on R*. The functions N and M are referred to the complementary Young functions, if M(y) =
sup,.o(yz — N(y)). Furthermore, if M is finite-valued with lim,_, M(T) = 0, im0 M@ _ oo, and
M) >0ift>0(M(r) =0 < 1 =0),then M is said to be an N- function.

The Orlicz space Ly, = Ly (1) is the space of all measurable functions y : I — R with the Luxemburg

norm
Iylly = inf{fM()E) dr < 1}.
e>0 I €

Let Ey; = Ey(I) contain the set of all bounded functions of L,, and have absolutely continuous norms.

Definition 2.1. [31] The Hadamard-type fractional integral of an integrable function y of order a > 0
is given by

al
Jy(s) = F()f y()dT s>1, a>0,

where I'(@) = fooo e S5 ! ds.

Proposition 2.1. [5] The operator J* maps a.e. nondecreasing and nonnegative functions to functions
of similar types.
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Lemma 2.1. [29] Assume, that M and N are complementary N-functions with fos M@ Ydr <
oo, a € (0, 1). Moreover, suppose that ¢ is N-function, where

1

1 se T-a
1 f M@ ) dr € E,
€T-a JO

fora.e. T € I and € > 0O, then the operator J* : Ly — L, is continuous and verifying

k(s) =

7Yl < =—lIKlllI¥ll-

F( )
The following lemma characterizes the product of the operators in L,:

Lemma 2.2. ([32, Theorem 1]) Letn > 2. If ¢ and ¢;, i = 1,---n are arbitrary N-functions, then the
following conditions are equivalent:

(1) For every u; € Ly, [1i; u; € L,.
(2) There exists a constant K > 0 s.t.

u;

n
<K | | il
¢ i=1

foreveryu; € Ly,i=1,2,---n
(3) There exists a constant C > 0 s.t.

[ Je') < Cco'o)
i=1

for every s > 0.
(4) There exists a constant C > 0s.t. ¥ 5;>0,i =1,---n,

( o ) Zsoz(S)

Let S = S (I) refer to all Lebesgue measurable functions on the interval /. The set S concerning the

metric
d(y,z) = ing[e + meas{t : [y(1) — z(7)| > €}]

becomes a complete space, where “meas” points to the Lebesgue measure in R. The convergence
w.r. to d is identical to the convergence in measure on [ (cf. Proposition 2.14 in [34]). We call the
compactness in S by “compactness in measure”.

Lemma 2.3. [23] Let Y C Ly, be a bounded set, and there is a family (Q.)o<c<e-1 C I s.t. meas Q. = ¢
for every c € [1,el, and for everyy € Y,

y(sl) = y(SZ)a (sl € QC’ §2 ¢ Qc)

Thus, Y represents a compact in measure set in Ly;.
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Definition 2.2. [23] Let O # Y C Ly be bounded, then
Bu(Y) =inf{r > 0 : da finite subset Z of Ly; s.t. Y C Z + B, },

is called the Hausdorff measure of non-compactness (MNC), where B, = {m € Ly, : ||ml|y < r}.
The measure of equi-integrability c of the set Y € Ly is given by

c(Y) = lim sup supl|ly-xollL,.

€20 mesD<e yeY

where € > 0 and yp is the characteristic function of D C I (cf. [33] or [34]).

Lemma 2.4. [23,33] Let 0 # Y C E); provide a bounded and compact in measure set, then we have
Bu(Y) = c(Y).
3. Main results

Rewrite Eq (1.1) as

n

y=B0)=| |BO) =] [ (hi+ G2 ) + U)),
i=1

i=1

where

Uiy) = G,,(» - Ay, Aiy) = J"G3,(),

s.t. J" is as in Definition 2.1 and G;,(y) are general operators that act on some different Orlicz spaces
forj=1,2,3andi=1,--- ,n.
Next, we discuss the existence of L, solutions for Eq (1.1).

3.1. The existence of L,-solutions

Fori = 1,---,n, suppose that ¢, ¢;, ¢1,, ¢, are N-functions and that N;, M; are complementary
N-functions with f(; M;(t% ") dr < oo, a; € (0, 1), and consider the assumptions:

(N1) There exists a constant K > 0 s.t. for every u; € L,,, and we have || [T, will, < K [T, llullg,-

(N2) There exists a constant k;, > 0 such that for every u; € Lwi and u, € L¢2i, we get [[ujuslly, <
ki llet [l Neeally,, -

(N3) The functions h; € E,, are a.e. nondecreasing on the interval /.

(N4) Gy, : L, — L, take continuously E, — E, , the operators Gy, : L, — L, take continuously
E, — E,,, and the operators G3, : L, — Ly, take continuously E, — El,.

