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1. Introduction

In his famous work on the classification of semisimple Lie subalgebras of semisimple Lie algebras,
E. B. Dynkin defined an index to describe the different embeddings of subalgebras [2,3]. This index is
now commonly referred to as the Dynkin index [9, 10]. Let g be a finite-dimensional complex simple
Lie algebra, and 6 be the highest root for the positive roots of g. We choose a nondegenerate invariant
symmetric bilinear form (-, -); on g such that (6, 8), = 2. Let s and g be two simple Lie algebras, with
(+,)s and (-, -), being the corresponding normalized bilinear forms on s and g, respectively. Now, let

p:s—g
be a Lie algebra homomorphism. Then, one can define a new bilinear form on s as follows:
(,): sXs — C
(X, y) F= ($(x), (),

The bilinear form (:, -) is proportional to (-, -)s, and the ratio is referred to as the index of ¢:

(x,y) = (@(x), $0))y = ind(s > ) - (x,)er Y,y € 5.


https://www.aimspress.com/journal/Math
https://dx.doi.org/10.3934/math.2024490

10011

If s is a simple Lie subalgebra of g, then there is a canonical embedding ¢ : s < g. The Dynkin index
of s in g is defined as
ind(s = g) = -, XEs.
(x, X)s
Let r: g — sl(V) be a representation of g, then the Dynkin index of the representation 7 is defined
as

indp(g, V) = indp(g, ) = ind(g > sl(V)).
For a finite-dimensional irreducible representation (r, V,) of g with highest weight A, Dynkin derived
the following equation to calculate indp(g, V,) (cf. [2,3])

dim V.
o g/l(/l,/l+2p)g, (1.1)

indp(g, V) =

where p is the half sum of the positive roots of g. The Dynkin index is not only used in representation
theory (cf. [6-10]), but also used in mathematical physics (e.g., the Wess-Zumino-Witten model in
conformal field theory [1]).

While studying the Dynkin index for exceptional Lie algebras (cf. [6, 7]), we found that it is
necessary to derive precise dimension formulas of the highest weight finite-dimensional {4, ¢¢, €7,
and eg-modules. Given a complex semisimple Lie algebra g, let #) be an irreducible finite-dimensional
g-module with highest weight A. Then the Weyl dimension formula is

HaeA* (/l + P> a’)

I_IcyeA+ (p’ a’) ,
where A" is the set of positive roots (cf. [5, Theorem 5.84]). Theoretically, the Weyl dimension
formula can be used to get the dimension of a finite-dimensional highest weight module. However,
as the number of positive roots increases, the computation becomes increasingly difficult. It is nearly
impossible to calculate the dimension formula of a highest weight eg-module by hand.

In this article, we use the computer algebra systems SageMath* and MATHEMATICA' to perform
the symbolic computations. To calculate dim 7, we need to know the explicit set of positive roots A™.
We obtain the lists of positive roots A" using SageMath, and then we calculate the dimension formulas
using the ‘For’ loop in MATHEMATICA. We write MATHEMATICA programs to perform these
calculations. Then, we obtain the precise dimension formulas of the irreducible finite-dimensional
highest weight g5, {4, ¢, ¢7, and eg-modules. The formulas are presented in Theorems 2.1, 3.1, 4.1, 5.1,
and 6.1, respectively. With the value (4, 1+2p),, we can compute the Dynkin index of the representation
¥, using formula (1.1). For example, if g = g, and 7} is a finite-dimensional g,-module of highest
weight A = (a;, a»), then

dim 7, = (1.2)

2
(A, A +2p),, = §(a% +3a; + 3aja; + 5a; + 9ay)
and the Dynkin index of 7] is (cf. [6]):

indp(g2, 7)) =

1
2520(&1 + 1)(02 + 1)(@1 +a, + 2)(611 + 2612 + 3)(611 + 302 + 4)(2611 + 3612 + 5)
(af + 3a% + 3aja; + S5a; + 9ay).

For the Dynkin indices of f4-, ¢4, ¢7, and eg-modules, see [6].

*SageMath licensed under the GPL, Version 10.1, released on 20 August 2023.
"Wolfram Research, Version 13.3, license purchased by the Civil Aviation University of China.
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2. Dimension formula of the highest weight g,-module
Consider the G, root system
Ag, = {£(e1 — e2), (€2 — €3), (€1 — €3)} U {£(2e; — €2 — €3), £(2e3 — €1 — €3), £(2e3 — €) — 1)},

and its corresponding complex simple exceptional Lie algebra g,. The root system is located in R?
(cf. [5, page 692]), which is shown in Figure 1.

—e;1 — ey + 263 ~

—261 + e+ e3

Figure 1. G, root system in R>.

Let {w;, w,} be the fundamental weights of the G, root system, and ¥, an irreducible finite-
dimensional g,-module with the highest weight 4 = ayw; + a,w,. A detailed construction of the
representation space 7 is given in [4]. We calculate the dimension of #; in the following theorem.

Theorem 2.1. Let V) be an irreducible finite-dimensional §,-module with the highest weight 1 =
a\wy + ayws. The dimension of V) is equal to

1
m(l +a)(l+a))2+a; +a)3+a; +2a)4+a; +3a)(5 +2a; + 3a,).

Proof. There are six positive roots in the G, root system (cf. [5, page 692]):
A;z = {ey, e, €1 + €3, 2e; + ey, 3e; + ey, 3e; + 2e,}.

The half sum of the positive roots is equal to

1
pgzzi Z @ = —e| — 2e + 3e;.

T
QGAgz
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First, we calculate the denominator of the Weyl dimension formula (1.2):

[ (g, =1-3-4-5-6-9 = 3240.

+
aEAgz

Then, we calculate the numerator part. There are two fundamental weights of the G, root system
(cf. [5, page 692])

Wy =e; —e3, Wy =2e; —ep — e3.
For the g;-module #) with the highest weight 1 = a;w; + a,w,, we calculate the numerator of the Weyl
dimension formula (1.2):

[ [@+pg,
aeAéz

=(a;+1)-Bay+3)-(a; +3a, +4)- 2a; +3a, +5) - Ba; +3a, +6) - 3a; + 6a, +9).

By combining both the numerator part and the denominator part, we obtain the dimension formula. O

Remark 2.1. We can use the computer algebra system SageMath to list all the positive roots and the
fundamental weights. The codes are:

sage: RSgtwo=RootSystem([’G’,2]).ambient_space()
sage: RSgtwo.fundamental_weights()
sage: RSgtwo.positive_roots()

The complete lists of the fundamental weights and positive roots are provided in Appendix A.1. We
then employ MATHEMATICA for the symbolic computation of the Weyl dimension formula, with the
corresponding codes attached in Appendix B.1. The MATHEMATICA output is consistent with our
theorem.

3. Dimension formula of the highest weight {,-module

Consider the ¥, root system and its corresponding complex simple exceptional Lie algebra f,. The
root system is located in R* (cf. [5, page 691]):

1
Ag, = {£e;xer: j<kjU{zxe;}U {E(iel +teytezt e4)}.

Let {wy, wy, w3, wy} be the fundamental weights of the ¥, root system, and #; an irreducible finite-
4

dimensional f4-module with the highest weight 4 = } a;w;. We calculate the dimension of ¥, in the
j=1

following theorem.

Theorem 3.1. Let V) be an irreducible finite-dimensional §4-module with the highest weight 1 =

4
2. awj. The dimension of ¥, is equal to
Jj=1

Wlomoooo(l +a)(1+a)R+a1+a)(1+a3)2+ar+a3)3+a;+ar+az)3+2a,+a3)(4+a,+2a,+as)

O+2a1+2a+a3) 1 +a)2+as+a))B3+ay+az+ay)d+a; +a, +as+as)4d +2a, +as + ay)

AIMS Mathematics Volume 9, Issue 4, 10010-10030.
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(5 +a;1+2a, +as +a4)(6+2a1 +2a, +as +a4)(5 +2a, +2a3 +a4)(6+a1 +2a, +2a3 +a4)(7+2a1 +2a, +2613 +a4)
(7 +a; + 3612 + 2613 + 614)(8 + 2611 + 3612 + 2613 + a4)(9 + 2611 + 402 + 2613 + a4)(10 + 2611 + 4612 + 3613 + 614)
(11 + 2a, + 4a, + 3a3 + 2a,).

