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Abstract: This paper studies the global asymptotic stabilization problem of strict-feedforward
nonlinear systems with state and input delays. We will first transform the considered system into
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1. Introduction

Feedforward systems (namely upper-triangular systems) are a class of important nonlinear systems.
A mass of physical devices, such as the planar vertical takeoff and landing aircraft [1], the ball-beam
with a friction term and the translational oscillator with a rotational actuator system [2], the cart-
pendulum system [3, 4], can be described by equations with the upper-triangular structure. Moreover,
feedforward nonlinear systems cannot be linearized, which results that it is more hard to researchers
to find appropriate control method. Based on this, the research of feedforward nonlinear systems has
attracted considerable attention, see [5—-9] and the references therein.

On the other hand, time-delay systems constitute basic mathematical models of real phenomena
and time delays are often encountered in multifarious engineering systems. Hence, the research of
control problem for time-delay systems is one of the most interesting and significant problems, and
the Lyapunov-Krasovskii method and Lyapunov-Razumikhin method are two powerful tools in the
stability analysis and controller design for time-delay systems [10,11]. There are many results focused
on time-delay systems. [12-15] considered the one-order feedforward nonlinear systems, [16—18]
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considered high-order feedforward nonlinear systems. However, these results only considered state
time delay or input delay only appearing in the nonlinearities. Input delay is often unavoidable in
practice and often generate instability due to sensors, information processing or transport [19]. [20]
considered adaptive dynamic high-gain scaling based output-feedback control of nonlinear feedforward
systems with time delays in input and state. [21-23] considered the stabilization of feedforward
nonlinear systems with linear growth condition. [24] designed stabilizing controllers for high order
feedforward nonlinear systems with input delay. [25] studied memoryless linear feedback control
for a class of upper-triangular systems with large delays in state and input. [26] considered global
stabilization by memoryless feedback for nonlinear systems with a small input delay and large state
delays. [27] developed homogeneous output feedback design for time-delay nonlinear integrators and
beyond.

It is worth noting that the most mentioned above conclusions on feedforward time-delay systems
take advantage of the homogeneous domination approach and it is useful to handle the special structure
of feedforward nonlinear systems (see Remark 1 for the detailed discussion). However, this method
does not work well for strict-feedforward nonlinear systems with state and input delays. The purpose
of this paper is to find a useful method. The main contributions are:

(i) By applying the stability criterion on time-delay system, a novel parameter-dependent state
feedback controller is proposed to guarantee the global asymptotic stabilization of strict-feedforward
nonlinear systems with time delay in state and input.

(i1) The parameter-dependent state feedback controller is very simple and flexible, because this
controller only depends on a positive parameter. And the design process and computing effort are
greatly reduced.

(iii) Due to the appearance of time-delay in control input, the L-K functionals in the existing papers
are no longer applicable, a difficult work is how to find an appropriate L-K functional. And how to
deal with the terms related to nonlinear function and controller is another difficulty.

This paper is organized as follows. Section 2 gives some preliminaries. The main results is given
in Section 3. Section 4 presents the extended results. Two numerical examples are given in Section 5.
Section 6 concludes this paper.

2. Preliminaries

Some notions and lemmas are to be used throughout this paper.
Notations. | - | is the Euclidean norm of a vector and || - || stands for the Frobenius norm of a matrix. A
function f : R" — R is C if it is continuous and is C! if it is continuously differential. K denotes the set
of all functions: R* — R* that are continuous, strictly increasing and vanishing at zero. K, denotes
the set of all functions that are of class K and unbounded.
Lemma 2.1: [28] Consider system

x = f(t, x(t + 6)), (2.1)
where 0 € [-d,0], x(t) € R" and f : RX C — R" with f(t,0) = 0. Suppose that f : RXC — R"
given in (2.1), maps every RX (bounded set in C) into a bounded set in R", and that u,v,w : R* — R*

are continuous nondecreasing functions, where additionally u(s) and v(s) are positive for s > 0, and
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u(0) = v(0) = 0. If there exists a continuous differentiable functional V : R X C — R such that

u(|x(0)]) < V(t,x) < v( sup |x(t + 9)|)
—d<0<0

and
V(t, x) < —w(|lx(O)I]),

then the trivial solution of (2.1) is uniformly stable. If w(s) > 0 for s > 0, then it is uniformly
asymptotically stable. In addition, if lim,_,., u(s) = oo, then it is globally uniformly asymptotically
stable.

