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1. Introduction

For a fixed positive integer m, let a; and ¢;, (i = 1, ..., m) be positive constants such that 1 > a; >
<>, > 0. We assume g; = 1 without loss of generality. Consider the inverse problem of finding a
pair of functions {r, u} such that it satisfies the equation

> u = uy + 1) f(x,1), (x,0) € Dy, (1.1)
i=1
the initial condition

u(x,0) = p(x), x € [0,1], (1.2)

the nonlocal boundary conditions

u,)+u(l,1)=0, t€[0,T],

1.3
a1ux(0, 1) + byuy(1, 1) + aou(0,1) = 0, 1 € [0, T], (-
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and the overdetermination condition

1

fu(x, Ndx = E(), t€[0,T], (1.4)

0

where T > 0; Dy ={(x,1): O0<x <1, 0<t<T}; f, ¢ and E are given functions; a,, a; and b; are
real constants such that |a;| + |b1| > 0, a; + by # 0; 9" is the Caputo time-fractional derivative defined

in [1] by
5y = 1 j‘ ou(x,s) ds
A - ds  (1— s)
0

and I'(-) is the Gamma function. Note that, in the case |a;| + |b;| > 0, a; + by = 0, problem (1.1)—(1.4)
will immediately be incorrect.

For (1.1)—(1.3), the direct problem is the determination of u in Dy such that u(-,7) € C?[0, 1] and
d7"u(x,-) € C(0, T] when the initial temperature ¢ and the source term rf are given and continuous.

If the function r(¢), ¢t € [0,T] is unknown, the inverse problem is formulated as the problem of
finding a pair of functions {r, u} which satisfy (1.1)—(1.4) with r € C[0, T, u(-, 1) € C?[0, 1], 87 'u(x,-) €
c,T].

The integral condition (1.4) arises when the data on the boundary cannot be measured directly, but
only the average value of the solution can be measured along the boundary [2].

Fractional calculus is used in quantum mechanics [3], biophysics [4], control theory [5],
viscoelasticity [6], signal processing [7], biological sciences [8], and many other disciplines.

In [9], the inverse problem for the classical heat equation satisfying the boundary conditions

aux(0,1) + byu(1,1) + aou(0, 1) + bou(l,t) =0, t € [0, T],
c1ux(0,1) + dyu,(1,8) + cou(0, 1) + dou(1,1) =0, t € [0, T],

was considered. The boundary conditions (1.3) are the particular case of the boundary conditions that
considered in [9] when by =0, co=dy=1andc; =d; =0.

The practical applications of nonlocal boundary value problems span across diverse fields,
encompassing chemical diffusion [10], thermal conductivity [11], biological processes [12], and
others. Particularly in scenarios like multiphase flows involving liquids, solids, and gases, heat flow
is often proportional to the variations in boundary temperatures among distinct phases, alongside the
parameters ay, a;, b; outlined in the nonlocal boundary conditions (1.3). This elucidates the growing
importance and extensive utilization of inverse problems featuring nonlocal boundary conditions across
various disciplines.

We note several papers devoted to the study the inverse problem for a time-fractional diffusion
equation with nonlocal boundary conditions. In [13], the inverse source problem for the time-fractional
diffusion equation in two dimensions was considered. [14] focused on determining a time-dependent
factor of an unknown source under certain sub-boundary conditions for the time-fractional diffusion
equation using nonlocal measurement data. The paper established the existence and uniqueness
of the solution to the inverse source problem by applying Lax-Milgram’s lemma in appropriate
Sobolev spaces. In [15], the inverse source problem for the time-fractional diffusion equation in two
dimensional space was considered, where the time fractional derivative is the Hilfer derivative. In [16],
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the authors considered the problem of determining the distribution and the source term for the time-
fractional diffusion equation. Two inverse problems for the time-fractional diffusion equation with a
family of nonlocal boundary conditions were discussed in [17].

We also note some papers related to the study of impulsive differential equations and the inverse
source problem for a time-fractional diffusion equation. In [18], the study focused on multipoint
BVPs concerning a generalized class of impulsive fractional-order nonlinear differential equations. [19]
addressed the study of a class of impulsive integro-differential equations, where impulses are not
instantaneous. In [20], the estimation of an unknown source term in the time-fractional diffusion
equation from measurement data was explored using the alternating direction method of multipliers.
The work presented in [21] involved the mathematical analysis of an inverse source problem governed
by a time-fractional diffusion equation. The objectives of this research included identifying the
source function using additional data via a regularized optimal control approach and determining the
regularization parameters through bi-level optimization.