Proof. There are 24 positive roots in the ¥4 root system (cf. [5, page 691]):

1
Az, =lejte: j<k}U{€j}U{§(€1iezie3ie4)}

€1, €2, €3, €4, €] + €3, €1 + €3, €1 + €4, €3 + €3, €2 + €4,
€3t ey, e —€, € —€3, €] —€4, € — €3, ) — €4, €3 — €4,
1 1 1
=q3(e1 +ex+e3+es), 5(er+extes—eq) y(e1+ex—es+ey),
I 1 I
s(er+er—e3—ey), 5(e1 —ex+e3+es), 5(e1 —ex+e3—ey),
1 1
sler—ex—e3+ey), 51 —ex—e3—ey)
The half sum of the positive roots is equal to

1
a’——€1+ €2+ —e3 + —éy4.
2 2
aeA*

First, we calculate the denominator of the Weyl dimension formula (1.2):

1—[ (o7, @)

aeA*

115 3 1 9 7 5 1
——.Z.Z._. 4.3.2.3.4.5.1-2-1-5-2.~-. B YO Bt

3 °3°3°3 8:7-6-4-3-2-3-4-5. 5 573 3 > >
= 5893965000.

Then, we calculate the numerator part. There are four fundamental weights of the 74 root system
(cf. [5, page 691]):

Wy =e;+ey, W) =2e; +e+e3, wy = 561 +§€2+ 563-0-564, Wy = €].

For the f4-module ¥, with the highest weight A = a;w +a,w, +azws +aswy, we calculate the numerator
of the Weyl dimension formula (1.2):

A+ ) = 11+ +2 +3 + 5+ + +l 3+ +1 1+l
ﬂ Pr,, X)) = > a a 2613 ay > ap +ap 2613 5 ay 2613 ) 2613

aEA:}4
-(8+2ay+3a, +2as+ay)-(T+a,+3a, +2az +ay) - (6+a; +2a, +2a3 + ay)
cl+a1+20+a3) B+ar+ar+az3) - L+ar+az) - B+a+az+as)- @ +ay+ax +as + ag)

3 1
-(5+a1+2a2+a3+a4)~(1+a1)~(2+a1+a2)-(1+a2)-(5+a1+2a2+§a3+§a4)

9 1 7 1 1 1
-(§+a1+2a2+a3+§a4)-(§+a1+a2+a3+§a4)-(3+a1+a2+§a3+§a4)

> +a; +as+ : 2+a + : + : 1+ 1 + 1 : + :
5 ar + aj 3 ay a 3 as 3 ag ) as 3 ag 3 3 ag .
By combining both the numerator part and the denominator part, we obtain the dimension formula. O
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Remark 3.1. We can use the computer algebra system SageMath to list all the positive roots and the
fundamental weights. The codes are:

sage: RSffour = RootSystem([’F’,4 ]).ambient_space()
sage: RSffour.fundamental_weights()
sage: RSffour.positive_roots()

The complete lists of the fundamental weights and positive roots are provided in Appendix A.2. We
then employ MATHEMATICA for the symbolic computation of the Weyl dimension formula, with the
corresponding codes attached in Appendix B.2. The MATHEMATICA output is consistent with our
theorem.

4. Dimension formula of the highest weight ¢s-module

Consider the &g root system and its corresponding complex simple exceptional Lie algebra ¢s. The
root system is located in the subspace of R®

Ve, ={(veERY: (v,e6— ) = (v,e7 + eg) = 0},

and the root system is (cf. [5, page 687])

13 ' 8
Ag, =f{xej et j<k<5HU {E ;(—1)”(’)6,- € Vg, : Zn(i) even}.

i=1

There are 36 positive roots in Ag,, and we can use the computer algebra system SageMath to list all the
positive roots and the fundamental weights. The codes are:

sage: RSesix = RootSystem([’E’,6]).ambient_space()
sage: RSesix.fundamental_weights()
sage: RSesix.positive_roots()

The complete lists of the fundamental weights and positive roots are provided in Appendix A.3.
For an ¢g-module 7#), we can calculate dim ¥, by the Weyl dimension formula (1.2). We employ
MATHEMATICA for the symbolic computation, with the corresponding codes attached in Appendix
B.3. We summarize the MATHEMATICA output in the following theorem.

Theorem 4.1. Let {w; : j=1,2,3,4,5,6} be the fundamental weights of the Eq root system, and V)
the irreducible finite-dimensional es-module with the highest weight A = Z?:] ajw;. The dimension of
Y, is equal to

233614215211715200000(1 +a)(l+a)(1+a3)2+a+az)(1+a)2+a,+as))2+az+ay))3+a; +as+ay)
B+artaz+ay)d+a1+ar+az+as))(1+as)2+as+as)B3+ar+as+as)(3+asz+as+as)4d+a,+asz+as+as)
(4+a2+a3+a4+a5)(5+a1 +a2+a3+a4+a5)(5+a2+a3+2a4+a5)(6+a1 +a2+a3+2a4+a5)
(7 +a1+ap +2(13 +2(14 +a5)(1 +(16)(2+(15 +(16)(3 +ay4+as +a6)(4+a2 +ay4+as +a6)(4+a3 +ay+as +a6)
S+ai+as+as+as+ag)S+ar+az+as+as+ae)6+a;+ar+az+as+as+ag)(6+a,+asz+2as+as+dae)
(7T+ay+a, +as+2as+as+ag)8+a, +a +2as +2a4 +as+ ag)(7 + a + as + 2a4 + 2as + ag)
(8+a1 +a;+as +2a4+2a5 +a6)(9+a1 +a2+2a3 +2a4+2a5 +a6)(10+a1 +a2+2a3 +3a4+2a5 +Cl6)
(11 + a; + 2a, + 2a3 + 3a4 + 2as + ag).

AIMS Mathematics Volume 9, Issue 4, 10010-10030.
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5. Dimension formula of the highest weight ¢;-module

Consider the &; root system and its corresponding complex simple exceptional Lie algebra e;. The
root system is located in the subspace of R®

Ve, ={veR®: (v,e; +eg) = 0},

and the root system is (cf. [5, page 688])

8 8
: 1 e :
Ag, = {xe;x e j <ks6}u{i(e7—eg)}u{z ;(—1) Ve, € Ve, : ) (i even}.

i=1

There are 63 positive roots in Ag,, and we can use the computer algebra system SageMath to list all the
positive roots and the fundamental weights. The codes are:

sage: RSeseven = RootSystem(['E’,7]).ambient_space()
sage: RSeseven.fundamental_weights()
RSeseven.positive_roots()

The complete lists of the fundamental weights and positive roots are provided in Appendix A.4.
For an e¢;-module #;, we can calculate dim #; by the Weyl dimension formula (1.2). We employ
MATHEMATICA for the symbolic computation of the Weyl dimension formula, with the corresponding
codes attached in Appendix B.4. We summarize the MATHEMATICA output in the following theorem.

Theorem S.1. Let {w; : j=1,2,3,4,5,6,7} be the fundamental weights of the E; root system, and ¥
the irreducible finite-dimensional ¢;-module with the highest weight A = 23:1 ajw;. The dimension of
Yy is equal to (1+a))(1+ax)(1+a3)2+a,+az)(1+a4) 2+ay+ay)(2+as+ay)(3+a +as+ay) 3+ar+az+ay)
(A+a1+ar+as+as)(1+as)2+as+as)3+ar+as+as)3+az+as+as)(d+a,+az+as+as)(d+ar+az+as+as)
O+ai+ay+az+as+as)(S+ar+az+2as+as)(6+a+ar+az+2as+as)(7T+a+ar +2as+2a4+as)(1+ag)
(2+as+ae)(3+as+as+ae)(d+ar+as+as+ag)(d+az+as+as+ag)(S+a; +az+as+as+ae)(S+ar+az+as+as+
ae)(6+a;+ar+as+as+as+ae)(6+ar+asz+2as+as+ag)(7T+a,+ar+az+2as+as+ae)(8+a;+ar+2az+2a4+
as+ag)(T+ar+az+2as+2as+ag)(8+a,+ar+az+2as,+2as+ae)(9+a, +ar+2az+2a4+2as+ag)(10+a; +
a2+2a3 +3a4+2a5 +a6)(1 1+a; +2a2+2a3 +3a4+2a5 +a6)(1 +a7)(2+a6+a7)(3+a5 +a6+a7)(4+a4+a5 +ae+
a7)(S5+ar+as+as+ag+ar)(S+az+as+as+ag+ar)(6+a;+az+as+as+ag+ar)(6+a,+az+as+as+ag+a;)
(T+a1+ar+azy+as+as+ag+a;)(T+a,+az+2as+as+ag+a7)(8+a; +ar +az+2a4 +as+ag+ay)
O+a+ay+2az+2as+as+ag+a7)(8+ar+as+2a4+2as+ag+ar;)9+a;+a +az +2a4 +2as +
ae + 617)(10 +ay +a + 2613 + 2Cl4 + 2615 + ag + Cl7)(11 +ay+a;+ 2613 + 3a4 + 2615 + ag + a7)
(12+a1+2a,+2a3+3a4+2as+ag+a7)(O+ar+az+2a4+2as+2a¢+a7)(10+a; +ar+az+2a4+2as+2ag¢+ay)
(11 + a; +ap + 2a3 + 2a4 + 2as + 2a¢ + a7)(12 + a1 + ar + 2az + 3a4 + 2as + 2a¢ + a7)

