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1. Introduction

Fora,b e R,a < b, and I := [a, b], the function ¢ : I — R is convex if

e (tx; + (1 = DHx2) < t(x1) + (1 = DHp(x2)

and ¢ is named strongly convex ( S-C) with modulus k if
@ (tx; + (1 = Dx2) < 19(x)) + (1 = Dp(xz) — ke (1 = 1) (x1 — x2)°,

for all x;,x, € I and all ¢ € [0, 1]

Mercer inequality [8], Hermite-Hadamard inequality (H-H inequality) [6], and Jensen’s
inequality [7] are some types of important inequalities in different fields of mathematical analysis
and optimization.

In [4], Fejér investigated an extension of the H-H inequality. Azd6car et al. [1] obtained the following
Fejér inequality for the S-C function.

Because of the comprehensive results of the Jensen’s, Mercer, and H-H inequalities, some
researchers exteneded their studies via mappings of various types (see [2,3, 10,17, 18]).
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The theory of convex function is significant in entropy estimation and optimization [11-16].

An equivalent condition for the convexity of a continuous function is given in [21]. Also, in [22],
S. Zlobec generalized some of the basic integral properties of convex functions.

Throughout this article, suppose that x = {x;} C [a,b] and t = {1,},0 < ¢, with }}_, #; = 1.

Theorem 1.1. [9] Suppose that ¢ : I — R is an S-C function with modulus k, then

) (Zn: t,-x,-) < an tip(x;) — kV(x),
i=1

i=1

forall x;,xy,...,x, € [a,b],t; 20 = 1,...,n)with 3} t; = 1,X = YL, t;x;, and V(X) 1= X1, ti(x; —
%)

Definition 1.1. The Shannon entropy of a probability distribution t is defined by
H() := = > 1;log(t).
i=1

Proposition 1.1. [/9] Letn:=min{t; :i=1,...,n}and ¥ :=max{t; : i = 1,...,n}, then

(n +9)°
4nd

2n 29
, M) :=nl + 91 <l —H(t) <1 = M(n, D).
m(77, ) UOg(mﬁ) Og(n+0) ogn— H(t) og( ) (n,9)
Our main goal is to obtain some intersting Jensen, Mercer, and Fejér-Hermite-Hadamard
inequalities for S-C functions. Furthermore, we use those inequalities in mathematical analysis and

the Shannon entropy to obtain a strong bound for entropy of a probability distribution.
2. Main results
In this section, we generelize the Mercer, Jensen type, and Fejér-Hermite-Hadamard inequalities

for S-C functions.

Lemma 2.1. Suppose that ¢ : I — R is an S-C function with modulus k. If wi,w,,ws € I, and
wy < Wy < wy, then

(i) B < (220 ) = (M52 ) = £ (wa = w1) Qw3 = wa = W),

(ii) ST > () — o (M22) £ (s o wy = 2w) (w3 = w2).

wo+ws3

Proof. Since w; < w; < < wjs, there are s,t € [0,1], s + ¢ = 1 such that w, = S(T) + twy.

Therefore,

wo+ws3
2

e(wy) — p(w2) Wy + w3
2 " ‘p( 2 )

=5 [pom = pfon s ()| o (5)

1 2
> 5 e(wy) — (l‘cp(W1) + S(,D(W2 ; W3) - kls(w2 ; LENS wl) )

W2+W3)

+90( 2
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2 - k 2
= E(p(wl) + > s(p(wz +W3)+ —ts(w2 W _Wl)

2 2 2 2
s 2—5 W2+W3) s2-5) k (W2+W3 )2
>opl= e _
_g0(2w1+ 3 ( > )+(k 1 +2ts 7 wi
_ S wy + W3 1 k o) W2+W3—2W12
—(,0(§W1+( 3 )—E(Wz—twl))+z(4s—35‘)(f
B (W1 + W3) . k (4(W2 —w) 2wz —w, — wl))(wz + w3 — 2w1)2
A 4 (Wy + w3 — 2w;)? 2
w1+ ws k
- ¢ J 45 002 = w0 @ws = w2 = wy).
2 4
Similarly, we obtain (ii) by putting w, = t(@) + sws3, where wy < "2 < w, < ws. m]

Theorem 2.1. Assume that ¢ : [a,b] — R is an S-C function with modulus k and

+ k
A(p,q) = ¢(p) + p(q) — 2¢ (%) -5 - 9>
where a < p,q < b, then
max Au(p, q) = Aw(a, b). (2.1)

