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1. Introduction

The Hermite-Hadamard inequality stands as a cornerstone in the realm of convex functions,
boasting a geometric interpretation and having broad applicability. Countless mathematicians have
dedicated their endeavors to extending, refining, and providing counterparts for this inequality across
various classes of functions, often involving convex mappings. The inequalities originally formulated
by C. Hermite and J. Hadamard for convex functions hold significant importance in the existing
literature. (see, e.g., [1], [2, p. 137]). The Hermite-Hadamard inequality is stated as follows:
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If ¥ : I — R s a convex function on the interval I of real numbers and n;, 7, € I with n; < 1, then,

2
+ 1 +
7:(771 772) < fT(é)dés F (m) 7-(772). (1.1)
2 m—m 2
m

The Hermite-Hadamard inequality has attracted the attention of many mathematicians since the day it
was proved. Especially in recent years, many generalizations and extensions of this inequality have
been created. The definition of convexity is used a lot when creating new versions of the Hermite-
Hadamard inequality. To define convexity on coordinates let us first consider a bidimensional interval
A= [7]1, 772] X [v1, 17] in R2.

Definition 1.1. [3] A function ¥ : A — R is called a co-ordinated convex on A, if it satifies the
inequality

Fut+ 1 -0r,s0+ (1 —s5)0) (1.2)
< t5sF(u,p)+t(1 = F (u,0) + s(1 —HF (1,p) + (1 —t)(1 — $)F (1,0)

forall (u,p),(r,0) € Aand t,s € [0, 1].

In [3], Dragomir proved the Hermite-Hadamard inequality for co-ordinated convex functions on the
rectangle from the plane R?. For several results concerning the Hermite-Hadamard type inequality for
co-ordinated convex functions. Some papers devoted Hermite-Hadamard inequalities for co-ordinated
convex functions [4-6]. Alomari and Darus presented some inequalities for s-convex function on
co-ordinates. [7]. Vivas et al. proved some Hermite-Hadamard inequalities for co-ordinated convex
interval valued functions [8].

Fractional analysis is a current field of study with various uses in fields such as physics, engineering
and biology. Fractional integral operators are also very important for mathematics because the
generalization of many integral inequalities has been introduced to the literature thanks to the fractional
integral operators For more information please refeer to the books [9—11]. Multiple fractional operators
have been defined so far, i.e. Caputo, Riemann-Liouville, Hadamard, and Katugampola to name
a few. The concept of conformable fractional integrals was given by Khalil et al. in 2014 [12].
The conformable fractional integral operator was used throughout this study. For all this, please
see [13-18].

Definition 1.2. [9] Let ¥ € L[, n.]. The Riemann-Liouville fractional integrals If: . F and If; _F of
1 2
order 3 > 0 are given by

1 X
I%T(x) = F_(,B)L (x =6V ' F(6)ds, x> 1, (1.3)
I“F _ L (" 5 — XV F(6)ds 1.4
v (x)_F(ﬁ) ) (0—x (6)do, x <. (1.4)

The Riemann-Liouville fractional integrals will be provided for order 8 > 0. The Riemann Liouville
integrals will be equal to the classical Riemann integral for the condition 8 = 1.
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Definition 1.3. /9] Let ¥ € L, (A) .Riemann-Liouville fractional integrals Isiﬁ T I;I;ﬂ T I:,"B g
1°71° 1°72° 2°71
and IZ_"BU_T of orders a, B > 0 with 1y, v, > 0 are defined by
2°72

1 0
17‘7’1;/;?77(5, &= NI fn f O =" (&= sV Ft,)dsdt, 5>n,€> v,

1

1 v2
If]’fu;?‘(é, &) = m f:]; G- (s =&V F @, 5)dsdt, 6>m, &<,

Ijzgffvg—‘(a, &) = m fé N f -8 (- sV Ft,5)dsdt, & <m, &> v,
and
1Y 75,6 = _ fm f“z (=0 (s =&V F(@t, )dsdt, 5<m,é<u,,
ke L@ B) Js  Je
respectively. Here, I is the gamma function.

Definition 1.4. [19] For ¥ € Ly[n,n,], the conformable fractional integral operators ﬁl}‘;j’-~ and
1
ﬂlgﬂ: of orders 3 > 0 and a € (0, 1] are given by
2

L ((a=n) = -V FO
B ja _
J,ﬁaf(x)_r(ﬁ)fm( - ) oy X, (1.5)
and
1 (" (=0 ==Y F@
B ja —
5F®= 5 f ( - ) oy X< (1.6)
respectively.

Remark 1.1. If we consider that @ = 1 in Definition 1.4, then the fractional integrals (1.5) and (1.6)
reduce to the Riemann-Liouville fractional integrals (1.3) and (1.4), respectively.

