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Abstract: The arctan uniform distribution (AUD) is a brand-new bounded distribution that may be
used for modeling a variety of existing bounded real-world datasets. Ranked set sampling (RSS)
is a useful technique for parameter estimation when accurate measurement of the observation is
challenging and/or expensive. In the current study, the parameter estimator of the AUD is addressed
based on RSS and simple random sampling (SRS) techniques. Some of the popular conventional
estimating techniques are considered. The efficiency of the produced estimates is compared using a
Monte Carlo simulation. It appears that the maximum product spacing method has an advantage in
assessing the quality of proposed estimates based on the outcomes of our simulations for both the SRS
and RSS datasets. In comparison to estimates produced from the SRS datasets, it can be seen that those
from the RSS datasets are more reliable. This implies that RSS is a more effective sampling technique
in terms of generating estimates with a smaller mean squared error. The benefit of the RSS design over
the SRS design is further supported by real data results.
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1. Introduction

Continuous data that strictly falls in the open interval (0, 1) is something we see rather frequently.
Practitioners must represent this using the proper distributions, management, etc. This type of analysis
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includes studying ratios, percentages, etc. The beta distribution, which is utilized in a variety of
situations, is one of the most versatile such distributions. However, there is a disadvantage to
utilizing the beta distribution, as it is insufficient for some real-world scenarios, such as hydrological
data. Considering this, the Topp-Leone distribution [1] and Kumaraswamy’s distribution [2] merit
consideration as alternatives to the beta model that have similar structure. The distribution and quantile
functions may be represented in closed forms, which is a benefit in this case. To model datasets in
the fields of biology, engineering, actuarial science, economics, and financial risk management, among
others, several unit distributions have been created. Some of these significant, well-known distributions
include the unit logistic distribution [3], unit Gompertz and unit Birnbaum-Saunders distributions [4,5],
extended reduced Kies distribution [6], unit-Weibull distributions [7], unit generalized half normal
distribution [8], unit Lindley distribution [9], unit Burr XII distribution [10], power unit Burr-
XII distribution [11], unit gamma-Gompertz distribution [12], unit Teissier distribution [13], and
generalized unit half-logistic geometric distribution [14], etc.

Recently, Kharazmi et al. [15] proposed a new one-parameter unit distribution based on the
definition of the arctan function. The new bounded distribution is called the arctan uniform distribution
(AUD). The probability density function (PDF) and cumulative distribution function (CDF) of the AUD
are given, respectively, by:

0
= , 0 1,6 >0, 1.1
J@ tan~' (&) + 6%2z2 tan~1(9) sz ~ (1.1)
and
tan™'(62)
Fo)=——,0<2z<1,6 >0, 1.2
@ = e ¢ (1.2)

where ¢ is the scale parameter. We depict the PDF (1.1) in Figure 1 for a few different choices of the
parameter ¢ to examine the effect of 6 on the PDF behavior. It can be concluded that the AUD has
asymmetric shapes. Kharazmi et al. [15] also provided the moments of this distribution.
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Figure 1. The PDF plots of the AUD.
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Cost-effective sampling is a major issue in some research, especially when measuring the relevant
feature is costly, inconvenient, or time-consuming. It is possible to give the sample items that
are gathered additional structure using ranked set sampling (RSS) and to leverage this structure
to create effective inferential processes. It is possible to rank tiny groups of units exactly, even
without true quantification. The ranking might be carried out using eye examination, preliminary
data, expert judgment, prior sampling episodes, or other imprecise techniques without the need for
real measurement. The RSS method is a great instrument for attaining observational economy since it
increases the accuracy attained per unit of the sample. This method of data collection was initially put
forth by Mclntyre [16] as an alternative to the widely used simple random sample (SRS) methodology
for improving the effectiveness of the sample mean. It is used extensively in the fields of agriculture,
biology, engineering, quality control, and environmental studies (see [17-25]). The procedures below
should be followed to implement the RSS of s observations from a population:

(1) Choose (s) SRS with size (s) each, with s to be a low number.

(2) In each sample, order the units from smallest to greatest. Without actually measuring the units
about the variable of interest, ranking is performed.

(3) Only the a;th greatest unit in the a;th sample, a; = 1, .., s is used for actual measurements. As
a result, the RSS associated with this cycle will be Zij.ne), Zo@imee)s «+es Zmeomeoumesy- Note that Zy, ay:mee)
stands for the a,th order statistic from the a;th row.

(4) Carry out the preceding steps v times (cycles) to obtain sample size m°® = sv, where s is the
set size and v is the cycle number. As a result, the observed RSS for this v cycle will be Z;, 4,:me)a, »
a; =1,.,s,a, = 1,..,v, where s is the set size and v is the cycle count. Hence for simplified form,
Z4,4, Will be used for the rest of the article instead of Z,, 4, :me*)a, -

Statistical inference relies heavily on the parametric estimate approach employing the sampling
design strategy. Numerous studies have examined various estimation techniques for estimating
parameters based on RSS designs and their extensions. Reference [26] investigated how to estimate
the location-scale family distributions’ parameters. Some examples included the normal, exponential,
and gamma distributions [27], the half logistic distribution [28], the Gumbel distribution [29], the
generalized Rayleigh distribution [30], the Pareto distribution [31, 32], the x-gamma distribution [33],
the new Weibull-Pareto distribution [34], the extended inverted Topp-Leone distribution [35], the
generalized quasi-Lindley distribution [36], and the inverse Kumaraswamy distribution [37]. For more,
see [38—42].

Statistical inference relies heavily on the parametric estimating approach and the sampling design
strategy. The statistical literature frequently proposes different estimation approaches, since parameter
estimation is important in practice. Generally, maximum likelihood (ML) estimation is the first
step in the estimation process. This method’s easy-to-understand formulation is the reason for its
popularity. The estimators that are produced using this approach, for instance, are normally distributed
and asymptotically consistent. Other, more widely used estimating techniques are available in the
literature. These techniques include maximum product of spacing (MPS), least squares (LS), weighted
LS (WLS), Cramér-von Mises (CM), Anderson-Darling (AD), minimum spacing absolute-log distance
(MSALD), right-tail AD (RAD), left-tail AD (LAD), minimum spacing absolute distance (MSAD),
percentile (PS), and a few more.

This study’s objective is to present an in-depth assessment of several frequentist approaches to the
AUD. The wide range of fields in which the RSS approach is used served as the inspiration for this
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concentration. In addition, the RSS design offers, for a fixed sample size, more efficient estimators than
the SRS design. We use certain significant traditional estimating techniques based on the following
procedures: RSS and SRS. The following estimation methods are taken into consideration: MPS, LS,
ML, WLS, CM, AD, MSALD, RAD, LAD, MSAD, and PS. A simulation task is then used to compare
the suggested estimates based on the RSS design to those offered by the SRS approach for the same
sample size. Some precision metrics are used in comparison studies. The novelty of this study stems
from the lack of prior research evaluating all of these estimating techniques for the AUD based on RSS.
For illustration reasons, an insurance data set is investigated as well. Therefore, the study will serve as
a guide for selecting the most appropriate estimating technique for the AUD, which we believe applied
statisticians would find fascinating.

The following describes how this article is organized: Section 2 addresses the ML estimate (MLE)
of the AUD parameter based on the RSS and SRS approaches. A few essential minimum distances
of estimation for the proposed AUD are discussed in Section 3. In Section 4, several maximum and
minimum product of spacing estimation are covered. The WLS, LS, and PS estimation techniques
of the AUD are presented in Section 5. The effectiveness of the supplied estimating techniques is
compared and evaluated in Section 6 using a Monte Carlo simulation. In Sections 7 and 8, respectively,
an analysis of an insurance dataset is provided, followed by a conclusion.

2. Maximum likelihood estimator

In this section, the MLE of parameter 6 of the AUD is considered based on RSS and SRS. At
first, assume that Z, ., = {Z4,0,, a1 = 1,..., 5, a, = 1,...,v}, is an RSS of size m°® with PDF (1.1) and
CDF (1.2), where v is the cycles count and s is the set size. It can be seen from the structure of RSS that
the data are all mutually independent, and, in addition, for each a; = 1, ..., s, the data are identically
distributed. It should be noted that, if the judgment ranking is perfect, the PDF of a;th order statistics
Z,,4, 1s as below:

OO'

. ar—1 o0 —
= 1= F@I" M. 2.1
frae@ = oy @I - F @) 2.1)
The likelihood function (LF) of the AUD, based on RSS, is given by:

a;—1 oo _
) tan‘l(ézalaz)r a
L) = | | | | |- Ctawl) 22

= B f il 1)'(m°°—a1) tan‘l(é)(l + 0222 m)] [ tan~1(6) (22)

The log-LF of (2.2), denoted by ¢, is as follows:

0 Z Z (a = D) [Iné - In(tan™(9)) - In (1 + 6’2, )] + (™ = @) N [C@)], 2.3)

ar1=1 ar=1
tan™" (6zq; a,)
where C(é) = [1 - t‘m——l(él)z

computed as the solution of the following nonlinear equation:

(%’* (@ —1) 26 -1z, (a; — 1) (m*° — a;) C'(5)
ZZ[ (1+02,) (+MHa’e) ZZ cw - @Y

a=1 a=1 a1=1 ay=

] . The MLE of ¢ says 5, is obtained by maximizing (2.3), which can be
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, _ tan™! (0zayay) 1
Where C (6) - [tan*l(é)]2(1+62) (1+622a1a2)tal’1_|(5)'

Setting (2.4) to zero and solving numerically, we get the MLE 6, of 6.

Additionally, the MLE of the AUD parameter under SRS is the subject of the following discussion.
We assume that 7y, 2, ..., Znee 1S an observed SRS of size m°° from the AUD with PDF (1.1). The
log-LF, say ¢}, based on SRS, is given by

€ = m™ In(6) — m* ln tan~ (5) Zln 1+52 2
i=1

The MLE § 4, of 6, is provided as the solution of the following non-linear equation after setting

with zero:
6{’* m°° - = 20z,
— - - 2.5
Z (1+ 62)tan‘1(6) ; (1+8%22) 2:5)

Then, § | is provided from (2.5) after setting with zero and using the numerical technique.

3. Minimum distances estimators

This section illustrates four estimation methods that minimize goodness-of-fit statistics, including
AD, RAD, LAD, and CM. This series of estimating methods was created based on the discrepancy
between the estimated CDF and the actual distribution function. This section presents the estimates of
AUD parameters for SRS and RSS using the mentioned methodologies.

3.1. Anderson-Darling estimators

Reference [43] introduced the AD test as an alternative to traditional statistical procedures to
identify sample distribution deviations from the presumed distribution. Here, six estimators of
parameter ¢ are produced based on the RSS and SRS.

Suppose that the ordered items Zj.ye0), Z(2:mooys --vs Zimeo:meoy are an RSS drawn from the AUD with
sample size m°® = sv, where s is set size and v is the cycle count. By minimizing the following
equation, the AD estimate (ADE) 6, of ¢ for the AUD is generated.