(13+a; +2a,+2a3+3a4+2as+2a¢+a7)(13+a, + a, +2a3 + 3a4 + 3as + 2a¢ + a7)(14 + a; + 2a, +2a5 +
3a4 + 3as +2a¢+ a7)(15+ a; + 2a, + 2a3 + 4ay + 3as + 2a¢ + a7)(16 + a; + 2a, + 3az + 4a4 + 3as + 2a¢ +
a7;)(17+2a,+2a+3as+4as+3as+2a¢+a7))/19403468278119790545603479218421760000000000.
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6. Dimension formula of the highest weight ¢g-module

Consider the &g root system and its corresponding complex simple exceptional Lie algebra eg. The
root system is located in Vg, = R, and the root system is (cf. [5, page 689]):

‘ 1 8 . 8 ‘
Ae, = {te; 2 ep: j <k} U {5 ;(—1)"% WO even} .

i=1

There are 120 positive roots in Ag,, and we use the computer algebra system SageMath to list all the
positive roots and the fundamental weights. The codes are:

sage: RSeeight = RootSystem(['E’,8]).ambient_space()
sage: RSeeight.fundamental_weights()
sage: RSeeight.positive_roots()

The complete lists of the fundamental weights and positive roots are provided in Appendix A.S.
For an eg-module 7), we can calculate dim 7#; by the Weyl dimension formula (1.2). We employ
MATHEMATICA for the symbolic computation of the Weyl dimension formula, with the corresponding
codes attached in Appendix B.5. We summarize the MATHEMATICA output in the following theorem.

Theorem 6.1. Let {w; : j=1,2,3,4,5,6,7,8} be the fundamental weights of the Eg root system, and
¥, the irreducible finite-dimensional eg-module with the highest weight A = Z?:l awj. The dimension
of V) is equal to

(T+a))(I+a)(1+a3)2+a;+az)1+ay)2+ar+as))2+az+as))3+a +az+as) B3+ar+az+aqs) (4 +a; +
a,+aj +a4)(1+a5)(2+a4+a5)(3+a2+a4+a5)(3 +asj +a4+a5)(4+a1+a3 +a4+a5)(4+a2+a3 +a4+a5)(5+
aj+ar+asz+as+as)S+ar+asz+2as+as)(6+a+a+az+2as+as)(7T+a; +a+2a3+2as+as)(1+ae)(2+
as+ag)3+as+as+ag)d+ar+as+as+ag)(d+az+as+as+ag)(S+ay+az+as+as+ag)(S+ar+az+as+as+
ag)(6+a|+ar+az+as+as+ag)(6+ar+az+2as+as+ag)(7+a,+ar+az+2as+as+ae)(8+a;+ar+2az+2a4+
a5+a6)(7+a2+a3+2a4+2a5 +a6)(8+a1+a2+a3+2a4+2a5 +a6)(9+a1+a2+2a3 +2a4+2a5 +a6)(10+a1+
ar+2az+3as+2as+ag)(11+a;+2a,+2a3+3a4+2as+ag)(1+a7)(2+ag+a;)(3+as+ag+a;)(4d+as+as+
ag+a;)S+ar+as+as+ag+a;)S+az+as+as+ag+a;)(60+a;+az+as+as+aeg+ar)(6+ar+az+as+as+ag+
ar)(T+a +ar+asz+as+as+ag+ar)(T+ar+asz+2as+as+ag+ap)(8+a, +ar+as+2as+as+ag+ar;)(9+a; +
ar+2az+2as+as+ag+a;)(8+ar+az+2as+2as+ag+a;)(9+a +ar+az+2as+2as+ag+ar)(10+a; +ar +
2a3+2a,+2as+ag+ar)(11+a1+a+2az+3as+2as+ae+a7)(12+a, +2a,+2a3+3a4+2as+aeg+a7)(9+a +
ay+2as+2as+2ag+a7)(10+a;+ar+as+2as+2as+2a¢+a7)(11+a; +ar+2a3+2a4+2as+2a¢+a7)(12+
aq +612+2Cl3 +3a4+2a5 +2a6+a7)(13+a1 +2a, +26l3 +3a4+2a5 +2a6+a7)(13+a1 +a2+2a3 +3a4+3a5 +2a6+
a7;)(14+a,+2ar+2a3+3a4+3as+2a¢+a7;)(15+a;+2a,+2a3+4a,+3as+2a¢+a;)(16+a; +2a,+3a3 +
das+3as+2ae+a7)(17+2a1+2ar+3a3+4as+3as+2a¢+a7)(1+ag)(2+ar+ag)3+ag+a;+ag)(4+as+ag+
ar+ag)(S+as+as+ag+a;+ag)(6+ar+as+as+ag+a;+ag)(6+as+as+as+aeg+a;+ag)(7+a,+az+as+as+
ag+ar;+ag)(1+ar+az+as+as +ag+a;+ag)(8+a;+ar+as +a4+a5+a6+a7+a8)(8+a2+a3 +2a4+as+ag+
ar+ag)(9+a,+ar+asz+2as+as+ag+ar;+ag)(10+a,+ar +2az+2a,+as+ag+ar+ag)(9+ar+az +2a4+2as+
ag+a;+ag)(10+a; +a+asz+2as+2as+ag+a;+ag)(11+a; +ar+2a3+2a,+2as+ag+a;+ag)(12+a, +ar +
2a3+3as+2as+ag+a;+ag)(13+a,+2a,+2az+3a4+2as+ag+a;+ag)(10+ar +as+2a4+2as+2a¢+ a7 +
ag)(11+a,+a,+az+2a4+2as+2a¢+a;+ag)(12+a;+ar +2a3+2a4+2as+2a¢+a;+ag)(13+a; +ar+2az +
3as+2as+2a¢+a;+ag)(14+a;+2a,+2a3+3a4+2as+2a¢+a7+ag)(14+a,+ar +2a3+3a4+3as+2a¢+a;+
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ag)(15+a,+2a,+2a3+3a4+3as+2a¢+a;+ag)(16+a; +2a>+2az+4a,+3as+2a¢+a7+ag)(17+a, +2a,+
3as+4as+3as+2ag+a;+ag)(18+2a,+2a,+3as+4as+3as+2ag+a7+ag)(11 +ar+az+2a4+2as+2a¢+
2a7+ag)(12+a; +ar+az+2a4+2as+2a¢+2a,+ag)(13+a; +a, +2a3+2a4+2as+2a¢+2a7+ag)(14+a; +
ar+2az+3as+2as+2ag+2a7+ag)(15+a; +2a,+2a3+3a4+2as+2a¢+2a7+ag)(15+a; +a, +2a3+3a4+
3as+2a¢+2ay +ag)(16+a1 +2a,+2a3+3a4+3as+2a¢+2a;+ag)(17+a+2a,+2a3 +4a,+3as+2a¢+2a7+
ag)(18+a;+2a,+3a3+4as+3as+2ag+2a7+ag)(19+2a,+2a,+3az +4as+3as+2a¢+2a;+ag)(16+a; +
ar+2a3+3as+3as+3a¢+2a7+ag)(17+a1+2a,+2a3+3a4+3as+3ag+2a7+ag)(18+a; +2a, +2az +4as+
3as+3a¢+2a;+ag)(19+a, +2a,+3as+4a,+3as+3a¢+2a7+ag)(20+2a, +2a,+3a3+4as,+3as+3a¢+2a7+
ag)(19+a1 +2a2+2a3 +4a4+4a5 +3a6+2a7 +ag)(20+611 +2a2+3a3 +4a4+4a5 +3a6+2a7 +618)(21 +2611 +
2a,+3az+4as+4as+3ag+2a7+ag)(21 +ay +2a, +3a3+ S5a4+4as+3a¢+2a;+ag)(22+2a; +2a, +3az +
Sas+4as+3a¢+2a7+ag)(22+a; +3ar+3a3+5a4+4as+3a¢+2a7+ag)(23+2a; +3a,+3a3+5a4 +4as +
3ag+2a7;+ag)(23+2a,+2ar+4as+5a,+4as+3a¢+2a7+ag)(24+2a, +3a, +4as +5a4+4as+3a¢+2a; +
ag)(25+2a,+3a+4a3+6as+4as+3ag+2a7+ag)(26+2a,+3a, +4az;+6a4+5as+3ag+2a7+ag)(27+2a, +
3ar+4a3+6as+5as+4ae¢+2a;+ag)(28+2a; +3a, +4as +6as+5as+4ag+3a;+ag)(29+2a, +3a,+4asz +