Proof. Taking wy = a,w, = p, and w3 = b in the part (1) of Lemma 2.1 and w; = p,w, = g, and w3 = b
in the part (i1) of Lemma 2.1, we gain

- b b\ k
90(p)290(a)s¢(19;r )_w(“;r )_Z(p—a)(Zb—p—a), (2.2)
b) — b k
so()zso(q)zgp(p;r )_¢(P;Q)+Z(b_q)(b+q_2p), (2.3)
respectively.
By (2.3), we get
—ob b\ k
@(q) 2so( ) Sw(P;‘])_SD(p;_)_Z(b—q)(b+q—2p). 2.4)
Now, from (2.2) and (2.4), we conclude (2.1). 0

Corollary 2.1. Assume that ¢ : [a,b] — R is an S-C function with modulus k and x € [a, b], then
pla+b—-x)— g(a +b—2x)* < @(a) + o(b) — p(x) — g(b —a)’. (2.5

Proof. Replacing p by x and g by a + b — x in Theorem 2.1 gives the desired result. O
Lemma 2.2, Let A,u>0and A+u = 1andlet ¢ : [a,b] — R be an S-C function with modulus k, then

gl Aa+b)+ (=) ) txi| < Ap(@) + (b + (= ) Y tiplx) (2.6)
i=1 i=1
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—k[Zti(xi—i)2+z(b—a)2+/l,u(a+b—2i)2—52t,~(a+b—2xl~)2],

i=1 i=1
forall xi,xy,...,x,€a,bl,t; >0 (A <i<m)with)  t;=1and X = Y, t;x;.

Proof. By applying Theorem 1.1 and (2.5), we obtain

go(/l(a+b)+(ﬂ—/l)Zt,-x,-) =go[/thi(a+b—x,»)+,uZtix,-]
i=1 =1

i=1 i=

n n n 2
< Ap (Z t(a+b- xi)) + up [Z tixi] — kAu (a +b-2 Z tixi]

i=1 i=1 i=1

n n n n 2
<A [Z tipla+b—x;)—k Z ti(x; — )'()2) + up [Z t,-x,-) — kAu (a +b-2 Z t,-x,-)
i=1 i=1

i=1 i=1

<2 [90(61) +o(b) = D 1ip() - g(b - a) + g Dtila+b- 2xl~)2)
i=1 i=1
— kA Z t(x; — X2 + Z tip(x;) — ku Z t:(x; — X2 — kA (a + b — 2%)°
i=1 i=1 i=1
= Agp(a) + Ap(b) + (= D) ) tip(xi) + k; D+ b-2x)
i=1 i=1

- k[Z fi(x; — X)* + %(b —a +Au(a+b- 232)2].

O

Corollary 2.2. Let A,u € [0, 1] with A +u = 1, and let ¢ be an S-C function with modulus k on [a, b)
and x € [a, b], then

©(A(a +b) + (u — Dx) — k;(a +b—2x)°
< Ap(a) + Ap(b) + (u — Dp(x) — kA [%(b —ay +ula+b- 2x)2] .

Corollary 2.3. Let ¢ be an S-C function with modulus k on [a,b) and s,t, A, u € [0, 1] with s +t =1
and A+ u =1, then

©(A(a + b) + (u — D(sa + th)) + (1 — we(sa + tb) — %’1@ —1%(b - a)*
< Ap(a) + Ap(b) — kA B(b —a)* + du(a+ b —2sa - 2tb)2] .

Proof. Substitute x by sa + tb in Corollary 2.2 to get the inequality. O

Corollary 2.4. Let ¢ be an S-C function with modulus k on [a,b] and s,t € [0,1],s +t = 1, then

ZQo(a -; b) < ¢(sa + tbh) + p(ta + sb) — g(s — (b —a)* < ¢(a) + ¢(b) - g(b ~a)’.
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Proof. Set A = 1 in Corollary 2.3 to get the righthand side of the inequality. On the other hand, by
definition, we have

b th  ta+sb\ 1 1 k
so(anr )z‘P(m; * “;S )S§¢(sa+tb)+§¢(ta+sb)—1(s—t)2(a—b)2-

The Corollary 2.4 shows a kind of pre-H-H inequalities.
Next, we prove a generalization of the H-H type inequality for S-C functions.