- _
By = -m* - — D Q= D {10g F (2gene 1) +10g F (2e—s 1) 16)}- (3.1)
k=1

Instead of using (3.1), the ADE §, of the AUD may be calculated by solving the nonlinear equation
illustrated below:

me° -me° 6 mee—, -me° 6
Z (2k — 1){ @1 (2 10) _ 90_2 (Zmeo ks 1:me) | )} o,
F(Z(kimoo) |6) F(Z(m°°—k+1:m°°) |6)

k=1
where,
tan™ (67 (kmee)) L
1 (2l 16) = e ) : (3.2)
[tan @ (1+6%)  (1+ 622, ) tan"'(5)
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and 1
tan™ (5Z me°—k+1:m°° ) Z(me°—k+1:me°
©2 (Zneo—ks1:mey [0) = = ( 5 - ; - 5 2( ) —— (3.3)
[tan ! @ (1+62) (1462220, 1)) tan™' (6)
The following function is used to provide the RAD estimate (RADE) 5 for 6 of the AUD:
oo oo - )
== -2 ; F (@on) 1) = — ; 2k = 1)10g F (Zguee1—teme=) 16). (3.4)

Instead of using (3.4), the RADE §; of the AUD may be calculated by solving the nonlinear equation
illustrated below:

<« 1 %5 2k = D@ Gaeomtrtine) 16)
=2 ) @1 (2= 10) + = =0,
kz:; mee kz:; F (2neo—ks1:me2) |0)

where ¢;(.) and ¢,(.) are defined in (3.2) and (3.3).
The following function is used to provide the LAD estimate (LADE) &, for 6 of the AUD:

-3m°°

193: 2

- .
+2 ; F (@) 10) = — ; 2k = 1)10g F (2= I6) -

To obtain the LADE &, of the AUD, the following nonlinear equation may be solved:

o

m? 1 & k= Dy (Zgems) 16)
2 01 (Zgeme 16) = =0,
kZ:]: 1 (k ) me° kzz; F(Z(k:m°°) |6)

where, ¢,(.) is defined in (3.2).
Next, let us consider the scenario in which the ordered items Z(y), Z), ..., Ziueoy are SRS seen from
AUD with sample size m®°. The following function is used to provide the ADE § ,, for § of the AUD:

1

mOO

[e]e}

9% =—m > @l=1)flog F (2 16) + log F (2121, 16)}, (3.5)
=1

with respect to 6. The following equation which is equivalent to (3.5) may be solved numerically to
provide §,

oo

m ’ (5 ’ neo— 5
Z(Zl—l){gﬁl(z(l” )_SO_Z(Z( 1+ | )}:O,
= Falo)  F (211 16)

where 1
tan™ ((52(1)) ZLmeo—1+1)
¢ (zplo) = - —, (3.6)
Heo [tan~'(6)] (1 +62) (1 + 8% Zgmeo—ssy) tan™'(6)
and 1
, tan™ (0Zgmeo—is1)) Zmeo—
@5 Conee sy 16) = il Uil 3.7)

[an @OF (1+6)  (1+6%22,._,,)tan"(6)
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The following function is minimized for obtaining the RADE ¢ 3 for the AUD.

1

mOO

mOO

"= =2 ) F (o)~
=1

D @L=Dlog F (zpes1-16). (3.8)
=1

The RTDE § 5 of the AUD is determined by solving the numerically the following nonlinear equation
rather than using (3.8):

& 1 & QL= 1)y (Zees1-p16)
-2 (,0’ (Z([) |6) + — = O,
; : me° ; F (Zgneo+1-110)

where ¢/(.) and ¢}(.) are defined in (3.6) and (3.7).
The following function is used to provide the LADE '§ 4 for ¢ of the AUD:

_3m00

= >

mOO 1 mOO
2 ,Z‘ F (e 0) = — IZ; 21 - 1)log F (2 16).

To obtain the LADE § 4 of the AUD, the following nonlinear equation may be solved:

= 1 & Q-1 (zp16)
I3 =2 ! 0)— — =0,
3 ; Y1 (Z(l) | ) mee ; F (Zl) |5)

where ¢/ (.) is defined in (3.6).

3.2. Cramér-von Mises estimators

To support the decision to use minimal distance estimators of the CM type, [44] offered empirical
evidence showing the estimator’s bias is less than that of other minimum distance estimators. Here, the
RSS and SRS techniques are used to produce the CM estimate (CME) for the AUD parameter.

Let us assume that the ordered items Z;. 00y, Z:mee)s -..s Zneo:me), With sample size m®® = sv, where
s is set size and v is the cycle numbers, are the selected RSS from CDF (1.2). In order to obtain CME
55 of 6, the following function is minimized with regard to 6 :

1 5 2% —1)>
Y= + Z {F (Zgemeey 10) = } - (3.9)

12me° = 2me°

Instead of using (3.9), CME can be derived by resolving the following nonlinear equation:

& 2%k -1
Z {F (Zgeme=y 0) = s }801 (Z@eme=y [6) =0,
£ m

1

where ¢;(.) is defined in (3.2).
Currently, suppose that the ordered items Z, Z), ..., Zy-y are the seen SRS from the AUD with
sample size m°°. So, the following function is minimized to determine the CME § s of ¢:

oo

- mZF( |5)—21_12 (3.10)
TR A e |
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Or equivalent to (3.10), the CME § 5 of § is produced by minimizing the following function

=1

where ¢/ (.) is defined in (3.6).

< 20-1Y
2 {F(Z<z) 16) = 5 }901 (o) =0,

4. Maximum and minimum product of spacings estimators

The concept of differences in the values of the CDF at successive data points, according to Cheng
and Amin [45], may be used to get the MPS estimate (MPSE) of the unknown parameter of the AUD.
This approach is just as effective as ML estimators and consistent under a wider range of conditions.

Let Z.meoys Z:meo)s s Zimeo:meoy b€ ordered items of the RSS drawn from the AUD with sample size

m°°® = sv, where s is set size and v is the cycle numbers. The uniform spacings may be defined as
follows based on a random sample taken from the AUD.

hk(é) =F (Z(k:m°°) |5) -F (Z(k_1;moo) |5) , k=1,2,....,m,
m°°+1
where F(Z(o;mOO) |5) =0, F(Z(moo+1;moo) |5) =1, such that Z hi (6) = 1.
k=1
To get the MPSE & of 6, the geometric mean of the spacing should be maximized.

m°°+1 ﬁ
K(©) = { [ hk((»} ,

k=1
or, alternatively, there is maximizing the function that follows:

m*°+1
1

HG) = —— kz; In [7(6)]

The MPSE & of & can also be obtained by numerically resolving the following nonlinear equations:

OH©) 1 ’"il 1
95 T+me L [h©)]

where @1 (g 10) is defined in (3.2) and ¢ (z(-1.me) |6 ) has the same expression with Zg—.e).
Similarly, the minimum spacing distance estimator of ¢ is created by minimizing the
following function.

(1 (Zkme) 10) = @1 (Zg=1:m2y 16)] = 0,

me+1
H'@)= ) A [m«s),

=1
where A(uy, u;) is the suitable distance. According to Ref. [46], for A(uy, uy) = |uy — usl, Auy, up) =
|10g u; —log u2| are referred to the MSAD and MSALD, respectively. As a result, the MSAD estimate
(MSADE) and MSALD estimate (MSALDE) of ¢ are provided by minimizing the following functions:

1
me + 1

9

m®°+1

H'©®)= ),

k=1

1
71.(0) — , 4.1
() moo+1' @.1)
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and
meo+1

H'©)= )

— m +1)

with respect to 8. Equivalently to (4.1) and (4.2), the MSADE &; and MSALDE & are provided by
solving the nonlinear equations

, 4.2)

log(7(6)) — log(

OH*(5) _ ”’i‘ (8) = sy
I

———— @1 gy 16) — @1 Z=1:m0110)] = 0,
k=1 |hk(5) - m°i+l|

and

aw@:WHM%@%bdﬁﬂ
a6 k=1 '10g(7lk(5)) — log (molﬂ)

where ¢ (Zgmeo) 16) and @y (Zg—1.me) |6) are defined above.
In addition to the above, the MPSE §¢ of & for the AUD under SRS is obtained. Let
Z1ys Z2)s -..s Zneoy be SRS of size m°® from CDF (1.2), and the uniform spacings in this situation are

[301 (Z(k:m°°) |6) — @1 (Z(k—l:m°°) |6)] = 0’

h;(&) = F(Z([) |5) - F(Z(l_l) |5) s /= 1,2, ...,moo,

°°+1

where F (z)[6) =0, F (zZpnee+1y10) = 1, suchas Y, 77(6) = 1.

The MPSE § 4 of 6 is provided by maximizing the following function:

1 m®°+1 .
K©) = 70— ; In [72§(5)] 4.3)

Equivalent to (4.3), the MPSE '§¢ of ¢ is produced by solving the following nonlinear
equation numerically:

KB 1 S
a5 1+m™ ; [hl.(d)]

l¢") (zay16) = ¢"1 (z4-1y 16)] = 0O,

where ¢/ (z() |0) is defined in (3.6), and ¢|(z¢-1) |0) has the same expression with z(;_y).
Furthermore, MSADE §,; and MSALDE §¢ are obtained by solving numerically the

following equations:
m*+1

. _ . _ 1
K*(5) = ; i) = ——|. (4.4)
and o
K*(6) = ; log(hl'(é))—log(moo " 1)‘ (4.5)

with respect to 6. Equivalently to (4.4) and (4.5), the MSADE §; and MSALDE '§ g are provided by
solving the nonlinear equations
0K () &' (©S) - ——
= E— 0)— _nlo)] =0,
55 P |[901 (2 16) = @1 (z4-1) 16)]

me°+1

=1
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and

oK) _ "' loglj()) — log ()
9 T |log6)) - tog ()

where, ¢ (z¢)10) and ¢, (z(-1y |0) are defined above.

‘ [¢1 (zay16) — @1 (zg=116)] = 0

5. Other estimation methods

This section offers the LS estimate (LSE), WLS estimate (WLSE), and PS estimate (PSE) for the
AUD parameter based on RSS and SRS methods.

5.1. Least and weighted least squares estimators

Let Zi.meeys Z2:meeys s Zoneo-meoy be an observed ordered RSS with size m®® = sv, from the AUD. The
LSE &y and WLSE & are derived by minimizing the following functions with regard to &:

m°° k 2
= F (Zgeme |6) — 5.1
Y ;[ (Zgemee) |6) e+ 1 (5.1
and
2 m° + 1)2(m + 2) kT
F (Ziemeey [0) — 5.2
; = _k+ D) (2= 10) 1 (5.2)

These estimators dy are 8,9, which are equivalent to (5.1) and (5.2), and can be obtained by solving the
following equations numerically:

o )
Z [F (@) 16) =~

k=1

1]% (Zeme=y 10) = 0

and

Z (m°° + 1) (m*° + 2)

ey |0) =

me° + 1

]901 (Zeme=y16) = 0

where ¢; (Zgme) |0) is defined before.
Additionally, suppose that Z;y, Z), ..., Zyue-) 18 an ordered SRS of size m°° taken from the AUD. The
LSE and WLSE 59, § 1o of 6 are produced by solving numerically the following equations:

F(zq)10) - o @1 (zpl6) =0
o -
and )
m (moo + 1)2(moo +2)
Fzlo) - §)=0
; I(m>° =1+ 1) (z0)16) me 117 (2 16)

where ¢ (Zgmee |0) is defined before.
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5.2. Percentiles estimators

One of the often employed methods for estimating the Weibull distribution’s parameters is the
percentile approach, which differs from other estimation techniques in terms of its ease of computation
and effectiveness in parameter estimation [47]. Here, PSE 511 of & of the AUD is provided using RSS
and SRS methods.

Consider Z .y, Z:me)s -+-» Zimeo:meey as an observed ordered RSS, with size m°® = sv, available from
the AUD. From the PSE of the AUD’s parameter one may get 8, by minimizing the following function

and assuming that p; = mL is the estimate of F (Zgmee) |0)

°°+1
A = Z |:Z(k:moo) — étan (p(k:moo)tan‘l((i))],
k=1

with respect to 6.

In the case of the SRS method, let Z), Z), ..., Zne-) be an ordered SRS of size m*® drawn from
AUD. The PSE 1, of ¢ is obtained, by minimizing the following equation:

I~ . ;
Ay = ; [Z(z) - san (P(z)tan (5))],
with respect to .