Definition 1.5. [20] Let ¥ € L, ([, 2] X [v1, v2]), ¥1, v2 € (0, 1], @ > 0 and B > 0. The conformable
fractional integrals of orders a, 8 of F (0, &) are defined by

172 JaB _ 1 f f (6 - 771)” - (t - 771)),I ot
(y ’ Jnr,vlf) 0.8 = [F(a)F(,B) m Ju, Y1 (1.7)
E—v) = (s—v)2 Y F(t, 5) ]
8 ( Y2 ) (t—n) (s — vl dsdt).
1y2 7B = 1 fﬂz f (772 _ 6))/1 B (772 - l)yl a-l
(it . 7) 6o = [F(a)r(ﬂ) o - (18)
E-v)? = (s—v)? Y F(t, 5) ]
X( Y2 ) (2 — D' (s — vl dsdt).
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(8 F)oe = {m f ‘5 L § (“5‘ L ) (19)
y ((u2 - f)ny—z(u2 — 5 )ﬁ—l - m)z—;fz(,v sz)_ s tl ’
and
R e s I
x ((Uz - f)wy—z (2 = 9" )ﬂ‘l — t)z (t(v Sz)— - dsdtl .

Remark 1.2. If we consider that y, = 7y, = 1 in Definition 1.5, then Definition 1.5 reduces to
Definition 1.3.

By Definition 1.5, we can write the following conformable fractional integrals:

Definition 1.6. Let ¥ € L, ([n1, 2] X [v1, v2]), v1, ¥2 € (0,11, @ > 0 and B > 0. In this case, the
following equations can be written:

a—1 v+
1 Ja vi+tv) 1 f O —n)" = (=) Ft,=52)
( JUIJ-‘) (5, )_ @) dt, 6 >, 1.11)

2 Vi (t—n)'n

UL+ Us 1 (2= 0 = (pp — "\ F (1, 252)
711‘*_?) (5, ) - f ( dt. § < 1o, 112
( "2 2 (@) Js Y1 (m — ' T ( )

R R P W B A (Gl 7) St CRt 70 G S G )
(V J,,;T)( ’f)—r(ﬂ)j:( — ) ds, &> vy, (1.13)

2 (s —vpt”

and

B\ (M N L (@ - - TR )
(7 JUZT)( 2 ’f)_r(ﬁ)L ( v ) (vz—s)l—vzds’§<l’2' (1.14)

Theorem 1.1. [21] Assume that F : [n;,1n2] = R is a convex function. Then, for 8 > 0and a € (0, 1],
the following inequalities for the fractional conformable integrals hold:

F () + F(12)
5 )

B
7:(7714‘772)< TG+ Do (1.15)

B ya B ra
2 - 2(n, — 771)“'8 [ JUTT(UZ) + Jng?‘(nl)] <

For some results connected with fractional integral inequalities, see [22-25].
The purpose of this article is to establish the Hermite-Hadamard-type inequality for co-ordinated
convex mappings by using the conformable fractional integral operators.
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2. New versions of Hermite-Hadamard inequalities
In this part, we obtain new versions of the Hermite-Hadamard inequality for co-ordinated convex
functions involving conformable fractional integrals.

Theorem 2.1. Let ¥ : A — R be co-ordinated convex on A and ¥ € Li(A). Then, we have the
following Hermite-Hadamard inequality for conformable fractional integrals

mt+mn vt Uz)
, 2.1
¢(2 : 2.1
I'la + DI'B + 1)y¢
( ) (f )%)/25 7 [ymfaﬂ F (2, v2) + ym-]aﬁ 7:(771’1’1)
40 = )" (V2 = vy)”
+ gt (m1,v2) + Ny b _F (2, v1)
PR MUy
F (n,v) +F (n,v) +F (i, v1) + F (172, 02)
< 1 .
Proof. Fort, s € [0, 1], we can write
m+mn v+ Uz)
7:( 2 72
1 1
= T(Z (tn + (1 =, s + (1 —5)vy) + 7 (tn + (1 —tmy + (1 = s)vy + svp)
1 1
+4_l (1 =0n +tp, svy + (1 — HHvy) + 4_1(1 -+t + (1 = s)vy + svy .
With the help of the co-ordinated convexity of ¥, we have
m+mn v+ Uz)
2.2
T(z . 2.2)

IA

1
1 (F @ +A =D, sv1 + (1 =5)v) +F (g + (1 = O + (1 = S)vy + sv2)

+F (1 =y + 2, sur + (1 — $)v) + F (1 — Oy + 172 + (1 = s)vy + sv,)
F (i, v)+F (q,v2) +F (o, v1) + F (172, v2)
1 .

