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was presented. Under the hypotheses that the third and fourth order derivatives of nonlinear function
were bounded, the local convergence of a new fourth-order method was studied. The error estimate, the
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1. Introduction

In this paper, we are concerned with the problem of approximating a solution s, of the equation
p'(x) =0, (1.1)

where the differentiable function p is defined in a convex subset N in real space R.
The above issue plays an important role in many applications, particularly in function
optimization [1-4]. The K-T (Kuhn-Tucker) condition [5] for the no restriction optimal problem

min p(x), (1.2)

claims that if p is a sufficiently differentiable function, the optimal solution for (1.2) must be a solution
of (1.1). The solutions of Eq (1.1) can only be not found in the closed form in certain cases. Therefore,
iterative methods can often be used to solve such problems.
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The majority of iterative methods for solving (1.1) are Newton-like methods [6-8]. Iterative
methods have many different properties [9, 10]. Newton’s method is defined by

P’(Sn+1)
P (sn)

Newton’s method has quadratic convergence. Under the Lipschitz condition,

Sp+l = Sy — (n>0) (sg € N). (1.3)

P57 (' (5) = PN < Kls — 1] (5,1 € N)(K > 0),

the radius of the convergence ball of Newton’s method is r = % for finding a zero of function [11].
However, it needs to compute the second-order derivative, and this is frequently difficult to calculate
in some cases. To avoid this, one can use the secant method instead

Sp = Sn-1

Spel = Sy — P'(sy) (n=0)(s0,5-1 €N). (1.4)
P’ (8,) = p'(Sn-1)

The order of convergence of the secant method is 1.618. ... Under the Lipschitz condition,

" ()7 (P () = p" ) < Kls =1 (5,1 € N)(K > 0),

the radius of the convergence ball of the secant method is r = 3%(’ at least for finding a zero of
derivatives [12]. In addition, Miiller’s method is a generalization of the secant method [13]. Under

the conditions

1P’ () P/ <F  (seN)F >0),[p(s) ' p”(s)| <M (seNM>0),1215F* < 32M,

the radius of the convergence ball of Miiller’s method is r = \/: , at least for finding a zero
of functions.

In order to avoid calculating second-order derivatives and maintaining the order of convergence as
two, Wang [14] proposed an iterative method. Wang’s method is defined by

Snel = Sn — A (n 2 0) (50, 5-1 €N), (1.5)

5(}’, Sns Sn—l)

where

S(p: 5.1) = S—<4 p(s) — 6220 (; PO o p ). (1.6)

The convergence analysis for Wang’s method was given under different conditions. Under
the conditions,
Ip"(s)7' P () <X (s€N,X>0), (1.7)

and
Ip”(s.)'p"(s)| <Y (seN,Y >0). (1.8)

The radius of the convergence ball of Wang’s method is r =
derivatives [15].

m, at least for ﬁndlng a zero of
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In this paper, based on Wang’s method, a new four-order method is presented for analyzing a zero
of a derivative. This new method is defined for sy, s_.; € N,and alln =0,1,2,... as follows:

R A C))
T8y Sus Spe1)

' 1.9
P A ), (4%
n+1 n 5(19, Sn,l‘n).

Under the conditions (1.7) and (1.8), the radius of the convergence ball of the new method (1.9)
is studied.

The rest part of this paper is laid out as follows: Section 2 is devoted to the convergence ball and
error analysis of the new method (1.9) under assumptions that the third and fourth order derivatives of
function p are bounded. Also, Herzberger’s matrix method is used to obtain the convergence order of
the new method to four. In Section 3, two examples are given. By comparing the new method with
Wang’s method, numerical illustrations show that the new method has a higher order of convergence
and accuracy. Finally, conclusions appear in Section 4.

2. Local convergence

This section deals with the convergence ball, error analysis, and the convergence order for the new
method (1.9).