Lemma 2.2: [29]. For any given vectors y,z and constant a > 0, there are real numbers u > 1 and
v > 1 satisfying (u — 1)(v — 1) = 1 such that

4

T a,u 1
yzs—phF+
M va’

Lemma 2.3: [30]. For any function f(t) € C([—T, o) : R*) and positive integer p,T € R*, then

f )4 f
( f f(rr)dcr) < 7! f fP(o)do.

3. Main result

In this paper, we consider the following strict-feedforward nonlinear systems with state and input
delays described by

X1(0) = x2(0) + f1(x2(0), -+, x,(1), X2( — T2), -+, X,(F — 7)),

Xz(t) = .X'3(t) + fZ(x?:(t)’ ) xn(t)a .X'3(t - T3)7 T -xl’l(t - Tn))7

X () = u(t — 11), (3.1)
where x(t) = (x;(¢),---,x,(t))" € R" and u(t) € R are system state and control input, respectively.
Fori =1,---,n, ; > 0 is time-invariant delay, T = max{ry, 72, -+, 7.}, x;(t — 7;) and u(t — 71) are
time-delayed systems state and time-delayed control input. Nonlinear functions f;, i = 1,--- ,n — 1,

are continuous.

This paper aims to construct a novel parameter-dependent state feedback controller of system (3.1)
such that the eqailibrium at the origin of the closed-loop system is global asymptotically stable. In
order to achieve this purpose, the following assumption is needed.

Assumption 3.1: There is a known positive constant ¢ such that

I,---,n—1.

il < ¢ Z (IO + |x;(t = 7D, i

j=i+1

Remark 3.1: As discussed in feedforward nonlinear systems [14,21-23], the linear growth condition
in Assumption 1 is a general condition for dealing with the nonlinearity f;(-) in feedforward systems.
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It is not hard to see from Assumption 3.1 that the nonlinear term f;(-) in this paper contains system
states X1, - , X, rather than x;,5, -+ , x, in [14,21-23]. Hence, system (3.1) can be viewed as a class
of strict-feedfroward nonlinear systems. O

It is obvious that system (3.1) can be rewritten as
x=Ax+Bult—1)+F, (3.2)

where
fi¢)
A = Op-nx1 Ln=1)xn-1) ] B = [ On—1)x1 ] _ :
0 O1x(n-1 ’ 1 ’ Ju-1(9)
0

The main result of this paper is stated in the following theorem.
Theorem 3.1: If Assumption 3.1 holds for system (3.1) and there exists a positive parameter A such
that ®(1) — &) — 27D(1) > 0, then the equilibrium at the origin of closed-loop system is global
asymptotically stable by adopting the parameter-dependent state feedback controller

[®l ®2 ®n
u= —_—

e ]x:: OW)x, (3.3)

where ®(L), (1) and (i)(/l) are defined in (3.14) and 7 is defined in system (3.1), [®1,--- ,0,] = ©
satisfying Ag =: A + BO is Hurwitz.
Proof. The proof procedure of Theorem 3.1 can be divided into two parts.

Part I: Introduce the coordinate transformations:

X1
/le
= 7 [=Tx (3.4)

/1’1_1 X,
where & = [£],&, -+ ,&,]T and ['(1) =diag[1, 4, --- , A" '],
Meanwhile, according to (3.2)-(3.4) and using the fact of AI'(A)(A + BO(L)) = Agl'(1), the closed-
loop system is transformed into
E=1"Agé + T)Bu(t — 1) — u®)) + T(D)F. (3.5)
Choose the candidate Lyapunov function
_ Ol,r
V(E) = SETPE, (3.6)

where 9, is a positive constant and P is a symmetric positive definite matrix that satisfies PAg +_7%P =
—1. Applying (3.5) and (3.6), one has

V < =6,471€P + 26, (T P)T()F) + 261 PTD)Bu(t - 71) = u(1)). (3.7)
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Let us consider the last two terms on the right-hand side.
By Assumption 3.1 and (3.4), one has

