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1. Introduction
In 1889, Holder [1] proved that

Zn:xkyk < [Z xf)p(znlyZ]q, (1.1)
1 k=1 k=1

k=

where {x;};_, and {y;};_, are positive sequences, p and g are two positive numbers, such that
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I/p+1/g=1.

The inequality reverses if p ¢ < 0. The integral form of (1.1) is

f ) /U(T)dT]7 [ f ‘ W’ (T)dt '
] U]

wheren,ee R,y > 1, 1/y+1/v=1,and A, w € C ([a,b],R). If 0 < y < 1, then (1.2) is reversed.
The subsequent inequality, widely recognized as Minkowski’s inequality, asserts that, for p > 1, if
¢, @ are nonnegative continuous functions on [, €] such that

f AP < , (1.2)
n

0<f ¢P(t)dt < 00 and O<f w?(t)dt < o0,
n n

then

( f " (o(0) + @) dT)” < ( f E gof’(r)df)p ¥ ( f 6 WP(T)dT)p.
n n n

Sulaiman [2] introduced the following result pertaining to the reverse Minkowski’s inequality: for any
g, @ >0,if p > 1 and

¢ (1)
—r <M, 9 €|[n,el,

M+ 1 € ,
-1 (fn (p () — @ () dﬁ) < (f; p(ﬁ)dﬁ) (f w”(ﬂ)dﬂ)
("” 1)(f (¢ () - w(ﬁ))ﬂdﬂ) . (13)

l<m<

then

IA

Sroysang [3] proved that if p > 1 and ¢, @ > 0 with

@ (1)
w (¥)

M1 (f (0 @) — e () dﬁ)p < (f go”(ﬁ)dﬂ)p ; (f w”(ﬂ)dﬂ)p
(M —c)\J, n n
< (m+ 1)(f6(go(ﬂ)—cw(ﬁ))1’dﬂ)p.
m-—=c¢ n

In 2023, Kirmaci [4] proved that for nonnegative sequences {x},_, and {y;};_, if p> 1,5 > 1,

O<c<m<

<M, 9¥e€ln,el,

then

1 1
—+— =1,
sp5q
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then

3 G’ s[ xf)“ (Zyz] , (1.4)
1

andif s > 1, sp < 0and

then (1.4) is reversed. Also, the author [4] generalized Minkowski’s inequality and showed that for
nonnegative sequences {x;};_; and {y};_,, if m e N, p > 1,

1 1
—+— =1,
sp8q

then

n ,,Tlp n m%, n mip
(Z (O + yk)p] < (Z xf] + (Z y;j) : (1.5)
k=1 k=1 k=1

Hilger was a trailblazer in integrating continuous and discrete analysis, introducing calculus on time
scales in his doctoral thesis, later published in his influential work [5]. The exploration of dynamic
inequalities on time scales has garnered significant interest in academic literature. Agarwal et al.’s
book [6] focuses on essential dynamic inequalities on time scales, including Young’s inequality,
Jensen’s inequality, Holder’s inequality, Minkowski’s inequality, and more. For further insights into
dynamic inequalities on time scales, refer to the relevant research papers [7-20]. For the solutions of
some differential equations, see, for instance, [21-27] and the references therein.

Expanding upon this trend, the present paper aims to broaden the scope of the inequalities (1.4)
and (1.5) on diamond alpha time scales. We will establish the generalized form of Holder’s inequality
and Minkowski’s inequality for the forward jump operator and the backward jump operator in the
discrete calculus. In addition, we prove these inequalities in diamond —a calculus, where for @ = 1,
we can get the inequalities for the forward operator, and when @ = 0, we get the inequalities for the
backward jump operator. Also, we can get the special cases of our results in the discrete and continuous
calculus.

The paper is organized as follows: In Section 2, we present some definitions, theorems, and lemmas
on time scales, which are needed to get our main results. In Section 3, we state and prove new dynamic
inequalities and present their special cases in different (continuous, discrete) calculi.