6. Simulation

This section focuses on the examination of various estimation methods presented in this paper. The
goal is to assess the efficacy of these methods in estimating model parameters through the generation
of random datasets derived from the proposed model. Subsequently, these datasets will be ranked, and
the estimation methods will be employed to identify the most recommended one. The simulation will
be conducted with the assumption of a flawless ranking, outlined as follows:

e To generate an RSS from the AUD with a fixed set size s = 5 and different cycle numbers
v = 3,10,24,40, 60, and 90, the corresponding sample sizes m°° = sv = 15,50, 120, 200, 300,
and 450 are employed.

e Generate an SRS from the AUD with the specified sample sizes, m°° = 15, 50, 120, 200, 300,
and 450.

e We have a set of estimates corresponding to each sample size, using the true parameter values ()
of 0.15, 0.6, 1.0, 1.5, 2.0, and 2.5.

e To evaluate the effectiveness of the estimation methods, three measures are employed, which
include the following:

Average of absolute bias (bias), |bias(§)| = i ZZ 1 |;i — &/, mean squared errors (MSE), MSE =
Ly (8; — 6)?, mean absolute relative errors (MRE) MRE = Ly 16, — 8/6.

e The measures outlined in the previous step serve as objective benchmarks for evaluating the
accuracy and reliability of the estimated parameters. Utilizing these evaluation metrics enables
a comprehensive assessment of the performance of the estimation techniques. This evaluation
process provides valuable insights into the effectiveness and appropriateness of these techniques
for the particular model under consideration.
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e By repeating this process multiple times through numerous iterations, we can obtain a reliable
and robust assessment of the estimation techniques. This repeated evaluation helps ensure
that the performance results are consistent and representative, contributing to a more thorough
understanding of the effectiveness of these techniques in estimating the model parameters.

e The results of the evaluation measures are presented in Tables 1-12, encompassing both SRS and
RSS. These tables offer a comprehensive summary of the outcomes obtained. In these tables, the
magnitude of each value signifies its relative effectiveness when compared to all the estimation
approaches examined in the study. Lower-ranked values indicate stronger and more significant
performance relative to the investigated estimation methods. These tables serve as a valuable
reference for assessing the relative power and significance of the different estimation techniques.

e The ratio of the MSE for SRS to the MSE for RSS is provided in Table 13. This ratio helps to
gauge the comparative performance of SRS and RSS in terms of MSE, offering insights into the
efficiency of these sampling methods.

e For a thorough and detailed analysis of the estimates, we present both their partial and total ranks
in Tables 14 and 15 for the SRS and RSS, respectively. These rank tables offer a more nuanced and
comprehensive perspective on the performance and comparative effectiveness of each estimation
approach, facilitating a deeper understanding of their relative strengths and weaknesses.

Upon careful analysis of the simulation results and the rankings presented in the tables, several
conclusions can be drawn:

e It is noteworthy that for both SRS and RSS datasets, our model estimates exhibit the consistency
property. This property implies that as the sample size increases, the estimates converge to the
true parameter values.

o All three measures used exhibit a consistent trend: They decrease as the sample size
increases. This pattern suggests that larger sample sizes lead to more accurate and precise
parameter estimates.

e Based on our simulation results for both SRS and RSS datasets, it appears that the MPSE has the
advantage in determining the quality of our estimates.

e From Table 13, it can be observed that the estimates obtained from the RSS datasets are more
efficient compared to those obtained from the SRS datasets. This suggests that RSS is a more
efficient sampling method in terms of producing estimates with lower MSE.

AIMS Mathematics Volume 9, Issue 4, 10304-10332.



10316

Table 1. Bias, MSE, and MRE values for (6 = 0.15) under SRS.

m® Measure Estimate MLE ADE CME MPSE LSE PSE RADE WLSE LADE MSADE MSALDE
15  bias s 0.51285" 0.5108™  0.5268®1  0.4521M 0.5305 0.4879% 0.4799% 0.52577 0.5755"7  0.534510  (.52230
MSE P 0.5886"  0.5957""  0.6356'  0.47041  0.6343% 0.5022 0.5088%  0.63097 0.806"" 0.7126"9  0.6245

MRE s 3418450 3.405% 351178 3.01411M 353681 3252381 3.1997% 350497 3.8366!""  3.56310 3482306

Y. Ranks 148) 134 251) 3 269 gt 7 217 3311 30000 18!

50  bias s 0.3349% 03408 0.3462® 031710 03379 03298 03277 034147 0370311 036109 (.35351)
MSE P 0.1991" 02068 0.2138%® 0.1837"  0.205""  0.1905%  0.1917% 020827 0.2532119 0.2582111  (.2295

MRE P 22326% 22718 2308318 2114311 224695 2.1934% 2182 227627 24686 2406410 23570

S Ranks 1214 1816 2418) 3 151 g6t 7 217 3201 3100 279

120 bias P 026377 0.2659®  0.2568%  0.2537"  0.2628"" 0.2617% 025917 02635 0.2767% 0.2825""  .27911%
MSE P 0.10885)  0.1116®  0.10552  0.1044"  0.1099'" 0.1089'  0.1061%  0.1073%  0.1246' 0.137411  0.1272010}

MRE P 175827 1772881 1.7119%  1.691111  1.75230  1.7446% 172718 175649 1.84459 18832011  1.86!%

. Ranks 197 2418} 6% 3 171 149 9Bt 165 279 3301 30000

200  bias s 023138 023010 0.2294% 02173 0.2272% 0.23077 022777 022979 0.24031  0.24471  0.2438110)
MSE P 0.0796®  0.0781%"  0.0788'"  0.0722" 0.0761% 0.07917  0.0764%  0.0769*  0.0874" 0.0958"""  0.0907%

MRE o 1541880 1.5340 152034 144861 1.5149% 153797 151817 153145 1.6019 1.6315"1  1.6256!'%

' Ranks 248) 170 14145 3 62 217 i3t 14145 279 3301 30000

300 bias s 02075 0.2098'"  0.2108"®  0.1925!"  0.2059% 0.2084%" 0205 021067 0.2183  0.22301  0.22071%
MSE P 0.0603"  0.0627  0.0629"%  0.0549'"  0.0602% 0.0614%  0.0593%  0.0619° 0.0686!" 0.0763"" 0.0701"%

MRE P 13836 139869 1.40531®  1.283 137243 13896 136667 140377 1.45539 1486410 1471200

3 Ranks 1214 1916 2418) 3 90} 158 6% 207 279 3301 30000

450  bias o 0.191%  0.19087" 0.1869% 0.1744!" 0.1891" 0.1853% 0.1869°%3 0.1905 0.1957) 0.2039"'Y  0.1996!"%
MSE P 0.04886)  0.049218)  0.04755"  0.0436!"  0.0487% 0.0463  0.047°3  0.04897 0.0524% 0.0611""  0.0548!%

MRE P 1273280 127237 1245980 1.1625"  1.2618  1.2351%  1.2463% 12698 1.3047 1.359111  1.3308!'%

> Ranks 22075 22173) 108 3t 158 6! 1« 19 279 330m 3000

Table 2. Bias, MSE, and MRE values for (6 = 0.15) under RSS.

m® Measure Estimate  MLE ADE CME MPSE LSE PSE RADE WLSE LADE MSADE MSALDE
15  bias ) 0.3505™  0.395°T  0.40917 035257 0.4098%®1  0.3829%  0.37%  0.3965° 0.4737"7 0431770 (.4258™
MSE 6 02218 0.30445  0.32997  0.2503%  0.3354%®  0.2813% 02668 0.3068 0.4836!"7 0.416119  (.3831
MRE 5 23369 2.633190 272727 235017 273178 2.5528% 246667 2.64361  3.157911  2.87771100 283881

Y. Ranks 3 158 210 6% 248 12 963! 18 330 30000 270

50  bias 5 02485 021239 02129 0.19251" 02137 02075%  0.2086° 02124 02296 0.2735"1  0.2679!1)
MSE ) 0.094%  0.0642"  0.06527  0.0544"  0.0648  0.0606%  0.0624 0.0636*" 0.0773%®  0.133801  0.11451%
MRE 5 1.6565 1415250 141931 12837 141977 13832 1.3908%  1.4134%  1.5306®  1.82311  1.7858!10

' Ranks 279 158 191 3 207 6% 9l 2% 248 330 301101
120 bias 5 0.1991°"  0.1406%  0.1423%  0.12321  0.1427%"  0.14128"  0.143  0.14627  0.1486®  0.2087''"  0.2026"%
MSE 5 00542 0.025%  0.0258  0.0201"  0.0257%"  0.0253%  0.0256"  0.0266  0.0283"®  0.0667""  0.0571%
MRE ) 1.3271% 093742 0.9488“  0.8213'"  0.9511%  0.9411%  0.95311  0.97477  0.9906'" 1.3916"" 1.35091%

3. Ranks 279 6 14 3t 158 9b3} 16! 217 248} 3300 301101
200 bias ) 0.1806!" 0.1085% 0.1113%"  0.0928" 0.1112%  0.1106""  0.1139¢ 0.11487 0.1173®  0.1853!""  0.1793¢
MSE 5 0.0422%  0.0152%  0.0157%5 0.0117"  0.0158"  0.0157%9  0.0165°  0.01697  0.0174%  0.05'"  0.0429!1
MRE 5 1204100 0.7233%  0.74235  0.6186" 0.7416"  0.7376")  0.7596© 0.7652" 0.7821%  1.2355!")  1.1956“

Y Ranks 29010} 6% 13.58 3 139 9,58 181 217 248 3300 281
300 bias 5 0.1596  0.0902%  0.09%  0.0691"  0.09055"  0.0891%  0.09121¢ 0.0994®  0.0934" 0.1697"" 0.1663!"!
MSE ) 0.0325 0.0112%"  0.011%  0.0073" 00111  0.0109%  0.0114% 0.0142® 0.0118™ 0.0405"" 0.0354!1
MRE 5 1.0638%  0.6017%  0.6001%  0.4603"  0.6035°  0.5937%  0.6078' 0.66268 0.62277 1.131411  1.1087"1

S Ranks 279 134 9i3! 3 148! 6% 181 24181 210 330 301101
450  bias ) 0.1462  0.0824%  0.0689%  0.0478"  0.0694%  0.0698%  0.0729'' 0.07617 0.0728"" 0.1577""  0.1518!1
MSE 5 0.0273%  0.0114®%  0.0073®  0.0041"  0.0074%5  0.0074%3  0.00795  0.00977  0.0079" 0.0337"  0.0293!1
MRE ) 09747 0.5493® 04592 031831 0.4629%  0.4656%  0486'" 05077 04853 1.0514"1 10123110

Y Ranks 279 248} 6% 3t 9.58 11.5% 175101 2117 15.51 3300 301101
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Table 3. Bias, MSE, and MRE values for (6 = 0.6) under SRS.