Theorem 2.1. Suppose s, is a solution of Eq (1.1), p”(s.) # 0, and the conditions (1.7) and (1.8)

hold. Denote
12

VBIX? + 96Y +9X
If B(s.,R) C N, starting from any initial points sy, s_; € B(s.,R), our method (1.9) generates the
sequence {s,}, which is well-defined, and converges to its unique solution s, in B(s., )2—() N N. B(s.,R)
remains in B(s,, %) N N. Furthermore, we get the following error estimate

R

s« = 81l op, 15 = Sol
R 7 R
where F, is the Fibonacci sequence, which is defined by Fo = Fy =1, F,. = F, + F,_i(n > 1).
Proof. According to the conditions (1.7) and (1.8) and initial points sy, s_; € B(s., R), we can obtain
|s. — sol < R,|s. — s_1| < R. Suppose that s,, 5,1, t, € B(s., R) are defined by our method (1.9).
By (1.6) and Lemma 2 in [16], for n > 0, we obtain

|5 = $al < R( ) (n = 1), 2.1)

1
S(ps Sus Su-1) = P (80) = (S0 = $4-1)” f P (spet + Xy = $5-))X*(1 = X)dx, (2.2)
0
and
1
6(17’ Sn» tn) = P/,(Sn) - (Sn - tn)zf p(lV)(tn + X(Sn - n))xz(l - x)dx. (23)
0
According to the properties of divided differences (see [17]), we have

(S* - Sn)P”(Sn) + P’(Sn) = (S* - Sn)p”(sn) + P,(Sn) - P,(S*)

= (5 = S)P [Sns Su] + (52 = 50D [Sns 5.1 = =(52 = 520> D [Sns Ss 5., (24)
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where p[.,.] and p[., ., .] are first-order and second-order divided differences.
Using (1.9), (2.2), and (2.4), we have
P'(sn)
5(17, Sns Sn—l)
(S* - Sn)P”(Sn) - (S* - Sn)(sn - Sn—l)z j(;l fUV)(tn + X(Sn - n))xz(l - x)dx + p,(Sn)

Sy — b, = S — S, +

= 2.
5(17, Sns Sn—l) ( 5)
_ _(S* - Sn)zp’[sn’ Sns S*] - (S* - Sn)(sn - sn—1)2 Ll f(IV)(tn + X(Sn - n))x2(1 - x)dx
B 6(pa Sns Sn—l) )
Using (1.4) and (2.2), we have
1= p"(s.)7 8P S 52-1)
1
= 1p"(s)7 (P (5.) = p"(sn) + (50— $01)’ f MV (et + x(55 = $p-))x*(1 = X))
0 (2.6)
1
= |PN(S*)_1((S* - Sn)P”[S*’ Sn] + (sn - Sn—l)zf f(IV)(Sn—l + X(Sn - Sn—l))x2(1 - X)d)C)|
0
Using (1.9), (2.1), and (2.2), we have
o p'(t,)
Se — Sptl = Sk tn + —5(17, Sn,tn)
(S* - n)p”(tn) - (S* - tn)(sn - n)2 J(;l f(IV)(tn + .X(Sn - n))xz(l - x)dx + p,(tn)
= 2.7
O(p; Sns tn)
_ —(S* - n)zp,[tn’ tn’ S*] - (S* - n)(sn - z‘n)z J(;l f(IV)(tn + X(Sn - n))x2(1 - x)dx
- 5(P; Sy 1n) '
Using (1.4) and (2.2), we have
11— p"(5.)7'6(ps s 1)
1
= 1p" ()7 (P (5) = P () + (sa = 1)> | STV + X(5 — 12))x°(1 = X)dx)|
0 (2.8)

1
= [p"(5.)7' (84 = $0)P" [Sur $u] + (80 — 1)’ f FIVt, + x5, — 1))X2(1 = x)dx).
0

According to the definition of R, R =
of the equation

12 . . . . . .« . .
oo on 1S easily proved that it is the unique positive solution

XR YR? Y
4t —-(1-XR+=R» =0,
> 3 (1-( 3 )
which ensures that all iteration points hold in the convergence ball. Under the conditions (1.7)

and (1.8), p”(s.) # 0, the definition of R, and (2.4), we obtain

Y
|1 - P”(S*)_I(S(P; Sn» sn—1)| < Xls* - Snl + Elsn — Sp-1 2

% (2.9)
< XR + §R2 <1.
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Thus, we see that 6(p; s, s,-1) # 0 by the Banach lemma, and s, is defined. In addition, we have

1 1
Y < T
1= (Xls. = sal + lsa = 501) 1= (XR+IR?)

