AIMS Mathematics, 9(4): 9746-9769.
DOI: 10.3934/math.2024477
AIMS Mathematics Received: 12 December 2023
Revised: 01 February 2024

Accepted: 28 February 2024
http://www.aimspress.com/journal/Math Published: 11 March 2024

Research article

Existence and controllability of nonlinear evolution equation involving
Hilfer fractional derivative with noise and impulsive effect via Rosenblatt
process and Poisson jumps

Noorah Mshary', Hamdy M. Ahmed>* and Ahmed S. Ghanem?

! Department of Mathematics, College of Science, Jazan University, P.O. Box 114, Jazan 45142,
Saudi Arabia

2 Department of Physics and Engineering Mathematics, Higher Institute of Engineering, El-Shorouk
Academy, El-Shorouk City, Cairo, Egypt

* Correspondence: Email: hamdy_17eg@yahoo.com.

Abstract: This manuscript explores a new class of Hilfer fractional stochastic differential system,
as driven by the Wiener process and Rosenblatt process through the application of non-instantaneous
impulsive effects and Poisson jumps. Existence of a mild solution to the considered system is proved.
Sufficient conditions for the controllability of the proposed control system are established. To prove our
main results, we utilize fractional calculus, stochastic analysis, semigroup theory, and the Sadovskii
fixed point theorem. In addition, to illustrate the theoretical findings, we present an example.

Keywords: impulsive effect; fractional calculus; stochastic differential system; control theory;
semigroup theory
Mathematics Subject Classification: 34A08, 34K50, 93B05, 93E03

1. Introduction

Fractional stochastic differential equations (SDEs) have been used in different fields, such as control
theory, thermodynamics, signal processing, and so on (see [1-10]). The theory of impulsive SDEs has
been more widely explored than classical order problems. Impulsive SDEs describ several phenomena
as sudden updates of software, rhythmic beats, attacks of hackers, influence of the Internet market
(see [11-13]). Impulsive actions that begin suddenly and continue for a specific period of time are
called non-instantaneous impulses (see [14—16]). There are different forms of controllability such as
(exact, local, approximate, null) controllability. In recent years, many authors have been interested in
studying the controllability of a fractional stochastic differential system; for example, the approximate
controllability of fractional SDEs driven by a Rosenblatt process with non-instantaneous impulses has
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been investigated in [17]. Approximate controllability and null controllability for conformable SDEs
have been studied in [18]. The controllability and stability of fractional stochastic functional systems
driven by a Rosenblatt process have been discussed in [19]. The existence of solutions and approximate
controllability of fractional nonlocal neutral impulsive SDEs of order 1 < ¢ < 2 with infinite delay
and Poisson jumps have been studied in [20]. Controllability of Prabhakar fractional dynamical
systems has been established in [21]. Boundary controllability of nonlocal Hilfer fractional stochastic
differential systems with fractional Brownian motion and Poisson jumps has been studied in [22].
Approximate controllability for Hilfer fractional stochastic non-instantaneous impulsive differential
systems with a Rosenblatt process and Poisson jumps has been established in [23]. Controllability
of Hilfer fractional differential systems with and without impulsive conditions was studied in [24]
by focusing on infinite delay. the existence and controllability of nonlocal mixed Volterra-Fredholm
type fractional delay integro-diftferential equations of order 1 < r < 2 have been discussed in [25].
Approximate controllability of delayed fractional stochastic differential systems with mixed noise and
impulsive effects has been investigated in [26]. Motivated by the works mentioned previously, our
objective here was to establish the existence of mild solution and controllability of Hilfer fractional
stochastic differential systems driven by Wiener process and Rosenblatt process that are also subject to
non-instantaneous impulsive effects and Poisson jumps of the following form:

Dy x(d) = —Ax(d) + R(d, x(0)) + J(d, x(0)) 92 + (b, x(b)) 2L

+ js;; h(b9 x(b)’ D)N(db’ dn)’ b € (SOK’ bK+l]’ K€ [0’ g]9

1.1
*(®) = 0,0, 20, b€ (s ke [1,sl, (L1
IV 50) = xo,
and
Dyl x(d) = —Ax(d) + R(d, x(0)) + Bu(d) + I(d, x(0))42 + or(d, x(p)) 2
+ ‘B h(b’ x(b)’ D)N(db’ dn)’ b E (SOK’ bK+1]’ K e [0’ g]»
1.2
x(0) = D0, X)), D€ (s K€ (L], (12)
L7V x0) = xo,
where X
N T 1 f(s)
DY) = D — VP po), 1 F(d) = f ds, >0
is the Hilfer fractional derivative (HFD) of order 0 < N < 1, 0 < & < 1 [27]. F and & are separable
Hilbert spaces with || . || and (.,.). Additionally, —A generates an analytic semigroup S(d), d > 0,

on F where || S(®) ||< M, M > 1. Let U be a Hilbert space and u(-) be the control function in the
Hilbert space of admissible control functions denoted by (£,(J,0)). B : U — F is a bounded linear
operator. v,, kK = 1,2,...,¢ denotes the non-instantaneous impulsive function. Let J = (0,7] and
0=9) <D <9 <D <... <P <D <@ < deyy =7T. Suppose that {w(d)}yso In K is an
R-Wiener process on (€, Y, {Y;}hs0, P) and {Zy(d)}y>o in Hilbert space 9 is an R-Rosenblatt process
with % < H < 1on(Q,T,{Yy}s0, P). Then, || . || denotes the norm in F, K, 9, &(K, F) and &), F).
L(K, F) and (%), F) denote the spaces of all bounded linear operators from & into F and ?) into F.

The given functions are defined as follows: R from (0, T]X F into F, J from (0, T]X F into &(K, F),
o from (0, T] X F into 53(2)(2), F), h from (0, T] X F X B into F and v, from (d,, .| X F into F.
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The contributions of the present work are as follows:
e A new class of Hilfer fractional stochastic differential system driven by a Wiener process and
Rosenblatt process through the application of non-instantaneous impulsive effects and Poisson jumps
is introduced.
e Existence of a mild solution to the proposed system (1.1) is proved.
o Sufficient conditions for the controllability of the proposed control system (1.2) are established.
e An example is offered to illustrate the obtained results.

2. Preliminaries

The following definitions and lemmas are necessary in order to analyze the suggested problem.