This paper is an extension of the problem considered in [22].

It is well known that the boundary conditions (1.3) are not strongly regular boundary
conditions [23]. For this reason, when we solve the problem (1.1)—(1.4) by the Fourier method, then
the system of eigenfunctions of the auxiliary spectral problem does not form a basis. Therefore, the
application of the Fourier method is impossible and additional research is needed.

2. Preliminaries

The multinomial Mittag—Leffler function is defined as [24]

- (ki koo i) TTE 25
E(ﬁ ’’’’’ Bm):B (Zla cees Zm) = — ,
| 0 kZ:(; k1+;m:k I'(Bo + XiZ, Biki)

where 0 < By <2, 0< B, <1(@{=1,...,m),andz; € C (i = 1,...,m). Here, (k; ky, ..., k,) denotes the
multinomial coefficient

k! C
(k;kl, ,km) = m where k = ;ki,

and k; (1 < i < m) are non-negative integers.
Lemma 2.1. [25]Let0<By<2,0<B;<1(i=1,...m),andz; € C(i = 1,...,m) be fixed. Then,
1
I'(Bo)

Lemma 2.2. [25]Let0O < B <2and 1 > a; > --- > a, > 0 be given. Assume that o\n/2 < pu <
am, u < larg(zy)| < m, and there exists K > 0 such that —-K < z; <0, (i = 2,...,m). Then, there exists
a constant ¢ > 0 depending on u, K, «a; (i = 1,...,m), and B such that

m
+ ZZiE(,BI ..... BBo+ (s s Zm) = Eqgy . p,0.80 (215 ooy Zm) -
i=1

<ec.
1+ |zi]

Let us denote

.....

where [y, ..., [,, are some positive constants.
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Lemma 2.3. [25] Let1 > a7 > ---> a,, > 0. Then,
d a1 ap—1
E‘ (f E(.),]_;_a](l)) =t E(.)’a] (l), t> 0.

Lemma 2.4. [26] Let f, be a sequence of functions defined on (a, b] for each n € N, such that:
(1). For some a > 0, 07 f,,(¢) exists for alln € N, t € (a, b];
(2). Both the series Y., f,(t) and Y., 07 f,(t) are uniformly convergent on the interval [a + &, b] for
any € > 0.
Then, Y, f,(t) is @ > O differentiable, where Y., f,() is a series of functions that must satisfy

[ee) (o0

WO AAO)
n=1

n=1

Consider the Volterra integral equation

go(t) = fQ(t, tgo(t)dt + g1(1), 0 <1< 1. 2.1
0

Denote A := {(t,#;) : 0 < t; <t < 1} and introduce the class S of kernels Q(z, ;) that are defined
and continuous on A and for (z,1;) € A satisty the inequality

|0(t, )| < co(t—1) ", 0<a <1, cg=const>0.

Lemma 2.5. [27] Let g, € C[0, 1] and Q(t,t;) € S* with 0 < a < 1. Then, (2.1) has a unique solution
go € C[0, 1].

3. Functional relations

The application of the Fourier method to solve problem (1.1)—(1.4) leads to a spectral problem

-7'(x) = Az(x), x € (0, 1),
z(0) +z(1) = 0, (3.1)
a17(0) + b7/ (1) + agz(0) = 0,

where |a;| + |b;| > 0, a; + by # 0. The system of eigenfunctions of problem (3.1) does not form a
basis in L,(0, 1) [28]. For this reason, we cannot solve problem (1.1)—-(1.4) by the Fourier method.
Therefore, using the method from [29], we introduce even u; and odd u, with respect to the variable x
parts of the function u as

ulx,t) = u(x, ) + ur(x, 1),

where
2ui(x,t) = u(x,t) + u(l — x, 1), 2ur(x,t) = u(x,t) —u(l — x,t).

At the same time, for all (x, r) € Dz, the relations

up(x, 1) = —ua(l = x, 1), uan(x, 1) = up (1 — x, 1), (3.2)
Ll](.x, t) = ul(l - X, t), l/llx(x, t) = _ulx(l - X, t), ‘
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hold. Equality (3.2) implies boundary relations

u(0,1) = —ua(1, 1), up,(0,1) = us,(1,1),
ul(O’ t) = Ll](l, t)’ ulx(()’ t) = _ulx(l’ t)-

Substituting #; and u, into boundary conditions (1.3) and using (3.3), we obtain

u1(0,1) = 0, (a1 + b1) u2,(0, 1) + aouz(0, 1) = (by — a1) u1(0, 7).