16(P; s Su-1) ™ P (8| < (2.10)

Using (2.5), (2.10), and the definition of R, we have

X Y XR |, YR?
218 = $ul> + 5182 = Sullsy = s __ ot

1= (XIs, = sul + Slsu = sa1)  ~ 1 - (XR+1R?)

ls. — 85, = |8« — 5,] < R. 2.11)

|S* - lnl <

So, we obtain ¢, € B(s., R).
By the similar method to that of (2.10), we have

1 1

< .

1 —(X|s, —t,| + 1—Y2|sn — 1, 1 - (XR+ %Rz)
Using (2.7), (2.12), and the definition of R, we have

16(p; $us 1)~ D" (5] < (2.12)

X Y XR | YR?
Els* - tnlz + Els* - z‘n”sn - tnlz < b3 + 3

1= (X|s. =t + Slse —t,2) ~ 1= (XR+LR?)

5% = Spr1] < |s. — t,] = |s. — t,] < R. (213)

So, we obtain s, € B(s., R). Thus, by induction hypotheses, starting from any initial points s¢, s_; €
B(s., R), the sequence {s,} generated by our method (1.9) is defined, s, € B(s., R), so

|s. — 5,] < R,(n>0). (2.14)
Denote €, = 5. — Sy, €,; = 5. — 1, (n > 0). By (2.11), we have

X Y
§|€n|2 + Elen”en - en—1|2

|€0s] < . (2.15)
"7 - (Xled + Lle - €-1P)
X_ 12, Y 2
_lenl + _lenllen — €, |
lna] < =2 L —. (2.16)
I- (X|En| + E'En - En,t|2)
So, we have
€] < l€n-1l; |€ns1] < |€nil, (1 = 1). (2.17)
Using (2.15) and (2.17), we get
|6 | < %'Enlz + l_Yzlen”En - En—llz < %lenllen—ll + %kn”en—ll
n,tl = =
T - (Xl + Sle — €1 1-(XR+iR?)
XR , YR (2.18)
2 3
< ——Jell€1l,(n = 1).
xp Tl 02 D
Using (2.16) and (2.17), we get
|6 | %lenl2 + 1_Y2|6n”6n - 6n,t|2 < %lenllen,tl + %len”en,A
"I (Xlel + Sle - e T 1 (XR+LRY)
XR YR XR YR\2 (219)
3 t3 (T +3) 2
<—2 3 elle < e, (n > 1),
1 —XR—§R2 (1 —XR—§R2)2
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Denote p, = "Y*;T“""(n > 0). Using the definition of R, we have

XR YR
el . F+IOR Jellel

s(n=1), 2.20
R “T-xk-Ipr R "=V (220
and e )
|€n+1| |€n| €nt |€n| |€n—1|
<=2 < ,(n>1). 2.21
R “RR &g g "=V @:21)
Then, we obtain
Puet < Pppu-t, (0 2 1), (2.22)
Using (2.22), by induction hypotheses, we easily obtain that
pa <P pp (02 D), (2.23)

where F, is the Fibonacci sequence, and Fo = Fy = 1,F,,, = F, + F,,,1(n > 1). By (2.23), we can
prove that the error Eq (2.1) holds.
Finally, to prove the uniqueness of the solution s., suppose there exists a second solution y, €

B(s*,%), then p(y,) = 0. Denote Q = p’[y.,s.]. Since Q(y. — s.) = p'(y.) — p'(s.) = 0, if Q is
invertible, then y, = s,. In fact, according to |p”(s.)"! p”’(s)| < X(s € N), we obtain

1
I1-p"(s)7'Ql=Ip"(s.)7" f (p"(s.) = p'(xs. + (1 = x)y.))dx|
0 (2.24)

: X
< Xf (1 - X)'S* _y*|dx = Els* _y*l <l
0

Thus, we ensure that the operator Q is invertible by the Banach Lemma. According to the definition
of R, we deduce that the ball B(s,, %) (N is larger than the convergence ball B(s., R).

Theorem 2.2. The new method (1.9) has convergence order of at least p(A®) = 4, where
p(AP) is the spectral radius of the matrix

3 2
@ _
=13

Proof. We will use Herzberger’s matrix method [18] to analyze convergence order. Denote the lower
bound of order of a single step s-point method s; = G(sx_1, Sx—2, - . ., Sk—s) as the spectral radius of the
matrix A®) = (a;)), related to this method with the elements:

a,,; = amount of information required at point s;_;(j = 1,2,...,5),
aii-1=10=2,3,...,9), (2.25)
a;j = 0 otherwise.