2. Preliminaries and basic lemmas

In 2001, Bohner and Peterson [28] defined the time scale T as an arbitrary, nonempty, closed subset
of the real numbers R. The forward jump operator and the backward jump operator are defined by

o) =inf{seT: s> &}

and
p€) =sup{seT:s<§&},
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respectively. The graininess function u for a time scale T is defined by

u(&) =06 -£20,

and for any function ¢: T — R, the notation ¢”(¢) and ¢”(£) denote ¢(0(€)) and ¢(p(£)), respectively.
We define the time scale interval [7, €]t by

[77’ E]T = [77’ 6] N T

Definition 2.1. (The Delta derivative [28]) Assume that ¢: T — R is a function and let & € T. We
define ¢*(¢) to be the number, provided it exists, as follows: for any € > 0, there is a neighborhood U
of &,

U=(¢-0,£+0)NnT

for some 6 > 0, such that
p(a(£)) = @(s) = P ENTE) = )| S €lr(€) = sI, Vs €U, s # (@)
In this case, we say ¢*(&) is the delta or Hilger derivative of ¢ at &.

Definition 2.2. (The nabla derivative [29]) A function A: T — R is said to be V-differentiable at & € T,
if 4 is defined in a neighborhood U of ¢ and there exists a unique real number /" (¢), called the nabla
derivative of i at &, such that for each € > 0, there exists a neighborhood N of ¢ with N C U and

[ (o@) — w(s) — ¥¥ (©lp@) - 51| < €lp(€) - I,
for all s € N.

Definition 2.3. ([6]) Let T be a time scale and E(¢) be differentiable on T in the A and V sense. For
& € T, we define the diamond —a derivative Z°(£) by

2 ¢) = aZ2E) + (1 -a)=Y(), 0<a<l.

Thus, Z is diamond —a differentiable if, and only if, = is A and V differentiable.
For @ = 1, we get that

E%(&) = aZM(9),
and for @ = 0, we have that

=(§) = =7
Theorem 2.1. ([6]) Let E, Q: T — R be diamond-« differentiable at ¢ € T, then
(1) 2+ Q: T — R is diamond-« differentiable at ¢ € T, with
(E+Q)°%(¢) =E"(&) + Q™).
(2) 2.Q: T — R is diamond-« differentiable at & € T, with
(E.Q)%(&) = E*(OQE) + aZ7 Q) + (1 - )2 (6)QT ().

AIMS Mathematics Volume 9, Issue 4, 9329-9347.



9333

(3) For Q&EQTE () #0, 2/Q: T — R is diamond-«a differentiable at ¢ € T, with

(E)°“ o - SO OXE 0 OO - (1 - F OO E)
0 AHY O E) |

Theorem 2.2. ([6]) Let Z, Q: T — R be diamond-a differentiable at & € T, then the following holds

(1) (E)*4(&) = aZ¥(&) + (1 - )ET4(&),

(2) (B = aB (&) + (1 - )EV (&),

(3) (B (&) = aB¥(E) + (1 - )=V (E) # (B)™(9),
(4) (B)¥ (@) = aB"2&) + (1 - )EVV (&) # (B)*7 (&),
(5) (E) (&) = ’E*(€) + a(l - 0)[EY () + EVA@)].

Theorem 2.3. ([6]) Let a, ¢ € T and h: T — R, then the diamond—« integral from a to & of h is defined
by

f h(s)0qs = a/f h(s)As + (1 — a)f h(s)Vs, O0<a<l,

provided that there exist delta and nabla integrals of h on T.

A

( f h(S)AS) = (&)
‘ v

( f, h(S)VS) = (&),

Qa
( f h(s)()as) # h(), for £eT.

Example 2.1. [30] Let T = {0, 1, 2}, a = 0, and h(¢) = &2 for ¢ € T. This gives

O
( f h(s)oas)

so that the equality above holds only when ¢, = A or ¢, = V.

It is known that

and

but in general

=1+2a(l — ),
=1

Theorem 2.4. ([6]) Let a,b,&é € T, B, v, c € R, and Z and Q be continuous functions on |a, b] U T,
then the following properties hold.