m® Measure Estimate ~ MLE ADE CME  MPSE LSE PSE RADE WLSE LADE MSADE MSALDE
15 bias s 0.6207%  0.6075™  0.6427® 05986 0.6209 0.5592  0.6055C7  0.6366"  0.7045 0.7067"7  0.6969"
MSE s 0.6293%  0.569213  0.65157  0.5246!%  0.6296!" 0.4705"  0.6066!*  0.6556!8  0.8866!"% 0.9346!"")  0.7847"
MRE s 10346 1.0126% 107118 099772 103490 093210 1.0091%  1.0617  1.174209 1.1778"1  1.1615®
3 Ranks 1519 119 2318 62 1816 3 102 22 3010 3300 279
50  bias s 0.4557% 04571 0.4129% 040217 0.4086'7 0.3988!1  0.41545)  0.44821"  0.4369'9  0.4633110  0.4807')
MSE s 0297 0.2957® 0246 02262 023343 02179 0241W 028177 0.2767%  0.3094!19 (.3237!10
MRE s 0.7596!8  0.7618"  0.68821 0.6701% 0.6809" 0.66471  0.69245) 074717 0.72826)  0.772209  (.8012(')
3 Ranks 2518 26 134 62 9B 3t 141 217 186! 3010 3300
120 bias s 032617 03161 029633 028862 0.3027% 0.2852 0.3573®  0.3194!% 038181 0.3685110  0.3595"
MSE s 0.1668"  0.1613%  0.135%  0.1274%  0.138%  0.1264"  0.2051°  0.1637'®  0.23331'" 0.2082110  0.1993'®)
MRE s 054357 0.5268  0.4939%  0.4811% 0.5044W 0.47541  0.5955®) 0532418 0.6364!!1  0.614219  0.5991%
3 Ranks 217 1519 98) 62 124 3t 2518 18'6) 3310 3010 26
200  bias s 031218 0.2876'9  0.2792¢ 022521 02871 022637 0.264% 03165 02017 0.319410  (.3455(10
MSE s 0.1814%  0.15977  0.144%  0.0808" 0.1537'9 0.0831% 0.1324%  0.188319  0.15510  0.1698®  0.2015')
MRE 5 0.5202181  0.4793©  0.4653%  0.3753"  0.47855) 03771 0.448  0.5275®" 04857 0.532419  0.5758!')
3 Ranks 25 1916 124 3 1519 6 98 28095 2017 28095 3300
300 bias s 026099 0.287119 02688 0.1889" 02707 0.1897% 0.24420) 02357 0.244% 026237  0.2952(1)
MSE P 0.14977  0.18211  0.1598%®  0.059")  0.1632)  0.062?  0.1263% 0.112455  0.112459  0.1267'9  0.172411%
MRE s 0.4348'9 04786119 0.448® 031481 0.4511% 031622 040715 03928 04067 043727 0.4920'0
> Ranks 196} 3100 2418) 30 271 62 1519 9.51 11.54 207 3200
450  bias s 023591850 021463 0.2196* 0.148410 0221519 0.1498%  0.239110 023040 0.235985  0.23097  0.252311
MSE s 0.1406”  0.1139%  0.1222  0.0368" 0.12321¢ 0.0375% 0.1471""  0.1298®  0.12627  0.1117%  0.1454110
MRE s 03932 0.3576%) 03661 024741 0369218 024977 0.3983!10  (.38410  (0.393118  0.38487  0.4205!'"
3 Ranks 26.59 1013 139 3m 1619 6 31110 207 23518 176 3200
Table 4. Bias, MSE, and MRE values for (6 = 0.6) under RSS.
m® Measure Estimate ~ MLE ADE CME MPSE LSE PSE RADE  WLSE LADE  MSADE MSALDE
15 bias [ 04538 04728 0.5065"  0.4879%  0.48870  0.4678 0.4746% 0.5331% 0543 0.5913110  0.555410
MSE 5 02993 0316% 03685 0.3255% 03619 0.3087%  0.3177% 040328 0463719 0.548811  0.4368"
MRE 5 0.7563"  0.7867% 0.8442"  0.813280  0.8145°  0.7797%  0.7909"¥  0.8885%  0.9049®) (.9854!1 0.925710
' Ranks 3t 9i3t 217 158 181 6 1214 248 289 3300 29110
50 bias 5 0.3076°"  0.2821% 0201 0.2118%  0.2073%"  0.2034?  0.22381  0.2503" 022345 0360119 0.365!')
MSE 5 0.1571%0.1676"  0.0668"  0.0736")  0.072%  0.0685%  0.085¢"  0.128"  0.0804" 0.1958"% 0.20261"
MRE 5 0.5127°  04701% 033510 0.353% 0345580 03389 0.373% 041717 0372350 0.6002"%  0.60831"
> Ranks 269 251} 30 124 9 6 1810 217 158 3010 3300
120 bias 5 0262319 0.146®%  0.083%  0.0856"  0.0844%  0.0799" 0.143170  0.1349'  0.1195%" 0.2844!11  0.2593"
MSE 5 0.1549110.0865®  0.0114%5  0.0125%  0.0114>  0.0103"  0.08097  0.0747°  0.0508"" 0.1489!"%  0.1346!
MRE 5 0437219 0.2433®  0.1383%  0.1426"  0.1406%  0.13320  0.238570  0.2248'%)  0.19925"  0.4739!11  0.4322
> Ranks 3110 248 6.5 124 8.5% 3t 217 18'6) 15 3200 27%
200 bias 5 0.192%  0.0877%  0.0497"  0.0499%  0.051%  0.0502%" 0.07387  0.0695°  0.0688" 0.2446"1  0.23161%
MSE 5 0.0998°"  0.0529%"  0.0039'"  0.0041%  0.0049%  0.004%  0.0325" 0.0291¢  0.02225  0.1347"  0.13161%
MRE 5 0.3201°  0.1461® 0.0829'"  0.0832%  0.0851¥  0.0836" 0.1237  0.1159©  0.1146""  0.4077""  0.38610
> Ranks 279 248 3t A 124 i 217 181 158 330 3010
300 bias 5 0.1497% 0.04747 0.03275>  0.0323!13 0.0323"5) 0.032785 0.0511% 0.04265"  0.0426°  0.214" (.188311%
MSE 5 0.0736®"  0.0199 0.0017* 0.0017%3  0.0017%>>  0.0017%*% 0.0223®  0.0133¢  0.01128  0.11351  0.108!1%
MRE 5 0.2496°"  0.0791"  0.0545%  0.0539!"3}  0.05391"  0.05455%  0.0852%  0.0715%  0.07153 035671 0.31391%
> Ranks 279 217 9,563 5.5 5.5 9,563 248} 170 16" 330 3010
450 bias 5 0.1307°  0.0459%  0.0214"  0.0223%  0.022%  0.0219%  0.0336' 0.0359"  0.0289%  0.167211  0.14281%
MSE 5 0.0693°  0.0304%  7e—041  8e—04®) 8o - 043 8e—04% 0.0136° 0.0193"  0.0082°  0.0865"" 0.075410
MRE 5 0.2179°  0.0765® 0.0356'"  0.0371%  0.0367%  0.0365%  0.056'"  0.0599"  0.0481% 0.278611  0.238!1%
>, Ranks 231 208 10 187 16" 1485 148331 176 112 2911 2610
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Table 5. Bias, MSE, and MRE values for (6 = 1.0) under SRS.

m* Measure Estimate  MLE ADE CME MPSE  LSE PSE RADE WLSE LADE MSADE MSALDE
15  bias T 0712208 0.6873%  0.7245 0.708257 0.6979™  0.63441  0.684471  0.8253107  (.8014%1  0.8066"  0.84121"
MSE S 0.847418 076291 0.84957  0.79814  0.82778 0.661411 07295 1.1297  1.174510 1354811 1.10338
MRE S 071228 0.68731 072457 0.7082550  0.6979%  0.634411  0.684412  0.82531100  0.8014%8)  0.8066!  0.84121

' Ranks 180! 9i3) 217 145 134 3l 612 291951 268 291951 3010

50  bias S 0480319 05061 0408317 039382 04124 0390210 0.521210  0.4847 045155 0.5029%  0.5381M
MSE T 0433617 047389 02674 02539120 0.26841  0.2452'1 0.500610  0.44058 03571150 0.43331 050131
MRE S 048031 05061 0.40831% 039382 0412 0390210 0.521210  0.4847 045155 0.5029®  0.5381M

3 Ranks 196! 279 93l 62 124 3 30110 221751 158 221751 33(1

120 bias S 0330317 03568 0.3065¢ 0.2456!"  0.284280 025411 0326316 0.3208  0.37631%  0.365319  (.394!!1
MSE S 028018 03012 0.2087% 0.10041  0.1845% 0.1067% 02702 026 0332610 0.27617  0.3575!
MRE 50330317 03568 0.3065¢ 024561 0.284280 025412 03263160 0.3208  0.37631%  0.36531  (.394!!1

S Ranks 22 25185) 124 3l 9i3) 612! 1816 1519 30110 25851 33i1
200  bias S 029038 031910 0264280 0.17951 0.2686" 0.18961  0.28047  0.2646%  0.2985  0.2799'1  0.3676!!!
MSE S 026529 0316119 021334 0.053311 02146 0.0587 024647 022080 0265118 0.16445 03641111
MRE S 020038 031919 0264280 0.17951 0.26861  0.189612  0.28047  0.2646%  0.2985  0.2799'¢1  0.3676!!!

' Ranks 25181 30110 1061 3l 1519 612! 2117 144 2619 151531 33(1n
300 bias S 0235310 0.24510 024238 0.14770 0.2386!7  0.148912  0.2484110 0234119 0225480 0.2319%  0.294111)
MSE S 02032180 022319 0.2123% 0.0349' 0.2096"  0.035412 0.231419  0.1956  0.175%  0.1323%1  0.2854!11
MRE P 0235310 0.2451°0  0.2423% 0.1477'"  0.2386!7  0.1489% 0.2484!10 0234150 0225450 0.2319%  0.294111

3 Ranks 180! 279 2481 3 2117 62! 30110 1519 101 1@ 33Mm
450  bias S 020147 0211419 01867 0.12572 0.1797% 0.1243'0 02119 020158 0.18024  0.184519  0.2343!11
MSE S 0.1805% 0201310 0.1525' 0.02532 0.1369%  0.0241'0 0.1993%  0.1767  0.1145%  0.0973%  0.215!1
MRE S 020147 0211419 01867 0.12572 0.17978% 0.1243'0 02119 020158 0.18024  0.184519  0.2343!11

S Ranks 217 30110 180! 62 118 30 271 2318 1214 1361 33i1

Table 6. Bias, MSE, and MRE values for (6 = 1.0) under RSS.

m*® Measure Estimate  MLE ADE CME MPSE LSE PSE RADE  WLSE LADE MSADE MSALDE
15  bias 5 052759 051417 05221% 052735 052689 0.4992™  0.53357  0.6149 05662 0.6926"7  0.6648
MSE 5 0.5039"7 042542 043375 042813 042894 0389200 0.438316  0.62021% 0.5341%  1.14700 06721110
MRE 5 0.5275' 051412 052218 052735 05268 0.499200 053357 0.6149  0.5662%  0.6926"'0  0.6648!10

S Ranks 19!6) 62 11 131 1214 3 207 279 24181 330 30101

50  bias 5 0.3107% 02357 0.1668%  0.1707%  0.1729%  0.1579™ 02146 0.23818  0.18941%) 0377610 0416
MSE 5 0280617 0.1836  0.0433% 00468  0.0486%  0.0388")  0.1309'  0.1993® 0.06995 0.2681% 0.3842011
MRE 5 0.3107® 02357 0.1668%  0.1707%  0.1729%  0.15791 021469 0.23818)  0.1894%) 037760 0.416!"

S Ranks 289 217 62 98 124 3l 18161 2488 151 291101 330
120 bias 5 022439 0.0964™  0.0706%  0.0681"  0.0713%  0.0699% 00799 0.114®8  0.0776 025100 02387110
MSE 5 0.20051%  0.0617 00077  0.0074  0.008% 00078  0.0229'  0.098% 0.01425  0.1692 0.20321
MRE 5 022439 0.0964"  0.0706%  0.0681"  0.0713%  0.0699% 00799 0.114®  0.0776 025100 02387110

Y Ranks 289 217 8s 3 1214 72 18161 248 15! 3pies - gqios)
200 bias § 0.1698" 0.06267  0.0417'  0.0426¥  0.0421%  0.04182  0.0448'6  0.0739®  0.04415  0.1689""  0.1696"%
MSE 5 0.1455" 0.04577  0.0027"  0.0029%5  0.0028%  0.0029%F  0.0032¢  0.0701%  0.003% 00785 0.1166"%
MRE 5 0.169811 0.0626"  0.0417'M  0.0426¥  0.0421%  0.04182  0.0448'  0.0739%  0.04415  0.1689"  0.1696!"%

S Ranks 33M1 217 3 11.54 8el 7.51 18161 2488) 151! 279 30101
300 bias 5 0.1399®  0.0433%  0.0279"  0.0289%  0.02842  0.0287%  0.02935  0.0406" 0.0294' 0.141811  (.1411110)
MSE 5 0.118™M 0,031 00012 0.0013%  0.0013%  0.0013¥  0.0013%  0.0283" 0.0013%  0.0708% 0.104310
MRE 5 0.1399®  0.0433%  0.0279"  0.0289¥  0.02842  0.0287%  0.02935  0.0406" 0.0294¢1 0.141811  0.1411110)

