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Abstract: Let G = C, X H be a finite group, where C, is a cyclic group of prime order p and H
is a p’-group. Let F be an algebraically closed field in characteristic p. Let V be a direct sum of m
non-trivial indecomposable G-modules such that the norm polynomials of the simple H-modules are
the power of the product of the basis elements of the dual. In previous work, we proved the periodicity
property of the polynomial ring F[V] with actions of G. In this paper, by the periodicity property,
we showed that F[V]C is generated by m norm polynomials together with homogeneous invariants
of degree at most m|G| — dim(V) and transfer invariants, which yields the well-known degree bound
dim(V) - (|G| —1). More precisely, we found that this bound gets less sharp as the dimensions of simple
H-modules increase.
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1. Introduction

Let V denote a finite dimensional representation of a finite group G over a field F in characteristic
p such that p||G|. Then, V is called a modular representation. We choose a basis {xi,..., x,} for the
dual space V*. The action of G on V induces an action on V* and it extends to an action by algebra
automorphisms on the symmetric algebra S (V*), which is equivalent to the polynomial ring

F[V] =Flxi,...,x,].

The ring of invariants
FIVI®:={f€FVllg-f=fVgeG)
is an F-subalgebra of F[V]. F[V] as a graded ring has degree decomposition

FIV] = EHFVL
d=0
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and
dimpF[V]q < o0

for each d. The group action preserves degree, so F[V], is a finite dimensional FG-module. A classical
problem is to determine the structure of F[V]°, and the construction of generators of the invariant ring
mainly relies on its Noether’s bound, denoted by S(F[V]9), which is defined as follows:

B(F[V]G) = min{d | F[V]° is generated by homogeneous invariants of degree at most d}.

The bound reduces the task of finding invariant generators to pure linear algebra. If char(F) > |G|, the
famous “Noether bound” says that

BE[V]®) < |G| (Noether [1]).

Fleischmann [2] and Fogarty [3] generalized this result to all non-modular characteristic (|G| € F*),
with a much simplified proof by Benson. However, at first shown by Richman [4, 5], in the modular
case (|G| is divisible by char(F)), there is no bound that depends only on |G|. Some results have implied
that

BE[V]®) < dim(V) - (|G| - 1).

It was conjectured by Kemper [6]. It was proved in the case when the ring of invariants is Gorenstein
by Campbell et al. [7], then in the Cohen-Macaulay case by Broer [8]. Symonds [9] has established
that

BE[V]®) < max{dim(V) - (G| - 1), |G|}

for any representation V of any group G. This bound cannot be expected to be sharp in most cases.
The Noether bound has been computed for every representation of C,, in Fleischmann et al. [10]. It is
in fact 2p — 3 for an indecomposable representation V with dim(V) > 4. Also in Neusel and Sezer [11],
an upper bound that applies to all indecomposable representations of C . is obtained. This bound, as a
polynomial in p, is of degree two. Sezer [12] provides a bound for the degrees of the generators of the
invariant ring of the regular representation of C,r.

In the previous paper Zhang et al. [13], we extended the periodicity property of the symmetric
algebra F[V] to the case

G=C,xH

if V is a direct sum of m indecomposable G-modules such that the norm polynomials of the simple
H-modules are the power of the product of the basis elements of the dual. Now, H permutes the power
of the basis elements of simple H-modules, for example, H is a monomial group. For the cyclic group
C,, the periodicity property and the proof of degree bounds mainly relies on the fact that the unique
indecomposable projective FC,-module V), is isomorphic to the regular representation of C,. Then,

every invariant in Vg” is in the image of the transfer map (see Hughes and Kemper [14]). Inspired by
this, with the assumption above, we find that every invariant in projective G-modules is in the image
of the transfer. In this paper, since the periodicity leads to degree bounds for the generators of the
invariant ring, we show that F[V]° is generated by m norm polynomials together with homogeneous
invariants of degree at most m|G| — dim(V') and transfer invariants, which yields the well-known degree
bound dim(V) - (|G| — 1). Moreover, we find that this bound gets less sharp as the dimensions of simple
H-modules increase, which is presented in the end of the paper.
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2. Preliminaries