6a4 +5as +4ag+ 3a7 +2ag)) [ 1238976177128108798716191386501 10395486291 7664603 1786340025309566313679656889905840128000000000000000000000.
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A. Fundamental weights and positive roots of the exceptional root systems

I
We denote the vector ] rje; by (r1,7,...,1;), where {e; : j=1,2,...,1} represents the standard
j=1

basis of R'. In our context, [ corresponds to 3, 4, 8, 8, and 8 for the root systems of type G», F4, &g, E7,
and &g, respectively.

A.l. Fundamental weights and positive roots of G,

The 2 fundamental weights are

1: (1, 0, -1), 2: (2, -1, -1).

The 6 positive roots are

(N! 11 _1)! (1! _21 1)! (1, _15 0)! (11 ®! _1)! (1! 1! _2)1 (2! _1! _1)-

A.2. Fundamental weights and positive roots of ¥4

The 4 fundamental weights are

1: (1, 1, 0, ®, 2: (2, 1, 1, ®, 3: 3/2, 1/2, 1/2, 1/2), 4: (1, 0, O, O).

The 24 positive roots are

(1, 0, 0, ®,
o, 1, 0, ®,
o, 0, 1, ®,
0, 0, 0, 1,
(1, 1, 0, ®,

AIMS Mathematics Volume 9, Issue 4, 10010-10030.
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(1, 0, 1, ®,

(1, 0, 0, 1,

@, 1, 1, ®,

o, 1, 0, ),

o, 0, 1, 1,

(1, -1, 0, 0,

(1, 0, -1, ®,

(1, 0, 0, -1,

@, 1, -1, 0,

@, 1, 0, -1,

o, 0, 1, -1,

(1/2, 1/2, 1/2, 1/2),
/2, 1/2, 1/2, -1/2),
(1/2, 1/2, -1/2, 1/2),
(1/2, 1/2, -1/2, -1/2),
/2, -1/2, 1/2, 1/2),
/2, -1/2, 1/2, -1/2),
(1/2, -1/2, -1/2, 1/2),
/2, -1/2, -1/2, -1/2).

A.3. Fundamental weights and positive roots of &g

The 6 fundamental weights are

1: (0, 0, 0, 0, 0, -2/3, -2/3, 2/3),
2: (1/2, 1/2, 1/2, 1/2, 1/2, -1/2, -1/2,
3: (-1/2, 1/2, 1/2, 1/2, 1/2, -5/6, -5/6,
4: 0, 60, 1, 1, 1, -1, -1, 1),
5: (0, 0, O, 1, 1, -2/3, -2/3, 2/3),
6: (0, 0, 0, 0, 1, -1/3, -1/3, 1/3).
The 36 positive roots are
(1, 1, 60, 0, 0, 0, 0, O,
(1, 0, 1, 0, 0, 0, 0, O,
(1, 0, 0, 1, 0, 0, 0, O,
(1, 0, 0, 0, 1, 0, 0, O,
@, 1, 1, 0, 0, 0, 0, O,
0o, 1, 0, 1, 0, 0, 0, O,
0o, 1, 60, 60, 1, 0, 0, O,
0, 06, 1, 1, 0, 0, 0, O,
0, 060, 1, 60, 1, 0, 0, O,
0, 0, 0, 1, 1, 0, 0, O,
(-1, 1, 0, 0, 0, 0, 0, 0,
(-1, 0, 1, 0, 0, 0, 0, 0,
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(-1, 0, 0, 1, 0, 0, 0, 0),
(-1, 0, 0, 0, 1, 0, 0, 0),
0, -1, 1, 6, 0, 0, 0, 0),
6, -1, 0, 1, 0, 0, 0, 0),
6, -1, 0, 60, 1, 0, 0, 0,
(6, 0, -1, 1, 0, 0, 0, 0),
(6, 0, -1, 6, 1, 0, 0, 0),
(6, 0, 0, -1, 1, 0, 0, 0,
(1/2, 1/2, 1/2, 1/2, 1/2, -1/2, -1/2, 1/2),
1/2, 1/2, 1/2, -1/2, -1/2, -1/2, -1/2, 1/2),
/2, 1/2, -1/2, 1/2, -1/2, -1/2, -1/2, 1/2),
(1/2, 1/2, -1/2, -1/2, 1/2, -1/2, -1/2, 1/2),
/2, -1/2, 1/2, 1/2, -1/2, -1/2, -1/2, 1/2),
/2, -1/2, 1/2, -1/2, 1/2, -1/2, -1/2, 1/2),
/2, -1/2, -1/2, 1/2, 1/2, -1/2, -1/2, 1/2),
/2, -1/2, -1/2, -1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, 1/2, 1/2, 1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, 1/2, 1/2, -1/2, 1/2, -1/2, -1/2, 1/2),
-1/2, 1/2, -1/2, 1/2, 1/2, -1/2, -1/2, 1/2),
-1/2, 1/2, -1/2, -1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, 1/2, 1/2, 1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, 1/2, -1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, 1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, -1/2, 1/2, -1/2, -1/2, 1/2).
A.4. Fundamental weights and positive roots of &;
The 7 fundamental weights are
1: (0, 6, 0, 0, 0, O, -1, 1), 2: (1/2, 1/2, 1/2, 1/2, 1/2, 1/2, -1, 1),
3: (-1/2, 1/2, 1/2, 1/2, 1/2, 1/2, -3/2, 3/2), 4: (0, 6, 1, 1, 1, 1, -2, 2),
5: (6, 6, 0, 1, 1, 1, -3/2, 3/2), 6: (0, 0, 0, 0, 1, 1, -1, 1),
7: (6, 0, 0, 0, 0, 1, -1/2, 1/2).
The 63 positive roots are
(1, 1, 0, 0, 0, 0, 0, 0,
(1, 0, 1, 0, 0, 0, 0, 0),
(1, 0, 0, 1, 0, 0, 0, 0),
(1, 0, 0, 0, 1, 0, 0, O,
(1, 0, 0, 0, 0, 1, 0, 0),
0, 1, 1, 0, 0, 0, 0, 0,
0, 1, 0, 1, 0, 0, 0, 0,
0, 1, 0, 0, 1, 0, 0, O,
6, 1, 0, 0, 0, 1, 0, 0),
AIMS Mathematics Volume 9, Issue 4, 10010-10030.
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0, 060, 1, 1, 6, 0, 0, 0),