(3.3)

(3.4)

Also, substituting u; and u, into (1.1), (1.2) and (1.4) and using (3.3) and (3.4), we have the first

problem of finding a pair of functions {r, u;} in the form
D@0 =+ rOfi(x0), (1) € Dr,
i=1

Ml(.x, O) = gol(x)’ X € [Oa 1],
u(0,t) =0, u1(1,1) =0, t € [0,T],

1

ful(x, Hdx = E(t), t€[0,T],
0
where

2fi(x,0) = f(x,0) + f(1 = x,0), 2¢1(x) = @(x) + (1 - x).

And, for the function u,, we have the second problem in the form

Z G0, uy = gy + r(1) fo(x, 1), (x,1) € Dy,

i=1
uz(x,0) = @2(x), x €0, 1],
(a1 + D) up,(0,1) + apua(0,1) = (by — a) u1,(0,1), t € [0,T1],
(a1 + D) up,(1,1) — apua(1,1) = (by — a) u1,(0,1), t € [0,7T7],
where
206(x 1) = f(x,0) = f(1 = x,0), 2¢2(x) = o(x) — (1 — x).
4. Well-posedness of the first problem

4.1. Existence and uniqueness of the solution of the first problem

Consider the spectral problem

{ —y"(%) = Wy(x), x € (0, 1),
y(0) =0, y(1) = 0.

The spectral problem (4.1) has only eigenfunctions

ye(x) = V2sinknx, k=1,2, ...,

(3.5)

(3.6)
(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

4.1)
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and the eigenvalues are defined by
A = kn)*, k=1,2, ...

Since (4.1) is the self-adjoint problem, the system of eigenfunctions {y.(x)}, (k = 1,2,...) forms an
orthonormal basis in L,(0, 1).

Lemma 4.1. Let ¢,(x) € C*[0, 1] be a function satisfying the conditions
¢1(0) = ¢1(0) = 0, ¢1(1) = ¢ (1) = 0. (4.2)
Then, the following inequality

o0
Z il <cllleillcpon < e
=1

holds, where c| is a constant, o1, = (1, V1), (k=1,2,...).

Proof. By using (4.2), integration by parts four times and the Schwarz and Bessel inequalities,

T S S (]

k=1

/lk_()olk
Ak

< 6‘1||90] ||L2[0,1] < Cl||901 ||C[0,1]-

Theorem 4.2. Let the following conditions be satisﬁed:
(A1) g1 € CHO, 11, ¢1(0) = ¢7(0) = 0, ¢i(1) = ¢Y(1) =
(A2) fi € C(Dr), fi(0) € C4[0 11, £1(0,n) = flxx(o t) =0, fill,n) = fin(1,) =0, 0 < - <

I A, t)dx‘

min
0<t<T

1
(A3) E(1) € C'[0,T], E(0) = [ ¢i(x)dx,
0
where my is a constant. Then, the inverse problem (3.5)—(3.8) has a unique classical solution.

Proof. (Existence of the solution of the first problem) To construct a formal solution of problem
(3.5)—(3.8), we will use the Fourier method. Following this method, we seek the solution of (3.5)—
(3.8) in a Fourier series as

o

n(x,0) = D u(t)ye(x),

k=1
where uy (1) = (u1(-, 1), ), (k =1,2,...). For the functions u;; we obtain the Cauchy problem

D @il un) + dan(r) = (@) fis(t),
i=1

u1.(0) = @i,

where fi.(£) = (i, 0, Y), @1 = (¢1,y1), (k =1,2,...). The solution of this Cauchy problem is given
in [24] by
() = (177 Ey oy () # 10 fit) + @uatfin(2), (4.3)
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where

U(t) = 1 = 3t E) 140, (2)
- QZIQI_QZE(~),1+al—az(t) -t = thal_amE(~),l+al—am(t)a

(1" Eyn 0) # r0 fus() = f (t =" By (t = 1) r(0) fir(D)dr.
0

According to Lemma 2.1, we rewrite (4.3) as

u(t) = (tm_lE(-),al(f)) * 1(1) fie(t) + ek, 1(1). 4.4)

Hence, the formal solution of problem (3.5)—(3.8) is expressed via the series

M

n(x8) = > (17 By () # O fi) + B ()] yel). (4.5)