In this paper, a complete probability space is denoted by (€2, Y, P) with a normal filtration Y%, d €
[0, T]. Suppose that (B,F, {(dv)) is a o-finite measurable space. (py)»s0 1S defined on (€2, 7, P) with
values in ¥ and the characteristic measure €. N(d, dv) denotes the counting measure of p, such that
N(®,G) := E(N(»,G)) = d£(G) VY G € V. Additionally,N(d,dv) := N(d,dv) — dA(dv) i.e., the Poisson
martingale measure generated by py.

The operator R € £(9,9) is defined by Re,, = A,e, with Tr(R) = X001 4, <00, 4,20 =1,2,..)
and {e,} is a complete orthonormal basis in %).

The R-Rosenblatt process on 9) is defined by

[Se]

Zu(®) = Zp®) = D" Aeaza(0),

n=1

where (z,),s0 1s a family of real, independent Rosenblatt processes.
Let €9 := 25(9), F) be the space of all R-Hilbert Schmidt operators  : 9 — F.
Y € £, F) is an R-Hilbert-Schmidt operator, if

W1y = ) I VAWel < co.
n=1

The space €9 equipped with (9, 1&)93 = Y (Jey, Ye,) is a separable Hilbert space.
Let the function ¢(s); s € [0, T] exist in £3(9, F).
We define the Wiener integral of ¢ with respect to Zg as follows:

D 0 D
fo HS)dZp(s) = fo VK (e, a1, o)A By )dB),
n=1

where , oK
K;I(ﬁ)(/ll’,uZ) = f 19(’”)5

147

Lemma 2.1. [29] If ¢y : [0,T] — ﬁg(‘l), F) verifies fOT ||1p(s)||iO < 0o, then the following holds:
2

(r, 1, mo)dr [28].

2 b
E < 2Hp"! f ()| ods.
0 2

>
f Y(s)dZu(s)
0
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Let £,(Q, F), with || x(*) ||%2(Q’F): E || x(.,w) |I* as a Banach space.
The Banach space of all continuous maps from (0,7] into £,(Q,F) is denoted by
C((0,T], L2, F)).
Here C = {x : 2™ x(d) € C((0,T], L2(Q, F))} with || - [lc = (sup,, Elb“‘x)“‘h)x(b)lz)% isa
Banach space.
We need the following hypotheses:
(H1)R : (0,T] X F — F verifies the following:
(1) R : (0,T] x F — F is continuous;
i)V g e N, 3 f,(-) : (0,T] — R" such that (s.t.)

sup E[R®, 0)I° < £,(0), ¢ >0,

lldll*<q

s — (0= 9)"1f,(s) € L'((0,T],R") s.t.

0 -1
lim inf fo © 9 u(s)ds
q—eo q
(H2) 3 : (0, T] x F — (K, F) verifies the following:
@HVYd>e(0,T], J(d,.): F — LK, F) is continuous;
(DY xeF;3(,x):(0,T] - &K, F)is T,-measurable;
(i)Y g€ N,Thy(-): (0,T] = R s.t.

=A<, de(0,T], Ay > 0.

sup E || 30, %) lIz< hy(0), >0,

llxl><q

s — (0 —95)"hy(s) € L'((0, T],R*) s.t.

foh(b — )" hy(s)ds
lim inf =Ay<o0, De(0,T], Ay >0.
q—}OO q
(H3) 0 : (0, T1x X — £3(9, F) verifies the following:
(i) ¥ b € J, the function o(d,.) : F — Qg(‘l), F)is continuous and YV x € F; o(.,x) : (0,T] — 532(2), F)
is Ty-measurable;
i)V g€ N,Ah,(-): (0,T] > R* s.t.

sup E || o(d, x) IIigS hy®), q >0,

llxl*<q

s — (0= 9)"h,(s) € 1((0, T],R") s.t.

fob(b — 5)""'hy(s)ds
lim inf =A3<00, D€ (0,T],A; > 0.
g—00 q
(H4) h : (0,T] X F x V — F verifies the following:
() h:(0,T] X FxQB — F is continuous;
(i)Y geN,Ax,(-): (0,T] - R" s.t.

sup fEIIh(D, x, 0)|PA(dv) < x, (), ¢ >0,

lIdlP<g JB
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the function s — (d — 5)" !y, (s) € L'((0, 0], R"), s.t.

D
@9y (9)ds
lim inf =As <00, d€(0,T], Ay > 0.
g— q

(HS5) v, : (b, 9] X F — F is continuous and verifies the following:
(@) AM;>0,s.t.

E 0P <Ms E|Ix|’, x€ X D€ @ pud, k=1,2,...,6.

(i) A Mg > 0 s.t.

E [[9¢(®, x1) = 0,0, x| < My E ||lx; — x|, x1,%2 € F; D€ 0, 9], k= 1,2,.....

S

Definition 2.1. [30] x(®) : (0,T] — F is a mild solution of (1.1) if xo € F VY s € [0,T), Pu(d —

$)R (s, x(s)) is integrable and

Sxa(®x0 + [7 Pa(d = )R (s, x(s))ds + [} Pa(d — )T (s, x(s))dew(s)

DD, x(D)), D€ @, k=1,2,....¢

x(d) = >
Sxa(® = PIV(Pi X(9) + [ Pr(® = $)R(s, x(5))ds
+ [ Pud = $)3(s, x(s)da(s) + [ Pa(o = $)o(s, x(5))dZn(s)
+ f; Py(d = 5) [y h(s, x(5),0)N(ds, dv), 1 € (9. Dest], k= 1,2,....¢
where

Sxa® = LUPPyD),  Pa(d) = 0" TH(0),  Ta(d) = f Toe¥y(%)S (2"%)dx,
0

_ b (_%)n—l
Fal) = Z:; = —amy* €O

and fooo Wy ()drx = FF((II:;T)) for % > 0.

Lemma 2.2. [30] Sy and Pj, have the following conditions:
(@) {Pn(d) : d> 0} is continuous in the uniform operator topology.

fi—1 N=-1)(1-7)

) llxdl, 1S xa(@)xI < [1xll.

(D) ||Pp(d)x]| < [(N(1 = }) + h)

(@ii) {Pn(d) : d> 0} and {Sxx(d) : D > O} are strongly continuous.