0, 0, 1, 0, 1, 0, 0, 0),

0, 0, 1, 0, 0, 1, 0, 0),

0, 0, 0, 1, 1, 0, 0, 0),

0, 0, 0, 1, 0, 1, 0, 0,

(0, 0, 0, 0, 1, 1, 0, 0),

(-1, 1, 0, 0, 0, 0, 0, 0),

(-1, 0, 1, 0, 0, 0, 0, 0),

(-1, 0, 0, 1, 0, 0, 0, 0),

(-1, 0, 0, 0, 1, 0, 0, 0,

(-1, 0, 0, 0, 0, 1, 0, 0,

@0, -1, 1, 0, 0, 0, 0, 0),

0, -1, 0, 1, 0, 0, 0, 0,

(0, -1, 0, 0, 1, 0, 0, 0,

(0, -1, 0, 60, 0, 1, 0, 0,

0, 60, -1, 1, 0, 0, 0, 0),

0, 060, -1, 0, 1, 0, 0, 0,

(0, 60, -1, 0, 0, 1, 0, 0,

(0, 0, 0, -1, 1, 0, 0, 0,

(0, 0, 0, -1, 0, 1, 0, 0),

(0, 0, 0, 0, -1, 1, 0, 0,

(0, 0, 0, 0, 0, 0, -1, 1),

/2, 1/2, 1/2, 1/2, 1/2, -1/2, -1/2, 1/2),

/2, 1/2, 1/2, 1/2, -1/2, 1/2, -1/2, 1/2),

/2, 1/2, 1/2, -1/2, 1/2, 1/2, -1/2, 1/2),

/2, 1/2, 1/2, -1/2, -1/2, -1/2, -1/2, 1/2),

/2, 1/2, -1/2, 1/2, 1/2, 1/2, -1/2, 1/2),

/2, 1/2, -1/2, 1/2, -1/2, -1/2, -1/2, 1/2),

/2, 1/2, -1/2, -1/2, 1/2, -1/2, -1/2, 1/2),

/2, 1/2, -1/2, -1/2, -1/2, 1/2, -1/2, 1/2),

/2, -1/2, 1/2, 1/2, 1/2, 1/2, -1/2, 1/2),

/2, -1/2, 1/2, 1/2, -1/2, -1/2, -1/2, 1/2),

/2, -1/2, 1/2, -1/2, 1/2, -1/2, -1/2, 1/2),

/2, -1/2, 1/2, -1/2, -1/2, 1/2, -1/2, 1/2),

/2, -1/2, -1/2, 1/2, 1/2, -1/2, -1/2, 1/2),

/2, -1/2, -1/2, 1/2, -1/2, 1/2, -1/2, 1/2),

/2, -1/2, -1/2, -1/2, 1/2, 1/2, -1/2, 1/2),

/2, -1/2, -1/2, -1/2, -1/2, -1/2, -1/2, 1/2),

-1/2, 1/2, 1/2, 1/2, 1/2, 1/2, -1/2, 1/2),

-1/2, 1/2, 1/2, 1/2, -1/2, -1/2, -1/2, 1/2),

-1/2, 1/2, 1/2, -1/2, 1/2, -1/2, -1/2, 1/2),

-1/2, 1/2, 1/2, -1/2, -1/2, 1/2, -1/2, 1/2),

-1/2, /2, -1/2, 1/2, 1/2, -1/2, -1/2, 1/2),
AIMS Mathematics
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-1/2, 1/2, -1/2, 1/2, -1/2, 1/2, -1/2, 1/2),
-1/2, /2, -1/2, -1/2, 1/2, 1/2, -1/2, 1/2),
-1/2, 1/2, -1/2, -1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, 1/2, 1/2, 1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, 1/2, 1/2, -1/2, 1/2, -1/2, 1/2),
-1/2, -1/2, 1/2, -1/2, 1/2, 1/2, -1/2, 1/2),
-1/2, -1/2, 1/2, -1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, 1/2, 1/2, 1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, 1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, -1/2, 1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, -1/2, -1/2, 1/2, -1/2, 1/2).
A.5. Fundamental weights and positive roots of Eg
The 8 fundamental weights are
1: (0, 0, 0, 0, 0, 0, 0, 2), 2: (1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 5/2),
3: (-1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 7/2), 4: (O, 6, 1, 1, 1, 1, 1, 5),
5: (6, 6, 0, 1, 1, 1, 1, 4, 6: (6, 0, 0, 0, 1, 1, 1, 3),
7: (0, 0, 60, 0, 0, 1, 1, 2), 8: (6, 0, 0, 0, 0, 0, 1, 1).

The 120 positive roots are

1,
(1,
(1,
1,
(1,
(1,
(1,
o,
(0,
(0,
(0,
o,
(@,
(0,
o,
(0,
(0,
(@,
o,
(0,
(@,
(0,

1, O,
1,

0
0
1
0
0
0
0
0
1
0
0,
0
0
1
0
0
0
0
1
1
1
1

(= I — I — A R~ R A — AN — I N R R S — R — I — T — I — R ]
(=B — I — R — N — I — I — I — R — R~ A — I — I — I —
(== — R N — A A= I A — I — R — R — R — R — I — R — N~ = =]
(= N — A A A e — I — I — R — R — R — R — I — - =]
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0,
®,
®,
0,
0,
®,
D,
0,
0,
®,
®,
0,
D,
®,
0,
0,
®,
D,
0,
0,
®,
D,

(= N — A A A A — I — I N — R — R — I — R — R~ I~ — A — I —]
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(6, 0, 0, 0, 1, 1, 0, O,
(6, 0, 0, 0, 1, 0, 1, ®,
(6, 0, 0, 0, 1, 0, 0, 1),
(6, 0, 0, 0, 0, 1, 1, O,
(6, 0, 0, 0, 0, 1, 0, 1),
(6, 0, 0, 0, 0, 0, 1, 1),
(-1, 1, 0, 0, 0, 0, 0, 0,
(-1, 0, 1, 0, 0, 0, 0, 0,
(-1, 0, 0, 1, 0, 0, 0, O,
(-1, 0, 0, 0, 1, 0, 0, O,
(-1, 0, 0, 0, 0, 1, 0, 0,
(-1, 0, 0, 0, 0, 0, 1, ®),
(-1, 0, 0, 0, 0, 0, 0, 1),
©®, -1, 1, 0, 0, 0, 0, 0,
0, -1, 0, 1, 0, 0, 0, 0,
@0, -1, 0, 0, 1, 0, 0, 0,
0o, -1, 0, 0, 0, 1, 0, 0,
6, -1, 0, 0, 0, 0, 1, 0,
6, -1, 0, 0, 0, 0, 0, 1),
0, 0, -1, 1, 0, 0, 0, 0,
0, 0, -1, 0, 1, 0, 0, 0,
6, 0, -1, 0, 0, 1, 0, 0,
(6, 0, -1, 0, 0, 0, 1, 0,
0, 0, -1, 0, 0, 0, 0, 1),
6, 0, 0, -1, 1, 0, 0, O,
(6, 0, 0, -1, 0, 1, 0, 0,
6, 0, 0, -1, 0, 0, 1, ®),
(6, 0, 0, -1, 0, 0, 0, 1),
(6, 0, 0, 0, -1, 1, 0, O,
(6, 0, 0, 0, -1, 0, 1, 0,
(6, 0, 0, 0, -1, 0, 0, 1),
(6, 0, 0, 0, 0, -1, 1, ®),
(6, 0, 0, 0, 0, -1, 0, 1),
(6, 0, 0, 0, 0, 0, -1, 1),

/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2),
/2, 1/2, 1/2, 1/2, 1/2, -1/2, -1/2, 1/2),
/2, /2, 1/2, 1/2, -1/2, 1/2, -1/2, 1/2),
/2, 1/2, 1/2, 1/2, -1/2, -1/2, 1/2, 1/2),
/2, 1/2, 1/2, -1/2, 1/2, 1/2, -1/2, 1/2),
/2, 1/2, 1/2, -1/2, 1/2, -1/2, 1/2, 1/2),
/2, 1/2, 1/2, -1/2, -1/2, 1/2, 1/2, 1/2),
/2, 1/2, 1/2, -1/2, -1/2, -1/2, -1/2, 1/2),
/2, 1/2, -1/2, 1/2, 1/2, 1/2, -1/2, 1/2),
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(1/2,
(1/2,
(1/z,
(1/z2,
(1/2,
(1/2,
(1/z,
(1/z2,
(1/z,
(1/2,
(1/z2,
(1/z2,
(1/2,
(1/2,
(1/z2,
(1/z2,
(1/2,
(1/z,
(1/2,
(1/2,
(1/2,
(1/z,
(1/z2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,
(-1/2,

1/2, -1/2,

1/2,
1/2,
1/2,

-1/2,
-1/2,
-1/2,

1/2, -1/2,

1/2,
1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
-1/2,
-1/2,
-1/2,
-1/2,
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-1/2,
-1/2,