Y Ranks 299 248 3 124 g2 101 1415 217 161! 3100 30101
450 bias 5 0.1036® 0.0221"  0.0192% 00192 00187  0.0195% 001965  0.0261® 0.0211 0.11319  0.14841)
MSE 5 0.074419  0.00817 e — 0435 6o — 0435 5S¢ — 04 e — 0455 6o — 0455 0.01598  Te— 0419 004579 0.147111
MRE 5 0.1036® 0.0221"  0.0192% 00192 00187  0.0195% 001965  0.0261® 0.02116 0.11319  (.1484!1)

Y Ranks 208 154 14.5% 12,512 gl 16.5"! 185" 181! 230931 230931 2711
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Table 7. Bias, MSE, and MRE values for (6 = 1.5) under SRS.

m® Measure Estimate =~ MLE ADE CME MPSE LSE PSE RTADE  WLSE  LTADE MSADE MSALDE
15 bias s 0.8259  0.7838% 0.8036°" 0.7894“ 0.83417 0.72850 0.7378%  0.9492° 0.8732® 1.0216"7 0.969710
MSE s 127277 1.0399%  1.0808% 1.09335}  1.2021 0.87751  0.9547%  1.6659'0 1.4583%  2.172110  1.6264"
MRE s 0.5506  0.5225%  0.5358") 0.5263% 055617 0.4857"  0.4919% 0.6328) 0.5821®%  0.68111  0.64651

> Ranks 191 93l 148 134 207 3t 6% 289 248 331 291101
50 bias s 0.5183" 0.586!"% 0412 04047% 04139% 039851 05567 0.5348® 0489 0.51731¢  0.6337111
MSE s 0.6396"  0.8036!"% 0.2791% 0.2805% 0.288%¥ 0.26131  0.7203®  0.6572®  0.454450  0.5237'  0.849111V
MRE s 0.3455"  0.3907'"%  0.26667 0.2698%  0.276"  0.2656'" 03711 0.3565® 03261 0.3449'1  (0.42251

Y., Ranks 217 3010 612 913l 124 3t 279 248 158 181 330
120 bias s 0.39611%  0.355%0 027118 0.2496!"  0.2806" 02575 0.393®  0.37237 03904 0.3606' 0.422311
MSE s 0.51091%  0.4097'%"  0.1418%  0.1005" 0.1596* 0.1041%  0.5078"  0.45877 0.4643® 028525 0.51330"
MRE s 0.26411% 0.2367%  0.1807%  0.1664" 0.1871% 0.1717% 02629  0.24827  0.2603%®  0.2404/9  0.281511

>, Ranks 3010 168 9t 3t 12 6% 279 217 24181 17 331
200  bias s 0.2728¢  0.28577  0.2125% 0.1934"  0.2094% 0.1975%  0.2908® 03021 0.30341% 0.2703")  0.3321110
MSE s 0.2776  0.31287 0.1143%  0.0596" 0.1093%) 0.0614% 0.3489%® 03503 0.35851% 0.1747% 04016V
MRE s 0.1819®  0.19057  0.1417%  0.1289" 0.1396" 0.1316% 0.1939® 02014 0.20231% 0.1802%  0.221411"

Y, Ranks 181 217 2% 3t 913l 6" 2418 279 3010 159 33
300  bias s 0.224450 - 0.25498 0.1945%  0.1567"  0.18711%  0.1656' 0.2356%  0.2598!"%  0.2597  0.2369  0.2841!!1}
MSE 3 0.2361¢  0.33959 0.1524%  0.0393" 0.1275®) 0.0433% 02577 03273 03211 0.1709%  0.3588!
MRE s 0.1496""  0.1699%  0.1297%  0.1045" 0.1248"%)  0.1104?  0.1571¢  0.17321"%  0.17319  0.15797  0.1894(!}

Y, Ranks 168 2618 2% 3t 913 6% 1916 29110 2685 19163 331
450  bias s 0.1999%  0.18927  0.1614% 0.1295% 0.1625% 0.12911  0.2165"% 0.1861®  0.2033®  0.1765%  0.2949!1!
MSE s 0.2334% 02227 0.13% 0.0268% 0.1241%  0.0263'" 0.2636!'%  0.2028'9  0.2307®  0.0745%  0.4434(11)
MRE s 0.1333%  0.12627  0.1076®) 0.0864% 0.1083%  0.086'"  0.14431%  0.124%  0.1355%  0.1177%  0.1966!"V

Y., Ranks 251 217 s 6 121 3t 3010 181! 261 139 33i

Table 8. Bias, MSE, and MRE values for (6 = 1.5) under RSS.

m*  Measure Estimate ~ MLE ADE CME MPSE LSE PSE RADE WLSE LADE  MSADE MSALDE

15 bias 0 0.5613%1  0.54169 054157 057327 05575%  0512W 05678 0.75971%  0.6059®  0.7398%) 0.792210
MSE 6 0.72817  0.5044%  0.5163®)  0.5459'0  0.5328% 0434311 0.53515 1172910 0.73248 0.9953  1.083110
MRE 6 037428 036118 03617 038217 03717% 03413 03785 0.5065""  0.404® 049328 0.52811Y

Y Ranks 1753 83 7% 207 12# 3t 1753 3110 248 279 3210

50 bias 6 0.3325%  0.1833¢  0.1701%  0.1707%  0.1671"  0.1759%  0.1762")  0.2899%  0.1844"  0.3829!%  0.440211
MSE 6 0.4045"0 010737 0.0447"  0.0466%)  0.04632  0.0489%  0.0492°" 04029 0.0559¢"  0.3246%  0.53281!
MRE 6 0.2216  0.1222'%"  0.11342  0.1138%  0.1114"  0.1172%  0.1175" 0.1933® 0.1237 0.25521% 0.293510

2. Ranks 28191 196! 5@ 98 4 2% 15 2518 2017 28931 33

120 bias 6 0.1905"  0.085  0.0726")  0.07241  0.0746%  0.0735®"  0.0763""  0.1106®  0.0801' 0.2246"%  0.256!
MSE 6 0.18331%  0.03837  0.0084>>  0.0083""  0.0086" 0.0084% 0.0093%) 0.1197® 001  0.1394 0.3088!"
MRE 6 0.127% 005677 0.0484%  0.04830  0.0498%  0.049%  0.0509" 0.0737®  0.0534® 0.1497"0 0.1707"V

>, Ranks 281 217 6.5 3 124 8.51 151 248 18 291101 33t

200  bias 6 0.18721% 004482 0.043111  0.0457%  0.04629  0.0472  0.04695  0.0762®  0.04887  0.1621® 0.20171Y
MSE 6 0.23011% 000312 0.003"  0.0034%  0.0033%  0.0035%3 0.0035%%  0.0961  0.00387  0.0727%  0.248111"
MRE 6 0.12484% 00299 0.0287"  0.0304%  0.0308¥  0.0314° 0.03125 0.0508% 0.03257  0.1081®  0.13451Y

>, Ranks 3010 6" 3 10% 14 17.5% 15.5% 258 217 261 33

300  bias 6 0.15739%  0.0282  0.0305*  0.0307"  0.0295%  0.0304%  0.031¢  0.0368% 003163 0.1359  0.162211
MSE 6 0.2056""  0.0013  0.001555  0.001559  0.0014%3  0.0014%%  0.00155%  0.0276®  0.0015%%  0.0507®  0.1831%
MRE 6 0.1049% 00188 0.0203%  0.0205"  0.0197%  0.0202% 0.0207%%  0.0246®%  0.0207%3  0.09®"  0.10811"

2., Ranks 3110 3t 13.5¢ 15.5%) 6.5 8.51 185163 248 18.51631 279 32

450 bias 6 0.1396!"  0.0196%  0.0207®  0.0195'"  0.0204°5  0.0204%3  0.02147  0.034®  0.0205%"  0.1083"  0.123211%
MSE 6 0.19911 6 — 0415 7o~ 045 6 — 0415 Te— 045 Te— 045 Te— 045 0.0449%  Te— 04 0.0486° 0.1356!1%
MRE 6 0.0931 0.0131% 00138 0.013"  0.0136"5 0.0136%3 001437 0.0227%  0.0137%"  0.0722°  0.08211"%

>, Ranks 26! 9.51 218 7.5 1613 161331 231931 179 19181 207 231931
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Table 9. Bias, MSE,

and MRE values for (6 = 2.0) under SRS.

m*® Measure Estimate MLE  ADE  CME  MPSE  LSE PSE RADE WLSE LADE MSADE MSALDE
15  bias 5 0866257 0.89%  0.936°T 097027 0.9394® 0.83911 085767 1.1397T  1.0388%®  1.090707 1.0534"
MSE 140643 142499 16365 178637 1.6449'61 12631 131142 256050 223489 2956310  2.0211®
MRE S 043318 0.445% 04685 048517 046976 04196 042887 056951 0.51948 05453110 0.5267"

S, Ranks 93l 124 15%) 217 1816 3w 62 3201 2518 3100 269

50  bias S 058937 0.614319 04517 046314 04561 0443910 0.51449 0661310 04828  0.6069%8  0.7456!1V
MSE '§ 0 0.89818 0.9587% 034187 038544 034585 0.3249"  0.5695') 1.1788119 0.40045) 075477  1.3034!1
MRE S 020467 030719 022592 0.2316% 0.2281%1 0.2219 0257219 0330710 02414 030351 0.3728!V

3 Ranks 227 279 62 124 91 3 1816 30010 159 238 330

120 bias S 043668 04407 028870 02912 02921 029280 0381 046370 035470 039087  0.4989!V
MSE S 071988 07406 0.13520 0.13712 0.1377%  0.1372% 047747 08288111 0330 036200  0.825710)
MRE § 021838 022049 0.1444 014552 0.14655 0.146%5  0.1961 0231819 0.17735)  0.19547  0.2494111

S Ranks 24881 279 3 62 1154 93 19'6) 3110 15 207 3200
200 bias 5 03188 03186 02241 022190 022247 02255 0326610 031677 030490 0.3037'%)  0.37011"
MSE § 047038 047769 0.0866% 0.07831 0.0803% 0.0811°% 0487219 045867 03610 022789 0.5503!
MRE 5 0.159%  0.1593° 0.112%0  0.111 0.1112% 0.1128% 0.163310 0.15847  0.1525¢ 0.1518"  0.185'!1)

3 Ranks 2488 279 109 3 62 14 30010 217 1816 1519 330
300 bias s 0258 02617  0.18623 0.1821 0.18572 0.1869% 0.2793®1 0.291811 0.289310 024315 (.2841"
MSE S 036217 03677 0.0643%  0.0516'0 0.0651% 0.0548% 0452310 0493611 0.4307%  0.1549) 03537
MRE s 0.129%  0.13057 0.0931®  0.091  0.09292 0.0935% 0.1396®  0.145911 0.14471%  0.1216%  0.1421

3 Ranks 19/} 200 93 3t 82 104 269 330 291101 151 24181
450 bias 5 02127 020889 0.1503% 0.1492'1 0.1583% 0.1497% 02339 022928 0262418 0.1916%  0.2373110)
MSE S 028397 0271361 0.0526% 0.0349'" 0.0706% 0.035% 0370110 03634 045911 0.0959) 03072
MRE 5 0.106™  0.1044  0.07523 0.0746'1 0.0791% 0.0748% 0.1169°  0.1146®  0.1312"  0.0958')  0.1186!1"

3, Ranks 217 1816 9i3) 3 124 6 28193) 25181 3300 151 28193

Table 10. Bias, MSE, and MRE values for (§ = 2.0) under RSS.

m™ Measure Estimate  MLE ADE CME MPSE LSE PSE RADE  WLSE LADE MSADE MSALDE
15  bias 5 063227 061007 0.64979  0.66047  0.6505% 058271 0.6233°%7  0.8329M0 070718 0.8762™7  0.8269°
MSE & 097318 061992 07814 08186 079250 055121 0.6432%  1.558510 097257 1.547510 123270
MRE § 031614 030512 032489 033027 032539 029131 031165 0416510 03536® 0438110 041359

