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1. Introduction

The kinetic equation has become a powerful mathematical tool to describe the dynamics of many
interacting particle systems, such as electrons, ions, stars, and galaxy or galactic aggregations. Since
the nineteenth century, when Boltzmann formalized the concepts of kinetic equations, they have been
used to model a variety of phenomena in different fields, such as rarefied gas dynamics, plasma
physics, astrophysics, and socioeconomics. Particularly, in the life and social sciences, kinetic theory
is used to model the dynamics of a large number of individuals, for example biological cells, animal
flocks, pedestrians, or traders in large economic markets [1-5]. Moreover, it has applications in
aerospace engineering [6], semi-conductor technology [7], nuclear engineering [8], chemotaxis, and
immunology [9].

In this article, we consider the kinetic equation

Ouu(x, p, 1)+ Y pidyux, p,1) = F(D(x, p), (1.1)

J=1
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under the conditions:

uy(x, p, ), (1.2)
uo(x, p) (1.3)

l/l(.x, P> t)l)q <0
u(x, p,0)

in the domain Q = {(x,p,t) : x; > 0, x € D, p € R", t € R}, where D Cc R", x = (x1,X) € R",
% = (x2,..., X,) € R"!. Throughout the paper, we used the following notations:
Ou Oou u 5 u

Ou=—, Oyt = —, 0,0 = —, Pu=—, Au=» Pu(l<j< di= V-1.
U £y u o, 0y ox .y, o (977? ol ]Z:; nj“( j<n)andi

In applications, u represents the number (or the mass) of particles in the unit volume element of the
phase space in the neighbourhood of the point (x, p, t), where x, p and ¢ are the space, momentum and
time variables, respectively.

Before stating our problem, we reduce Eq (1.1) to a second-order partial differential equation.
Toward this aim, we apply the Fourier transform with respect to p, then from (1.1) we obtain

i(x,y.0)+1 ) 8,0, 0(x,y.1) = FDF(x.Y), (1.4)

j=1
where y is the parameter of the Fourier transform.
By (1.2) and (1.3), we find

I’/\t(xay’ t)l)qSO = l’/\tl(-xay9 t)a Q(X,y, 0) = ﬁO(xay)' (15)

Making the change of variables
X=y=¢& x+y=1
: : : _ g nE _ pfr ety
and introducing the function z(£, n,1) = (5%, T2, 1), h(€, ) = 8(5%, 52) in (1.4), we get

2 2
0,:z(&,n, 1) + i(Ay — Az(&,m, 1) = f(OIE, ). (1.6)
From (1.5), it follows that
2(&, 1, Dlgy+ny <0 = 21, 26,1, 0) = zo(&, ). (1.7)

We introduce the set Z of functions z € C*(R*"*!) N H*(R***!) such that z = 0 for x; — y; > &,, and
the Fourier transform of z with respect to ¢ is finite. We assume that f € C(R) N H*(R).

Equation (1.6) is called an ultrahyperbolic Schrodinger equation. Here, for technical reasons, we
consider the equation

0iz(&m, 1) + (A, — a” Az(é . 1) = f(ORE, 1), (1.8)

where a € C'(D) and a > 0.
Since z = 0 for x; —y; > &, by (1.7) we have

Z(‘f’ ‘fo’ 7_7’ t) = 3,,1Z(§, 50’ 7_7’ t) =0, Z('f’ n, 0) = ZO(é‘:’ 77)’ (19)
where 77 = (17,, ..., 17,,).
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We deal with the following problem:
Problem 1. Determine the pair of functions z(&, 1, ) and h(&, ) from relations (1.8) and (1.9).

We investigate uniqueness of solution of Problem 1. For the proof, we shall use the Fredholm
alternative theorem, so we consider the related homogeneous problem.

Then, by the condition z(¢,7,0) = zo(&,17) = 0 from (1.8), we can write

e = fR WAE 7, w)dw,

so we have
" SO
dz(.m.1) + Z; PN E M) = i fR W€, w)dw. (1.10)

The solvability of various inverse problems for kinetic equations was studied by Amirov [10] and
Anikonov [11] on a bounded domain, where the problem is reduced to a Dirichlet problem for a third-
order partial differential equation. See also [12] for an inverse problem for the transport equation,
where the equation is reduced to a second-order differential equation with respect to the time variable .
Moreover, in [10,11], the problem of determining the potential in a quantum kinetic equation was
discussed in an unbounded domain. Numerical algorithms to obtain the approximate solutions of some
inverse problems were developed in [13,14]. The main difference between the current work and the
existing works is that here the problem of finding the source function is considered in an unbounded
domain with the Cauchy data which is given on a planar part of the boundary.