Additionally, the lower bound of order of an s-step method G = G; 0 G, o - - - 0 G, is the spectral radius

of the product of matrices
AY = A Ay A,

AIMS Mathematics Volume 9, Issue 4, 10353-10362.
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According to our method (1.9), the respective matrices are formed,
1 2 1 2
A= [1 o]’A2 B [1 0]'

1 2] (1 2 3 2
A<2>=A1~Az:[1 oHl o]:[l 2]'

The characteristic polynomial of the matrix A® is

Therefore,

Py() = 2> —51+4. (2.26)

So, its roots are 1, 4; thus, the spectral radius of the matrix A® is p(A®) = 4, which gives the lower
bound of order of our method.

Remark 2.3. Whether the error estimation of our method (1.9) matches its convergence order remains
to be further studied.

Remark 2.4. Whether the estimate radius R of the convergence ball of our method (1.9) is optimal
remains to be further studied.

3. Numerical examples
In this section, we apply the following two numerical examples to compute the above convergence
ball result, then our method (1.9) is compared with Wang’s method (1.5) and fourth-order method (3.1)

by numerical experiments.
Wang et al. in [19] proposed the following fourth-order method:

1
t, = Sp — Ef(sn),

’ | (3.1
Sp+l = Iy — (3 - Ef[sm tn])Ef(tn)»
where B = fw,, v,],w, = s, + f(80), Vi = 8, — f(5p).
Example 3.1. Let N = [-7, 7]. Define the function p; on N by
p1(x) = sin(x) — x> — x. (3.2)
Additionally, a root of pj(x) = 01is s, = 0in N. Since
Pi(x) = cos(x) = 2x = 1, p{(x) = =sin(x) =2, p{"(x) = —cos(x), p\""(x) = sin(x), p{(s.)=-2,
(3.3)
for all x € N, we have
1 1
LA AT A SIS (34)

So, X = 1,Y = 1. By applying Theorem 2.1, the radius of the convergence ball of our method is

12
© VSIXZ+96Y + 9X
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Example 3.2. Let N = [-1, 1]. Define the function p, on N by
pa(x) =€+ x* — x. (3.5)

Additionally, a root of pi(x) = 01s s, = 0in N. Since

phx) = e +2x—1, py(x)=e" +2, py(x)=e, plV(x) = e, py(s.) =3, (3.6)
for all x € N, we have
144 - n’ (2 ’ - €
P5 ()7 Py (1< 30 IpY (s P ()l < 2 3.7)
So, X = £,Y = £. By applying Theorem 2.1, the radius of the convergence ball of our method is
12
R = ~ (0.5841.
V81X2 +96Y +9X

Applying the above two functions, Wang’s method (1.5), fourth-order method (3.1), and our
method (1.9) are compared by numerical experiments. In Table 1, the absolute errors |s, — s.| and
initial point s, are shown. The number of iterations for methods (1.5), (3.1), and (1.9) are five. CPU is
the computational time and p is the order of computational convergence.

Table 1. Numerical results of methods (1.5), (3.1), and (1.9).

Method Function sy iter ls,, — 8. CPU p
(1.5) fi 03 5 3.81105¢-80 0.3125 2.0
(3.1) fi 03 5 2.43616e — 957 0.5000 4.0
(1.9) fi 03 5 484331e—1179 0.5938 4.0
(1.5) bH 05 5 8.08287¢ -85 0.3438 2.0
(3.1) b 05 5 4.40115¢-749 0.5313 4.0
(1.9) e 05 5 6.63462¢ —1202 0.5313 4.0

In Table 1, our method (1.9) has the same initial point and the number of iterations as methods (1.5)
and (3.1). Our method (1.9) has roughly the same CPU time as the same order method (3.1). However,
our method has a higher order of convergence and higher accuracy.

4. Conclusions

In this paper, the convergence ball of a new fourth-order method for finding a zero of a derivative
was studied by using hypotheses that the third-order and fourth-order derivatives of function p were
bounded. The error estimate, order of convergence, and uniqueness of the solution were also discussed.
In addition, Herzberger’s matrix method was used to obtain the convergence order of our method
to four. Finally, the convergence criteria was verified by two numerical examples, and our method
was compared with Wang’s method and the fourth-order method by numerical experiments. The
experimental results showed that our method has the higher order of convergence and higher accuracy,
so our method is finer.
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