3 Ranks 16 62 149 2017 17 3 98 3100 238 311 279

50 bias § 038979 01939 0.1927% 01894 0.1929% 020329 020360  0.289% 020867 03972111 (39740
MSE 5 062410 00645 0.0593%  0.0566" 005963 0.0651  0.066 04495 006927 0358418  0.455710)
MRE & 019489 0.09653F  0.0964%  0.0947  0.0965%3 010169 0.1018'  0.14458 010437  0.1986" 0.19851%)

3 Ranks 291 11.514 6 3t 9.58 15 181! 2518 211 301105 301103)
120 bias & 022999 008061  0.0822%  0.0823% 008324 009077 00868 0.1273® 0088910 0.25211% 0.2691(11)
MSE § 029261 001037 001067 00107 001084 0.01287 0.0117%  0.19328 00123 020089 0.3613"
MRE & 011499 004030 0.0411%  0.04128  0.0416¥  0.04547 004345 006368  0.04459  0.12611% 0.13461

3 Ranks 280 3t 6 9t 124 21 151! 248 186! 29110} 330
200 bias 5 017799 005043 0.0495  0.0502%  0.0508% 0.05477  0.05279  0.07428 00536 0.181411% (.2188!1)
MSE B 022419 00043 000387 0.004% 00043 000477 00043 01039  0.0046'0  0.09668 0333911
MRE 5 00889° 002523 0.0247"  0.0251% 002544  0.02737  0.02649  0.0371% 00268 0.09071% 0.1094111)

3 Ranks 28193 98 3 7 11 21 159 2518) 1816 28193 33111

300 bias § 015279 003362 0.033629 003341 003304 00377 0.0353%  0.0595% 00356 0.15431% 0.19651)
MSE & 02146"9 0001829  0.00182 000182 0.0018%% 000227 000195 01098  0.0021¢  0.08688 03452111
MRE & 0.0764% 0016829 0016829  0.0167"  0.0169¥ 001857 00176 002978 001780  0.07711% 0.098311)

3 Ranks 28193 75123 75123 451 10.51 210 159! 2518 18! 28193 3300
450  bias & 0145210 002247 0.023%  0.02220 002279 00257 0.0239% 003598 002436  0.1194% 0.148311)
MSE 5 02516M0 8e— 0479 8o — 0429 8o — 0425 8o — 0425 00017 9o — 0453 0.0574 9e— 045 00478 0.2342010)
MRE & 00726'0 001122 00115%  0.0111% 001148 001257 001199 00188 001219 005979 0074211

3 Ranks 25110 11.5% 15.55 9.5 13.55 15% 20.5% 19 22.59 207 26111
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Table 11. Bias, MSE,

and MRE values for (6 = 2.5) under SRS.

m® Measure Estimate ~ MLE ADE CME  MPSE LSE PSE RADE WLSE LADE MSADE MSALDE
15  bias 5 0.9599® 098558 1.1014%  1.1374®  1.14757 0.9352" 1.0073¥ 1.30391"0 1.157®"  1.1786® 1.1824(10
MSE 5 171873 1.69232 233218 24383 25806 1.5886!" 1.8703% 355161 2.8096" 2.8769!'% 247767
MRE s 0.3842 039428 04406 045490 04597 037411 0.4029% 0.5216!'1  0.4628® 04714 047310

' Ranks 7% 83 158 18t 22 3 1214 3301 251 28110 279

50  bias s 0.56367  0.5986® 0.5265%  0.53%)  0.5391"" 050241 0.5325%  0.7652!'"1  0.5466') 0.6536'  0.7347'10
MSE 5 0.70677  0.8341%  04737% 0.5305¢ 0.503¥ 04350 048280 1.7478!'"0 0513250 0.9315°  1.3096!1%
MRE 5 022547 0.2395% 02106 02128 02156 02011 0.213% 030610 02187 02614 0293910

' Ranks 217 248 6% 121 148} 3t 1e 330n 17 27¢ 30110

120 bias 5 044627 0.4787% 03340 0.33881 0.3415% 0.3453% 036149 0.5359'1 0355250 0.457®  0.5352010
MSE P 0.7607%  0.877%  0.17931"  0.1808 0.1832%) 0.189“  0.3259'% 1227510 02236 0.48487"  1.0708!%
MRE 5 0.17857  0.1915® 0.1336"  0.1355%  0.1366") 0.1381* 0.14469 0.21441'0  0.14215"  0.1828%®  0.2141110

' Ranks 227 279 30 6 9B 124 1816 330n 158 23 301101

200  bias 5 0.435819 04021 0.248')  0.2526%  0.2509% 0.2633% 0.3284'9 0.4068% 0.2919%) 033627 0477710
MSE 5 0.99251% 0.8236!  0.0967'" 0.1001 0.1006% 0.1128% 045117 0.8184% 02007 0.2805  1.001411
MRE s 0.1743190.1609'%  0.0992"  0.1011%  0.1004% 0.1053% 0.1314%  0.1627% 0.1167%  0.13457"  0.19111"

' Ranks 3010 251 3 8l 7% 124 19 269 158 207 330n

300 bias 5 0.3835"0.3358%®)  0.206% 0.2007'" 0.2086% 0.21424 0.2656" 0.36611% 0.27887 0.2723  (.35891%
MSE s 0.946811 07071 0.0672?%  0.0627"  0.0681% 0.0749% 0.3498'1 0.82021% 0.363"  0.1516%  0.7172
MRE 5 0.1534110.13431%  0.08242  0.0803!"  0.0835% 0.0857% 0.1062°" 0.1464'% 0.11157  0.1089¢  0.1435"

' Ranks 33un 248 6 3t 9b3t 124 169 30110¢ 217 17t 279
450  bias 5 02793 025347 0.1634% 0.1628" 0.1714%  0.182%  0.2577% 029511 024300 0221250 029110
MSE P 0.59461% 04777 0.04232  0.0405"  0.0468% 0.0521% 047537 0.66811" 0.3999 0.1162%  0.53141
MRE P 0.1117%  0.10137  0.0653% 0.0651" 0.0686) 0.0728* 0.1031® 0.118"1  0.09721) 0.0885°" 0.1164!1%

3 Ranks 289 220 6 30 9 124 23 3301 1816) 158 29110}

Table 12. Bias, MSE, and MRE values for (§ = 2.5) under RSS.

m* Measure Estimate  MLE ADE CME MPSE LSE PSE RADE  WLSE LADE MSADE MSALDE
15  bias ) 06278 0.68047  0.7479'0  0.74867  0.744157 0.6932%7  0.7387%  0.9368"% 0.8054% 0.9378  0.9052°
MSE 5 0.8588% 07567 1.12697  1.108')  1.1045% 0.7758% 0.9299%  2.161501  1.3529®  1.686910 14320
MRE 6 025111 0.2721% 02991 0.29947 02976 0.2773®)  0.2955%  0.37471% 032228 037511 0.3621¢

Y Ranks 513 5t 19'6! 207 159 gt 1214 3110 248 320 279

50  bias 6 0415919 022177 022229 02189 0.2275% 0.2386' 0.2239% 031128 024537 0447510 0.3909®
MSE 6 0.7329'  0.0773%  0.0774%  0.077'""  0.0823% 0.0898® 0.0815%  0.5289'% 0.0992"  0.4726"  0.3113®
MRE 6 0.16641%  0,0887%  0.0889"  0.0876!  0.091%"  0.0955% 0.0896"  0.1245®%  0.09817  0.179")  0.1564"

' Ranks 31103} 612 913l 30 156 18t 121 2683 217 31103} 26183

120 bias 6 031677 0.0899"  0.0967°"  0.097%  0.0963% 0.11027  0.0999")  0.156'  0.1032¢ 02892110  (.244®)
MSE 6 0.6865"  0.0126!"  0.0149%  0.0147%"  0.0145% 0.0185" 0.0158" 0.3438% 0.0169® 0.2536""  0.1786'®!
MRE 6 0.1267"7 0,036 0.0387°1  0.0388"¥  0.0385% 0.04417  0.0399"  0.0624%  0.0413¢ 0.1157"%  0.0976""

3 Ranks 33 3t 108 11 61 2117 158 2683 180t 29!10) 26183
200  bias 6 02146 0.056®  0.0592¥ 0.0554"  0.0586% 0.06497 0.0611%)  0.0712®  0.0625' 0.2248!10 0225911
MSE 6 0.362"1 0.0049'"  0.0055"  0.005  0.0053% 0.00647 0.0057°"  0.0783®%  0.0062 0.1747%  0.3609"%
MRE 6 0.0859  0.0224%  0.0237%  0.0221"  0.0234%  0.0267  0.02445  0.0285®  0.025  0.0899""% 0.0903!!

Y Ranks 20031 5% 124 40 93 217 159 248 1816 2903 3210
300  bias 6 0.1586"  0.03731%5 0.0385%  0.0373"'9  0.0403%  0.04457  0.04255  0.0619®  0.04255  0.1637"%  0.1866!!"
MSE 6 0.2146"9  0,00229 0.0023% 0.0022"5  0.0026* 0.00317  0.0028'® 0.1238"  0.0027%"  0.1014®  0.2935!1
MRE 5 0.0635°  0.0149'5 0.0154%  0.0149"3  0.0161%  0.01787 0.016855  0.0247®  0.0168""  0.0655"%  0.0746!'!

S Ranks 28031 453 913l 4,513 121 217 176 2518 165 28031 33i10
450  bias 6 0.1285°  0.0248!5 0.0256" 0.0248"3  0.0257%  0.03017  0.0276")  0.0441®  0.028'  0.1326'"% 0.1563!"
MSE 6 0.1537% 0,001 0.001%%  0.00125 000129 0.00147 0.0012°  0.0994% 00013  0.07% 0291411
MRE 6 00514 0.0099'%  0.0102% 0.0099"3 0.0103% 0.01217  0.011%  0.0177%  0.0112%  0.05319  0.0625!!

3 Ranks 28193t 55113t 8.5 5.5 1051 2117 158 25181 18t 28193t 33i
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Table 13. Numerical values for MSE of SRS divided by MSE of RSS for all estimates.