3. Existence result

+ [ Pa(d = )0 (s, X(s)dZu(s) + [ Pu(d— ) [ h(s, x(5), 0)N(ds, dv), b € (0,0,]

2.1

(2.2)

In this section, we prove the existence of a mild solution to the Hilfer fractional evolution

system (1.1).
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Theorem 3.1. If (H1)—(HS5) are verified, then the system (1.1) has a mild solution on J s.t.

[A1 + TI’(R)AQ + A4]

M3M2 M2T1+(1—h)(1—2N)
25 +
{FZ(N(I —h)+h) 2 (h)

2 2H+(1-h)(1-2K)
2HM ;rzzh) A3} J 200

< 1 (3.1)

and

4_M2T2(N—1)(1—h)M4 4M2T2h

"EERa-men T RaeD S 2

Proof. Define ® on C as follows:

Sxa®x0 + [ Pa(d — )R (s, x(5))ds

+ [ Pa(d — )T (s, x(s)dew(s) + [ Py(d — $)0(s, X())dZp(s)

+ 7 Pad = 8) [, s, x(5), 0)N(ds, dv), d € (0, ;]

(Dx)(d) = {90, x(D)), DE@, ], k=12,....¢,

S(d = PP X(9) + [ Pa(d = HR(s, x(s))ds

[ Pad = 8) [ 3(s, x())deo(s) + [ Pa(d = 5)or(s, x())dZn(s)

+ [ Pud=5) [y s, x(5), 0)N(ds, dv), b € (9 D], k= 1,2, 6

SetK, ={xeC, |Ix|}<q, g>0}
Clearly, K, c C is a bounded closed convex setin C ¥ g.
From (H1), the Holder inequality and Lemma 2.2, we get

D
E| f Py(d = )R (s, x(s))ds |I°
0

2h D
M1 f (=" sup EIR(s, x(s))lds
0

<
ARI0) llP<q
M7 (P _

< oo fo (0= 5" fy(s)ds. (33)

From Bochner’s theorem, Px(d — s)R (s, x(s)) is integrable on J, so @ is defined on K,,.
From Burkholder Gundy’s inequality and (H2)(ii), we get

D M2 h
E | fo Pi(d — $)I(s, x(s))dw(s)) > < hl"z(h) f (d—s)"" 1||;Sc|l|;l<)qE | 3(s, x(s)) ||2Q ds
h-1
< Tr(?%)hrz(h) f (d—5)""hy(s)ds. (3.4
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From Burkholder Gundy’s inequality and (H3)(ii), we obtain

D 22H+h—-1
El f Pa(d = s)or(s, x(sDdZu(s)P < AT f (09" sup Ellr(s. x(s))yds
0

RO IiP<q
2HM2T2H+71 1 _
< e f (= 5)""'h,(s)ds. (3.5)

From the Holder inequality and (H4)(ii), we get

b
E ||f Py(d - s)fh(s, x(s), V)N(ds, dv)||*
0 Rl

MAT" (P - 2
-5 su f E || h(s, x(5),0) || /ldn)ds
W(h)fo (nxnzgq 3

MZTh D .
< Em fo (d = )" xy(s)ds. (3.6)

IA

We claim that there exists g > 0 s.t. ®(K,) C K,. If it is not true, then V ¢ > 0, 3 x,(-) € K, but
D(x,) ¢ K, that is || (Px,)(Dd) ||2C_> q for d = d(g) € J. From (3.3)—(3.6), we have the following for

d e (0,d]

D
| ox, 1% < 25SUPDZ(I_N)(I_h){E”SN,h(D)XOHZ+E|| f Py(d — $)R(d, x(d))ds |I*
0

beJ

D S
+E || f Pu(d — ) f I(r, x(1))dw(T)ds ||
0 0

D
+E | f Pi(d — )0 (s, X(5))dZu(s) |I
0

D
+ f Py(d — 5) f h(s, x(s), 0)N(ds, dv) ||2}
0 B

M?E||x(0)|]? MRTIHI-I(-28) T -
{FZ(N(I —h)+h) + A2 () f (T =) fo(s)ds
21+(1=m)(1-28) AT
A7) f (T = )" hy(s)ds
0

0 H MRT2H+(1-m(1-28)  ~T .
() fo (T = s)" " hy(s)ds

M2T1H(1-m(1-28) AT )
Mo f -3 IXq(s)ds}. (3.7)
0

IA

+Tr(R)

From (HS5), we have the following for d € (d,, ¢, ]

| @x, (%< sup 2> NEPEy, (0, (@) < TP, (3.8)

teJ
From (H5) and (3.3)—(3.6), we have for d € (¢, Dei1]

AIMS Mathematics Volume 9, Issue 4, 9746-9769.
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AN

| Ox, 17 < 25supbz“"‘)“‘”’{E||Sx,h(b—m)m(pk,x(gokw

teJ
D

+E |l | Pud = $)R(s, x(s))ds |I°

Pk

+E || f Py(d — 5) S(T x(T)dw(t)ds ||

+E || Ph(b — $)0°(8, x())dZu(s) |I°

P«

D
+ f Pu(d — ) f h(s, x(s), 0)N(ds, dv) ||2}

M MZ M2T1+(l—h)(l—2?<) T
25{ et f (T = )" f,(s)ds
Pi

IA

I2(N(1 - h) + h) K2 (h)
2 1+(1-R)(1-28)

T
IR =m0 f (T = )" 'hy(s)ds
P

2 [ M2 T2H+(1-)(1-28)
A2 (h)
MAT 1+1-m)(1-2%)
2 (h) 0

T
f (T - s)h_l}_lq(s)ds

(d—s)"! )(q(s)ds}. (3.9)

Combining (3.7), (3.8) and (3.9) in the inequality g <|| (®x,)(Dd) ||%, dividing both sides by g, and taking
the limit g — +o0, we get

5 M M? . M2T1+(1-M(1-2%)
2(N(1 = %) + h) h2(h)
2 | M2 T2H+(1-m(1-28)
K2 (h)

[Al + TT(R)AZ + A4]

A3} + 2N

> 1.

From (3.1), this is a contradiction. Hence for g > 0, ®(K,) C K.
Next we show that @ has a fixed point on K, so (1.1) has a mild solution.
We split @ into two components I1; and I1,, where

Sxa®d)xo + foh Py(d— 5)R(s, x(s))ds, b€ (0,0]
(L x)(d) =4 M@ x(0), D€ @, «=12,....¢,
S50 = DIV X(9) + [} Pl = HR(5, 2()ds. D€ (9 den]. k= 12,6

L Pio=5) [ 3. x(0)de(r)ds
+ f; Py(d — 5)o (s, x(8))dZy(s)
+ f; Py(d = s) [ h(s, x(5), 0)N(ds, dv), D€ (9 0e1l, €=0,1,....,

0, otherwise.