(N5) There exist positive functions g, € Ly, , 8 € Ly, &3, € Ly, s.t. for s € L |G ;;(0)(s)| < g;,()lIylly;
and G, j = 1,2,3, takes the set of all a.e. nondecreasing functions to functions of similar
properties. Moreover, suppose that for any y € E,, we have G;,(y) € E, , Gy (y) € E,, and

G3,(y) € E..
(N6) Assume that k;(s) = ——

€ I-a;

1

Sfl a;
, M@ dreE, fore>0andsel
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(N7) Suppose that 4 r > 0 and L; > 0O verify

- " 2k kil
l;lLi = Kl;l (llhi||¢, + ||g2i||¢i cr+ ﬁ”gh”wli”g&HM ) r2) <r 3.1)

and

n

[T (et + 2 eyl <
82;llp; F(CZ,-) 81; @1 83;1IN; K"

i=1
Theorem 3.1. Let the assumptions (N1)—(N7) be verified, then there exists a solution'y € E, of (1.1)
that is a.e. nondecreasing on I.

Proof. 1. In what follows, put i = 1,---,n. First, Lemma 2.1 implies that each J? : Ly, — Lsazi 18
continuous. By assumption (N4), we have that the operators Gy, : E, — E¢,i, Gy : E, » E,, and
G;, : E, — Ej, are continuous, then A; = J"G3, : E, — E,, are continuous. By assumption (N2)
and the Holder inequality, we get that U; = Gy, - A; : E, — E,,, and they are continuous. By using
assumptions (N3), we have the operators B; : E, — E,. Finally, assumption (N1) and the Holder
inequality give us that B = [[i-, B, : E, — E, is continuous.

II. We shall establish the ball B.(E,) = {y € L, : ||yll, < r}, where r is defined in assumption (N7).

Lety € B,(E,), and by recalling Lemma 2.1, we have

1By < IMhlly, + G2,y + 11U,
Ihills, + (|2 - MLl + G, - A,

A

IA

< il + 2|, Ivlle + K1 IG LG, - A,

< Wl + gl 01l + K1 flg - ], 117G, 0l
SHM@H&&MW+M%NIwﬁ(ﬂWMMaWML
snwm+kﬁwwwwﬂ&MJw%(wmmhm|mu
< il + ||| Il + ;ﬂﬂ”mm [lgally, 12
snwm+kﬂwr+—%£ﬁmm%MﬂMw?

Therefore, utilizing assumption (N1), we have

B, < K| [ 1B,
i=1

n 2ky |Ikill .
< Kl—[ (th”% + ||g2i||<p[ -+ —F(a) & ||gli||g01,»”g3i||Ni : r2) s
i=1 '

By using assumption (N7), we have that B : B,.(E,) — E, is continuous.
III. Let Q, C B,(E,) contain the a.e. nondecreasing functions of 1. The set Q, is a closed, nonempty,
bounded, and convex setin L,; see [23]. Furthermore, Q, is compact in measure (thanks to Lemma 2.3).
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IV. Next, we discuss the monotonicity for the operator B. Take y € Q,, then y is a.e. nondecreasing
on /. By assumption (N5), the operators G,(y), j = 1,2,3 are a.e. nondecreasing on I, by
Proposition, 2.1 the operator A; is of the same type, then the operators U,(y) = Gy,(y) - A(y) are
a.e. nondecreasing on /, and by using assumption (N3), we have that B : O, — Q, is continuous.

V. We will demonstrate that B is a contraction w.r. to the MNC. Suppose that() # Y € Q,. Fory e Y
and foraset D c I, € > 0, measD < €. By assumption (N4), we have

1G1,O) xblley, NGO XD, < [lg1 My - xenlle,, < [lsul,, Iy -xolly

and, similarly,
1G5, - xolls, < [[ga]|, [y - xollps
then we have

IB:y) - xplly, < hi - xplly; + 11G2,(0) - xplle: + 1U() - xplly,
< lhi - xpllg; + 1G2,(y - xp)lly; + 11G1,(0) - Ai(y) - xplly,
< ki - xollg; + 182,llu:lly - xolle + ki llG1, () - xpllg,, - 1A:(¥) - XDllg,,
< A - xollg, + 11821l ly - xplle + kilIG1, (v - xD)llg,, - Nl
2k,
< |lhi - xpllg; + lg2:llylly - xplle + @ )Hg1Hw|W X pllpllkilly, 1G5, Dy,
2k,
< 1hi - xollg + lg2:llely - xplle + F( )Hngwlﬂy X pllpllkillg, 1183 1yll,
,” l”«pzi °r
< lhi - xollg; + llg2lle:lly - xplle + W”gli”wi”gSiHNi”y “Xpllg-
Therefore,

1B xolle < K[ J1B.G) - xoll,

o llkillgs, - 7

sl sl ol )

L 2
< K[ (1 xnll + lgallally - xoll, +
i=1
Since h; € E,,, we obtain
lim { sup [sup(ll; - xolly )1} =