2.1. Periodicity property

Let G = C, X H be a finite group, whose form is a direct sum of the cyclic group of order p,
C,, and a p’-group H. Let F be an algebraically closed field in characteristic p. The complete set of
indecomposable modules of C), is well-known, which are exactly the Jordan blocks V, of degree n,
for 1 < n < p, with I’s in the diagonal. Let Sim(H) be the complete set of non-isomorphic simple
FH-modules. Since p t |H|, there is no difference between irreducibility and indecomposibility of
FH-modules. Then, by Huppert and Blackburn [15, Chapter VII, Theorem 9.15], the FG-modules

V,®W (1<n<p, We Sim(H))

form a complete set of non-isomorphic indecomposable FG-modules.
Notice that the FH-module W is simple if and only if W* is simple, i.e., V0 # w € W*, w generates
W* as an FH-module. For a fixed 0 # w € W™, let

H = {h] = 6,h2,...,h|H|}
and
wi = w,wy = how, ..., w, = lyw}
be a basis of W* with dim(W*) = k. The norm polynomial
N w) = [ ] how)
heH
is an H-invariant polynomial.

Lemma 2.1. ([13, Lemma 3.1]) Let W* be a simple FH-module with a vector space basis
(Wi, Wa, ..., w) as above. Then, the norm polynomial N¥(w\) is of the form (wy,ws, ..., w)'f, where
[ > 1 and f is a polynomial in Flwy,w,, ..., wi] such that w; {1 f for 1 <i<k.

Choose the triangular basis {wi1, Wiz, .« s Wikse « - Wi, Wn2s. . Wy} for (V,, @ W)*, where
Ve =<y, >,
such that
C,=<o0> ov)=vj+vjiy, cvi))=v;, and w;; =v; @ w;.
Then, we obtain
o-(wi)=w;+ew; with ;=1 for 2< j<n, ¢ =0.
Then,
WES Wyl Wn2y o oo s Wi >

is a distinguished variable in (V,, ® W)*, which means that w generates the indecomposable FG-module

(V, ® W) If
_ 4l

l

k
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in Lemma 2.1, then
NH(Wnl) = (Wnlwn2 te Wnk)l

and
N, = NN (wp)) = N (Wpywia - - - wa))) € F[V,, ® W]C.

Note that deg,, (N,) = Ip for 1 <i<k.

Example 2.1. Consider the monomial group M generated by

01 0

1

where 7 is a k-rotation and a; are Ith roots of unity in C. M acts on the module V = C* and also on the
symmetric algebra
C[V] = C[Xl, s -xk]

in the standard basis vectors x; of V*. Then {x!,..., x}} is an M-orbit and (xi,...,x,)" € C[V]". For
more details about degree bounds and Hilbert series of the invariant ring of monomial groups, it can be
referred to Kemper [6] and Stanley [16].

Let F[V, ® W]* be the principal ideal of F[V,, ® W] generated by N,.. The set {N,} is a Grobner basis
for the ideal it generates. Then, we may divide any given f € F[V,, ® W] to obtain f = gN,, + r for some
q, r € F[V, ® W] with deg,, (r) < Ip for at least one i.

We define

FIV,® W]b :={r e F[V, ® W] | deg,, (r) < Ip for at least one i}.

Note that both F[V, ® W]* and F[V,, ® W]’ are vector spaces and that as vector spaces,
F[V,® W] =F[V,® W & F[V, ® W]".
Moreover, they are G-stable. Therefore, we have the FG-module decomposition
F[V,® W] =F[V,®@ W@ F[V, ® W]
Lemma 2.2. With the above notation, we have the FG-module direct sum decomposition
F[V,® W] =N, - F[V, ® W] @ F[V, ® W]".

Proof. It is clear from the definitions of F[V, ® W1* and F[V, @ W]". O

Lemma 2.3. ([13, Lemma 3.2]) The FG-module F[V, ® W]Zz can be decomposed as a direct sum of
indecomposable projective modules if the following conditions are satisfied:

Dd+kn>lkp+1;

2) NA(w)) = (wywy - --wy)! for some basis {wi,wa, ..., wi} of W*.
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Theorem 2.1. ([13, Theorem 3.5]) Let G = C,, X H be a finite group described above. Let
V=WV,eWphe(V,,eW)e...eV,, ®W,)

be an EG-module such that the norm polynomial of the simple H-module W; is the power of the product
of the basis elements of the dual. 'V, are indecomposable C,-modules. Let dy,d,...,d, be non-
negative integers and write d; = q;(l;ik;p) + r;, where O < r; < likip — 1 fori =1,2,...,m. Then,

FIV iyt = FIV Vi @ C D swV, @ W)

WeSim(H)

as FG-modules for some non-negative integers sy.