1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
-1/2,
1/2,
1/2,
1/2,
1/2,

1/2, 1/2, -1/2, 1/2, 1/2),
1/2, -1/2, 1/2, 1/2, 1/2),
/2, -1/2, -1/2, -1/2, 1/2),
-1/2, 1/2, 1/2, 1/2, 1/2),
-1/2, 1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, 1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, 1/2, 1/2),
1/2, 1/2, 1/2, -1/2, 1/2),
1/2, 1/2, -1/2, 1/2, 1/2),
1/2, -1/2, 1/2, 1/2, 1/2),
/2, -1/2, -1/2, -1/2, 1/2),
-1/2, 1/2, 1/2, 1/2, 1/2),
-1/2, 1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, 1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, 1/2, 1/2),
1/2, 1/2, 1/2, 1/2, 1/2),
1/2, 1/2, -1/2, -1/2, 1/2),
1/2, -1/2, 1/2, -1/2, 1/2),
1/2, -1/2, -1/2, 1/2, 1/2),
-1/2, 1/2, 1/2, -1/2, 1/2),
-1/2, 1/2, -1/2, 1/2, 1/2),
-1/2, -1/2, 1/2, 1/2, 1/2),
-1/2, -1/2, -1/2, -1/2, 1/2),
1/2, 1/2, 1/2, -1/2, 1/2),
1/2, 1/2, -1/2, 1/2, 1/2),
/2, -1/2, 1/2, 1/2, 1/2),
1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, 1/2, 1/2, 1/2, 1/2),
-1/2, 1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, 1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, 1/2, 1/2),
1/2, 1/2, 1/2, 1/2, 1/2),
1/2, 1/2, -1/2, -1/2, 1/2),
1/2, -1/2, 1/2, -1/2, 1/2),
1/2, -1/2, -1/2, 1/2, 1/2),
-1/2, 1/2, 1/2, -1/2, 1/2),
-1/2, 1/2, -1/2, 1/2, 1/2),
-1/2, -1/2, 1/2, 1/2, 1/2),
-1/2, -1/2, -1/2, -1/2, 1/2),
1/2, 1/2, 1/2, 1/2, 1/2),
1/2, 1/2, -1/2, -1/2, 1/2),
1/2, -1/2, 1/2, -1/2, 1/2),
1/2, -1/2, -1/2, 1/2, 1/2),
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-1/2, -1/2, 1/2, -1/2, 1/2, 1/2, -1/2, 1/2),
-1/2, -1/2, 1/2, -1/2, 1/2, -1/2, 1/2, 1/2),
-1/2, -1/2, 1/2, -1/2, -1/2, 1/2, 1/2, 1/2),
-1/2, -1/2, 1/2, -1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, 1/2, 1/2, 1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, 1/2, 1/2, -1/2, 1/2, 1/2),
-1/2, -1/2, -1/2, 1/2, -1/2, 1/2, 1/2, 1/2),
-1/2, -1/2, -1/2, 1/2, -1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, -1/2, 1/2, 1/2, 1/2, 1/2),
-1/2, -1/2, -1/2, -1/2, 1/2, -1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, -1/2, -1/2, 1/2, -1/2, 1/2),
-1/2, -1/2, -1/2, -1/2, -1/2, -1/2, 1/2, 1/2).

B. MATHEMATICA codes for the dimension formulas

The MATHEMATICA codes can be downloaded from GitHub or Bitbucket:
https://github.com/luanyongzhi/Dimensions-G2F4E6E7E8-Modules.git
https://bitbucket.org/luanyongzhi-research/dimensions-g2f4e6e7e8-modules

B.1. MATHEMATICA codes for the g,-module

We use MATHEMATICA to derive a general dimension formula for ) with A = a;w; + a;w,. The
corresponding codes are provided below:
PosRootsGtwo = {{0,1, -1}, {1,-2,1},{1,-1,0},{1,0,-1},{1,1,-2},{2,-1,-1}};
Clear|s]
s = Array[0&, 3];
For[i = 1,i < Length[PosRootsGtwo], s = s + PosRootsGtwol[[i]]; i++];
RhoGtwo = s/2;
FWeightsGtwo = {{1,0, -1}, {2,—-1,-1}};
dim = 1;
Clear[al, a2]
Forl[i = 1, i < Length[PosRootsGtwo], dim = dim *(Dot[{al, a2}.
FWeightsGtwo + RhoGtwo, PosRootsGtwo[[i]]]/Dot[RhoGtwo, PosRootsGtwo[[i]1])//Simplify; i++]
dim //Simplify

B.2. MATHEMATICA codes for the §4-module

4
We use MATHEMATICA to derive a general dimension formula for ¥, with 4 = 3} a;w;. The
J=1

corresponding codes are provided below:

PosRootsFfour = {{1, 0, 0, 0}, {0, 1, 0, 0}, {0, 0, 1, 0}, {0, 0,0, 1}, {1, 1,0, 0},{1,0, 1,0}, {1, 0,0, 1},
{0,1,1,0},{0,1,0,1},{0,0,1,1},{1,-1,0,0},{1,0,-1,0},{1,0,0,-1},{0, 1,-1,0},{0, 1,0, -1},
{0,0,1,-1},{1/2,1/2,1/2,1/2},{1/2,1/2,1/2,-1/2},{1/2,1/2,-1/2,1/2},{1/2,1/2,-1/2,-1/2},
{1/2,-1/2,1/2,1/2},{1/2,-1/2,1/2,-1/2},{1/2,-1/2,-1/2,1/2},{1/2,-1/2,-1/2,-1/2}};
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Clear[s]

s = Array[0&, 4];

Forl[i = 1, i < Length[PosRootsFfour], s = s + PosRootsFfour[[i]]; i++];
RhoFfour = s/2;

FWeightsFfour = {{1,1,0,0},{2,1,1,0},{3/2,1/2,1/2,1/2},{1,0,0, 0}};
dim = 1;

Clear[al, a2, a3, a4]

For[i = 1,i < Length[PosRootsFfour],

lim = di Dot[{al,a2,a3,a4}.FWeightsFfour+RhoFfour,PosRootsFfour{[ill] ;a: I

dim /7S' ]jfy Dot[RhoFfour,PosRootsFfour{[1]]] //Simplify; i++]
1mp

B.3. MATHEMATICA codes for the eq-module

6
We use MATHEMATICA to derive a general dimension formula for 7, with 4 = 3} aw;. The
j=1

corresponding codes are provided below:

PosRootsEsix = {{1,1,0,0,0,0,0,0},{1,0,1,0,0,0,0,0},{1,0,0,1,0,0,0,0}, {1,0,0,0, 1,0, 0, 0},
{0,1,1,0,0,0,0,0},{0,1,0,1,0,0,0,0},{0,1,0,0,1,0,0,0},{0,0,1,1,0,0,0,0},{0,0,1,0,1,0,0, 0},
{0,0,0,1,1,0,0,0},{-1,1,0,0,0,0,0,0},{-1,0,1,0,0,0,0,0},{-1,0,0,1,0,0,0, 0},
{-1,0,0,0,1,0,0,0},{0,-1,1,0,0,0,0,0},{0,-1,0,1,0,0,0,0}, {0,-1,0,0,1, 0,0, 0},
{0,0,-1,1,0,0,0,0},{0,0,-1,0,1,0,0,0},{0,0,0,-1,1,0,0, 0},
{1/2,1/2,1/2,1/2,1/2,-1/2,-1/2,1/2},{1/2,1/2,1/2,-1/2,-1/2,-1/2,-1/2,1/2},
{1/2,1/2,-1/2,1/2,-1/2,-1/2,-1/2,1/2},{1/2,1/2,-1/2,-1/2,1/2,-1/2,-1/2,1/2},
{1/2,-1/2,1/2,1/2,-1/2,-1/2,-1/2,1/2},{1/2,-1/2,1/2,-1/2,1/2,-1/2,-1/2,1/2},
{1/2,-1/2,-1/2,1/2,1/2,-1/2,-1/2,1/2},{1/2,-1/2,-1/2,-1/2,-1/2,-1/2,-1/2,1/2},
{-1/2,1/2,1/2,1/2,-1/2,-1/2,-1/2,1/2},{-1/2,1/2,1/2,-1/2,1/2,-1/2,-1/2,1/2},
{-1/2,1/2,-1/2,1/2,1/2,-1/2,-1/2,1/2},{-1/2,1/2,-1/2,-1/2,-1/2,-1/2,-1/2,1/2},
{-1/2,-1/2,1/2,1/2,1/2,-1/2,-1/2,1/2},{-1/2,-1/2,1/2,-1/2,-1/2,-1/2,-1/2,1/2},
{-1/2,-1/2,-1/2,1/2,-1/2,-1/2,-1/2,1/2},{-1/2,-1/2,-1/2,-1/2,1/2,-1/2,-1/2,1/2}};
Clear[s]

s = Array[0&, 8];