=~
l

1

Now, we get the expression of the term r. Integrating Eq (3.5) between 0 and 1, we obtain

1 1
f [Z iy (x, r)] dx = f [141.:(x, 1) + 7(D) i (x, )] dix.
o =l 0

By using the overdetermination conditions (3.8) and (3.3), it is easy to deduce that
r(t) = h(r) (Z qi07 E(t) + 2u1,(0, t)] , (4.6)
i=1
where

w0, 0,0) = V2 3kt (17 By, (0) # 1) fir(0) + @uiEi1 (1))

k=1

1
h(t) = [ffl(x, t)dx]
0

L(t) = h(?) [Z GiO"E(D) + V2 ) kmpiEoy, (0 (1 - <—1)’<)] :
i=1 k=1

-1

Let us denote

K(t,7) = V2t =" Y kafir(0)Eeya, (6 = 0 (1 = (-1)F).

k=1

Then, we obtain the Volterra integral equation of the second kind with respect to r in the form
t
r(t) = h(t) fK(t, T)r(t)dt + L(1). 4.7)
0
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Before we proceed further, notice that, under assumption (A,), the series
D A fu®] < max 1 ¢ Dllesgon < e,
) 0<t<T

is uniformly convergent, and for E(f) € C'[0,T] the term Y7 ¢:07E(t) is continuous, being the
difference of m pieces of continuous functions. According to Lemma 2.2, we estimate the kernel
of (4.7) and L(¢) in the form

IL| < my (my + ccy) := ma, |K(t,7)| < mocer(t — 1)L = co(t — 7)1, (4.8)

where m; is a bound of Y}, ¢;0;"E(f) and c,c, are constants defined in Lemmas 2.2 and 4.1,
respectively. Therefore, the kernel of Eq (4.7) is weakly singular and, by Lemma 2.5, there exists
a unique solution r € C[0, T'].

Due to assumptions (A;) and (A,) in Theorem 4.2, we have

V2 .
(kr )4 90(4)( x) sinknxdx := T 90(1‘;),

Ok =

fir®) = ﬁ,‘?( 1).

7 — f f(4)(x 1) sin krxdx :=

(km)*

Since the solution u; is formally given by series (4.5), we need to show that the series corresponding
to uy, Uy, and Y7, g0, u; converge. Under assumptions (A1)—(A3), for all (x,7) € Dy, the series
corresponding to u, u,, are bounded from above by the series

|u| < CZ ) [m3||f1k ”C[OTJ_ + |90(4)]

le415x| < Z e [mzllflk llcro, r]— + |¢,0(4)]

where mj3 := ||rllcio.r). Obviously, these majorizing series are convergent.

Now we show that Y, ¢;3;'u;(x, t) are continuous functions on Dr. For this, we first calculate
u}, (1), then we estimate ;" u;(¢) on [&,T] for all & > 0. The estimates for ) u(t), ..., 3;"u1(t) on
[e, T'] are obtained in a similar way.

First, let us get an estimate for u/,. According to Lemma 2.3, we obtain the estimate

t

ol < | [ =07 mall Pl

0

(k ) |‘P(4)| |/l 10 1+q el +qmta1—am_1|

c 1= 1

" (kr 1=

4
m3||f1(k)”C[O,T]

(k )4 |‘P(4)| |/l a1 +q el +C]mlal_am_1|,
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Then, for 8" uy;, we have the estimate

1
I —a/l) (t—T)“‘

107" w1 ()] <

t
m3m4||flk llcro.r) -l

T —an —a) J = dr

@ !
my |<P 1 1
L7 dT
ra-a o (4.9)
@ !
my |901k| 1 a1—ar—1
F—ay ) Goom 7l
0
+.
mle®] [
) —a,,—1 d
Fi-ay ) oo ol
0
where my := ¢/(kr)*. By applying the change of variable s = 7/t in (4.9), we have
m3m4||f(4)”C[0T] :
8a| Nl < 1k > a;—1 1-— —-a d
|} ulk()l—r(l_al)(l_al) st (L =s)"ds
/l )
k 4|‘plk|f(1 )—051 a1 — 1d
F(l —aj)
C] mat= |(p(4)|
1= - aq —ay— ld
T —an f (=9 ’
+
4.10)
@ (4)
m4th m|‘)0 | — 1
1 ay al —Qy— d
TA-a) f (=9 ’
mamll £ leror Ay |()le)|
= —B(a;,1 - + ——B(a, 1 -
F—an(-an ! T g P en -
4)
magat™ |90
- Plhklpg _ 1 —
T(-a) () — ay, ap)
+...
a (4)
m4CImt m|‘;0
—B - mo 1 - b
T—a) (a1 —«a ar)

AIMS Mathematics Volume 9, Issue 4, 9969-9988.