Z A 1(2 il + Z il = 7))

I=i+1 I=i+1

IC(OF |

IA

[38)

i—

= ¢ Ax] + |t = 1))

T
o
i
- o

1
— il + 1€t — 7))

Il

)
.M= .
P

T
S}

IA
Aa|»— T

1

Z € + it — 7))

i=1 =2

c«/nT el + Z = Z €= 7).

i
-
s

§

IA

Then, by Lemma 2.2 and (3.8), one can obtain

26,(ETPYTCF) < V=10, (DIEP + ©1(D) Z el = 7))l

=2

An-1) D) ©
< (1T + Vn — 1)CD1(/1)|§|2 + 21—6‘% Fzz €t — T])|2

where @ (1) = 2c¢64||P|| Z, h A, and ¢ is a positive real number.
By using Lemma 2.2, Assumption 3.1 and (3.3), one leads to

2, PC)Butt ~ 1) ~ @)
'
ol Z®61||P|||§|Z|f,<t )~ £0)

< Dy(A)

Alel + — Z(f]u 7)) - fj(t»)]

2 j=1

where ®,(1) = ”r/(l—f)”cSlIIPII 2110 and ¢, is a positive real number. Wheni =--- ,n—1,

1€t —11) = &0 < lf &j(o)do

IA

t
f A€ + A7 fldor
—-71
!

O3, [ D () + (o —T)Ddor,

=11 j=p

IA

where @3 () = (¢ + D(§ + 241 759)-

(3.8)

(3.9)

(3.10)

(3.11)
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When i = n,

IA

|§n(t - Tl) - ‘fn(t)l

f | fn(U)dO"
< f Z|®j§j(a—n)|do-

T1]1

IA

D4() f N Ifj(G)l dcT

where ®4(1) = % Z’}zl |®;|. With the help of Lemma 2.3, (3.10)-(3.12), one can obtain

261(ETPYT(D)B(u(t — 1) — u(?))

2
53

sq>2u>[c§|f|2 mibiE ¢3J@))2+q>4u)2>f ilfwzda].
=27 55

Combining (3.9) and (3.13), one leads to

20, —
vV < - {61/1‘1 — (# + Vn— 1)(1)1(/1) — czq)z(/l)} &2

— 01D ) I —T)P
j=1
n—1 ¢ n
+12c1>2u>(2f(<z D3 (D) + Du()?) f _ Z & (o)dor

S bR + D) S - ) + b f Zlff(a)lzdfr

j=1

Construct the following L-K functional

Vo= V+<I)(/l)Z f & (0)Pdo + () f f
J

|€(on)Pdordp,
1

then

—(D() - D) - 27D))IEP =: —p(DIP.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Taking y(s) = ¢(1)s? and applying ®(1) — ®(Q) — 27D(A) > 0, then v(s) is a K function and (3.16)

is changed into

V < —y(é).

Part II: Next, we verify that V satisfies the first condition of Lemma 2.1.
On the basis of |£] < sup_,;_,.( 1€(6 + 1) and (3.6), one has

mlgD) < V <o ( sup |6(6 + 1)),

-27<6<0

(3.17)

(3.18)
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where 7y (s) = 242, (P)s* and 7y (s) = 222, (P)s” are class K., functions.

min 2 ““max

n 1 n 0
D) Y f £(@)Pdr < D) Y f £,(60 + *do
i=2 VI°Tj i= YT
< DT sup €0+ 1))

-7<6<0

< OT( sup |£6 + 1))’
-27<60<0

= mn( sup |66+ 1)), (3.19)

-27<6<0

where 7 (s) = ®(1)7s? is a class K, function.

d(2) f f (o) dodu
=2t Ju T

J

<2007 f t Z|§j(g)|2do

27 j:2

0 n
<207 f D (s + O)Pd(s +6)

27 ]:2

< 2H)T( sup |€(6 + 1))
-27<0<0

=:mp3( sup |£(0 + 1)), (3.20)