<

If we multiply the inequality (2.2) by (1(;_;)71) - (1 -t (Hly—j)yz)ﬁ_l (1 — s)*7! and integrate the
resulting inequality on [0, 1] X [0, 1], we have

+ v +u
7,(771 772’ 12 2)

1 1—(1—z)71“l 1—(1-sm\!
f( ) (1-pm! (—) (1 - sy 'dsdt

Y2

1 1 —
ff«—ﬂqﬁ)u_wﬂv—aﬂwfuhgw1
g Y 2
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X(F (g + (1 =0y, sup + (1 = s)vo) + F (tn + (1 — O, (1 — vy + sv,)) dsdt

F (= (1= 1-(1 -5\
+ff(—) (1—z)71-1(—) (1— sy
g Y Y1 Y2

X (F (1 =Omy + 12, suy + (1 = ) + F (1 = Oy + 12, (1 = s)vy + svy)) dsdt]
7:(771’ Ul) + 7:(771’ UZ) + T(UZ’ Ul) + 7:(772’ UZ)
4

. 1—(1—t)71f’1 1—(1-sm !
xff( ) (11— (—) (1 — s 'dsdt.
g Y Y2

By applying the change of variables technique, we get

: 1—(1—t)71“1 1-(1 -5\
f( ) (1 —t)y‘_l(—) (1—s)r! (2.4)
J Y2

XF (tm + (1 = Ony, sy + (1 — s) vp) dsdt

m v s—m \71\¢ L -
_ ! [ - (%) (5—771 )
(2 —m) (V2 — ) Y1 m =
m vi

=R .-
X{l (UZ—UI) ] (f_Ul )y ldfdd

IA

o%_

Y2 Uy — Vi

- ( ! )W( 1 )”Bff((nz —m)" = (6 —m)” )‘H
=M Uy —U; Y1

nm v
X ((U2 v - (E-v)” )ﬁ_l dé ds
2 E—-v)n (@ —n)tn
= I(@)I'B) ygod o

(= )" (vy — v )" ( 0t )(le, vy).

Similarly we have
1o o o

ff(l S ) (=0 (M) (1- sy 25)

00 72

XF (tny + (1 = O, (1 — $)vy + svy) dsdt

= LY F ) (2, v1),
(2 = )" (vy — o))" Ul »o

. 1—(1—t)w“1 1-(1 - s\
[/ ( ) (—r)yl-‘(—) (1 - st 2.6)
g Y Y2
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XF((1 = DOy + tny, svy + (1 — s)vo) dsdt
I'(a)'(B)

= Y172 B
)" —vl)”ﬁ( e 7_—) (1, v2),

1 —
f(l—(l—ml) T _t)yl_l(l—a—s)”)ﬁ‘(l_s)yz_l
J Y2

XF (1 =y + tn, (1 — s)vy + svy) dsdt
F(a)r(ﬁ) Y1v. (I,ﬁ )
= L F (L vy)
(= )" (v — v))"# ( (e b

On the other side, we have

and

o%’_

1 1

0
If we substitute the Eqs (2.4)—(2.8) in (2.3), then we get

m+mn vituv 1
At Vivaap
‘11 [(772 3 mr)ga)zf . o) (7258, ) v
(2 = mr)(:f’)fzf )— v (mzjgfvzf) (72, v1)
(12 - mr)ia“){zf )— o) (m d varf) (71,2)
’ (2 = Ull;g(l?flf )— v)¥ (WZJ’(’XE’[LE 7:) . U‘)]

Fmv)+F i, v) +F (i, v) +F (i, v0) 1
4 YivsoB

which concludes the proof.

_ _ a1 _ _ 5 \B~1
s V1 V2 y‘f)/ga/ﬁ

2.7)

(2.8)

2.9)

O

Remark 2.1. In Theorem 2.1, if we choose y, = 1 and y, = 1, then we have the following inequalities

for Riemann-Liouville fractional integrals
m+m v+ Uz)
T( 2 72
[a+ DB+ 1)
4 —-m)* (2 — v
wﬁ 7:(771, ) + I 7[; 77:(771, Ul)]
T(Ul, Ul) +F (1, Uz) +F (m2,v1) + F (12, v2)
4 b
which is proved by Sarikaya in [23, Theorem 3].

[,71 7:(772,?12)"'1 B-T(Uz,vl)

(2.10)
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Remark 2.2. In Theorem 2.1, if we choosey; = 1,7y, =1, @« = 1 and 8 = 1, then we have the following

inequalities

n+mn U1+Uz)
T( 2 72

2.11)
m v
dsd
(772_771)(U2—Ul)ff7:(t s)dsdt
m v
F (m,v1) +F (m,v2) +F (,v1) + F (72, v2)

4
which is given by Alomari and Darus [26, Theorem 1.1].

Theorem 2.2. Let ¥ : A — R be co-ordinated convex on A and F € Li(A). Then the following
Hermite-Hadamard inequality for conformable fractional integrals holds

m+n U1+U2)
77( 2 72

2.12)
['(a + Dyy " U+, Ut U
v o W e ) B (T |
40 — )" [ a 2 " ,127‘- T
N F(,B*‘l)?/; [yz /37.( m+mn v)+ yzjﬁ_g,,(ﬂ1+772’vl)]
4(vy —v))"P v 2 2

2
[(@ + DIB + 1)y%ys

< [mz JP 7‘(,72 V) + WZJ T(nz,m)
4(p =) (02 =)
n ymjaﬂ 7—”(771’1/2) + 7172]“ﬁ 7:(77],1’1)]

< IN'a+ l)y1

S [V'J,;??(Uz’ v) + IR (i, v0) + TEF (v + TIET (s Uz)]
I'B+1
MRIGARD/S [P F (isv) + P IT G + P i)+ T )|
(v —u)?P L Y 2 !
< F n,v) +F (n,v) +F (p,vn) + F (172, 02)
- 4

foryi,y2€(0,1],a>0,8>0.