(1) [/ V2@ +BAUO 00t = ¥ [ E@)0u +B [ AUE0uL,
(2) [ B0 = ¢ [ EE)0aé,

(3) [ E@)0ut = - [ E@)0ué,

(4) [[E@0ut = [} E@0uE + [ EE)06é.
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Theorem 2.5. ([6]) Let T be a time scale a, b € T with a < b. Assume that E and € are continuous
functions on |[a, b]r,

(1) (@) > 0 for all £ € [a, blr, then [ E(€)0ué > 0;

(2) If E(¢) < Q&) for all € € [a, b]r, then fab E(&)0.€ < fab Q(€)0.¢;
(3) If E(¢) = 0 for all € € [a, b]r, then E(¢) = 0 if, and only if, fab E(&)0.£ = 0.

Example 2.2. ([6]) If T = R, then

b b
f B(&)0aE = f E(&)dg, for a, b R,

and if T = N and m < n, then we obtain

—_

fn E(&)0.6 = [@E(@) + (1 —a)ZEG + 1)], form, n € N. 2.1

m i

I
3

Lemma 2.1. (Holder’s inequality [6]) Ifn,e € T, 0 < a < 1, and A, w € C([n, €], R"), then

f E AT)W(T)00 T < [ f 6 /WT)%T]y [ f e wV(T)%T]V, (2.2)
n n n

wherey > 1 and 1/y + 1/v = 1. The inequality (2.2) is reversed for 0 <y < 1 ory < 0.

Lemma 2.2. (Minkowski’s inequality [6]) Let ne € T, ¢ > n,0 < a < 1,p > 1, and E, Q €
C([n, €]y ,R"), then

(f€ Em+Q) Qar)p < (fE =P (1) ()a‘r)p + (f€ QF (1) OQT)p . (2.3)
n n n

Lemma 2.3. (Generalized Young inequality [4]) If a, b > 0, sp, sq > 1 with

11
—+—=1,
spsq
then )
sp sq
2+ 7 > 2.4)
sp sq

Lemma 2.4. (See [31]) If x,y > 0and s > 1, then
(o +y)7 < x+, 2.5)

and if 0 < s < 1, then
(" + ys)§ > x4+ y. (2.6)
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3. Main results

In the manuscript, we will operate under the assumption that the considered integrals are presumed
to exist. Also, we denote 0,7 = 0,71, , 0.7y and @w (1) = @(7y, -+ , TN).

Theorem 3.1. Assume thatn;, €, € T, >n;,i=1,2,--- ,N,O<a <1, p,s>0, ps>1such that
1 1
—+
spsq

and @, ©: TV — R* are continuous functions, then

ff”..‘qui@)@i(ﬂws(fN-‘-fﬂwf’u)o(n)W(fN---fq@)%r)oﬂ)m. G.1)
nN m 1IN m N m

Proof. Applying (2.4) with

a= o <§)(ff wﬂ(r)oar)w
NN m

-1

bz@-lV(f)(fEN---fEl ®q(T)OaT)Sq’
1N m

@’ (&) 07(£)
sp nzv“'fm @P (T) 0oT sqfnfv f O (1) 00T

> @ (&) O (&) (fEN N (1) Oar)w X (IEN e fﬂ (1) OQT)W : (3.2)
N Uil N m

Integrating (3.2) over &; fromn; to g, i = 1,2,--- , N, we observe that

f”--'f“w”@)oaf S [ 01 00

and

we get

1N 1N
sp [0 [ @ () our sq S [ 0@ 0,7
(f f w”(rmr) (f f @q(r)oar) fo---flw»‘v@)@i(f)oaf,
1N m 1IN m nN m
and then (note that - + L = 1)
sp sq
fEN“-fﬂ @ (1) O (T)OQTS(fEN--~fEIW”(T)<>aT)W (fEN---fﬂ ®"(T)<>QT)W,
N m N m N m
which is (3.1). O