(ILx)(d) =

AIMS Mathematics Volume 9, Issue 4, 9746-9769.
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We prove that I1; satisfies a contraction condition.
Take x;, x, € K,; then, by (H1) and (HS5), we have:
for d € (0, d],

E || (ITx)(d) = (T x)(0) 1P

IA

D
4E || f Py(d = IR, x1(0)) = R(D, x2(d))]ds |I°
0

4M2 T2h

< mE | x1(0) — x2(0) |7, (3.10)

for d € (v, ]

E || (I x)(®) = (I x)(0) |

IA

E || 9(d, x1(9)) = 1,(d, x2(0)) |I°
My E || x1(0) = x(0) | (3.11)

IA

and for d € (o, Dey1]

E || (T x1)(0) = (I x)(0) |

4E || Sx4(d = 90096 X1(91)) = 09> 22(9)) I’
d

HAE| | Pu® = )R, x1()) = R(D, x,(0)]ds ||

IA

QK
M2T2(N—l)(l—h) M2T2h
——|E b)) — x0) 1. 12
< [FZ(N(I_E)M) 4+r2(h+1)] I x1(0) — () | (3.12)
Combining (3.10), (3.11) and (3.12) , we get
4M2 TZ(N—])(]—?I) M4 4M2 Tlh
E || Lx)®) - A x)®) > < My+ ———|E ) — x(d) |I?
Il (TL;.261) (D) — (111 x2)(D) | < [ RO~ +h) + My + P+ 1)] Il 2x1(®) — x2(D) |

<YIE || xi(®) = (D) | .
Taking sup, , >IN0 we get

sup D*M NI E || (TT;x,)(d) = (T x2)(D) [P< 1 sup 22X NEDE || xy(d) — x,(0) |,
beJ deJ

SO,

2

2
| oy = I [[o< o o — 22 [l -

Hence, I1; is a contraction.

We prove that I1, is compact.

First, we show that I, is continuous on K,,.

Let {x,} € K, with x, — x in K, and rewrite the control function u(d) = u(d, x). Then, ¥ s €
J, x,(s) = x(s), and by (H2)(i), (H3)(i) and (H4)(i), we have that J(s, x,,(s)) = I(s, x(s)) as n — oo,
o(s, x,(8)) — o(s, x(5)), as n — oo and A(s, x,(s),v) — h(s, x(s),Vv), as n — oo.

From the dominated convergence theorem, we have

AIMS Mathematics Volume 9, Issue 4, 9746-9769.
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2
| Tlhx, — Thox |5

D X
= sDu}:)bm_N)(l_h){ f Py(d — ) f [T(1, x,(7)) = I(1, x(7))|dw(T)ds
€ Ok 0

D
+ f Py(d = $)[o(s, x,(5)) — (5, X(5))1dZp ()

Pk

)
+ f Py(d—s) f [A(s, x,(5), 0) — h(s, x(5), 0)IN(ds, dv) |I* } -0,
P B

as n — oo, which is continuous.
We show that {ILx : x € K,} is equicontinuous.

Let € > 0 be small and p, < d, < dg < d,,; then,

E || (Iyx)(d5) = (Tx)(2,) |

Dy —€

E (P(dg = 5) = Pr(dq — S))f S(x, x(r))ds |I°
0

2

IA

D

+E || Q(Ph(bﬁ—w—Ph(ba—s)) f I(r, x(1))ds |I*
0

Do—€

D X
+E | f " Pa(ds— 5) f I (r, x(0)dw()ds |
D 0

(3

Dy —€
+E || (Pr(dg = 5) — Pp(dg — )0 (s, X(5)dZu(s) |I*
ba
+E || (Pu(t — 5) — Py(d, — 8))o (s, x(s)) II”
Dy—€

Dg
+E | f Pi(ds = $)o(s, x()dZy(s) |I
Dy

Dy —€

+E || (P(dg = 5) = Pu(dq — 5)) f h(s, x(s), 0)N(ds, dv) |
}B

P
Doy

+E || (Pi(dg = 5) — Pp(dg — 5)) f h(s, x(s), dv) |I*
B

Do—€

D
+E | f " Palos— 9) f h(s, x(s), 0)N(ds, dv) |I* .
Dy B

Thus, when by — 0, and € — 0, then, E || (ILx)(dg) — (I1,x)(d,) |I’— 0 independent of x € g.
Also, we can show that IT,x, x € K, are equicontinuous at d = 0. Hence I, maps K, into a family of
equicontinuous functions.

In what follows, we show that V(d) = {(ILx)(d) : x € K,} is relatively compact in K,. Clearly,
V(0) € K, is relatively compact.

Let p, < d < .4 be fixed and g, < € < d; we define the following for x € K,, p > 0 :

AIMS Mathematics Volume 9, Issue 4, 9746-9769.
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(IT;"x)()

Since S (e

f f %(d — $)L (0S8 (0 = 5)'a¢) f I (1, x(7))dw(t)drds

o

f f 1(d = )" TWL00)S (0 — 5)' %) (s, x(5))dndZy(s)

Px P
+h f " f %(d — 8, (0)S (0 = 5)') f h(s, x(s), v)dxN(ds, dv)
= nhS(e'p) f T f x(d — )" ,008 (0 = 5)'% — €'p) fo (1, x(1))dw(T)dnds
Px P
+hS (€'p) f T f ) 2(d — )" (d — )" I,008 (0 = 5)'% — €'p)o (s, x(5))drdZy(s)
i P

D—€ 00
+hS (€'p) f f x(d — )", ()S (b — 5)'% — €'p) f h(s, x(s), 0)dxN(ds, dv).
i P B

"p), €'p > 0 is a compact operator, it follows that V<#(d) = {(II;”x)(D) : x € K,} is relatively

compactin FVY g, <e<bd, p>0.