9978

where

B(z1,2) = f (1 — s)27 s1ds.
0

Consequently, by (4.10), the functions Y., ¢;0; u;(x, t) are continuous on Dr. O

Proof. (Uniqueness of the solution of the first problem) Let us show that the solution of problem
(3.5)—(3.8) is unique. Suppose that there are two pairs of solutions {r,u;} and {7, ii;} of the inverse
problem (3.5)—(3.8). Then from (4.5) and (4.7), we have

uy(x, 1) = i (x,1) = Z a‘ "E()a (l) * (r(t) — 7(1)) flk(l)] yr(x), (4.11)
and
(1) — H(1) = h(r) fK(t, 7)(r(7) - ?(T))dT] . 4.12)
0
Then, (4.12) yields 7 = 7. After substituting 7 = 7 in (4.11), we have u; = ;. O

4.2. Continuous dependence of the solution of the first problem on the data

Theorem 4.3. Let F be the set of triples {¢1, fi, E} where the functions ¢y, fi and E satisfy the
assumptions of Theorem 4.2, and

llotllcago, 1y < Mo, ||f1||c4,o(5T) < My, ||Ellcijor) £ Mo,

for some positive constants My, My and M,. Then, the solution (r, u,) of the inverse problem (3.5)—(3.8)
depends continuously upon the data on F.

Proof. LetF = {¢, fi, E} and F= gol,fl, } be two sets of data, and ||F|| = ||f1||c4»0(57) + lleillcsony +
IElc 0,77 (_r, uy) and (r,u;) be the solutlons of the inverse problem (3.5)—(3.8) corresponding to the
data F and F, respectively.

Let us denote
-1

1
n(t) := (f}l(x, t)dx] = V2kr (1= (=),
0
For the difference E — E we have the estimate

> @07 |E ~E| < M3l = Ellcio.ry, |h = h| < millh = Rllcory, (4.13)

i=1

where
q1 T 1-a Gm T 1-ay,

M = +- 4+ .
'l—ay)l-a I'l—anl-a,
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First, we write the function L, the difference r — 7, and the integral from O to ¢ of the kernel of

Eq (4.7) as

t

f (K(t, 7) - K, r)) dr

0
t

= f D=0y (fi = Fii) (DEya, (1 = D) dr,
k=1

0

L(r) - L(t) =h(1) (Z g (E-E)0+ ) vilpn— 1) E<->,1(t))
k=1

i=1

+ (h()) = () [Z G0 E@W) + ) wiyEon (t)] ,
i=1 k=1

r(f) — 7(t) =L(t) — L(t) + h(z) f (K(t.7) - K(t. 7)) r(0)dr
0

t

+ h(t) f K(t,7) (r(z) = () d + (h(t) - (1)) f K(t,7)r(r)dx.
0

0
Then, from Lemma 2.2 and equality (4.15) we obtain

IL = Lllco.ry < Maller — @illcson + Msllfi = ?1”@4,0(@) + MGllE = Ellctjo.795

where My = mj (m; + cc1), Ms = myccy, and Mg = moMs.
By Lemma 2.2, equality (4.14) we arrive at

IK = Klle.rixcor < Mallfy = filleso(n,)

where M; = mocT® |a; (c3 + mycs).
According to inequalities (4.17) and (4.18) from (4.16), we have

llr = Fewory < Mo (ller = Bllesto.n + 1 = Fillesogs, ) + I1E = Ellcror)

where

My +msTM;, Ms Mg T

Da Tt 27 5 20 My =1 - co—.
Mg Mg Mg a

From (4.5), a similar estimate can be obtained for u; — u;.