Remark 3.1. If s = 1 and N = 1, we get the dynamic diamond alpha Holder’s inequality (2.2).
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Remark 3.2. f T=R, n;,, ¢ €eR, & >n;,i=1,2,---,N, p, s >0, ps > 1 such that
1 1
—+—=1,

sp sq

and @, ®: RY — R* are continuous functions, then

1

f wl(r)(al(r)drs(f f w”(‘r)d‘r)w(f f @"(T)dT)w,
1N m 1N m 1N m

where dt =dt,, - ,dtyn.
Remark 33. f T=N,N=1,n,€ee€N,e>n0<a<1,p,s>0,ps>1suchthat

1 1
—+— =1,
sp5q

and @, O are positive sequences, then

e—1
[aw% @O @+ (l-a)@ (t+1)0O (r+ 1)]
n

T=

e—1 i
Za@q(r) +(1-a)0 (1 + 1)) .

e—1 sy
<[ aw”(r)+(1—a)w”(7+l)] X
7 =1

T=

Example3.1. f T=R,ec R, N=1,n=0,sp =3, 59 =, w(r) =7°,and O (1) = 7°, then

[ @ @eiwar (fewf’mdr)w(f@"(ﬂdr)w.
n n n

¢ 1 1 ‘ 2 T3 ‘ 3
ws (1) 05 (1)dt = Tdt = —
n 0 3

?.
Using the above assumptions, we observe that

fw”(r)drzfr”’dr
n 0

€

Proof. Note that

0

Tsp+1

sp+1

0

€sp+l

sp+ 1’
then

(3.3)

(3.4)
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Also, we can get

fE(Dq(T)dT: fGqu(T)dT
n 0

€
qu+1

Cosqg+1
sq+1

0

and so

1

€ 5q Esq+l i
[[orme] ()
n sq+ 1

1+L

€

(sq+ ¥
From (3.4) and (3.5) (note :—p + %1 = 1), we have that

€ # € ;7 €l+$ €1+$
( f @’ (1) dT) ( f 07 (1) dT) = ] ]
n n (sp+ 1) (sq+ 1)

E3

B (sp + 1) (sq + 1)% '

Since sp = 3 and sq = 3/2,

2 1
i (5 25\? |
(sp+ 1) (sqg+ 1) =453 (E) = 4% (Z) =(25)3
=2.9240177 < 3,
then
e e
> —.

(sp+ 17 (sq+ 1w 3

From (3.3), (3.6) and (3.7), we see that

ffwi‘ (T)@é () dr < (fswp(r)dr)w (fe(a"(r)dr)m.
n n n

The proof is complete.

Corollary 3.1. Ifn;, ¢ € T,a=1,¢>n;,i=1,2,--- ,N, p, s >0, ps > 1 such that

AIMS Mathematics Volume 9, Issue 4,
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and @, ®: TV — R*, then

N €1
ff @ (1)0 (1) Aty - - ATy
nN m
1

1
N €1 sp EN €1 sq
s(f w‘p(T)AT]”'ATN) (f f @7 (1) Aty - -+ Aty
nN m nN m

Corollary 3.2. Ifn;, € € T,a=0,¢ >n;,i=1,2,--- ,N, p, s >0, ps > 1 such that
1 1
—+—=1,
sp8q

and @, ©: TV — R*, then

N €l 1 1
f @ (1) O (1) Vr - Vry
1IN

m

1 1
en €| 5P en €| 5
s(f wi’(r)vn---vm) (f f @q(r)vn---vm) .
nN m nN m

(3.8)

(3.9)

Theorem 3.2. Assume thatn;, €, € T, >n;,i=1,2,--- ,N,0O<a <1, p,s>0, ps>1suchthat

1 1
—+— =1,
sp5q

and 2, Q: TV — R* are continuous functions. If0 <m < E/Q < M < oo, then

N €l 1 1
f f 27 (1) Q7 (1) 0.
N m

Proof. Applying (3.1) with @ () = 27 (7) and @ () = Q7 (1), we see that

1
€N €] 1 N M 252
f f 7 (1) Qi (7) 04T < —
N m 252

ma

€N S ' 5 €1 377 €N €l s]*q
ff Ew(r)mmo(ns(f f 5(7)0(,7) (f f Q(ﬂoar) :
NN m 1N m 1N m

Since

then (3.11) becomes

EN €]
f f S0 (1) Qi () 0T
1N m
1 1
EN €] | | sp EN €] | 1 sq
s( Ew (1) Ew (T)oar) x( f Qbs (1) Qs (T)%T) .
n 1N m

Since

(3.10)

(3.11)

(3.12)

AIMS Mathematics Volume 9, Issue 4, 9329-9347.