Furthermore, we have the following V x € K|, :

IA

IA

P 2
| Thox — T°x I

D S
supbzﬂ—’““—h){thn f f p%(b—s)h‘l‘Ph(%)S((b—s)h%) f I(t, x(t))dw(t)dxrds ||
P YO 0

beJ

D 0 s
+HE || f f x(d — )WL (0)S ((d — 5)'%) f (1, x(1))dw(T)dxds ||*
b—e Jp 0
D
+H*E || f f ’ 2 = )" IWL00)S (0 = $)'%)o (s, x(8))drdZy(s) ||
P YO
D 00
+HE || f f 2(d — )L (0)S (0 — 5)) 0 (s, X(5))drdZy(s) |I?
d—€

KE || f f x(d — )WL (0)S (0 — 5)'%) h(s x(s), 0)dxN(ds, dv) ||*

D

+HE || f ) x(d — )L (0)S ((d — 5)'%)
P

d—e

h(s, x(s), 0)dxN(ds, dv) ||* }
B
2

) s 0
16T71+2(1—N)(1—h)hM2{ (d— S)h_l f E || 5(‘1‘, x(1)) ||2Q drds (f %Th(%)d%)
b—e 0 o)

2

D S 00
+TrH(R) f (d—s5)"" f E || 3(z, x(0) I des( f %‘Ph(%)d%)
P

2
+2HTH+1 f = s)"'E || (s, x(5)) ||2 a’s( f p%‘I’h(%)d%)
0
2

+2HT"! f (= )"'E || (s, x(5)) Il ds( f i %‘Ph(%)d%)
P
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2

D
+ f (d — s)"! f E || h(s, x(s),0) ||* /ldnds( f p%‘I’h(%)d%)
Dk B 0

D 0o 2
+ | -9 f E || h(s, x(s), v) ||? /ldnds( f x‘Ph(%)d%) } -0
3B P

d—e

as € — 0%, p — 0%. Thus V(d) € K is relatively compact.

Therefore, from the Arzela-Ascoli theorem II, is a compact operator. Hence, ® = II; + I, is a
condensing map on K,, and by the Sadovskii fixed point theorem 7 a fixed point x(:) for ® on K,,.
Thus, (1.1) has a mild solution on J.

4. Controllability result

In this section, we investigate the controllability of the system (1.2).
Definition 4.1. [29] x(®) : (0,T] — F is a mild solution of (1.2) if xo € F VY s € [0,T), Pu(d —
$)R (s, x(s)) is integrable and

Sxa®xo + [ Pa(d = )R (s, x(s))ds + [} Py(d — )Bu(s)ds + [} Po(d — $)I(s, x(5))dew(s)
+ [ Pa(d = )0 (s, X(s)dZu(s) + [ Pa(d — ) [ h(s, x(5), v)N(ds, dv), b€ (0, ]

De(d, x(D)), D€ d, 9, k=1,2,...,¢,

S50 = PP X(9) + [ Pa(d = HR(5, x(s))ds

+J, D Py(d = $)Bu(s)ds + [ b Py(d = 9)T(s, x(s)dw(s) + [ D Pi(d — $)0 (s, x(5))dZy(s)

+ [ Pad = 5) [y hls, x(5), )N (ds, dv), 1 € (9 dest], k= 1,2,...,6.

x(d) =

Definition 4.2. Equation (1.2) is said to be controllable on J, if V x(, x; € F there exists a control
u € £2(J,) s.t. the mild solution x(d) of (1.2) verifies that x(T) = x;, where x, is the preassigned
terminal state and 7 is the time.

To investigate the result, we impose the following condition:
(H6) We define W : £%(J, ) — F as follows:

T
Wu = f Pi(T — 5)Bu(s)ds,
0

which has W~! in 2(J, )\ ker W, where ker W = {x € £2(J,2) : Wx = 0} and A My > 0, M,, > O s.t.
IBII> = Mp, IW'|I> = M,,.

Theorem 4.1. If (H1)-(H6) are verified, then the control system (1.2) is controllable on J s.t.

36MWM2T2hM123 M3M2 M2T1+(1—h)(1—2N)
+ + A+ Tr(R)A, + A
{ R2T2(h) }{rzma — ) +h) g M TR+ A
o F MR T2H+H1-I(1-28) 36M, M>T?"E||x, || M?

A3} + T2V <1, 4.1)

HL2(h) 1?12 (h)
andy; < 1.
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Proof. Define A on C as follows:

Sxa®xo + [ Pa(d = )R (s, x(s))ds + [ Py(d — 5)Bu(s)ds

+ [ Py(d = 9)3(s, x(s)dew(s) + [ Pa(d = $)o(s, X(5))dZpg(s)

+ [ Py(d — 9) [ h(s, x(5), v)N(ds, dv), b€ (0,b,]

(Ax)(d) = {9, x(0)), D€ D), k=12,....¢,

Sx(d = POV X(9)) + [ Pa(d = HR(s, x())ds + [ Py(d = 5)Bu(s)ds

+ [0 Pad = 5) [ (s, x())dw(s) + [ Pa(d = 5)or(s, x())dZ(s)
+ [ Pald = 5) [y h(s, x(5), 0)N(ds, dv), D € (9 D], K= 1,26,

where

W = Sxu(Mxo = [ Pu(T = )R(s,x(s)ds — [ Po(T = $)3(s, x(s))dew(s)
+ fOT Pu(T = 5)o(s, x(5))dZy(s) + fOT Py(T — s) [, h(s, x(s), 0)N(ds, dv)}(d), d € (0, ],

u®) = 3 W Hx; = SxalT — PI0(Pi X(91)) + fT Pu(T — )R (s, x(5))ds
+ f; Pu(T - s) fos (s, x(s))dw(s) + fw Py(T — $)o(s, x(5)dZy(s)
+ f@T Py(T = s) [, h(s, x(s),0)N(ds, d0)}(9),d € (9, D1 ].

SetR, ={xeC, lx|z<q, g>0}
Clearly, &, c C is a bounded closed convex setin C V g.
From (H1), the Holder inequality and Lemma 2.2, we get

D MZTh D
E| f Py(d = 9)R(s, x(Nds P < f (0~ )" sup E|IR(s, x(s))IPds
0 0

<
hI‘z(h) lIxI?<q
M2Th D ~
< TE @ fo (d = 5)" f,(s)ds. (4.2)

From Bochner’s theorem, P;(d — 5)R (s, x(s)) is integrable on J, so A is defined on &,.
From Burkholder Gundy’s inequality and (H2)(ii), we get

D M2 h
E| fo Py(d = 9)I(s, x(s))dw(s)) P < hr2(h) f (0 —s5)" luiﬁing” (s, x(5)) Il ds
< Tr(R) 20 f (® = )" hy(s)ds. (4.3)

From Burkholder Gundy’s inequality and (H3)(ii), we obtain

D 22H+h—1
El f Pio = s)rts, Zy(P < T f (05" sup Ellor(s. x(s))yds
. AR s

2HM2 T2H+h—l

< 0 fo (d— 5)""'hy(s)ds. (4.4)
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From the Holder inequality and (H4)(ii), we get

D
E| f Py(d - ) f h(s, x(s), 0)N(ds, )|
0 B

MZTh D - 5
d=9)""] su fE || A(s, x(5),0) || Adv |ds
A2 (h) fo (uxuzi’q .