My = max(

5. Well-posedness of the second problem

To begin with, let us rewrite problem (3.9)—(3.11) as

Z qi0; Uy = uyyy + r(t) fo(x, 1), (x,1) € Dy,

i=1

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(5.1
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ur(x,0) = ¢y(x), x € [0, 1], (5.2)
ur, (0, 1) + auy(0, 1) = y(1), t € [0, T], (53)
up(1,1) — aup(1, 1) = (1), 1 € [0, T],
where .
y(@) = ‘/Ell: ;611 2 km [fa1_1E<~),a](l) (1) fir(0) + 9011<E(-),1(f)],
ao
- by +a,

We search for the solution to problem (5.1)—(5.3) in the form
ur(x, 1) = up(x, 1) + a(x)y (),

where a(x) = 20x7 — 70x° + 84x> — 35x* + x. Consequently, for the unknown function u, we have
the problem

Z 40" 1o = uoxx + fo(x, 1), (x,1) € Dr, (5.4)
i=1

up(x,0) = ¢o(x), x € [0, 1], (5.5
uo(0,1) + auy(0,1) =0, t € [0,T],

(5.6)
uox(1,) — aup(1,1) =0, t € [0,T7],

where
fo(x, 1) = folx, r(t) — a(x)b(t) + a”’ (x)y(1), @o(x) = @2(x) — a(x)y(0),

b(t) = > 4y (@).
i=1
The auxiliary spectral problem for the considered direct problem (5.4)—(5.6) is

p(x) + Au(x) = 0, x € (0, 1),
#'(0) + au(0) = 0, (5.7)
p' (1) = au(l) = 0.

The spectral problem (5.7) has only eigenfunctions

(%) = xfz(cos( V) — % sin( \//l_kx)), k=1,2,..,

and the eigenvalues are defined by

2a V7
tan VA = K k=12,
(0 —/lk

Since problem (5.7) is self-adjoint, the system of eigenfunctions {u(x)}, (k = 1,2,...) forms an
orthonormal basis in L,(0, 1). We consider only the case @ > 0. The case @ < 0 will be similar.
For sufficiently large k, the asymptotic representation of eigenvalues of problem (5.7) has the form

\//l_:kﬂ+0(%).
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Lemma 5.1. Let ¢, € C*[0, 1] be a function satisfying the conditions

¢0(0) + apo(0) = 0, ¢;"(0) + agy(0) = 0 (5.8)
@o(1) — apo(1) = 0, ¢’ (1) — agy(1) =0 '

Then, the inequality

o0
Z | Aokl < cllollcapon) < c3
=

holds, where c3 is a constant and o, = (po, i), (k=1,2,...).

Proof. By using (5.8), integration by parts four times, and the Schwarz and Bessel inequalities,

S[Zw] (Z“m')

k=1

[ee) (o8]

Z | Aol = Z

k=1 k=1

P
k A Dok

< C3||900 llz,00.17 < C3||900 llcro.17-

The class of functions which satisfy the conditions of Lemma 5.1 will be denoted by

®= { @0 € C*O, 112 ((0) + ago(0) = 0 ;' (0) + gy (0) = }
@o(1) —agpo(l) = 0, ¢i"(1) — apy (1) =
Similarly, as for the inverse problem (3.5)—(3.8), we search for a solution to problem (5.4)—(5.6) by
the Fourier method. Then, we have

(9]

o6, 1) = |17 By 0) * for(0) + @orE 1 (1) pad), (5.9)

=1
where foi(1) = (fo(, D), ) » wox = (@0, i), (K =1,2,...).

Theorem 5.2. Suppose ¢y € ®, f; € C(BT) and fy(-,t) € © for every t € [0, T]. Then, (5.9) gives a
classical solution uy to (5.4)—(5.6) and uy(-,t) € C*0, 1], 87'uo(x,-) € C(0,T], (i = 1,...,m).

Proof. Let us denote

1
0y (O (x)dx 2= Azwg‘y,

k

Yok = —5
’1/<

fou®) = f faD(x, Op(x)dx 2= 2fé,‘?(z‘).
k

As in the previous section, we need to show that the series corresponding to ug, uo,,, and Y., ¢;0; ug
converge. The series corresponding to u, and u,, are bounded from above by the series

o 1 T
|uo| < CZ pB [HfOk llcro, M ar + ety ]
=1

[

1 T
luond < ¢ ) — [IIfOk letoir = + ¢ ]
k

k=1
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According to Lemma 2.3, we obtain the estimate of 9;" uo(f) on [¢, T] for all € > 0 as

¢ ”fo(:)”C[O,T]
BT (1 -a)(1-ay)

cleo

07" uor (2)| < B(a;, 1 —ay)

+———B(ay,1 -
(- ap) (a ap)
cart-® Q0(4)

+ 32—|OkB (ozl — >, 1- (},’1)
AT (1 —-ay)

+ .« .
cqnt™ ™ ||
——— B -y, 1 —a)).
/lkF (1 - (1’1)

Therefore, 97" uy () represent the continuous function on [g, T'] for all € > 0. |

Remark 5.3. The uniqueness of the solution of problem (5.4)—(5.6), under the conditions of
Theorem 5.2 is obtained from the uniqueness of the representation (5.9).