2.2. Dade’s algorithm and homogeneous system of parameters
A set
{fla f2’ cee ’ﬁl} C F[V]G

of homogeneous polynomials is called a homogeneous system of parameters (in the sequel
abbreviated by hsop) if the f; are algebraically independent over F and F[V]® as an
ELfi, f>, ..., fu]-module is finitely generated. This implies n = dim(V).

The next lemma provides a criterion about systems of parameters.

Lemma 2.4. ([17, Proposition 5.3.71) fi, fo,.... fu € Flz1,22,...,2:] are an hsop if and only if for
every field extension F D F the variety

V(fi, fooevos [ B) = {(x1, X2, ..., %) €F | fi(x1, %2, ..., %) =0 for i=1,2,...,n)

consists of the point (0,0, . ..,0) alone.

With the previous lemma, Dade’s algorithm provides an implicit method to obtain an hsop. We
refer to Neusel and Smith [18, p. 99-100] for the description of the existence of Dade’s bases when F
is infinite.

Lemma 2.5. ([18, Proposition 4.3.1]) Suppose p: G — GL(n, F) is a representation of a finite group
G over a field F, and set V = F". Suppose that there is a basis 21,22, . . . , 2, for the dual representation
V* that satisfies the condition

Zi & U Spang{g: - z1,...,8i-1 -z}, 1=2,3,...,n
81,---8i-1€G

Then the top Chern classes
Ctop([zl])a R Ctop([zn]) € F[V]G

of the orbits [z1], ..., [z.] of the basis elements are a system of parameters.
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2.3. A degree bound in the non-modular case

An hsop exists in any invariant ring of a finite group, which is by no means uniquely determined.
After an hsop has been chosen, it is important for subsequent computations to have an upper bound for

the degrees of homogeneous generators of F[V]° as an F[fi, f5,..., f,]-module. In the non-modular
case, F[V]¢ is a Cohen-Macaulay algebra. It means that for any chosen hsop {fi, f>, ..., f.}, there exists
aset{hy, hy,...,h} C F[V]° of homogeneous polynomials such that

FIVI® = EDFlfi, fon- o fol - By
j=1

where
Using Dade’s construction to produce an hsop fi, f, ..., f, of F[V], the following lemmas imply

that in the non-modular case, F[V]° as F[f}, f>,..., f,]-module is generated by homogeneous
polynomials of degree less than or equal to dim(V)(|G| — 1). This result is very helpful to consider the
degree bound for G = C,, X H in the modular case (see Corollary 3.2).

Lemma 2.6. ([16, Proposition 3.8]) Suppose p: G — GL(n, F) is a representation of a finite group G
over a field F whose characteristic is prime to the order of G. Let

FIVIC = @ Flfi., fou.... fil - hy.
where deg(f;) = d;, deg(h;) = e;, 0 = e; < ey < ---e,. Let u be the least degree of a det™" relative

invariant of G. Then
es= ) =1 ~p.
i=1

Lemma 2.7. ([17, Proposition 6.8.5]) With the notations of the preceding lemma, then

es < Zn:(dl- -1
i=1

with equality if and only if G C SL(n, F).
3. Degree bounds for invariants

In this section, with the method of Hughes and Kemper [14], we proceed with the proof of degree
bounds for the invariant ring.

Throughout this section, let G = C, X H be a direct sum of a cyclic group of prime order and a
p’-group, V any FG-module with a decomposition

V= (Vm ® Wl) @ (Vnz ® W2) STRRRNS (Vn,,, ® Wm)9
where W;’s are simple H-modules satisfying that there is w;; € W} such that
N (wi) = wawi -+ wig,)"
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with k; = dim(W;) and
dim(V,, @ W) > 1.