Theorem 2.2. Assume that ¢ : [a,b] — R is an S-C function with modulus k and w is a nonnegative
function on [a, b], then

a+b b b k (P
290( > )f w(u)du < f (w(u) + w(a + b — u))p(u)du — 3 f (@ + b - 2u)w(u)du

b
< (90(0) +@(b) - g(b - a)z) f w(u)du.

Proof. By multiplying the two-sided inequality in Corollary 2.4 with w(a + #(b — a)), integrating with
respect to variable 7 from O to 1, and by interchanging u = a + t(b — a), we get

a+b b b k (
290( 2 )f w(u)du < f (p(u) + ¢(a + b — w))w(u)du — 5 f (a+b—2u)lwu)du

b
< (90(61) +¢(b) - g(b - a)z) f w(u)du,

since

b b
f (w(u) + w(a + b —u))e(u)du = f (o(u) + p(a + b — u))w(u)du.

Corollary 2.5. Let ¢ : [a,b] — R be an S-C function with modulus k, then

a+b k 5 1 b pla) + ) k 2
(p( 5 )+E(b—a) SEL‘QD(u)duﬁT—E(b—a).

Proof. Putting w = 1 in Theorem 2.2 and after some calculations, the desired inequality follows. O
If we consider w(u) = u®~! in Theorem 2.2, then we have the following result.

Corollary 2.6. Leta > 0,0 <a < b, and ¢ : [a,b] — R be an S-C function with modulus k, then

ka

b
2(b<1——a<Y)L (a+b—2u)2u“_ldu

b b
25[412) < ¢ f W + (a + b — ) )p(u)du -
2 b* —a® J,

k
<¢(a) + ¢(b) = (b - a)’.
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If @ — 07 in Corollary 2.6, then we get the next corollary.

Corollary 2.7. Let 0 <a < b and ¢ : [a,b] — R be an S-C function with modulus k, then

1 b b
290(a+b) og(a) Sf OO a’u—g((a+b)210g(b)—2b2+2a2)

2 u(a+ b —u) a

a+b’

a+b

k
< (90(61) +¢(b) = (b - a)z)

Let ¢ : [a,b] — R be an S-C function with modulus k and O < s,7 < 1 such that s +7 = 1. We define

Ai(s,t,x,y) = sp(x) + t@(y) — @(sx + ty) — kst(x — y)?,
for all x,y € [a, b].

Theorem 2.3. Let ¢ : [a,b] — R be an S-C function with modulus k, then

max  A(s,t,x,y) < A(a,b).

s,tet;x,yela,b]

Proof. First, we prove that
AL(s, 1, x,y) < Ag(x, ),

forall s, € tand x,y € [a, b].
Now,

Ar(x,y) = Ai(s, 1, x,y)

k
= 10(0) + sp3) + @53+ 1) + stCx = ) = 2 () = S0r- 2
> o(tx + s5y) + @(sx + ty) + 2kst(x — y)* — g(x —y)? =20 (XTH)
k
= @(tx + sy) + p(sx + ty) — E(s - t)z(x - y)2 — 2¢(x;y)

5 2()0((t)c+ 5y) ;— (sx + ty)) _ 290(%”)

=0.
The remains of the proof is an application of Theorem 2.1.
Theorem 2.4. Suppose that ¢ : [a,b] — R is an S-C function with modulus k, then

Jo(t,x) : = Zn: tip(x;) — ¢ (i lixi]
i=1

i=1
a+b
2

k
< (@) + ¢(b) - 2<P( ) - 7= a)* = k(b = x,)(x, — a),

where (b — x,)(x, —a) = min; {(b — x;)(x; — a)}.
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Proof. Since x; € [a, b], there is a sequence {4;},4; € [0, 1] with x; = La+ (1 = A)bfori =1,2,....
Thus,

Z ip(x:) — ¢ [Z tixi] = Z tp(dia + (1 = )b) — ¢ [Z i (a+ (1= A»b)]
<Z Aip(a) + (1 = A)p(b) — k(1 = A)(b — a)?) [ Zz/z +bZt(1 4)]
Setting A := Y7, t;4; and u := 1 — Y7, ;4;, by the use of Theorem 2.3, we gain

Jo(t,%) < Ap(a) + pp(b) — ¢(Aa + pb) — k(b — ay’ Z 1idi(1 = 4)

i=1

b k
< @(a) + @(b) = 2¢ (“ ; ) -5~ ay’ + kau(b — a)’ — kA,(1 = 4,)(b — a)?,
because
b=x)x,—a) _(b—-x)(x;—a)
/lrl—/lr: < :/lil_/li’
( ) (b —a)? (b —a)? ( )
foralli=1,2,...,n. Hence,

a+b
2

k
J(t.X) < @(a) + ¢(b) - 2<P( ) - 7= a)* = k(b = x,)(x, — a).