Lemma 5.4. [30] Let uy satisfy Eq (5.4) in Dr. If fo(x,t) <0in Dy, then
uo(x,t) < max {0, (1)’2)2{1;(1 uo(x, 0), (r)lslteg; uy(0, 1), 522)} uo(1, t)}.
If fo(x,1) > 0 in Dy, then
up(x, 1) = min {0, min uo(x, 0), Imin up(0,1), Imin uo(1, t)}-

Thiorem 5.5. The classical solution of problem (5.4)—(5.6) depends continuously on ¢, € C[0, 1], fy €
C(Dr7) in the sense that

lluo = Tolle,, < llgo = Bollcro + (@ + DIlfo = Folles, (5.10)

where uy and uy are classical solutions of (5.4)—(5.6) with the data fy, ¢y, and 70, @, respectively.

Proof. Let uy be a classical solution of problem (5.4)—(5.6). We introduce the following:

R = llfolle@,)» M = lleollcro.i-

Let us construct the function
Rx?
w(x,t) = up(x,t) — 7

The function w is the classical solution of problem

D 40w - we = folx,) - R,
i=1

Rx?
w(x,0) = ¢o(x) = —,

2
w,(0,1) + aw(0,1) = 0,

w(1,1) —aw(l,t) = g(af - 1.
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Using the maximum principle, we obtain the estimates

2
w(x,t) < max {0, wo(x) — RTX, g(a/ - 1)}

and

Rx* R
uo(x, t) < max {0, wo(x) — Tx, E(a - 1)} +R

2

RC R
Sgoo(x)—Tx+§(a—l)+R§(a+l)R+M.

Similarly, if we introduce the function

2

R
h(x, 1) = uo(x, 1) + TX

and using the minimum principle we arrive at the opposite estimate
uy(x,t) > —(a+ )R- M.

Hence, if uy is the classical solution of problem (5.4)—(5.6), we have the estimate

||”0||C(ET) < lleollcrom + (@ + 1)||fo||c(5T)- (5.11)

To prove the continuous dependence on the data, we study th_e difference g(x, t) = up(x, 1) — up(x, t).
This function is the classical solution of (5.4)—(5.6) with f, — f, and ¢y — @, replaced by f;, and ¢,
respectively. Applying inequality (5.11) to g, we arrive at estimate (5.10). O

As a consequence of Theorem 5.2, we obtain the following main theorem for problem (5.1)—(5.3):
Theorem 5.6. Let ¢, € C*[0,1], f, € C(Dy). fa(-.1) € C*0,1] for every t € [0.T], and the
following conditions

@5(0) + ap2(0) = ¥(0), ¢3"(0) + ag; (0) = 0,
(1) = apr(1) = ¥(0), 5'(1) —apy(1) =0,

b
f2:(0,0) + afa(0,1) = % fror0,8) + @fon(0,1) = 0, (5.12)

b
f2x(1’t) - a’fZ(l’t) = %’ foxx(lat) - afox(lat) =0

be satisfied. Then, the classical solution u, of problem (5.1)—(5.3) exists, is unique and u)(-,t) €
C?[0,1], 8%'uy(x,-) € C(0,T], (i =1,...,m).

Proof. The solution to problem (5.1)—(5.3) has the form

2(x,1) = a0 + 3 (1" Eyay () # for®) + oE 1 (0] 0. (5.13)
k=1
It can be seen from (5.13) that the majorizing series for (5.13) and (5.9) are the same and these series
converge when conditions (5.12) are met. The uniqueness comes from the fact that the homogeneous
problem (5.1)—(5.3) (that is, when ¢,, v, rf, = 0) has only a trivial solution.
]
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6. The main results

Theorem 6.1. Let the following conditions be satisfied:
(H)) ¢ € C'[0,1], ¢(0) + ¢(1) = 0, a1’ (0) + big' (1) + ape(0) = 0;
(HZ) f € C(DT) > f(?t) € Cl[oa 1]’ f(o’ t) + f(l’t) = 0’ fx(o’ t) + fx(lat) + a(f(O, t) - f(lat)) = O;

1
(H3) E € C'[0,T], E(0) = [ @(x)dx.
0

Then the classical solution u of problem (1.1)—(1.4) exists, is unique and u(-,t) € C?[0, 1], d'u(x,) €
co,7], i=1,...m).