Then {wﬁ"1 , wf"z, e wﬁjq} are H-orbits.
Consider the Chern classes of
O = (Wi wh. ... owi b
Set
ki k;
woX) = | |X+wh) = > e(0) - X5,
t=1 s=0

Define classes ¢,(0;) € F[W;]7, 1 < s < k;, the orbit Chern classes of the orbit O;.
Consider the twisted derivation
A F[V] - F[V]

defined as A = o — Id, where C, is generated by o-. For a basis x; ..., x,, of V, such that
o(x)) = x; and o(x,) = X, + Xp1,

and a basis yi,...,y, of W/, {x; @y, |1 < s <n;, 1 <7< k;}isabasisof V, ® Wi . On the other hand,
since x,, is a generator of indecomposable C,-module V; and y;, 1 <t < k;, are all generators of simple
H-module W, then

Zi (=X, @y, 1<tk

are all generators of the indecomposable G-module V;; ® W} such that

Zjit == A (zin) = A (X%,) ® Y1 = X ® Y1,

Zjik, = A (Zixy) = A (X)) ® Vi, = Xi—j @ Vi

for 0 < j < n; — 1. Since for FG-modules dual is commutative with direct sum and tensor product,
hence
{Zju=0"Z)0<j<m—-1,1<i<m1<t<k}

can be considered as a vector space basis for V*. Moreover,
N; = N((znzio -+~ z)")
is the norm polynomial of (V,, ® W;)*. Therefore for the H-orbits
By =y 2h)

we have
N (cy(By)) € FIVI°.

Notice that
N (cy(BY) = N,

is the top Chern class of the orbit B;.
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Consider the transfer
9 : F[V] = F[V]°
defined as
fe D o,

oeG
Note that the transfer is an F[V]°-module homomorphism. The homomorphism is surjective in the
non-modular case, while the image of transfer is a proper ideal of F[V]° in the modular case.

Lemma 3.1. Let V be a projective FG-module, then V¢ C ImTrS.

Proof. Since V is projective, then it has a direct sum decomposition

V= P swv,ew)
WeSim(H)

as FG-modules for some non-negative integers sy. It is easy to see that
V, @ W)% = (V, @ W) = V,» @ W

Since every invariant in V,, is a multiple of the sum over a basis which is permuted by C, and W* =
ImTr”, the claim is proved. O

The following result is mainly a consequence of Lemmas 2.2, 2.3 and 3.1.

Theorem 3.1. In the above setting, F[V1° is generated as a module over the subalgebra
F[Ni,N,,...,N,] by homogeneous invariants of degree less than or equal to m|G| — dim(V) and

TrC(F[V)).

Proof. Let M C F[V]° be the F[N,, N, ..., N,,]-module generated by all homogeneous invariants of
degree less than or equal to m|G| — dim(V) and Tr¢(F[V]). We will prove F[V]g C M by induction on
d. So we can assume d > m|G| — dim(V). By Lemma 2.2, there is a direct sum decomposition of F[V]
as FG-module

FV] = (X)FLV,, @ Wi
i=1

m

&) (N: - FLV,, @ Wil  FIV,, ® WiI')

i=1

@ (®ielNi B[V, @ Wi] ® , 4F[V), ® Wi]b)

1c{1,2,....m}

[l

IR

with I = {1,2,...,m}\ I. Therefore, any f € F[V]g can be written as
f= > 5
Ic{1,2,....m}

and
G
fie B (e -FLv, © Wi, @e4FV, e Wil)

i€l
G+ Yier i+ 2 ri=d
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where ¢;, r; are non-negative integers. For I # 0, f; lies in M by the induction hypothesis. For I = 0,
there is an 7 such that r; > |G| — k;n; for each summand ®,;F[V,, ® W,-]*;i, since otherwise one would
have

d < ) (Gl = km) = m|G| - dim(V),

i=1

which contradicts the hypothesis. By Lemma 2.3, F[V,, ® Wi]ﬁi 1s projective if
ri > Likip — kin; = |G| = kin;,

and so by Alperin [19, Lemma 7.4] the summand ®,;F[V,, ® W,-]'jl, is projective. Then every invariant
in it is in the image of transfer by Lemma 3.1. O

Corollary 3.1. Let G = C, X H be a finite group, where H is a cyclic group such that p 1 |H|,
V=WV,eW)eV,eW,)®---&((V,, ® Wy,),

a module over FG such that W;’s are permutation modules over FH. Then dim(W;) = |H| and F[V]°¢

is generated by Ny, N,,...,N,, together with homogeneous invariants of degree less than or equal to

Yimy |HI(p — n;) and transfer invariants. Moreover, if

V=(V,eWDe(V,e W)@ - &(V,®W,),

such that W;’s are permutation modules over FH, then F[V1¢ is generated by N, N, ..., N,, together
with transfer invariants.