-27<6<0
where m3(s) = ®(1)7s? is a class K, function. Choosing 7, = my; + 72 + 723, one has

m () < V < o sup 1£(6 + D). (3.2
According to (3.17), (3.21) and Lemma 2.1, one concludes that the equilibrium at the origin of closed-
loop system is global asymptotic stabilization.
Remark 3.2: In the existing atricles, backstepping method is a usually method to design state feedback
controller. However, this method requires calculation step-by-step. For n-order systems, the nonlinear
term must be calculated at each step. From the above calculation process, it can be seen that the form
of controller u has been given. We only need to calculate the last two terms of (3.7). And then the
appropriate parameter A can be selected according to (3.16). O

4. Extension

As a matter of fact, the design scheme of section 3 can also be generalized to a class of strict-
feedforward stochastic nonlinear systems with multiple time-variant delays in the following form

21(1) = 20 + L), X0, X2t = T2(D), -+, Xa(t = Ta(D))),
X (1) = x3(0) + fo(x3(0), -+, X (0), X3 = 73(0), -+, X (F = T,(D))),
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Xn(1) = u(t — 71(0)), 4.1)
where 7(t) : R* — [0,7"] is time-variant delay, 7* > 0,j = 1,--- ,n. Nonlinear functions Fo i =
1,--- ,n— 1, are continuous.

To obtain the stability theorem of system (4.1), we need the following assumptions.
Assumption 4.1: There is a known positive constant ¢ such that

Ifil < ¢ Z (O + x;( = 7;DD,  j=1,---,n—1.
=i+l

Assumption 4.2: For j=1,--- ,n, there is a known constant  such that T(t) < < 1.
Similar to (3.2), system (4.1) can be rewritten as

%= Ax+ Bult —1,(0)) + F, (4.2)
where _
Sie)
7| :
Jn1()
0

Then the extended result is summarized in the following theorem.
Theorem 4.1: If Assumptions 4.1 and 4.2 hold for systems (4.1) and there exists a positive parameter

A such that ¥(1) — T(TAﬂ) —2t*¥(2) > 0, then the equilibrium at the origin of closed-loop system is global

asymptotically stable by adopting the parameter-dependent state feedback controller (3.3), where P(),
() and ®(1) are defined in (4.8).
Proof. We will prove it by two parts as well as Theorem 4.1.

Part I: Using (3.4)-(3.5) and (4.2), the closed-loop system is transformed into

E = 17 AgE + +T(D)Bu(t — 71(1)) — u(®)) + T)F . (4.3)
Choose the candidate Lyapunov function

o
Vi) = £ 0% (4.4)

where 0, is a positive constant and Q is a symmetric positive definite matrix that satisfies QAg +§%Q =
—1. Applying (3.5) and (3.6), one has

Vi < =6,47 €1 + 26,(£T QT ()F) + 262(ET QT(D)B(ult — 71(1)) — u(1)). (4.5)

Similar to inequality (3.9), according to Assumption 4.1, one has

25, TPYTWF) < V= TP +¥1() Y Il = 7))

j=2
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209 —
< (@ + Vi 1)%(&»&2
1
2c§

W) Y I - TP, (4.6)
j=1

where ¥(1) = 26,||0|| ZZ;% % and c; is a positive real number.
Similar to the proof of (3.13), using Assumptions 4.1,4.2 and (3.4), one leads to

26,(ETPYL)B(u(t — 71(1)) — ut))

20 (X0 W )2 + ) v
s%u)(ci|§|2+ (o  — ) [ Z|§i((r)|2da), (“.7)
4 =27 i=1

/l)'l
positive real number. Combining (4.6) and (4.7), one leads to

where Wo(d) = L& IIPII S, 104, Ws (D) = @+ D+ T 79), Pa() = = 7,104 and ¢4 is

200 —
Vl < - {52/1_1 - (C?)(HTD + Vn — 1) () - Cin(/l)} |§|2

1 n
+2—C§‘P1<ﬂ> ,Zl €t — 1)

3k

n—1 t n
L o) s + Wa(D)?) f i D & @do
=) t=27* j=1

4
= —PIE + W) Y i - TR + P f 2 lrde (4.8)
j=1 =27 i
Introduce the following L-K functional