9339

and
1 =1 1
Qu (1) <meEs (1),

we have from (3.12) that

EN €]
ff =75 (1) Q7 (1) 04T
1N m

1
MP?

S 1
2.2

ma
1

M 7252 5 a N 13
= e | BEE (D) Qr (1) 0T ;
mas? N m

then we have for

1 1
—+— =1,
sp8q

that

1

N “a 1 M r*s* N 4 1
ff =5 (1) QF (1) 0,7 <~ f f =7 (1) Q7 (1) 0.
N m ma*s> Jnn m

which is (3.10).

Remark 3.4. Take T=R, 7, ¢ € R, ¢ >n;,i =1,2,--- ,N, p, s >0, ps > 1 such that

and =, Q: RY — R are continuous functions. If 0 < m < E/Q < M < oo, then

€N € . Mpzlsz N € .
f f 27 (1) Q7 (1) dr < — f f E% (1) Q7 (1) dr.
N m 2 JIN N1

ma*s

Remark 3.5. Take T=N,N=1,77, €eeN,e>n,0<a <1, p,s >0, ps > 1 such that

1 1
—+—=1,
sp8q

and E, Q are positive sequences. [f 0 <m < E/Q < M < oo, then

—

€—

e (27 0 QF () + (1 - ) (E7 (r+ DQ# (T +1)]

-
1l
=

1

€—

22 1 . . 1 1
<Y e (B @OF @)+ (1 - ) (35 (r+ HQF (4 D).
maes* r=p

Theorem 3.3. Assume thatn;, € € T, >n;,i=1,2,--- ,N,0<a <1, sp <0 such that

1 1
—+— =1,
sp5q

. €1 1 : # EN €] | 1 é
(f f Eqs(T)Qw(T)OaT) x(f f E5 (1) Q7 (1) 0aT
nN m N m
l+l
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and ¢, 1: TN — RY are continuous functions, then

fEN... 3 G5 (1) A (T) 00T > (feN. " ¢ (1) oar) (f f A7 (1) OQT)W. (3.13)
1IN m NN m N

Proof. Since sp < 0, by applying (3.1) with indices

- 1
sP:ﬂ:I—sp>1, sQ = —,
sq sq

(note that # + % =1),@w()=¢"%(1r)and O (1) = ¢*? (1) A’ (1), then

en €1 . . EN €] # EN €1 é
ff wsw)@s(ﬂoﬂs(f f wP(T)o,ﬂ) (f f @Q(ﬂo(n) ,
1N m N m N m

and substituting with values @ (1) and © (1), the last inequality gives us

f e[ ¢ @ [97 (1) AT (1)] Gat
1IN m

€N €1 - %;,q N sq
([T [emeren) ([ [T et
nw m nN ul
. _7‘1 EN €] 1 1 5q
f f Aq(r)oar<(f f ¢”(T)<>ar) (f f ¢S(T)/l~‘(r)<>a7) ;
1IN m N m 1IN m

then we have for sp < 0 and sq = sp/ (sp — 1) > O that

fN---flcbi(r)Ai(r)oarz(fN---flw’(r)oaf)w(fN---flﬂq<r><>ar)”,
N n N m N m

which is (3.13). O

Thus

Remark 3.6. If T=R, n, ¢ €R, ¢ >n;,i=1,2,--- ,N,0<a < 1, sp < 0 such that
1 1
—+
spsq

and ¢, A: RY — R*are continuous functions, then

f Elqsl(r)al(r)drz(fN- ¢p(7)dr) (f fﬂq(r)dr)m.
N m nN m N

Remark 3.7. I T=N,N= 1,7, e€N, e >, 0<a < 1, sp <0, such that

1 1
—+— =1,
sp5q

AIMS Mathematics Volume 9, Issue 4, 9329-9347.
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and ¢, A are positive sequences, then

e—1

a(er @A @)+ (1 -a) (¢ @+ DA (r+ D)