3. Applications

3.1. Applications in analysis

In the following, we obtain an application of Lemma 2.2, which improves the results from [8].

Proposition 3.1. LetO <a <x; < b, t, 200 =1,2,....,n)with };_t; = 1,4, u>0,and 1+ u = 1,
then

G~/l SA/le_ﬁ(V(XH%(b_a)z_%y) SA/“ (3.1)

where Ay := A(a+b) + (u— DX, G, = %,y, = (a+b-2x)? andy = {y;}.

Proof. Letting ¢(x) := —log(x) and k = W in Lemma 2.2, the desired inequality follows. O

Remark 3.1. Putting A = 1 in (3.1), we obtain

G < Ae mr (VWH30-ar=37) < &

where A=a+b—-%xand G = nn“b, (see [8]).

i=1 %

AIMS Mathematics Volume 9, Issue 5, 10997-11006.
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Example 3.1. Assume that B > 2 and 0 < a < b, then ¢(x) = x* is an S-C function with modulus
k = @aﬁ‘z on [a,b]. Further, if B = 2n (n = 1,2,...), then p(x) = x* is an S-C function with
modulus k on arbitrary interval [a, b] .

Proof. Let x,y € [a, b]. Define the following functions on [0, 1]:

& BE =D 5241 = pyx - 32

g(t) == (tx+ (1 —yf +
and
h(t) == tx + (1 — t)y’.
Since g(0) = h(0), g(1) = h(1), k” =0, and
g"(0) = BB - D(x = y)* ((tx + (1 = )yY’> = d”?) 2 0,
g(r) < h(p) for every ¢ € [0, 1]. Therefore, ** is an S-C function with modulus 262a#2 on [a,b]. O

In the next proposition, we give an extension of the pre-Griiss inequality (see [5,20]):

n n 2
Z tix? - [Z tixi] %(b (l)
i=1 i=1

Proposition 3.2. Assume that x; € [a, b] and {t;} € t, then

2
er —[Zr-x,-) 10—~ (b= )5~ a),

i=1
where (b — x,)(x, — a) = min,; {(b — x;)(x; — a)}.

Proof. 1t follows from Example 3.1 and Theorem 2.4 with ¢(x) = x> |

3.2. Applications to entropy

In this subsection, new Shannon entropy bounds are found, that improve the entropy bounds
from [19].

Proposition 3.3. Assume thatn :=min{t; :i=1,...,n}and ¥ :=max{t; : i =1,...,n}, then
+9)?\ @-n?
0<1 —H(t) <1 =T(n,%) <M(n,?9
< logn ()_Og( pre, e (n,9) (n,9).

Proof. Replace ¢(x) by —log(x) in Theorem 2.4 and consider k = ;= ti foralli=1,...,n. O

2],2 9

Proposition 3.4. Assume that ¢ : [a,b] — R is an S-C function with modulus k, then

1 © = X; b\ k
n Z o(x;) — SO[Z i) <p(a) + ¢(b) — 2¢ (a i ) — =(b—a)* — k(b — x,)(x, — a),
n i=1 i=1 n 4

2

where (b — x,)(x, —a) = min; {(b — x;)(x; — a)}.
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Proof. Sett; = L forevery i = 1,...,n in Theorem 2.4. o

Proposition 3.5. Assume thatn :=min{t; :i=1,...,n}and ¥ :=max{t; :i = 1,...,n}, then

0<logn-—H(t) < n{nlog( 21 ) + 9log (ﬂ) - i(19 - 77)2} = A1, 9).
9 7 89

n+ + 9

1

350 Xi 1= t;foralli=1,...,n. 0O

Proof. Replace ¢(x) by xlog(x) in Proposition 3.4 and modulus k =

Example 3.2. Let j > 2 be an integer, n = 107, n = 107771, and 9 = 10~7*!, then
M@, ) —I'(n,9) ~ 0.1225
and

nm(n, ) — A(n,9) ~ 12.25.
4. Conclusions

In this work, we have stablished some new inequalities such as the Mercer, Fejér-Hermite-
Hadamard, and Jensen inequalities for strongly convex functions. Next, using these inequalities, we
get some applications in analysis and entropy of probability distributions.
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