Proof. Since ¥ : A — R is a co-ordinated convex function, then the function hs; : [vi,v,] — R,
hs(€) = F (6, &) is convex on [vy, v»] for all 6 € [n1,n2] . Then, by applying (1.15), we can write
v+ TB+ DY hs (U2) + hs(v1)
h ( )g [ﬁﬂih vs) + BT s (v ]s
(T )= sy g | it )+ P ) .
That is,

Flontn) < By U((vz—von—@—vl)ﬂ)ﬁ1(?(6,5)

d. 2.14
2(vy — )P Y2 E—v)ln ¢ 19

Ul

,0€nLm].  (2.13)

U2

; f ((Uz — ) (v - € )’“ FOE 4l T
Y2 (vy =&

(6, v1) + 7 (6,v,)
2

AIMS Mathematics
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for all 6 € 1y, 72]. Then multiplying both sides of (2.14) by

ayy ((772 )" = (6 —m)" )‘“ 1
20 — )" Y1 (6 —n)tn

and integrating with respect to & over [11,7,], we have

n — vit+u
ayy f((nz—m)” — (6 — )" )“ : 75(‘5’ T)da

r (2.15)
20 —m)" Y1 (6 =)t
m
By,
T A )" (v - v
m v a— _
x ff((ﬂz—m)” —(6—:;1)71) ‘((vz—vl)m(f—vl)n)‘“ F(6,£) déds
Y1 Y2 @ —n)'7(E-v)'
m vi
v a-1 -1
_i_ff((ﬂz—?h)y1 —(5—771)71) ((Uz—Ul)yz—(Uz—f)yz) F(6,8) déds
Y1 Y2 O —n)!' (v — &'
m vi
o m a1
ay, f((ﬂz—m)y‘ —(5—771)7') F (6, v1) Js
4 (o — )" 7 (6 —n)tn
m
m a1
+f((772—771)7‘ —(5—771)7') F (6, v2)
7 R DI
m
Similarly, let us multiply both sides of (2.14) by
ayy ((772 )’ = (2 — o) )a_l 1
2@ — )" 71 (7, =)™
and integrate with respect to ¢ on the interval [n, 1, ]; then, we have
m a— v +v
oyt f ((772 ) — (- 6)%) LT (2.16)
20 — )" Y1 (72 = p)tn .
m
3 aBYYs
4 (g = )" (U2 — vy )P
v a-1 p-1
y ff((ﬂz—m)y‘ —(772—5)7‘) ((Uz—Ul)”—(é:—Ul)yz) F(6,¢) déds
Y1 Y2 (72 = )1 —v)'

m v
" ff((nz = )" = (= O)" )a-l (@Z — v~ (= §” )’“ F(5.€)
Y1 Y2 (2 — 61 (vy — &'

déds

m v

AIMS Mathematics Volume 9, Issue 4, 10267-10288.
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m

ayy f((’?z )" = (1 = 0! )CH F (0,v1) ds

40 =) Y1 (1, — 6!
m

m

T _ 1 a—1
+f((772 )" = (72 = 6) ) F (6,v2) ds
Y1 (7 = o)l

m

In the same way, since ¥ : A — R is a co-ordinated convex function, the function g; : [n1,m1] = R,
8:(6) = F (6, &) is convex on [, 1] for all ¢ € [v; v>]. Then, by applying (1.15), we can write,

m+m L+ Dyl [, — ] 8e (M) + g&(12)
(B = s e + e < ELSIEE @)
That is,
2 a-1
m+n ayy M=) = —-m) F (6,¢)
T( ,) < ——————;\f( ds 2.18
> %) S Ty " G 7 (2.18)

m
2

. f((ﬂz — )" = G2 = O )1 TGO | T+ Fm
4 (72 =)' 2

m

for all £ € [vy.v2]. Then multiplying both sides of (2.18) by

ﬁyﬁ ((Uz —u)? = (E-v)” )ﬁ_l 1
2(vy — )P Y2 (é—-v)'

and integrating with respect to & over v v, ], we have,

BY: f((vz — ) (E - o) )ﬁ‘l (2

2.19
2 =0 7 €y (219)
By,
T A )" W - )
v a-1 p-1
(=) = (S =)\ (W2 =) = (€ = v))” F(6,£)
dédo
X ff( Y1 ) ( Y2 ) 6 —n)'(E—-v)tr 3
n

1 Ul

déds

+ ff((nz —)" = (=) )“‘1 ((vz —v)? - -v)” )B_l 76,9
Y1 Y2 (=)' (E —v)'

m v

IA

d&

4 vy — v Y2 & —vp)l

U1

By U((vz Cuy (- ) )ﬁ‘l F (11,8)

v2

) f((vz—von—(f—vl)yz)ﬁ‘l T 0.8 d].