m°®®  Estimate MLE ADE CME MPSE LSE PSE RADE WLSE LADE MSADE MSALDE
6=0.15
15 o 2.65374 1.95696 1.92664 1.87934 1.89117 1.78528 1.90705 2.05639 1.66667 1.71257 1.63055
50 5 2.11809  3.22118 3.27914 3.37684 3.16358 3.14356 3.07212 3.27358 3.27555 1.92975 2.00437
120 5 2.00738  4.46400 4.08915 5.19403 4.27626 4.30435 4.14453 4.03383 4.40283 2.05997  2.23158
200 5 1.88626  5.13816 5.01911 6.17094 4.81646 5.03822 4.63030 4.55030 5.02299 1.91600  2.11422
300 5 1.85538  5.53571 5.71818 7.52055 5.42342 5.63303 5.20175 4.35915 5.81356 1.88395 1.98023
450 5 1.78755  4.31579 6.43836 10.63415  6.58108 6.25676 5.94937 5.04124 6.63291 1.81306 1.87031
6=0.6
15 0 2.10257 1.80127 1.76798 1.61167 1.73971 1.52413 1.90935 1.62599 1.91201 1.70299 1.79647
50 5 1.89052 1.76432 3.68263 3.07065 3.24167 3.18102 2.83529 2.20078 3.44154 1.58018 1.59773
120 5 1.07682 1.86474 11.84211 10.19200 12.10526 12.27184  2.53523 2.19143 4.59252 1.39825 1.48068
200 5 1.81764  3.01890 36.92308 19.70732 31.36735 20.77500  4.07385 6.47079 6.98649 1.26058 1.53116
300 5 2.03397  9.14573 94.00000 34.70588 96.00000 36.47059  5.66368 8.45113 10.03571  1.11630 1.59630
450 5 2.02886  3.74671 174.57143 46.00000 154.00000 46.87500 10.81618  6.72539 15.39024  1.29133 1.92838
6=1.0
15 o 1.68168 1.79337 1.95873 1.86428 1.92982 1.69938 1.66439 1.82151 2.19903 1.18117 1.64157
50 5 1.54526  2.58061 6.17552 5.42521 5.52263 6.31959 3.82429 2.21024 5.10873 1.61619 1.30479
120 5 1.39701  4.93770 27.10390 13.56757 23.06250 13.67949 11.79913  2.65306  23.42254  1.63180 1.75935
200 5 1.82268  6.91685 79.00000 18.37931 76.64286 20.24138 77.00000  3.14979  88.36667 2.09427  3.12264
300 5 1.72203  7.19677 176.91667 26.84615 161.23077 27.23077 178.00000 6.91166 134.61538 1.86864 2.73634
450 5 2.42608 24.85185 254.16667 42.16667 273.80000 40.16667 332.16667 11.06918 163.57143 2.12910 1.46159
60=1.5
15 0 1.74797  2.06166 2.09336 2.00275 2.25601 2.02049 1.78415 1.42033 1.99113 2.18236 1.50175
50 5 1.58121  7.48928 6.24385 6.01931 6.22030 5.34356  14.64024 1.63117 8.12880 1.61337 1.59366
120 5 2.78723 10.69713 16.88095 12.10843 18.55814 12.39286 54.60215 3.83208 46.43000 2.04591 1.66224
200 5 1.20643 100.90323 38.10000 17.52941 33.12121 17.54286 99.68571 3.64516 94.34211 2.40303 1.61870
300 5 1.14835 261.15385 101.60000 26.20000 91.07143 30.92857 171.33333 11.85870 214.06667 3.37081 1.96066
450 5 1.17286 370.00000 185.71429 44.66667 177.28571 37.57143 376.57143 4.51670 329.57143 1.53292  3.26991
6=20
15 o 1.44528  2.29860 2.09539 2.18214 2.07689 2.29155 2.03887 1.64293 2.29799 1.91037 1.63957
50 5 1.43903  14.86357 5.76391 6.80919 5.80201 4.99078 8.62879 2.62247 5.78613 2.10575 2.86022
120 5 2.46001 71.90291 12.75472  12.81308 12.75000 10.71875 40.80342 428986 26.82927 1.80279  2.28536
200 5 2.09955 119.40000 22.78947 19.57500 20.07500 17.25532 113.30233 4.45243  78.47826 2.35818 1.64810
300 5 1.68733 204.27778 35.72222 28.66667 36.16667 24.90909 238.05263 4.49545 215.35000 1.78456 1.02462
450 5 1.12838 339.12500 65.75000 43.62500 88.25000 35.00000 411.22222 6.33101 510.00000 2.04043 1.31170
6=25
15 0 2.00128  2.23642 2.06948 2.20063 2.33644 2.04769 2.01129 1.64312 2.07672 1.70544 1.73017
50 5 0.96425 10.79043 6.12016 6.88961 6.11179 4.84410 591411 3.30459 5.17339 1.97101 4.20687
120 K] 1.10808 69.60317 12.03356  12.29932 12.63448 10.21622 20.62658  3.57039 13.23077 191167  5.99552
200 K] 274171 168.08163 17.58182 20.02000 18.98113 17.62500 79.14035 10.45211 32.37097 1.60561 2.77473
300 5 441193 321.40909 29.21739 28.50000 26.19231 24.16129 124.92857 6.62520 134.44444 1.49507 2.44361
450 5 3.86858 477.70000 42.30000 40.50000 46.80000 37.21429 396.08333 6.72133 307.61538 1.66000 1.82361
AIMS Mathematics Volume 9, Issue 4, 10304-10332.
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Table 14. Partial and total rankings of all AUD estimate techniques by SRS for different

values of 6.
Parameter m® MLE ADE CME MPSE LSE PSE RADE WLSE LADE MSADE MSALDE
0=0.15 15 5.0 4.0 8.0 1.0 9.0 3.0 2.0 7.0 11.0 10.0 6.0
50 4.0 6.0 8.0 1.0 5.0 3.0 2.0 7.0 11.0 10.0 9.0
120 7.0 8.0 2.0 1.0 6.0 4.0 3.0 5.0 9.0 11.0 10.0
200 8.0 6.0 4.5 1.0 2.0 7.0 3.0 4.5 9.0 11.0 10.0
300 4.0 6.0 8.0 1.0 3.0 5.0 2.0 7.0 9.0 11.0 10.0
450 7.5 7.5 3.0 1.0 5.0 2.0 4.0 6.0 9.0 11.0 10.0
60=0.6 15 5.0 4.0 8.0 2.0 6.0 1.0 3.0 7.0 10.0 11.0 9.0
50 8.0 9.0 4.0 2.0 3.0 1.0 5.0 7.0 6.0 10.0 11.0
120 7.0 5.0 3.0 2.0 4.0 1.0 8.0 6.0 11.0 10.0 9.0
200 8.0 6.0 4.0 1.0 5.0 2.0 3.0 9.5 7.0 9.5 11.0
300 6.0 10.0 8.0 1.0 9.0 2.0 5.0 3.0 4.0 7.0 11.0
450 9.0 3.0 4.0 1.0 5.0 2.0 10.0 7.0 8.0 6.0 11.0
0=10 15 6.0 3.0 7.0 5.0 4.0 1.0 2.0 9.5 8.0 9.5 11.0
50 6.0 9.0 3.0 2.0 4.0 1.0 10.0 7.5 5.0 7.5 11.0
120 7.0 8.5 4.0 1.0 3.0 2.0 6.0 5.0 10.0 8.5 11.0
200 8.0 10.0 3.0 1.0 5.5 2.0 7.0 4.0 9.0 5.5 11.0
300 6.0 9.0 8.0 1.0 7.0 2.0 10.0 5.0 3.0 4.0 11.0
450 7.0 10.0 6.0 2.0 3.0 1.0 9.0 8.0 4.0 5.0 11.0
0=1.5 15 6.0 3.0 5.0 4.0 7.0 1.0 2.0 9.0 8.0 11.0 10.0
50 7.0 10.0 2.0 3.0 4.0 1.0 9.0 8.0 5.0 6.0 11.0
120 10.0 5.0 3.0 1.0 4.0 2.0 9.0 7.0 8.0 6.0 11.0
200 6.0 7.0 4.0 1.0 3.0 2.0 8.0 9.0 10.0 5.0 11.0
300 5.0 8.5 4.0 1.0 3.0 2.0 6.5 10.0 8.5 6.5 11.0
450 8.0 7.0 3.0 2.0 4.0 1.0 10.0 6.0 9.0 5.0 11.0
60=20 15 3.0 4.0 5.0 7.0 6.0 1.0 2.0 11.0 8.0 10.0 9.0
50 7.0 9.0 2.0 4.0 3.0 1.0 6.0 10.0 5.0 8.0 11.0
120 8.0 9.0 1.0 2.0 4.0 3.0 6.0 10.0 5.0 7.0 11.0
200 8.0 9.0 3.0 1.0 2.0 4.0 10.0 7.0 6.0 5.0 11.0
300 6.0 7.0 3.0 1.0 2.0 4.0 9.0 11.0 10.0 5.0 8.0
450 7.0 6.0 3.0 1.0 4.0 2.0 9.5 8.0 11.0 5.0 9.5
0=25 15 2.0 3.0 5.0 6.0 7.0 1.0 4.0 11.0 8.0 10.0 9.0
50 7.0 8.0 2.0 4.0 5.0 1.0 3.0 11.0 6.0 9.0 10.0
120 7.0 9.0 1.0 2.0 3.0 4.0 6.0 11.0 5.0 8.0 10.0
200 10.0 8.0 1.0 3.0 2.0 4.0 6.0 9.0 5.0 7.0 11.0
300 11.0 8.0 2.0 1.0 3.0 4.0 5.0 10.0 7.0 6.0 9.0
450 9.0 7.0 2.0 1.0 3.0 4.0 8.0 11.0 6.0 5.0 10.0
>, Ranks 2455 2515 146.5 720 157.5 84.0 213.0 284.0 2735 282.0 366.5
Overall Rank 6 7 3 1 4 2 5 10 8 9 11
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Table 15. Partial and total rankings of all AUD estimate techniques by RSS for different

values of 6.
Parameter m*® MLE ADE CME MPSE LSE PSE RADE WLSE LADE MSADE MSALDE
0=0.15 15 1.0 5.0 7.0 2.0 8.0 4.0 3.0 6.0 11.0 10.0 9.0
50 9.0 5.0 6.0 1.0 7.0 2.0 3.0 4.0 8.0 11.0 10.0
120 9.0 2.0 4.0 1.0 5.0 3.0 6.0 7.0 8.0 11.0 10.0
200 10.0 2.0 5.0 1.0 4.0 3.0 6.0 7.0 8.0 11.0 9.0
300 9.0 4.0 3.0 1.0 5.0 2.0 6.0 8.0 7.0 11.0 10.0
450 9.0 8.0 2.0 1.0 3.0 4.0 6.0 7.0 5.0 11.0 10.0
0=0.6 15 1.0 3.0 7.0 5.0 6.0 2.0 4.0 8.0 9.0 11.0 10.0
50 9.0 8.0 1.0 4.0 3.0 2.0 6.0 7.0 5.0 10.0 11.0
120  10.0 8.0 2.0 4.0 3.0 1.0 7.0 6.0 5.0 11.0 9.0
200 9.0 8.0 1.0 2.0 4.0 3.0 7.0 6.0 5.0 11.0 10.0
300 9.0 7.0 3.5 1.5 1.5 3.5 8.0 6.0 5.0 11.0 10.0
450 9.0 8.0 1.0 7.0 5.0 3.5 3.5 6.0 2.0 11.0 10.0
0=10 15 6.0 2.0 3.0 5.0 4.0 1.0 7.0 9.0 8.0 11.0 10.0
50 9.0 7.0 2.0 3.0 4.0 1.0 6.0 8.0 5.0 10.0 11.0
120 9.0 7.0 3.0 1.0 4.0 2.0 6.0 8.0 5.0 10.5 10.5
200 11.0 7.0 1.0 4.0 3.0 2.0 6.0 8.0 5.0 9.0 10.0
300 9.0 8.0 1.0 4.0 2.0 3.0 5.0 7.0 6.0 11.0 10.0
450 8.0 4.0 3.0 2.0 1.0 5.0 7.0 6.0 9.5 9.5 11.0
0=15 15 5.5 3.0 2.0 7.0 4.0 1.0 5.5 10.0 8.0 9.0 11.0
50 9.5 6.0 2.0 3.0 1.0 4.0 5.0 8.0 7.0 9.5 11.0
120 9.0 7.0 2.0 1.0 4.0 3.0 5.0 8.0 6.0 10.0 11.0
200 10.0 2.0 1.0 3.0 4.0 6.0 5.0 8.0 7.0 9.0 11.0
300 10.0 1.0 4.0 5.0 2.0 3.0 6.5 8.0 6.5 9.0 11.0
450 11.0 2.0 8.0 1.0 3.5 3.5 9.5 5.0 6.0 7.0 9.5
0=20 15 5.0 2.0 4.0 7.0 6.0 1.0 3.0 10.0 8.0 11.0 9.0
50 9.0 4.0 2.0 1.0 3.0 5.0 6.0 8.0 7.0 10.5 10.5
120 9.0 1.0 2.0 3.0 4.0 7.0 5.0 8.0 6.0 10.0 11.0
200 9.5 3.0 1.0 2.0 4.0 7.0 5.0 8.0 6.0 9.5 11.0
300 9.5 2.5 2.5 1.0 4.0 7.0 5.0 8.0 6.0 9.5 11.0
450 10.0 2.0 5.0 1.0 3.0 4.0 8.0 6.0 9.0 7.0 11.0
0=25 15 1.5 1.5 6.0 7.0 5.0 3.0 4.0 10.0 8.0 11.0 9.0
50 10.5 2.0 3.0 1.0 5.0 6.0 4.0 8.5 7.0 10.5 8.5
120 11.0 1.0 3.0 4.0 2.0 7.0 5.0 8.5 6.0 10.0 8.5
200 9.5 2.0 4.0 1.0 3.0 7.0 5.0 8.0 6.0 9.5 11.0
300 9.5 1.5 3.0 1.5 4.0 7.0 6.0 8.0 5.0 9.5 11.0
450 9.5 1.5 3.0 1.5 4.0 7.0 5.0 8.0 6.0 9.5 11.0
> Ranks 304.5 148.0 113.0 100.5 138.0 135.5 200.0 270.0 237.0 362.0 367.5
Opverall Rank 9 5 2 1 4 3 6 8 7 10 11