For[i = 1,i < Length[PosRootsEsix], s = s + PosRootsEsix[[i]]; i++];

RhoEsix = s/2;

FWeightsEsix = {{0,0,0,0,0,-2/3,-2/3,2/3},{1/2,1/2,1/2,1/2,1/2,-1/2,-1/2,1/2},
{-1/2,1/2,1/2,1/2,1/2,-5/6,-5/6,5/6},{0,0,1,1,1,-1,-1,1},{0,0,0,1,1,-2/3,-2/3,2/3},
{0,0,0,0,1,-1/3,-1/3,1/3}};

dim = 1;

Clear[al, a2, a3, a4, a5, a6]

For[i = 1,i < Length[PosRootsEsix],

. _ 1. Dotffal a2,a3,24,a5,a6}. FWeightsEsix+RhoEsix,PosROOtSESIX[[il]] //qzncets e &
@ = dlm* Dot[RhoEsix,PosRootsEsix[[7]]] //Simplify; i++
dim //Simplify
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B.4. MATHEMATICA codes for the ¢;-module

7
We use MATHEMATICA to derive a general dimension formula for ¥, with 4 = 3} a;w;. The
=1

corresponding codes are provided below:

PosRootsEseven = {{1,1,0,0,0,0,0,0},{1,0,1,0,0,0,0,0},{1,0,0,1,0,0,0,0},{1,0,0,0,1,0,0, 0},
{1,0,0,0,0,1,0,0},{0,1,1,0,0,0,0,0},{0,1,0,1,0,0,0,0},{0,1,0,0,1,0,0,0},{0,1,0,0,0, 1, 0, 0},
{0,0,1,1,0,0,0,0},{0,0,1,0,1,0,0,0},{0,0,1,0,0,1,0,0},{0,0,0,1,1,0,0,0},{0,0,0,1,0, 1,0, 0},
{0,0,0,0,1,1,0,0},{-1,1,0,0,0,0,0,0},{-1,0,1,0,0,0,0,0},{-1,0,0,1,0,0,0,0},
{-1,0,0,0,1,0,0,0},{-1,0,0,0,0,1,0,0},{0,-1,1,0,0,0,0,0},{0,-1,0,1,0,0,0, 0},
{0,-1,0,0,1,0,0,0},{0,-1,0,0,0,1,0,0},{0,0,-1,1,0,0,0,0},{0,0,-1,0,1,0,0, 0},
{0,0,-1,0,0,1,0,0},{0,0,0,-1,1,0,0,0},{0,0,0,-1,0,1,0,0},{0,0,0,0,-1, 1,0, 0},
{0,0,0,0,0,0,-1,1},{1/2,1/2,1/2,1/2,1/2,-1/2,-1/2,1/2},
{1/2,1/2,1/2,1/2,-1/2,1/2,-1/2,1/2},{1/2,1/2,1/2,-1/2,1/2,1/2,-1/2,1/2},
{1/2,1/2,1/2,-1/2,-1/2,-1/2,-1/2,1/2},{1/2,1/2,-1/2,1/2,1/2,1/2,-1/2,1/2},
{1/2,1/2,-1/2,1/2,-1/2,-1/2,-1/2,1/2},{1/2,1/2,-1/2,-1/2,1/2,-1/2,-1/2,1/2},
{1/2,1/2,-1/2,-1/2,-1/2,1/2,-1/2,1/2},{1/2,-1/2,1/2,1/2,1/2,1/2,-1/2,1/2},
{1/2,-1/2,1/2,1/2,-1/2,-1/2,-1/2,1/2},{1/2,-1/2,1/2,-1/2,1/2,-1/2,-1/2,1/2},
{1/2,-1/2,1/2,-1/2,-1/2,1/2,-1/2,1/2},{1/2,-1/2,-1/2,1/2,1/2,-1/2,-1/2,1/2},
{1/2,-1/2,-1/2,1/2,-1/2,1/2,-1/2,1/2},{1/2,-1/2,-1/2,-1/2,1/2,1/2,-1/2,1/2},
{1/2,-1/2,-1/2,-1/2,-1/2,-1/2,-1/2,1/2},{-1/2,1/2,1/2,1/2,1/2,1/2,-1/2,1/2},
{-1/2,1/2,1/2,1/2,-1/2,-1/2,-1/2,1/2},{-1/2,1/2,1/2,-1/2,1/2,-1/2,-1/2,1/2},
{-1/2,1/2,1/2,-1/2,-1/2,1/2,-1/2,1/2},{-1/2,1/2,-1/2,1/2,1/2,-1/2,-1/2,1/2},
{-1/2,1/2,-1/2,1/2,-1/2,1/2,-1/2,1/2},{-1/2,1/2,-1/2,-1/2,1/2,1/2,-1/2,1/2},
{-1/2,1/2,-1/2,-1/2,-1/2,-1/2,-1/2,1/2},{-1/2,-1/2,1/2,1/2,1/2,-1/2,-1/2,1/2},
{-1/2,-1/2,1/2,1/2,-1/2,1/2,-1/2,1/2},{-1/2,-1/2,1/2,-1/2,1/2,1/2,-1/2,1/2},
{-1/2,-1/2,1/2,-1/2,-1/2,-1/2,-1/2,1/2},{-1/2,-1/2,-1/2,1/2,1/2,1/2,-1/2,1/2},
{-1/2,-1/2,-1/2,1/2,-1/2,-1/2,-1/2,1/2},{-1/2,-1/2,-1/2,-1/2,1/2,-1/2,-1/2,1/2},
{-1/2,-1/2,-1/2,-1/2,-1/2,1/2,-1/2,1/2}};

Clear[s]

s = Array[0&, 8];

For[i = 1,i < Length[PosRootsEseven], s = s + PosRootsEseven[[i]]; i++];

RhoEseven = s/2;

FWeightsEseven = {{0,0,0,0,0,0,-1,1},{1/2,1/2,1/2,1/2,1/2,1/2,-1,1},
{-1/2,1/2,1/2,1/2,1/2,1/2,-3/2,3/2},{0,0,1,1,1,1,-2,2},{0,0,0,1,1,1,-3/2,3/2},
{0,0,0,0,1,1,-1,1},{0,0,0,0,0,1,-1/2,1/2}};

dim = 1;

Clear[al, a2, a3, a4, a5, a6, a7]

Forl[i = 1,i < Length[PosRootsEseven],

. T Dot[{al,a2,a3,a4,a5,a6,a7}.FWeightsEseven+RhoEseven,PosRootsEseven([i]]] . Y-S
@ = dlm* Dot[RhoEseven, PosRootsEseven[[il]] //Simplify; i++]
dim //Simplify
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B.5. MATHEMATICA codes for the eg-module

We use MATHEMATICA to derive a general dimension formula for %, with 1 = 28] ajw;. The
=1