Corollary 3.2. Let G = C, X H be a finite group,
V=WV,eWpe(V,eW,)e- - &V, 8W,)

be a finite-dimensional vector space in the setting of the beginning of this section. Assume that F is an
infinite field. We have

BEIVI®) < dim(V) - (1G] - D).

Proof. Let z;1,zi, . . ., Zi, be distinguished variables such that
N; = N((znzi -+~ 7ae)")
are the norm polynomials of V,, ® W, for 1 <i < m. Let
Bi= {2, ...z} 1<i<m
be H-orbits. We use Dade’s algorithm to extend the set
{N“(c,(B) |1 < s <k, 1 <i<m}CF[V]°

AIMS Mathematics Volume 9, Issue 5, 10869-10881.
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to an hsop for F[V]° in the following way. We extend the sequence

V1 = <11,
V2 = 212,
Vi = Zlky»

Vi +ky+-+kp_1+1 = Zmls
Vi +ko+ k142 = Zm2s
Vi +hko+ky = Tk

In V* by VECLOIS Vi, 4osky 415 Vi 4tk +25 - - - » Vdim(v) SUch that

m

v; & U Spang{g| - vi,...,&-1 - Vi-1}

8lsees g,'_léG
for all
ietki+...+k,+ Lk +...+k,+2,...,dim(V)},
and set
fi=]]ew
geG
for

ki +---+k, <j<dim(V).

Applying Lemmas 2.4 and 2.5, we see that N(cy(B;)), 1 < s < ki,1 < i < m, together with

. . . =dim(V) , ..
Sy +kg4eethy+15 - - - » faim(v) form an hsop of F[V]° since their common zero in F is the origin. Let A

denote the polynomial algebra generated by the elements of this hsop. Since F[V] as an
F[V]%-module is finitely generated, then we have that F[V] is a finitely generated A-module. View
F[V] as the invariant ring of the trivial group. By Lemma 2.7 the upper degree bound of module
generators satisfies that

BEVI/A) < ) deg (N (c(By)) + ) deg(f;) - dim(V).
S,1 J
Since the transfer preserves the degree of polynomials and it is clear that
miGl = > deg (N (cy (B)) < ) deg (N (ci(B)) + ) deg(f)),
i=1 8,0 j

we conclude from Theorem 3.1 that the upper degree bound of module generators of F[V]® as an

AIMS Mathematics Volume 9, Issue 5, 10869-10881.
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A-module satisfies that

B(FIVIC/A) < ) deg (N (ci(By) + > deg(f;) - dim(V)
J

i
)

©

M-

pli(1+2+---+k)+|G|(dm(V) =k, —ky — - - = ky,) — dim(V)
1

pliki(k; + 1)

5 ~IG1 ) ki +dim(V) - (1G] = 1)

i=1

I[Ms

1

N1 —k; )
=[Gl ), —5— +dim(V) - (G| - 1)
i=1

<dim(V) - (|G| - 1).
Note that we have assumed that |G| > p and dim(V,, ® W;) > 1. Since
deg (N (c,(B) = psl; < |G| and deg(f;) = [GI.

we obtain
B(A) < |G| <dim(V) - (|G| - 1),

which completes the proof. O

Remark 3.1. The proof of the previous corollary implies that Symonds’ bound is far too large. Since

B(FIVI°/A) < |G|

1

N1 —k;
+dim(V) - (|G| - 1),
=1

it seems that this bound is less sharp as the dimensions of simple H-modules increase. Moreover, the
construction of f; fork; +...+k, < j < dim(V) is more than necessary to obtain invariants for F[V]C.
It is enough to take the product of the G-orbit of v;.
4. Conclusions

In this paper, we consider degree bounds of the invariant rings of finite groups C, X H with the
projectivity property of symmetric algebras, and we show that this bound is sharper than Symonds’
bound as the dimensions of simple H-modules increase.
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