7. Application

To highlight the practical utility of the proposed estimation methods, a real dataset was meticulously
selected and is comprehensively elucidated in this section. The objective was to illustrate the practical
applications of these proposed estimates by conducting an in-depth analysis of the real-world dataset.
This analysis serves as a demonstration of how these estimation techniques can be applied to real-world
data, showcasing their effectiveness and relevance in practical research and decision-making contexts.
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The used real dataset presents the firm’s risk management cost-effectiveness and it was studied by Abd
El-Bar et al. [48]. Its values are: 0.0432, 0.1271, 0.793, 0.0407, 0.0076, 0.037, 0.18, 0.1129, 0.09,
0.0535, 0.0783, 0.0093, 0.0851, 0.1753, 0.0036, 0.1597, 0.002, 0.1357, 0.0215, 0.0065, 0.079, 0.0329,
0.0458, 0.1192, 0.0431, 0.1245, 0.0255, 0.1396, 0.0122, 0.15, 0.14, 0.0529, 0.2222, 0.0315, 0.0389,
0.0297, 0.0608, 0.1833, 0.0279, 0.0694, 0.15, 0.0818, 0.2912, 0.1261, 0.0931, 0.0216, 0.0525, 0.1938,
0.0433, 0.0351, 0.0629, 0.0125, 0.0571, 0.0094, 0.0885, 0.0411, 0.004, 0.0582, 0.2172, 0.0434,
0.0509, 0.65, 0.0913, 0.1, 0.0375, 0.2886, 0.0206, 0.0028, 0.0407, 0.0849, 0.0612, 0.1333, 0.9755.

Table 16 provides a comprehensive summary of the descriptive analyses performed on the dataset
under investigation. Figure 2 displays various graphical representations, including histograms, kernel
density plots, violin plots, box plots, total time on test (TTT) plots, and quantile-quantile (Q-Q) plots.
These visualizations and descriptive statistics collectively offer insights into the characteristics and
distributions of the data, enhancing our understanding of the dataset’s key features and patterns.
The dataset was subjected to a Kolmogorov-Smirnov (KS) test to assess its compatibility with a
specific model. The MLE was utilized to obtain the parameter estimates. The K-S distance (KSD)
was computed to be 0.0812933, and the p-value (KSP) was found to be 0.720254. Based on these
results, it is apparent that the AUD is a suitable candidate for fitting the firm’s real dataset. To
visually demonstrate this suitability, Figure 3 presents various graphical representations, including the
probability-probability (P-P) plot, estimated CDF, estimated survival function (SF), and a histogram
with the estimated PDF. These visualizations collectively suggest that the AUD is a suitable choice for
modeling and fitting the firm’s real dataset, as they align well with the distributional characteristics of
the model.

Based on the theoretical findings discussed earlier, the dataset underwent an examination using two
sampling techniques, SRS and RSS. Tables 17 and 18 present the SRS and RSS estimates, respectively,
derived from the AUD. These estimates are provided for different sample sizes over five cycles,
employing various estimation techniques. The process of generating the RSS and SRS observations
was facilitated using the R-package. These tables collectively display the results of the estimation
techniques applied to the dataset, allowing for a comprehensive comparison of the sampling methods
and estimation procedures used. To demonstrate the superiority of RSS over SRS to various estimation
methods, we conducted an evaluation using several goodness-of-fit statistics for the model. These
statistics encompassed the Anderson-Darling test statistics (ADTS), Cramér-von Mises test statistics
(CMTS), and KS test statistics (KSTS), along with their KSP. These tests and their p-values were
utilized to assess how well the data conforms to the model, and their results can provide insights
into the effectiveness of RSS compared to SRS in capturing the underlying distribution of the dataset.
Estimates that outperformed their counterparts typically displayed larger p-values (greater than 5%)
and lower goodness-of-fit values. Table 19 provides a comparative analysis between the SRS and RSS
designs in terms of their goodness-of-fit values and KSPs. This comparison helps in assessing the
relative effectiveness of SRS and RSS in fitting the dataset to the model, with a focus on identifying
which design and estimation techniques yield better goodness-of-fit results. The fitting of the model
to the dataset can be observed in Figures 4 and 5. Notably, the RSS design demonstrates superior
performance compared to the SRS design in terms of efficiency. This is evident from the smaller
goodness-of-fit values and the correspondingly larger KSPs. This superiority is consistently observed
across all estimates, even when the same number of measurement units is considered. These findings
underscore the advantages of RSS over SRS in terms of fitting the dataset to the model and obtaining
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more efficient estimates.

Table 16. Descriptive analyses of the firm’s real dataset.

m°°  Mean Median Skewness Kurtosis Range Minimum Maximum Sum
data 73  0.109733 0.0608 3.71542  17.9579 0.9735 0.002 0.9755 8.0105
Histogram Kernel density Violin plot
g 8 g =]
O!O Oi2 O!4 O!G 018 1!0 O!O I O!4 I O!S I I
data N =73 Bandwidth = 0.0262
Box plot QQ plot
,* . D g . g -
o S I =
O!O O!Z Of4 016 Oi8 1{0 O!O O!Z Oi4 0!6 O!S 1!0 —I2 —I:L é :IL ;
i/m Theoretical Quantiles
Figure 2. Some plots for the firm’s real dataset
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Figure 3. P-P plot, estimated CDF, estimated SF, and histogram with the estimated PDF for

the AUD.
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Table 17. Values of AUD estimate for various estimating techniques using the SRS dataset.

m°® Estimate = MLE ADE CME MPSE LSE PSE RADE WLSE LADE MSADE MSALDE
20 5 14.2997 14.4682 14.3253 14.2344 14.2934 7.22796 13.5736 14.591 15.5268 23.1179 14.2344
35 5 18.2715 18.3864 18.1745 18.2414 18.1516 51.3402 20.4428 19.3072 16.4006 15.145 17.8123
50 5 14.7089 14.8449 14.6641 14.6879 14.6491 16.5 15.777  15.078 13.8907 13.9479  15.4683
65 5 16.1061 16.1716 16.031 16.0896 16.0229 16.2323 17.0406 16.2854 15.298 14.9776  15.7568

Table 18. Values of AUD estimate for various estimating techniques using the RSS dataset
with set size s = 5.

m°® Estimate = MLE ADE CME MPSE LSE PCE RADE WLSE LADE MSADE MSALDE
20 0 14.2503 14.2662 13.8488 13.6955 13.7732 7.56834 13.3422 14.3021 15.4774 13.5672  17.3995
35 0 12,5203 12.5202 12.3418 12.2565 12.3128 12.4091 13.0535 12.8861 11.94  14.5198  17.4009
50 0 17.1027 17.0984 16.9476 16.9634 16.9351 15.6024 17.708 17.2244 16.471 183951  14.3959
65 0 144861 14.4806 14.3786 14.4454 14.3728 14.4125 15.1468 14.4975 13.8117 13.7231  6.63895

Table 19. The estimates, KSTS, ADTS, CMTS, and KSP in the SRS and RSS designs for
the dataset at m°° = 50.

Method design 0 ADTS CMTS KSTS KSP

MLE SRS 14.7089 0.761824 0.114911 0.117979 0.489566
RSS 17.1027 0.387748 0.0472457 0.0751288 0.940393
ADE SRS 14.8449 0.760685 0.115343 0.115999 0.51159%4
RSS 17.0984 0.387747 0.0472331 0.0751671 0.940158
CME SRS 14.6641 0.762704 0.114883 0.118639 0.482331
RSS 16.9476 0.388744 0.047017 0.0765033 0.931604

MPSE SRS 14.6879 0.762205 0.114891 0.118288 0.48617
RSS 16.9634 0.388545 0.0470194 0.0763622 0.932538
LSE SRS 14.6491 0.763056 0.114886 0.118861 0.479908
RSS 16.9351 0.388917 0.0470186 0.0766156 0.930856
PSE SRS 16.5 091112 0.157392 0.117831 0.491197
RSS 15.6024 0.494113 0.0658479 0.0894908 0.818117

RADE SRS 15.777 0.810594 0.131257 0.105954 0.6285
RSS 17.708 0.403364 0.052323 0.0830061 0.881087
WLSE SRS 15.078 0.76395 0.117256 0.112676 0.549461
RSS 17.2244 0.388432  0.0477398 0.0750625 0.940799
LADE SRS 13.8907 0.81995 0.123882 0.13058 0.361317
RSS 16.471 0.405507 0.0492597 0.0808795 0.899158
MSADE SRS 13.9479 0.812856 0.12257 0.12966 0.369911
RSS 18.3951 0.455783 0.0655095 0.0940681 0.768166
MSALDE SRS 15.4683 0.783456 0.123611 0.107303 0.612458
RSS 14.3959 0.762225 0.120147 0.106991 0.616163
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Figure 4. Plots of the estimated PDFs of the AUD with histogram for the two sampling
methods at m°° = 50.

MPSE
10
0.8
w w u w
S S 8 8
H H T i
s s s s
£ £ £ £ o4
& — Emperical CDF & — Emperical CDF & — Emperical CDF & —— Emperical CDF
o2rf — sRs 02rf — sRs 0.2 — SRS 02rf — SRS
— RsS — RsS — RsS — RsS
0.0 0.0 0.0 0.0
00 02 04 06 08 00 02 04 06 08 00 02 04 06 08 00 02 04 06 08
z z z z
LSE PCE RTADE WLSE
10 1.0 10
0.8 08 0.8
w w w w
S S 8 8
2 0.6 3 3 0.6 3 0.6
£ 2 H 3
£ o £ £ oa £ o4
& — Emperical CDF & — Emperical CDF & — Emperical CDF o —— Emperical CDF
o2rf — sRs 02rf — sRs 0.2 — SRS 02rf — SRS
— RsS — RsS — RSS — RsS
0.0 0.0 0.0 0.0
00 02 04 06 08 00 02 04 06 08 00 02 04 06 08 00 02 04 06 08
z z z z
LTADE MSADE MSALDE
10 1.0
0.8 o8
8 8 8
2 0.6 3 3 0.6
3 ] ]
£ o £ £ oa
& —— Emperical CDF & — Emperical CDF & —— Emperical CDF
o2rf — sRs 0.2 — SRS 0.2 — SRS
— RsS — RSS — RSS
0.0 0.0 0.0

00 02 04 06 08

00 02 04 06 08

00 02 04 06 08

z

Figure 5. Plots of the estimated CDFs of the AUD for the two sampling methods at m®° = 50.

8. Conclusions

A brand-new bounded distribution called the arctan uniform distribution may be used to simulate
several bounded real-world datasets that already exist. When accurately measuring the observation
is difficult or expensive, RSS is a valuable strategy. In the present work, the parameter estimator of
the arctan uniform distribution is regarded using RSS and SRS approaches. The PS, WLS, AD, ML,
MSALD, CM, LS, MPS, RAD, LAD, and MSAD are a few of the well-known conventional estimating
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techniques that are used. A Monte Carlo simulation based on some accuracy measures is used to assess
the effectiveness of the generated estimates. Based on the results of our simulations for both the SRS
and RSS datasets, it appears that the MPS approach is preferred in evaluating the quality of suggested
estimates compared to the others. A similar pattern of decline with larger sample sizes is seen in all
criteria measures. This trend indicates that parameter estimates are more accurate and trustworthy
with higher sample numbers. Estimates derived from the RSS datasets are more trustworthy than
those derived from the SRS datasets. This suggests that RSS is a sampling strategy that produces
estimates with a lower mean squared error than other sampling methods. Real data findings provide
more evidence that the RSS design is superior to the SRS approach.
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