corresponding codes are provided below: ]
PosRootsEeight = {{1,1,0,0,0,0,0,0},{1,0,1,0,0,0,0,0}, {1,0,0,1,0,0,0,0},{1,0,0,0, 1, 0,0, 0},
{1,0,0,0,0,1,0,0},{1,0,0,0,0,0,1,0},{1,0,0,0,0,0,0, 1}, {0, 1, 1,0, 0,0, 0, 0}, {0, 1,0, 1,0, 0, 0, 0},
{0,1,0,0,1,0,0,0},{0,1,0,0,0,1,0,0},{0,1,0,0,0,0, 1,0}, {0,1,0,0,0,0,0, 1}, {0,0,1, 1,0, 0,0, 0},
{0,0,1,0,1,0,0,0},{0,0,1,0,0,1,0,0},{0,0,1,0,0,0, 1,0}, {0,0,1,0,0,0,0, 1}, {0,0,0, 1, 1,0, 0, 0},
{0,0,0,1,0,1,0,0},¢{0,0,0,1,0,0,1,0},{0,0,0,1,0,0,0, 1}, {0,0,0,0, 1, 1,0, 0}, {0,0,0,0, 1,0, 1, 0},
{0,0,0,0,1,0,0,1},{0,0,0,0,0,1,1,0},{0,0,0,0,0, 1,0, 1}, {0,0,0,0,0,0, 1, 1}, {-1,1, 0,0, 0,0, 0, 0},
{-1,0,1,0,0,0,0,0},{-1,0,0,1,0,0,0,0},{-1,0,0,0,1,0,0,0},{-1,0,0,0,0, 1,0, 0},
{-1,0,0,0,0,0,1,0}{-1,0,0,0,0,0,0,1},{0,-1,1,0,0,0,0,0}, {0,-1,0, 1, 0,0, 0,0},
{0,-1,0,0,1,0,0,0},{0,-1,0,0,0,1,0,0},{0,-1,0,0,0,0, 1,0}, {0,-1,0,0,0,0,0, 1},
{0,0,-1,1,0,0,0,0},{0,0,-1,0,1,0,0,0},{0,0,-1,0,0, 1,0, 0}, {0,0,-1,0,0,0, 1,0},
{0,0,-1,0,0,0,0, 1}, {0,0,0,-1,1,0,0,0},{0,0,0,-1,0,1,0,0}, {0,0,0,-1,0,0, 1,0},
{0,0,0,-1,0,0,0, 1}, {0,0,0,0,-1,1,0,0},{0,0,0,0,-1,0,1, 0}, {0,0,0,0,-1,0,0, 1},
{0,0,0,0,0,-1,1,0}1{0,0,0,0,0,-1,0, 1}, {0,0,0,0,0,0, -1, 1},{1/2,1/2,1/2,1/2,1/2,1/2,1/2,1/2},
{1/2,1/2,1/2,1/2,1/2,-1/2,-1/2,1/2},{1/2,1/2,1/2,1/2,-1/2,1/2,-1/2,1/2},
{1/2,1/2,1/2,1/2,-1/2,-1/2,1/2,1/2},{1/2,1/2,1/2,-1/2,1/2,1/2,-1/2,1/2},
{1/2,1/2,1/2,-1/2,1/2,-1/2,1/2,1/2},{1/2,1/2,1/2,-1/2,-1/2,1/2,1/2,1/2},
{1/2,1/2,1/2,-1/2,-1/2,-1/2,-1/2,1/2},{1/2,1/2,-1/2,1/2,1/2,1/2,-1/2,1/2},
{1/2,1/2,-1/2,1/2,1/2,-1/2,1/2,1/2},{1/2,1/2,-1/2,1/2,-1/2,1/2,1/2,1/2},
{1/2,1/2,-1/2,1/2,-1/2,-1/2,-1/2,1/2},{1/2,1/2,-1/2,-1/2,1/2,1/2,1/2,1/2},
{1/2,1/2,-1/2,-1/2,1/2,-1/2,-1/2,1/2},{1/2,1/2,-1/2,-1/2,-1/2,1/2,-1/2,1/2},
{1/2,1/2,-1/2,-1/2,-1/2,-1/2,1/2,1/2},{1/2,-1/2,1/2,1/2,1/2,1/2,-1/2,1/2},
{1/2,-1/2,1/2,1/2,1/2,-1/2,1/2,1/2},{1/2,-1/2,1/2,1/2,-1/2,1/2,1/2,1/2},
{1/2,-1/2,1/2,1/2,-1/2,-1/2,-1/2,1/2},{1/2,-1/2,1/2,-1/2,1/2,1/2,1/2,1/2},
{1/2,-1/2,1/2,-1/2,1/2,-1/2,-1/2,1/2},{1/2,-1/2,1/2,-1/2,-1/2,1/2,-1/2,1/2},
{1/2,-1/2,1/2,-1/2,-1/2,-1/2,1/2,1/2},{1/2,-1/2,-1/2,1/2,1/2,1/2,1/2,1/2},
{1/2,-1/2,-1/2,1/2,1/2,-1/2,-1/2,1/2},{1/2,-1/2,-1/2,1/2,-1/2,1/2,-1/2,1/2},
{1/2,-1/2,-1/2,1/2,-1/2,-1/2,1/2,1/2},{1/2,-1/2,-1/2,-1/2,1/2,1/2,-1/2,1/2},
{1/2,-1/2,-1/2,-1/2,1/2,-1/2,1/2,1/2},{1/2,-1/2,-1/2,-1/2,-1/2,1/2,1/2,1/2},
{1/2,-1/2,-1/2,-1/2,-1/2,-1/2,-1/2,1/2},{-1/2,1/2,1/2,1/2,1/2,1/2,-1/2,1/2},
{-1/2,1/2,1/2,1/2,1/2,-1/2,1/2,1/2},{-1/2,1/2,1/2,1/2,-1/2,1/2,1/2,1/2},
{(-1/2,1/2,1/2,1/2,-1/2,-1/2,-1/2,1/2},{-1/2,1/2,1/2,-1/2,1/2,1/2,1/2,1/2},
{-1/2,1/2,1/2,-1/2,1/2,-1/2,-1/2,1/2},{-1/2,1/2,1/2,-1/2,-1/2,1/2,-1/2,1/2},
{-1/2,1/2,1/2,-1/2,-1/2,-1/2,1/2,1/2},{-1/2,1/2,-1/2,1/2,1/2,1/2,1/2,1/2},
{-1/2,1/2,-1/2,1/2,1/2,-1/2,-1/2,1/2},{-1/2,1/2,-1/2,1/2,-1/2,1/2,-1/2,1/2},
{(-1/2,1/2,-1/2,1/2,-1/2,-1/2,1/2,1/2},{-1/2,1/2,-1/2,-1/2,1/2,1/2,-1/2,1/2},
{-1/2,1/2,-1/2,-1/2,1/2,-1/2,1/2,1/2},{-1/2,1/2,-1/2,-1/2,-1/2,1/2,1/2,1/2},
{-1/2,1/2,-1/2,-1/2,-1/2,-1/2,-1/2,1/2},{-1/2,-1/2,1/2,1/2,1/2,1/2,1/2,1/2},
{-1/2,-1/2,1/2,1/2,1/2,-1/2,-1/2,1/2},{-1/2,-1/2,1/2,1/2,-1/2,1/2,-1/2,1/2},
{-1/2,-1/2,1/2,1/2,-1/2,-1/2,1/2,1/2},{-1/2,-1/2,1/2,-1/2,1/2,1/2,-1/2,1/2},
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{-1/2,-1/2,1/2,-1/2,1/2,-1/2,1/2,1/2},{-1/2,-1/2,1/2,-1/2,-1/2,1/2,1/2,1/2},
{-1/2,-1/2,1/2,-1/2,-1/2,-1/2,-1/2,1/2},{-1/2,-1/2,-1/2,1/2,1/2,1/2,-1/2,1/2},
{-1/2,-1/2,-1/2,1/2,1/2,-1/2,1/2,1/2},{-1/2,-1/2,-1/2,1/2,-1/2,1/2,1/2,1/2},
{-1/2,-1/2,-1/2,1/2,-1/2,-1/2,-1/2,1/2},{-1/2,-1/2,-1/2,-1/2,1/2,1/2,1/2,1/2},
{-1/2,-1/2,-1/2,-1/2,1/2,-1/2,-1/2,1/2},{-1/2,-1/2,-1/2,-1/2,-1/2,1/2,-1/2,1/2},
{-1/2,-1/2,-1/2,-1/2,-1/2,-1/2,1/2,1/2}};

Clear[s]

s = Array[0&, 8];

For[i = 1,i < Length[PosRootsEeight], s = s + PosRootsEeight[[i]]; i++];

RhoEeight = s/2;

FWeightsEeight = {{0,0,0,0,0,0,0,2},{1/2,1/2,1/2,1/2,1/2,1/2,1/2,5/2},
{-1/2,1/2,1/2,1/2,1/2,1/2,1/2,7/2},{0,0,1,1,1,1,1,5},{0,0,0,1,1,1,1,4},{0,0,0,0,1,1,1, 3},
{0,0,0,0,0,1,1,2},{0,0,0,0,0,0,1,1}};

dim = 1;

Clear[al, a2, a3, a4, a5, a6, a7, a8]

For[i = 1,i < Length[PosRootsEeight],

lim = di Dot[{al,a2,a3,a4,a5,a6,a7,a8}.FWeightsEeight+RhoEeight,PosRootsEeight[[i]]] i e

di /78 ;: fy Dot[RhoEeight,PosRootsEeight[[i]]] //Slmphfy, i+ +]
1m //Simp.
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