M2Th D )
< A fo (®— )"y, (s)ds. 4.5)

IA

Also, from the Holder inequality and (H1)-(H6), we get

D
E|l f (d— )" T(d — 5)Bu(s)ds||*

2R
< S f (0 — " Elu()Pds,

D
E|l f Py(d — s)Bu(s)ds|*
0

where, for d € (0, d;]

M2M E”x(O)HZTZ(N—l)(l—h)
E 2 < MJE + ud
lu(HI” < ||| PRI -1+ 7)

M?*M,T"
sy (h) f (T - s f,(s)ds

il
+Tr(72) th(h) f (T — )" hy(s)ds
2HM2MWT2H+h 1 e
+ T f (T - 5" 'h,(s)ds
MM, T"
CArA(n)

f d- s)h 1)(q(s)ds

and for d € (9, Der1]
qM3M2MWT2(N—1)(1—h)
2R -h) +h)

f (T - 5" f,(s)ds

Ellu()I? < MyElx | +

e,
hr2(h)

+Tr(R) 2T F2(h) f (T = )" 'hy(s)ds

P

2HM2MWT2H+h 1 i
+ 0 f (T = s)"" " hy(s)ds

M2M T"
+— T2 f (d- s)h 1)(q(s)ds

Thus, we have
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>
2
E|l f; Py(d — s)Bu(s)ds||” < 72T2(1) I2(N(1 = %) + h)

2Th

MWMZTZhMB ) MZEHX(O)HZTZ(N—I)(I—T[)
— 1 Ellxll

f (T — 5" f,(s)ds

TR
ATHR) 2 f (T — )" 'hy(s)ds
%T;mfo (T — 5" hy(s)ds
+ %zg) fo T(b—s)h_l)(q(s)ds}, e (0,d]. (4.6)
£l L jPh(b—s)Bu(s)dsu2 < %{En 1||2+q1{‘f§£fiT_2:;f;)

214“::) f (T - 5" f(s)ds

ATHR) S f (T — )" " hy(s)ds

% 3 (T = )" hy(s)ds

T

T f (09" 1)(q(S)dS} D € (P> Des1]- 4.7

We claim that there exists ¢ > 0 s.t. A(R,) € K,. If it is not true, then ¥ g > 0, 4 x,(-) € K, but
A(x,) ¢ K, that is || (Ax,)(d) ||é> q for d = d(q) € J. From (4.2)—(4.7), we have the following for
De (09 bl]

D
Il Axg Iz < 36sup t)2(1_&(1_%){EIIS:<,h(D)x()||2 +E| f Py(d = $)R(D, x(d))ds ||
0

beJ

D
+E || f P,(d — s)Bu(s)ds ||
0
D s
+E || f Py(d - s) f I(, x(r))dw(7)ds |
0 0

D
+E | f Pu(d = 5)a (s, X(5))dZp(s) |I?
0

D
+ f Pu(d - 5) f h(s, x(s), 0)N(ds, dv) ||2}
0 B

2. 36M,M*T* M3\ ( M2E||x(0)|]?
= K22 (h) 2R = 7) + 1)
M2T1+(l—h)(1—28)
AC2(h)

2 1+(1-R)(1-28)

AC2(7)

T T
f (T = 5)" f(s)ds + TrR) f (T = 5)"'h,(s)ds
0 0
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0 MRT2H+(1-m(1-28)  ~T ) M2T1+(1-m(1-28)  ~T
T — h—]h f b — h—1
+ AT ‘[0 ( s) ¢(8)ds + 200 ) (d—98)" xq(s8)ds

36M,, M2T?" E||x,|2M3
2T (h)

(4.8)

From (9), we have the following for d € (d,, 9]

| Axg I7< sup NP Ey, (0, x(@)|F < T2V Mg, (4.9)
te
From (9), (4.3)—(4.6) and (4.8), we have the following for d € (¢,, D+1]

| Ax, IIE < 36supbz“‘*‘)“"”{E||Sm(b—gok>nk<gok,ac<sok>>||2

beJ
D D

+E|| | Pid— )R, x(s)ds | +E || | Pu(d— s)Bu(s)ds ||

(23 (23

D s
+E || f Py(d— s)f I(t, x(1))dw(t)ds ||2
0 Pk

D
+E || f Py(d = $)o(s, x(8))dZn () |

D
+ f Pu(d — 5) f h(s, x(s), 0)N(ds, dv) ||2}
Px B
36M,M*T* M2 gMs;M?
+
H2T2(h) 2(N(1 — %) + h)
M2 1+1-m)(1-28)

T
hi-1
T2 ‘[@ (T = s)" fo(s)ds

M2T1+(1—h)(1‘—2?<) T )
o (T — )" ' hy(s)ds
Pk

2 H MRT2HH(1-m(1-28) AT ) MRT1HI-M(1-28) AT

+ T — s)"'h,(s)ds + fh— il d
A2 () f( VTR ey ), T s

36 M, M2T? E||x, [P M2
212 (h)

IA

+Tr(R)

(4.10)

Combining (4.8), (4.9) and (4.10) in the inequality g <|| (Ax,)(d) ||, dividing both sides by ¢, and
taking the limit ¢ — +oo0, we get

36MWM2T2hM129 M3M2 M2T1+(]—h)(1—2?<)
Ay + TrR)A; + A
{ T TRrm }{rz(x(l—h)+h)+ ey TR A
2HM>T (=028 36M, MPT*E||xi|> M5

> 1.
h2I2(h)

Ay g+ THINA g
Ar2(h) 3} 3

From (4.1), this is a contradiction. Hence for g > 0, A(R,) C &,
Next we show that A has a fixed point on &, so (1.2) has a mild solution.
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We split A into two components A; and A,, where

Sxa®x0 + [7 Pa(d — )R (s, x(5))ds, d € (0,0]
(A1x)(d) = { (D x(), DE®epcl, «k=1,2,....¢,

D
SN,h(b - S{)K)I)K(Som x(SOK)) + ‘I;‘)K Ph(b - S)%(S, X(S))ds, De (80K’ bK+l]5 K = 1’ 2, e 6

[ Pl = 9)Bu(s)ds + [ Pa(d = 5) [ 3(z, x(r)de(r)ds
+ [ Pad = $)0r(s, x(5))dZ(s)
+ [ Pad=5) [y s, x(5), )N (ds,dv), D€ (D], K=0,1,....6,

0, otherwise.