20 jeas D<e yeY

From the definition of c(y), we have

2k lIkill, - r

. N e(Y
) s, g JeC,

c(B(Y)) < 'K ﬂ (Ilgz,-llgo,» +
i=1

where [ly - xolll, = Iy - xoll} ' ly - xolly < 71y - xoll,-
Since ) # Y C Q, is a bounded and compact in measure subset of E,, we can employ Lemma 2.4
to get

Bu(BIY) < 'K ﬁ(n o+ e )-Bur)
H = | | 82;llg; T(@) 81;ller 1183 1IN; H
. . 2k Ml -
Since [17, (||g21.||%. ; H—ai)’llglill¢lillg3illNi) L we have finished (cf. [26]). o
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Remark 3.1. If the N-functions N;,i = 1,--- ,n verify the A’-condition, then Theorem 3.1 is valid on
the unite balls B1(E,) = {y € L, : |[ylly < 1}. Furthermore, if they verify the Az or A,-conditions, then
Theorem 3.1 is valid on the whole E, (cf. [13,23]).

3.1.1. Uniqueness of the solution

Now, we discuss the uniqueness of Eq (1.1).
Theorem 3.2. Let assumption (N1)—(N7) be verified. If
4k, - rllklly,, 2
C= Z Kl + — el sl ) [T ] <1
(@) i=1,i#]

where r and L; are defined in assumption (N7), then Eq (1.1) has a unique solution'y € L, in Q,.

Proof. Let y and z be any two different solutions of Eq (1.1), then we obtain

- ﬁ Bi(Z)‘
i=1

ly—z =
< ﬁ&@—mnﬁ&@h%@i?@%&@%@@&w
B@f@@—ﬂB@
SW@)&@IHB@HB@N%@ &w]}ww
-+@@—m@«ﬂwx»
Therefore,

v=zll, < K[Bi») =B, [ [1BO: + KIBi@I [B:0) - B2 | 1B
i=2 i=3

n—1
- B, | | 1Bl (3.2)
i=1

To calculate the above inequality, we need the following estimation. For j = 1,--- , n, and by using
Lemma 2.1, we have

1B,0) = Bi@|,, <6200 = G2, |, + [G1,00A4;0) - G142,
oo ol = 2, 1L + 61,0410 = G400 +][61,@4100 - G4,

ga, - Il = Vel + 0, [l61,00 = G, I, + k6@, 14,00 - A,

IA

IA
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IA

lga, Il lly = zlly + ki, |[g e @M

- ot = el |

+haflen, ||z||¢||¢1j||J§"G3,-(y) - J?’Gsxz)llw

IA

Ikl 183, 11l

2
1821l 1y = zlly + & llgullg, Ny = zllwr( 3

ki lgllg,, - Wellgs [l 1 1y = =l

|Izll¢r( B

4](1/. r”kj”(pz

llg2,lly; +
( 807 T T,

By substituting from (3.1) and (3.3) in (3.2), we obtain

IA

ummW&H)m 2l (3.3)

=l < [K(lalls + d r(”;mm ghnﬂjk%HN)[_[L
+Kummm+iﬁﬁ%?ﬂmw%kﬂmﬂju
+M+K@&m%+fﬁiﬂﬁ@ﬁmmm g, YIL¢w—m¢
I(a,) NS5l 1)
= C-ly -l
Since C < 1, we get y = z (a.e.), and we have finished. O

4. Examples

We need to provide some examples to demonstrate our results.

Example 4.1. Put the N-functions M(u) = Nj(u) = u* and ¢,,(u) = exp |u| — |u| — 1. We shall show that
Jf" t Ly, — stz,-’ i=1,---,nare continuous, and Lemma 2.1 is verified.
Indeed: For s € [1,e] and any «; € (0, 1), we have

X X 2a;—1
ki(s) = f M(t* Y dr = f 22 g = 2 .
0 0 20, -1

4 ¢ /a1 g2ai=1
A K = 2T — - 1 d .
fl @2, (ki(s)) dt .[1 (e Gy ) § < o0

Thus for y € Ly, we get that J;" : Ly, — Ly, is continuous.

Moreover,

Remark 4.1. For more details and information about the acting and continuity assumptions of G;(y) =
gi(s) - y(s), (see our assumption (N5) and [15, Theorem 18.2]).

Example 4.2. Let G;,(y)(s) = gi(s) - y(s), j=1,2,3,and i = 1,---n, then we have

ﬂ®=rHM@+&@)ﬂ®+&®)ﬂ@f (10 2)

i=1

@71 g3(1) - y(1)
T

dr), e ©1), sellel,
which provides a special case of Eq (1.1).
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5. Conclusions

The current study demonstrates and studies two existence theorems, namely, (the existence and
the uniqueness) the monotonic solutions for a general and abstract form of a product of n-quadratic
Hadamard-type fractional integral equations in Orlicz spaces L,. The measure of non-compactness
associated with Darbo’s fixed-point theorem and fractional calculus are the main tools used to obtain
our results in L,-spaces. For the upcoming work in this direction, we will look for some numerical
solutions for similar problems in different function spaces.
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