Y2 (¢ —-v)'n

4

AIMS Mathematics Volume 9, Issue 4, 10267-10288.
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Similarly, let us multiply both sides of (2.18) by

pYs ((Uz — )" — (0 = &) )’“ 1
2(vy — 01)72,3 Y2 (UZ — 6)1—7’2

and integrate with respect to £ in the interval [v; v ]; then, we have

g, f(wz SLEC.d (e

2.20
20— v)® ” (02— (220
By
T AW )" (W —u))¥
§ ]f ((772 ) = @G =) )‘” ((Uz D Ot 3 )‘“ FOH s
Y1 Y2 (0 =)l 7(v, =)
m v
v a-1 p-1
(2 =) = (2 = 6)" (V2 —v)"? = (v, = &) F(0,8)
dédod
’ ff( Y1 ) ( Y2 ) (172 = O) (v, — €)1 §
m vi
L B f(wz )" = (= & )ﬂ‘l T 0.8
T A -u)? Y2 (v, = &)
(@ —v)” = s = F (&)
dé|.
¥ f ( ~ ) (vs— &) %
If we add (2.15), (2.16), (2.19) and (2.20) and divide by 2, we get,
Ia + 1)yf | U+ Uy e Ut
4o — )" [ () e 75| @21y
C@B+1Ys [, 5 (M +m LB o (T 112
+—2 Or 0P [7 JUl+ (—2 ,Uz) + 7 JU27‘~(—2 , Ul)]

T(a+ DI+ Dyys

[”nfaiﬁ F (12, v2) + ylyz]:f%?(']z,vl)

4@ — )" (V2 — ) i

+ 7172JZLﬁU1+T(n1, V) + ym‘]:lﬂvff(m, v1)

2° 2°72

F(oz+1)7‘1’ NJEF (o v1) + " IGF (1, v9) + "ITEF (01, v1) + NICF (1, v0)

8 —np) L T 2, ny? \12: V2 py? U1 m 7 VLY
rg+1

+—('8 ) [721ﬂ+7(ﬂl,vz) + 2 F (o, d)+ PIEF (g, v) + PIEF (s Ul)] ;

8 —my¥ L v Y2 V2

which give the second and the third inequalities in (2.12).
Now, let us write 6 = anz on the left side of the inequality (2.14); we have

7:(771 +1m ULt Uz) (2.22)

2 72

AIMS Mathematics Volume 9, Issue 4, 10267-10288.
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IA

2(vy — vy )" Y2 (€ —vp)l

U1

,33/2{ [f((vz —v)"? = (E—-v)” )ﬁ_l 758 d

Wy — 1) = (v — &7\ F (U2, &)
dé|,
+]( v ) - ®

U1

U1+U2

and then, incorporating ¢ = on the left side of the inequality (2.18), we have

U1 t+U

m o
m+m v +U2) < yy f((ﬂz—m)y' —(5—771)7') ] 7:(6’ T)
2 72 T 20 =) Y1 (6 —n)tn

7"( do (2.23)

m

f((nz _ 771)71 _ (772 _ 6)71 )a 1 7:(6 v|+v2)
+ dé
Y1 (172 — o)l

m

If we add the inequalities (2.22) and (2.23) and divide by 2, then we get the following inequality

m+m v+ Uz)
T( 2 72
I'(a + Dy ) U + s v +u
T g, ( , )+ e ( : ) 224
e R T\ 229
I'G+1
+—(ﬁ )y§ [”J,‘f+ (771 i nz,vz) + 7‘]3_7’(—771 * nz,vl)] :
4 (v, — Ul)nﬂ 1 2 2 2
The inequality in (2.24) is the first inequality of (2.12).
Finally, assuming that ¢ = v; and € = v, on the right-hand side of (2.18), we have
ay" r "o -\ F@6)

Y _ f((']z )" = —-m) ) ’Ull Js (2.25)

2(m—m) Y1 (6 —nt
m
m a—
+IWWWW—W—Wj]T@m%w<T%MHT%M)
Y1 (72 = ) B 2
m
and
a 772 % S yi\a-1 7_-(6 )
0% _ 1 _ 1

4 _ f((nz )" = (6 —m) ) ,Ulz U5 (2.26)

202 —m) Y1 6 —m)™”

m

m _
+f((172 )" = (172 — )" )[x LF (6 0) g5 < F (11, v2) + F (112, 12)
Yi (=)' |~ 2 ’

m

respectively. Likewise, assuming that 6 = n; and 6 = 1, on the right-hand side of (2.14), we have
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BY; f((vz — oy = (E— )" )ﬂ‘l Fomo) -
2wy — )" Y2 (€ —v)tr
N f((vz — )" - W =& )ﬂ‘l Fad) | o F v + Fn.vo)
¥ (=&l |~ 2
and
pYs f((vz —u)? - - v )ﬁ‘l 7.6 _, 228)
2wy — ) Y2 (E—v)tr

U2

+ f((vz —u)"? = (v, = &7 )'8_1 F(12,€) df] < F (n2,v1) + F (2, v2)