[

=0
e—1 sp [ e-1 5q

> (Z [@g” (1) + (1 - @) ¢ (7 + 1)]] (Z [@A? (7) + (1 — @) A7 (7 + 1)]] .
T=n T=n

Theorem 3.4. Assume thatn;,, € € T, >n;,i=1,2,--- ,N,O<a <1, r>u>t>0and E, Q:
TN — Rtare continuous functions, then

(fN...f'au)QM(T)w) s(fN---f]E&)Q’(r)oar) (fN---f]E@)Q’(r)oar) . (3.14)
1NN m 1N m N n

Proof. Applying (3.1) with
r—t r—t

b C] = 9
r—u u—t1

p:

(note that s = 1),
w’ () =Z2@) Q' (r) and O (1) =Z(1)Q (1),

we see that

f z f [E@Q @7 [E@Q @] 07

s( f f E(0)Q (1) %T) ( f f EMQ (1) OQT) ,’
and then
(fN...flg(T)Qu(T)oaT) g(fN-uflE(T)Qt(T)OaT) (fN-~~flE(T)Q’(T)<>aT) ,
nN m 1N m N n

which is (3.14). O

Remark 38. If T=R, 0, 6 €T, ¢ > n;,i = 1,2,--- ,N,r >u>1t>0and Z, Q: RY — R* are
continuous functions, then

(f _mmmdr)_ s(fN-~-fﬂE<r>Qf(T>df)_ (fEN--'fEIE(T)Qr(T)dT)_.
NN m nN n nN n

Remark 3.9. I T=N,N=1,n5, e e N, e >n0<a <1, r>u>t>0andE, Q are positive
sequences, then

e—1 r—t
Z [@cEOMQ(MN+-a)EFT+DQ" (t+ 1))]]

=1

e—1 r—=u
< (Z [tE@OQ @)+ -a)E@+ D (r+ 1))]]

=1
-1

x[ a’(E(T).Q.r(T))+(1—(}’)(E(T+1)Qr(7’+l))]] .
=1
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Theorem 3.5. Assume that n;, € € T, >n;,i=1,2,--- ,N,0O<a <1, s>1,sp>1suchthat

1 1
—+— =1,
sp8q

and 2, Q: TN — R are continuous functions, then

(f | E@ra@y m)w < (f f =" (1) OQT)W n (f f QO (7) OQT)W . (3.15)
1IN m 1IN m 1IN m
Proof. Note that
EM+Q@))!=EmD+Q (T))% EM+Q (T))”‘§ ) (3.16)
Using the inequality (2.5) with replacing x, y by E5 (1) and Q5 (1), respectively, we have
E@+Q@) <E (1) +Q (1),
therefore, (3.16) becomes
E@M+Q@Y <E @EM@+Q@) PV +Q @) E®@ + Q@) 7,

then
[ [ eoremrors [ [ EoE0a@ o

1IN m N m

+ fEN e fﬂ Q' (1) (E() + Q(T))%(sp—l) OuT. (3.17)
N m

Applying (3.1) on the two terms of the righthand side of (3.17) with indices sp > 1 and (sp)" =
sp/ (sp — 1) (note é + (5;17)* = 1), we obtain

fmmfﬂ 25 (1) (E (@) + Q@) 7D 0,1
N n

1

sp—1

< (fEN...fq EP(T)QQT)W (fEN...fﬂ (E(T)+Q(T))p<>a7') ’ (3.18)
w m v n

sp=1

f f "ol (T)(E(‘r)+Q(T))l(s”_1)<>a‘rS( f f ) Q”(T)O(J)W ( f f i (E(r)+9(r))f’<>ar) 7 (3.19)
1N m 1IN m N n

Adding (3.18) and (3.19) and substituting into (3.17), we see that

f q (E(T)+Q(r))”<>arﬁ[(fm"'fﬁ EP(T)OQT)W‘*(fENn-fﬂ Qp(r)oaT)w}
nN 1 -~ " - )

([T [[emramyro) .
1IN m
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thus,

(f”f (5(7)+Q(7))p0a7) (f f Hp(T)oar)WJr(fEN...fq Qp(T)%T)‘”’,
N n nN ni nN n

which is (3.15).
Remark 3.10. If s = 1 and N = 1, then we get the dynamic Minkowski inequality (2.3).