_ \i](/l) n t 5 R t t n 5

Vi=Vi+—=> €(0)Pdo + () D Ej()Pdody, (4.9)
1 _ﬁ i—p J1-Tj(t) =27 Ju =2

then

. _ P2 X
Vi<- (‘Pu) - # - 27*\11(4)) €P =t —p(DIEP. (4.10)

Taking #(s) = ¥(1)s* and applying ¥(1) — ‘{%f) = 27"%(2) > 0, then ¥(s) is a class K function and
(3.16) is changed into

Vi < —73é)). (4.11)

Part II: Next, we verify that V; satisfies the first condition of Lemma 2.1.
On the basis of [£] < sup_,,._4-( [£(6 + )| and (3.6), one has

m3(lgh) < Vi <7y ( sup 606 + 1)), (4.12)

-27*<60<0
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where 73, (s) = 242, (Q)s* and 74 (s) = 222,,,(Q)s” are class K., functions.

2 “‘max

MRS
— Z f é)(0)Pdom < (- sup  JEO + D)), (4.13)
1 - ﬁ j:l [—Tj(t) -27*<6<0
where m4,(s) = T(T;;) is a class K, function.
. ! ¢t N
Y1) f Z é()Pdodu < mas( sup  [€(0 + D)), (4.14)
=27 Jpu =1 —27*<6<0
where m3(s) = P(1)7s? is a class K, function. Choosing mry = m4; + 4y + 743, OnE has
m(l€) < Vi < my( sup  |E(O +1))). 4.15)
-27*<6<0

According to (4.12), (4.15) and Lemma 2.1, one concludes that the equilibrium at the origin of closed-
loop system is global asymptotic stabilization.

5. Simulation example

For the sake of verifying the effectiveness of the proposed controller, we consider the following
numerical example.

1) = x2(0) + ixg(z -2)+ %111(1 + x3(1)),

10
L.
(1) = x3(0) + 5 sin(xs(t = 1),
X3(t) = u(t = 1). (5.1)
With the help of | sin x| < |x|, In(1 + x?) < |x|, Assumption 3.1 is held with ¢ = %
010 0
It is obvious that Assumption 3.1 holds. By system (5.1), A= 0 0 1 |,8 =] 0 |. Choosing
0 00 1
0O 1 O
0 = —%,@z = —%,63 = —%, one has Ag = A+BO = 03 91 15 . According to Pf/’((:)+&z((gP =
8 T8 2

3.0298 3.8869 1.3333
3.8869 8.6726 3.1905
1.3333 3.1905 1.4762

3 11 5

—@XI - ﬁ)@ - ﬁ)@. (52)

—1, one obtains P = . Constructing the parameter-dependent controller

u =

& X1

Define ¢ = l & = Ax, |, consider the L-K functional V = %fTPcf + 0.258(% + % +
& A x3

D35 [ KoPdo + 0.0446( + 2 + &) 33 [* [*|&(0)Pdodu.  According to the design

2z
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procedure, one can deduce (1) = %2% — 0.0516(% + &) — LOIVLELE Gy = 0.021(1 + 1),
(1) = LOMOVIELLL (48 4 416y Then (1) — B() — 27d(1) > 0 by taking A = 2. Therefore, the
condition of Theorem 3.1 is satisfied.

In the simulation, we take the initial data x;(0) = 1, x, = —0.5, x3 = 0.5, Figure 1 demonstrates the
effectiveness of the controller.

15 0.2
EZ
1 0
0.5 -0.2
0 -0.4
-0.5 -0.6
0 50 100 0 50 100
Time(s) Time(s)
0.5 1
x3 u
0.5
0 0
-0.5
-0.5 -1
50 100 0 50 100
Time(s) Time(s)

Figure 1. The responses of the closed-loop systems (5.1) and (5.2).

6. Conclusions

By introducing the Lyapunov-Krasoviskii functional and applying the stability criterion on time-
delay system, a novel parameter-dependent state feedback controller is proposed to guarantee the
global asymptotic stabilization of strict-feedforward nonlinear systems with time delays in state and
input.

Some problems are still remained, e.g., 1) How to solve the problem of output feedback stabilization
of the nonlinear strict-feedforward systems? 2) For the stochastic nonlinear systems with state and
input delays, can we design the parameter-dependent state feedback controller?
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