Y2 (v, =& 7|~ 2 ’

respectively. If we add the inequalites (2.25)—(2.28) and divide by 4, then we get the following
inequality
['(a + Dyy
8 (2 — )"
2ME30(B + 1
+ B+ 1, [VZJB+7:(771,U2) + IF (pva) + PIF (qv)) + yzfﬁ-T(Uz,Ul)]
8 (v — Ul))’zﬁ Y Yy 123 U5

F (ni,v1) +F (i, v2) +F (2, v1) + F (172, 02)
4 9
which gives the last inequality in (2.12). This completes the proof. O

I8 Osvn) + T )+ TR T G + 7T ()|

<

Remark 2.3. In Theorem 2.2, if we choose y, = 1 and y, = 1, then we have the following Hermite-
Hadamard inequalities for Riemann-Liouville fractional integrals

m+mn v+ Uz)
2.2
I'a+1) [a ( v1+vz) o ( v1+v2)]
—— I , I ,
S Ty 7 T )T
I'g+1) [ﬁ m+m B o (M + M
D (o (mtm ) et
4, —yP L 2 ’ “2 2 :
I+ DI'B+1 o o
< ( 1 (ﬁ ) [IT]:BU+¢(]72’ UZ) +In’ﬁv—7j(772, U])
4 —m) (Uz—U1)ﬁ 7 12
+I:iﬁy+7:(771, V) + I:lﬁf?’(m, v1)
2°71 2°72
IN'a+1
< 8(—)“ [Ia+7:(772,U1) + INF (2, v0) + IF (i, v0) + I-F (11, Uz)]
(m—m)* LM N T 2
I'g+1
+L [Iﬁﬁc(m,vz) + P.F (o v) + I F (i, v1) + E.F (i, Ul)]
8(vy — v L Ui 2 £
< F (n,v) +F (i, v2) +F (2, v1) + F (172, 02)

4
which is proved by Sarikaya in [23, Theorem 4].
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Remark 2.4. In Theorem 2.2, if we choose vy = 1, y» = 1, @ = 1 and B = 1,we have the following
Hermite-Hadamard inequalities

m+mn vit+uv;
7:( ) ) (2.30)
1 m 1 1%}
U + Uy m-+m
S Ty R S Ry S LR P
2(772_771)f 2 2wy —vy) 2
m 4]
1 m v
< F (¢, s)dsdt
=10 2 — o) f .5

m v

m m
; f?(f,l)])dlﬁ'f?(l‘,vz)dt
4 (2 —m)

m m

f?“(m,s)ds+f7-(772,s)ds

IA

+—
4(vy —vy)

F (n,v) +F (1, v2) +F (2, v1) + F (172, 1v2)
4 b

which is proved by Dragomir in [3, Theorem 1].

<

3. Trapezoid-type inequalities
In this section, we prove a trapezoid type inequality by using conformable fractional integrals. First,

we need the following lemma.

Lemma 3.1. Let ¥ : A C R?> — R be a partial differentiable mapping. If 0*F |0t0s € L\(A), then the
following equality holds:

F,v1) + F @i, v2) + F (o, v1) + F (72, v2) 4 [+ DI'B + 1)7(117';

(3.1
4 4@ — )" (vy — v
X [7172.];’;[3 F (2, v0) + 7‘72Ja;ﬁ ,7:(772, vp) + V‘VZJZ,’[;UJ‘-(M, ) + ””J:ﬁ T (v | -
1 2°%1 72
11
(1 — 771)(112 - vNYs fﬂ(l - (1~ ml) (1 - )]
Y1
0 0
1-(1-s) 1- 0?
x l((—s)) ( ) l i(tnl + (1 = Oy, svy + (1 — s)v,)dsdt,
Y2 Y2 0tds
where
rge+1
4= JED [VZJﬂf(m,m) + PILF (va) + LT (v + LT (i, vn)| (3.2)
vy —v)P L Y E 2
C(a + 1)y
[71 JF (72, v1) + 7‘]" F (12, v2) + 71]" F (i, v + 71]” F (m, Uz)]
4@ — o
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Proof. By integration by parts , we get

o%_

Y2 otos

J m—m "1

1
P (1 — e \B a2
f(l (1 t)V) (1 (1 s)v) ‘977(;,71+(1—t)7]2,sv1+(1—5)U2)d“h
0

O%
_ _

1

0

1 a—1
f(l —(1 =17 ) (1 - t))’l—lﬁ (tn; + (1 = Hna, svy + (1 — $)v,) dt} ds
772 -1 J Os

(1‘(1‘Syj { L W o sui+ (1= 5w (3.3)
Y. (772—771) Os

1 1(21
j(l‘”‘”y) U—%Yléimh+ﬂ—0mdw*4l‘ﬂmm%
772—771 g

f(l —d- s)n) —(m, sup + (1 — )vy)ds
(772 - )

: 1= yi\@1 [/ 1= 2
f(—(—w) (Lﬁﬂlf(—(—w)
772—771
0 Lo

XZ—(tm + (1 =0, s + (1 - s)vz)ds dt
s

1
F (1, v1)
Y - )
1= (1 =g\ .
EA —ﬁ)(v ~vy) ( ( S)) (1= 9" F(m,sv1 + (1 = 9Hva)ds
(U2 —m N2 1 X b
2 1 1 71 a—1
R nﬁu UL[(_STD) (=" F(my + (1= D, v
U2 — 11 2 — U]