(A2x)(0) =

We prove that A; satisfies a contraction condition.
Take x;, x, € ]; then, by (H1) and (H5), we have the following:
for b € (0, d],

D
4E || f Py(d = )[R, x1(0)) = R(d, x,(0)]dls |I°
0

E |l (Ax)®) — IIx)0) | <
AMPT?
< mEII x1(d) = x(d) |, 4.11)

for d € (0, 9],

E || (d, x1 (D)) — 9, (d, x2(0)) II*
My E || x,(2) — x2(0) |I* (4.12)

E || (A1x)(®) = () (0) 1P

IA

IA

and for d € (9., Des1],

E || (A1x)(®) = (T 20)(0) 1P

< AE || Sxa® = 9090 X1 (90) = D@ X2(9:)) |
d

HAE| | Pu® = )R, x1(2)) = R(D, x,(0)]ds ||

P«

MZTZ(N—l)(l—h) M2T2h
< E D) — x,(d) |I*. 4.1
< [FZ(N(I_E)M) g 1)] I x1(0) — () | (4.13)
Combining (4.11), (4.12) and (4.13) , we get
4M2T2(N_1)(1_h)M4 4M2T2h
E || (A1x))(®) = (IT; x)(d) || —— |E D) — x,(0) |I?
I (Arxp)(®) — (I x2)(D) || [FZ(N(I—h)+h) + 4+F2(h+1)] Il x1(®) — x2(d) |

<YIE || xi(®) = x2(d) P .
Taking sup, , >0 we get

sup DX N E (T x,)(0) — (A1) () [P< 9, sup DN E | x,(0) — x2(2) 1%,
beJ

AIMS Mathematics Volume 9, Issue 4, 9746-9769.



9763

50,
2 2
Il Arxy — A [z vl x —x2 g -

Hence, A, is a contraction.

We prove that A, is compact.

First, we show that A, is continuous on K.

Let {x,} C K, with x, — x in &, and rewrite the control function u(d) = u(d,x). Then, V s €
J, x,(s) — x(s), and by (H2)(i) , (H3)(i) and (H4)(i), we have that J(s, x,(s)) — J(s, x(s)) as n — oo,
(s, x,(s)) = o(s, x(s5)) as n — oo and h(s, x,(s),v) — h(s, x(s),v) as n — co.

From the dominated convergence theorem, we have

D
Il Aoy = Aox [ = supb“""“‘h){E [ f Pi(d = )B(u(s, x) = u(s, 0))ds

beJ [0

D X}
+ f Pr(d—5) f [3(1, x,(7)) — B(7, x(7))]dw(7)ds
[or 0

D
+ f Pyp(d = 9)[o (s, x,(5)) — o(s, x(5))]dZg(s)

Pk

)
+ f Py(d =) f [A(s, x,(5), 0) = h(s, x(s5), 0)IN(ds, dv) |’ } -0,
Px B

as n — oo, which is continuous.
We show that {A;x : x € &} is equicontinuous.
Let € > 0 be small and p, < d, < Dz < ,4; then, we have

E || (A2)(0g) = (A2x)(da) IIP

Dy —€
< E| f (Pi(dg — 5) — Pi(d, — 5))Bu(s)ds ||’
[
Do ]
+E || (Py(dg — 5) — Pp(dy — 8))Bu(s)ds |I* E || f Py(ds — s)Bu(s)ds |
Dy—€ Do
Dy —€ X}
+E || (Pu(dg — 5) = Pp(dy — 5)) f I(r, x(7))ds |I?
KJK 0

Dy X}
+E || f (Pr(dg — 5) = Pu(dy — 5)) f S(r, x(0))ds |
Do—€ 0

D, X
+E | f Pty - 9) f I(r, x(1)dw(t)ds |
D 0

(03
Dy —€

+E | (Pu(dg = 5) — Pp(da — )0 (s, X(5)dZu(s) |I*
g
+E | f (Pu(tg — 5) — Pu(dy — 5))o (s, x(5)) |I*
Do—€
D
+E || f Pu(dg — 8)o (s, X())dZu(s) |I°
UM
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Dy—€
+E || (Pi(dg — 5) = Pp(dy — 5)) f h(s, x(s), ))N(ds, dv) ||
Px B
Do
+E || (Pp(dg — 5) = Pp(dg — 5)) f h(s, x(s), dv) |
Dy—€ B

D
+E || f " Patoy - 8) f h(s, x(s), 0)N(ds, dv) |I* .
Dy B

Thus, when d3 — d, and € — 0, E || (ILx)(d) — (A2x)(d,) |I>*— 0, independent of x € g. Also, we can
show that IT,x, x € K, are equicontinuous at d = 0. Hence A, maps &, into a family of equicontinuous
functions.

In what follows, we show that V(d) = {(A,x)(d) : x € &} is relatively compact in &,. Clearly,
V(0) € K, 1s relatively compact.