In the following, we establish the reversed form of inequality (3.15).

Theorem 3.6. Assume thatn;, ¢ €T, >n;,i=1,2,--- ,N,0<a <1, p<0,0<s<1andZ Q:

TN — R* are continuous functions, then

(ng"‘fﬂ(E(T)+Q(T))”<>aT)WZ(IEN---IQE"(T)%T) (f f Q”(T)OQT) (3.20)
TIN m TIN m

Proof. Applying (2.6) with replacing x,y by =5 * (1) and Q5 (1), respectively, we have that

E@+Q@) 2 (1) +Q (7).
Since

E@+Q@) =E@+Q@) E@+Q@) ",
by using (3.21), we get

1
s

E@M+Q@)y =&

[ [ @mra@ross [ [ EoEmra@i o
1IN m 1IN m

+ f f 2 ME@ Q@) o,
1IN m

Applying (3.13) on fn;N . f 25 (1) (B (1) + Q(1)* sGsp=D) 0o T, With

OE@+QE) "+ @E@ +Q@) Y,

then

p(M=E@, 1) =ED®+Q@)"",

and the indices sp < 0, (sp)* = sp/(sp—1) (note el

(sp) = 1), we see that

1IN m
z(f f EP(r)oar)”’(mefq<E<r)+ﬂ<r))f’<><n "
N m nN m

(3.21)

(3.22)

(3.23)
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Again by applying (3.13) on fn;N e f: Qs (1) (B(1) +Q (T))%(“"’_l) O, T With
M =Q01), 1) =E@®+Q@)"",

1
(sp)”

fENmel Q (D) E@+ Q@) PV o7 > (fEN...fﬂ Q7 (1) %T)xp
™ " N m
X(fm---fq (E(T)+Q(T))p<>a7') L G
NN m

Substituting (3.23) and (3.24) into (3.22), we see that

fEN“' ) E@+ Q1) 0,7 2 [(‘[EN.“IGI E”(T)OQT)W +(f6N-.-fﬂ QP(T)OQT)W}
nN m v m - "

sp—1

x(feN...fEl (E(T)-i-Q(T))pO(IT) " s
1IN m
then
(f€N~~-f€1 (E(T)+Q(T))p<>aT)W > (fEN~--fﬂ EP(T)OQT)W +( 6N~~-f61 QP(T)OQT)W ,
N m N m Un m

which is (3.20). O

and the indices sp < 0, (sp)* = sp/ (sp — 1) (note # + = 1), we have that

Remark 3.11. f T=R,n;, €T, >n;,i=1,2,--- ,N,p<0,0<s<1and E, Q: RY — R" are
continuous functions, then

(fEN-H " (E(T)+Q(T))pd‘r)xp > (fEN"'fEI EP(T)dT)W -F(\fEN-H‘f‘El QP(T)dT)SP.
N m v m N m

Remark 3.12. I T=N,N=1,n5, eeN, e>n0<a<1,p<0,0<s<1,and E, Q are positive
sequences, then

1

e-1 sp
{ [Q(E(T)+Q(T))p+(1—Q)(E(T+1)+Q(T+1))p])
n

T=
1

e-1 sp
Zagp(r) +(1-a)Q” (1 + 1)] .

=0

e-1 sp
> { [ (1) + (1 - @) B (7 + 1)]} +

=7

4. Conclusions and future work

In this paper, we present novel generalizations of Holder’s and Minkowski’s dynamic inequalities
on diamond alpha time scales. These inequalities give us the inequalities on delta calculus when a = 1

AIMS Mathematics Volume 9, Issue 4, 9329-9347.
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and the inequalities on nabla calculus when @ = 0. Also, we introduced some of the continuous and
discrete inequalities as special cases of our results. In addition, we added an example in our results to
indicate the work.

In the future, we will establish some new generalizations of Holder’s and Minkowski’s dynamic
inequalities on conformable delta fractional time scales. Also, we will prove some new reversed
versions of Holder’s and Minkowski’s dynamic inequalities on time scales.
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