1 1
1—(1 -\ -
] _
(U2_U1)(772_771)ff( ) 1=
0 O

x(l—(l—s)”

B-1
) (1= )" F(m + (1 = s, svy + (1 — s)va)dsdt.
Y2
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Similarly, by integration by parts, it follows that

1 1
—(1 =M A\B 92
L = ff(l (1 t)Y)( ysy) aT(tm+(1_t)n2,svl+(1_s)v2)det
2
0 0

otds
- F (11, v2)
7’(127/;(772 - )2 —vy) e
B 1 — 5 G .
Y12 — )2 —v1) ( ) $*F (s svr + (1= syua)ds
2 —mNv2 1 X
1 1 1 Y1 a-1
+7ﬁ(’7 Tla)(v v1) f( - (71_ ) ) (1=0""F(m + (1 = O, vo)dt
HUpR —1IIi)\v2 — Ui

(=]

aB F == 1 - g\
: =) o (5
(v2 —v)(2 —m) J Y1 Y2

XF (tm + (1 = Ony, sy + (1 — s)vy)dsdt,

1 1
— 1 _ _ ) 2
b= ff(l ﬂ)( S S)y) GT(”th(l O, su1 + (1 = s)vy)dsdt
0 0

Y2
1 F (2, v1)
- - 2, U]
7’?7/5(772 —n)(v2 —vy)
~(1 (1—s\!
+7"(f7 - ﬁ(v - ) ( - ) (1= 5)" F (1, 501 + (1 = s)vn)ds
12 —mv2 Dy 0%
2 1 yi\ @1
+7ﬁ - f( ™ ) tn_l7:(m‘+(1_l)'72,vl)dt
S — ni)(v2 —vy) . Y1

) of flfl(1 _m )“—‘ - (1 _ (1= )ﬁ—‘
(V2 — v — M) Y1 Y2
0 0
x(1 = 5)* " F(tm + (1 = Ona, suy + (1 — s)yvo)dsdt,

and

11
—_\¢ r2 2
L = ff(l ! ) ( _° ) ay:(tm+(l—t)nz,sv1+(1—S)U2)def
2
0 0

= F (2, v2)
7?)/23(772 - 771)(U2 - vy) »

(3.4)

(3.5)
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1 1 — 572 o v2-1
(77 -n )(U -v) f( y ) s F(, sur + (1 —s)vy)ds
2 1 2 1 S b}

1

1-m a-l y1-1
' F (i + (1= 0y, vo)dt
7’8(772—771)(02—01)[( ) 1 n

1=\ 1=V L
(UZ—UI)(UZ_UI)ff( ) ( Y2 ) ’

XF(tn + (1 = O, sv; + (1 = s)vy)dsdt. (3.6)

By using the inequalities comprising (3.3)—(3.6) and applying the change of variables technique to
o=tm + (1 —0Hn, and € = sv; + (1 — s)v, for (¢, s) € [0, 1], we can write

I-L-6L+1, (37)
F i, v1) + F(p,v1) + F (i, v1) + F (72, v2)

7(11)/25(772 —n)(v2 —vy)

rB+1)
- v — [”Jf+7’(771,v2)+ Y IEF (2, v2) + PILF (ny,vy) + ”Jff(nz,ul)]
Y12 =)t (vy —vy) 1 i 2 2
INa+1)

: - T )
Yol — m) (s — vy r2h+! [ (72, vy (72, v (M1, v1) (1, v2)

[(a + DI + 1)
(72 — n"1 et (vy — vy )7+

X[VWZJZLﬁU+T(772,U2) + ”VZJZLBU_T(Uz,Ul)ﬂL mea,B ?:(771 vy) + mea-ﬂ -T(Th,m)]
1°71 1°72

Multiplying the both sides of (3.7) by w, we obtain the required result (3.1). O
Now, we can present the following trapezoid-type inequality.

Theorem 3.1. Let ¥ : A ¢ R> — R be a partial differentiable mapping on A := [, m:] X [v1,v,] in
R2with0 <ny £ 12,0 < vy < v2,y1,72 # 0, and a,5 € (0,1]. If|82(f/6t(95| is a convex function on
the A, then the following inequality holds:

F o, v) +F (i, v0) + F (o, v1) + F (2, v2) N T(@+ DI@B+ )y,
4 4y — )" *(vy — vy

(3.8)

x[mf’ff(nz,vz)+ PRI F (o) + T LT (i va) + Y _7-'(771,1/1)] —A‘
n>vy L) PR Vs

_ _ 1 1\ 1
(72 — 7)(@Wa — v1) [28(—,0z+ 1,(—) )—B(—,a+ 1)
4’)/1’)/2 Y1 2 Y1

ool o
L |

27_" 2 2
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otos
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where A is defined as in (3.2), and B and B are the beta function and the incomplete beta function,
respectively, defined by