Let p, < d < d,,; be fixed and p, < € < d; we define forx € &, p > 0:

D—€ 00
ALDD) = & f f #(0 — )" "4 (0)S (0 — 5)"%) Bu(s)dxds

(253 P

+h f T f ) x(d — )" TWL00)S (0 — 5)'%) fo S I(t, x(1))dw(t)dnds
Px p
+h f T f ) 2(d — )WL (0)S (0 = 5)) 0 (s, X(5))drdZy(s)
Pk P
+h f T f ) x(d = )" L(0)S (b = 5)'%) L h(s, x(s), 0)dxN(ds, dv)
i P
= nhS(e'p) T f ) x(d — )" 1,008 (0 = 5)'% — €'p) j; S I (1, x(1))dw(T)dnds
Wi Y
+hS (€'p) f T f ) 2(d — )7 (d — )" IW,008 (0 = 5)'% — €' p)o (s, x(5))dndZy(s)
Pk P

D—€ 00
+hS (€'p) f x(d = )", (0)S (b — 5)"'% — €'p) f h(s, x(s), 0)dxN(ds, dv).
i P B

Since S (€"p), €"p > 0 is a compact operator, it follows that V<*(d) = {(A;p x)(d) : x € K,} is relatively
compactin FVY g, <e<bd, p>0.
Furthermore, we have the following, ¥ x € K|, :

p 2
| Apx — ASPx ||

D p
< 16sup bzﬂ-“)“-h){th I f f %(d — 8,60 (0 = 5)"2¢) Bu(s)dxds||
Pk YO

teJ

D 00
+H2E || f f x(d = )WL 00)S (0 = 5)'%) Bu(s)dxds||*
d—e Jp
D S
+HE || f f ’ %x(d = )" NL00S (0 = 5)'%) f (1, x(7))dw(T)dxds ||*
P YO 0

D ] s
+IPE || f f x(d— )" W00 (0 — 5)'%) f I(r, x(7))dw(t)dxds ||*
b—e Jp 0
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D
+HE || f f ’ 2 — ) IWL00)S (0 — 5)) o (s, x(5))drdZy(s) ||
P YO
D 00
+HE || f f 20 — )" IL00)S (0 — $)'%)o (s, x(8))drdZy(s) ||
b—e Jp
D
HE || f f p%(b—s)h_l‘Ph(%)S((b—s)h%) h(s, x(s), 0)dxN(ds, dv) ||*
9 JO B

D 00
+12E || f f #(d = Y608 (0 - 5)"%) f h(s, x(s), 0)dxN(ds, dv) | }
b—e Jp Y

2

IA

N 0
16Th+2(1—x><1—h>hM2{ Mi | 0= 9"E | u(s) |I* ds ( f x‘I’h(%)d%)
0

2

D 00
+ME | =" E | us) | ds( f %‘I’h(%)d%)
p

d—e

2

2

D s 00
+ | (@-s"! f E || 3(z, x(1)) |l drds ( f %‘I’h(x)d%)
b—e 0 P

2

D S 00
+Tr(R) f (-5 f E || 3(z, x(0) I} des( f %‘Ph(%)d%)
b—e 0 P

2

D 0
+2HT* 1 | (0= )" E || o°(s, x(s)) |I}o ds ( f %‘I’h(%)d%)

P g 0
2

D 00
+2HT>"! f -5 E || o(s,x(5)) I3, ds( f %‘P;-,(%)d%)
d—e€ 2 1Y

> 2
+f (d—s)"! f E || h(s, x(s),0) ||* Advds (fp %‘Ph(%)d%)
Ok B 0

D 00 2
+ f (d— s)"! f E || h(s, x(s), v) || /ldnds( f %‘I’h(%)d%) }—> 0
b€ B P

as € = 0%, p — 0". Thus V(d) € K&, is relatively compact.

Therefore, from the Arzela-Ascoli theorem A, is a compact operator. Hence, A = A; + Ay is a
condensing map on &,, and by the Sadovskii fixed point theorem 1 a fixed point x(-) for A on K.
Thus, (1.2) is controllable on J.

5. Application

Take into account the Hilfer fractional stochastic partial differential system driven by a Wiener
process and Rosenblatt process through the application of non-instantaneous impulsive Poisson jumps
and control functions as follows:
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23

Dy x(d,2) + Lx(d,2) = 192 x(d, 7) + (b, 2) + e (b, z)d““’)

+ 20 (0, 2) D 4 [ R(d, x(d,2), »)N(dd,dv), € (0,2]U($,2], 0<z<m,
x(d,0) = x(d,7) =0, d e (0,2], (5.1)
x(t, z)—z ‘(b‘%)% De 3,3] 0<z<m,

I”(X(O 7)) =x(2), 0<z<m,

23
where ngr“ is an HFD of order N = % h = 3, wis a Wiener process and Zy is a Rosenblatt process

with parameter % <H<I.

Suppose that F = U = & = 9 = £,([0,n]) and A6 = —( )6 with D(A) = {8 € X : 0, de are
absolutely continuous, and (%)9 € X, 6(0) = 6(rr) = 0}.

—A generates a strongly continuous semigroup S(-) and has eigenvalues n>, n € N with the
following associated normalized eigenfunctions

2 .
e, = \/jsmnx, n=12,..
T

_Af = Z n%0,e,)e,, 0 € D(A)
n=1

A~

Then

and

(59

SO =) €0, e, 0€X, 020,

n=1

with ISO)| <e™ < 1.
S 23 (d) and P 3 (b) can be respectively defined by

S

®d)x =

2
3

AW

D 00
=5 -1 3
1D —5)° 5T Wi (%)S (s*x)xdxnds,
4r(h fo j(: :

Pg(b)x:§ f %05 W5 (%)S (s32)xdx.
i 4 0 i

Clearly,

D
[Pz (D) < =—, lIS2:(d)|] < .
100 S e 185500 s

We define B = I i.e., the identity operator, R (D, x) = <22 x(d,z), J(d, x)(z) = e °x(d,2), o(®,x)(2) =

1+tan D

2B x(d,2), h = h(d, x(b,2),0), and g;(d, x(b)) = e O~ O

1+sind 1+|x(d,)| *
Therefore, all assumptions of Theorem 4.1 are Verlﬁed, and
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36MWM2T2)‘1M2 M M2 M2T1+(l—h)(1—2N)
{ + B}{ s [A1 + Tr(R)A; + A4l

+

R (h) 2(N(1 - %) + h) RI))

2HM2T2H+(1—h)(1—2N)
I RI))

36M,,M*T?E||x,||* M3
n2T2(h)

A3} + TN L <1, ;<1

Thus, (5.1) is controllable on (0, 2].
6. Conclusions

In this paper, we established a new class of Hilfer fractional stochastic differential system driven
by a Wiener process and Rosenblatt process through the application of non-instantaneous impulsive
effects and Poisson jumps. We proved the existence of the mild solution of system (1.1). Sufficient
conditions for the controllability of (1.2) were established. Our results were obtained with the aid
of fractional calculus, stochastic analysis, semigroup theory and the Sadovskii fixed point theorem.
Finally, to explain the results, we offered an example.
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