Proof. The smoothness conditions specified in assumptions (H)—(H3) are derived from Theorems 4.2
and 5.6. To prove the consistency conditions in Theorem 6.1, it is enough for us to prove the
following lemma. O

Lemma 6.2. Let assumptions (H,)—(H3) be fulfilled. Then, the conditions

©1(0) = ¢1(1) = 0, ©5(0) + ap2(0) = ¥(0), ¢5(1) — aps(1) = ¥(0),

b(t b(t
FO.D = (1,0 =0, fu0.0+afi0.0= 22, f(1.0-afl,n=22,
r(1) r(1)
1
E0) = f @2(x)dx
0
are satisfied.
Proof. 1t is easy to see from the representation 7y that
b] —ay
0) = 1(0). 6.1
¥(0) b1+a1<ﬁ1() (6.1)
Substituting the expression ¢(x) = ¢1(x) + ¢,(x) into ¢(0) + ¢(1) = 0, we have
©1(0) + @1 (1) + 2(0) + (1) = 0. (6.2)

Using the conditions ¢,(0) + ¢2(1) = 0, ¢1(0) = ¢;(1) from (6.2), we obtain ¢;(0) = ¢;(1) = 0. Also,
substituting the expression ¢(x) = ¢1(x) + ¢,(x) into a;¢’(0) + b1’ (1) + ape(0) = 0, we have

ay (¢1(0) + ©5(0)) + by (91 (1) + @5(1)) + ag (¢1(0) + ¢2(0)) = 0.

The conditions ¢} (0) = —¢(1), ¢1(0) =0, ¢5(0) = ¢5(1) imply that

by —a; ,
. lsol(o),

(0
¥5(0) + by +a;

ap
0) =
b, +a1"02( )

which, from (6.1), becomes ¢ (0) + ag,(0) = y(0).
Similarly, we get (1) — apy(1) = ¥(0).
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Substituting the expression f(x,t) = fi(x, 1) + fo(x,t) into f(0,¢) + f(1,¢) = 0, we have

H0,0) + /00,0 + fi(1,) + fo(1,0) = 0. (6.3)

Then using conditions fi(0,¢) = fi(1,17), £(0,7) + fo(1,7) = O from (6.3), we arrive at f;(0, 7)
fi(1,1) =0.

Applying f(x,t) = fi(x,t) + fo(x,t) and the conditions f1(0,¢) = fi(1,7), £2(0,6) + fo(1,¢)
0, fix(0,0) + fix(1,0) = 0, £o(0,0) = fox(1,2) from f(0,7) + fi(1,0) + @ (f(0,1) — f(1,1) = 0, we

obtain fzx(o, t) + a’fZ(O’ t) = %

Similarly, we have f>,(1,1) — afo(1,1) = }%

1
Substituting the expression ¢(x) = ¢;(x) + ¢,(x) into (H3), we obtain E(0) = f pa(x)dx.
0

The uniqueness of the solution of problem (1.1)—(1.4) comes from the fact that u; and u, are unique.
This completes the proof. O

Remark 6.3. If we consider the direct problem (1.1)—(1.3), it is easy to see that, for the direct problem
(1.1)—(1.3), we have a theorem of existence and uniqueness, which is similar to Theorem 6.1 without
assumption (H3).

7. Conclusions

In this paper, we considered the inverse source problem with the nonlocal boundary conditions
for the heat equation involving multi-term time-fractional derivatives. Since the eigenvalues of the
auxiliary spectral problem do not form a basis, we have divided the problem into two sub-problems, one
of which is the inverse problem, and the second the direct problem. The well-posedness of the inverse
and direct problems are shown by Fourier expansion in terms of eigenfunctions of the corresponding
spectral problems. Also, for the well-posedness of the inverse problem, the properties of the Volterra
integral equation of the second kind were used. The continuous dependence on the data of the solutions
of the inverse and direct problems was proved.

Since a feature of this paper is the nonlocal boundary condition (1.3), performing some numerical
tests is more difficult even without the fractional derivative (see for example [31]). This is due to the
fact that the sufficient conditions for the existence of a solution are not satisfied using standard methods.
It is also difficult to show the convergence of the series that arises when solving (1.1)—(1.4) using the
Fourier method.
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