1

B(uy) = f £\ - o e,
0

B = f 271 - o,
0

Proof. From Lemma 3.1, we have

Fmv) +F @, v2) +F (2, v1) + F (72, 02) N [a+ DI'B + 1)7‘1’)/3'
4 4(m — n"*(vy — v

(3.9)

X[ T ) 4 YT ) 4 T PIET vn) 4 TP T )| - ‘

1 1
- (772—771)(112 vYYs ff(l—(l—r)%) (1—%)“‘ (1—(1—s)72)ﬁ_(1—s72)’8
B J o Y Y2 Y2

0*F
X|—=—(tn + (1 = O, su; + (1 — s)vy)|dsdt.
otos

Since |2Z| is a co-ordinated convex function on A, then one has

s

FOn,vi) +Fn,ve) + F (2, 01) + F (172, v2) N (e + DI'B + Dy,
4 4@y = m)"(vy — vy 7P

(3.10)

o S e U PR A U PR U VIR PR TR B
271 2°72

11
- (TIZ_UI)(UZ_UI)')’I ff'(l—(l—t)”)“ (l—ﬂl)a (l—(l—s)”)ﬁ_(l_sn)ﬁ
- i Y1 Y2 Y2

2 2
%\ Bias (772 v2)

1 1
(e s [ [ [ dsdt]
0 0

PF OPF Pl
01D orps Y1

2
(771 v2)

(1—(1—s)72)ﬁ_(1—s72)ﬁ
Y2 Y2

X +s(1 =) |——0,v)| +t(1 — s) +(1-s)(1- t) 9

(1—(1—t)71) (1—t7‘)“
Y1

2 2
T
(”l bz) 9 9

——(n,v1) 53

]dsdt

—@n,vp| + =0, v2)

Here, we have

ff|<1-“-f>”>“—<l-f”f
Y1 Y1

0

dt

> I

= % ft[(l—t”)"—(l—(l—t)”)“]dt+ft[(1—(l—t)”)"—(l—t”)“]dt
1
0 1

2
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= % ft[(l—ﬂ‘)“—(l—(l—t)”)“]dt+f(1—t)[(l—t”)"—(l—(l—t)”)"]dt
1
0
1 2
= — [[A-M"-A-0-0")]dt
"

1 1 1y 1
= — [223(—,a+1,(—) )—B(—,a+1)
041 71 2 7
and similarly
(1 -1 —s)”)ﬁ (1 —s72)ﬁ p
V2 V2

- P%(lﬁ+1cfj_3(lﬁ+g_
Y B PPV v

This completes the proof. m|

S

Corollary 3.1. In Theorem 3.1, if we choose y; = 1 and vy, = 1, then we have the following trapezoid
type inequalities for Riemann-Liouville fractional integrals

F O, v1) + F i, v2) + F (2, v1) + F (72, v2) N I(a+ DI@B+ 1)
4 4y —n)*(v2 — v PP

[ e 7:(772, V) + I b 77:(772, vy) + 1 7:(771’ vy) + 1 7'8 77:(771, Ul)] '

(M2 — n)(w2 —vy) |- 1 (1 b
4(a+1)B+1) 2@ 28

27: 2
X[ l (772, 1)'
[ﬁ?’(m,vz)ﬂ T 1 v2) + LT (1, 0) + 1 ?‘(nz,vo]

2

—(771, v)| + 8s(n2’U2)

—(771, 1)
where
F([)7 +1)
4(v, - Ul)ﬁ
I'a+1)

—_— [Ia+7—~(772’vl) +1 +7'~(772,U2) + 1 77(771,111) +1I7 7:(771,112)]
4(m2 — m)®

Remark 3.1. In Theorem 3.1, if we choose y1 = 1, v, = 1, @« = 1 and B = 1,we have the following
trapezoid type inequality

m v
Fmi,v) +F @, v) + F (o, v1) + F (72, 02) + ff}*(t, s)dsdt
4 (m2 — n)(v2 —vy)

m v
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m v
1 1
- a, -~ f[?'d(t, Ul) + fc(t’ UZ)] dt T A/ f[?d(nl 5 S) + T(n27 S)] dS
201 —m) 2 —vy)
m U1
(2 — N2 — vy) [|PF O*F F OPF
< 64 [aras("““l) + —atas(ﬂz,vl) + _ﬁt(')s(m’v2) + —8tas(n2,u2) ,

which is proved by Sarikaya et al. in [27, Theorem 2].
4. Conclusions

In this study, new Hermite-Hadamard type inequalities for coordinated convex functions were
obtained through the use of conformable fractional integrals. Some remarks have been presented
to show the relationship between our results and earlier obtained results. Furthermore, an identity
has been established for partially differentiable functions. By using this equality and the concept of
coordinated convexity, a trapezoid type inequality for conformable fractional integrals has been proved.
This study demonstrates how conformable fractional integrals can be used in Hermite-Hadamard
type inequalities for coordinated convex functions. It also introduces a new identity for partially
differentiable functions. These results indicate that such inequalities and identities can be applied
to a wide range of studies. For researchers, the findings of this study can provide a basis for further
studies in this field.
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