The main result of this paper is given below:
Theorem 1.1. Let 8ma > 0 and f(0) # 0. Then, Problem 1 has at most one solution (z, #) such that
z€Zand h € L'(R™).

We apply the Fourier transform to Eq (1.10) and for condition (1.9) with respect to (&, 1), we get

I TS ( () B A
—wi-AZ—al|sPi= = | wils,n, wdo, (1.11)
’ FO) Jo 5T
2(s,0,1,w) = 0,,2(s,0,7,w) = 0. (1.12)

We write 2 = z; + izp and f = f; + if> in (1.11), and so we obtain the following system of equations:
Az +a " IsPz = I (k= 1,2), (1.13)

where

1
L = —(flfwzldw—fzfwzzdw)—wzl,
R R

f(@0)
1
L = m(ﬁ V[szgdw + f szldw) — w2. (1.14)
By (1.12), we have
21(5,0,7,w) = 0, 0,,(21)(s,0,7, w) = 0, 22(5,0,7, w) = 0, 8, (22)(s,0,7, w) = 0. (1.15)

Thus, we shall show that this homogeneous problem has only the trivial solution. In the proof of
Theorem 1.1, the main tool is a pointwise Carleman estimate, which will be presented in the next
section. The proof of Theorem 1.1 will be given in the last section.
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2. Carleman estimate

The Carleman estimate is a key tool for proving uniqueness and stability results in determining a
source or a coefficient for ill-posed Cauchy problems. Carleman [15] established the first Carleman
estimate in 1939 for proving the unique continuation for a two-dimensional elliptic equation. Later,
Miiller [16], Calderdn [17], and Hormander [ 18] obtained more general results. In the theory of inverse
problems, Carleman estimates were first introduced by Bukgeim and Klibanov in [19]. After that,
there have been many works relying on that method with modified arguments. We refer to Puel
and Yamamoto [20], Isakov and Yamamoto [21], Imanuvilov and Yamamoto [22,23], Bellassoued
and Yamamoto [24], and Klibanov and Yamamoto [25] for hyperbolic equations; Yamamoto [26]
for parabolic equations; Amirov [10], Lavrentiev et al. [27], Romanov [28], and Golgeleyen and
Yamamoto [29] for ultrahyperbolic equations; Golgeleyen and Kaytmaz [30-32] for ultrahyperbolic
Schrédinger equations; and Cannarsa et al. [33], Golgeleyen and Yamamoto [34], and Klibanov and
Pamyatnykh [12] for transport equations.

In order to obtain a Carleman estimate for Eq (1.13), we write

Pozi = Ayzi +a ' |sIP zi (k= 1,2). 2.1)
Next, we define
Q _ . n n C 042
o=1{(sm:se R, neR, n >0, 0<om <y- > -1,
j=2

where 0 <y <1,6> 1,73, = (n(l), oY), ¥ + ag = p < 1. Moreover, we introduce a Carleman weight
function
p=e"", (2.2)

where @ > 0, the parameters 0, A and v are positive numbers, and
1 n
W) = o, + 5 ) ;= 1) +a. (2.3)
=2

Obviously, 1, € Q) and Q C Q for sufficiently small y > 0.
To establish a Carleman estimate we first present an auxiliary lemma.
Lemma 2.1. The following equality holds for any function z; € Z :

_ 2 & 2 e
GPoz)e® = a s et — |V, ¢2+z§2(2ﬁv2 (B u) w22

j=1
+ v+ Dy (0, 0) = g™ (07 0)) 0 + i (20 (2.4)

where

i @) = D0y, (2 (Bnz) + w7 v (3,0)20) 7).

J=1

Proof of Lemma 2.1. Since Pyz; = (An +a! |s|2) 2k, WE can write
2Pz )¢’ = 7 (Anzi) @7 + ™' Isf 2, (2.5)
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and using the equalities

() 0 = 0y, (2 (0,21)) = 9y, (26”) (90,20). (2.6)
=0, () (9 20) = = (00,5) & = 20y, () (302) @7
50, (&) (0,) = =21, (2 (-4 (0,0)07) ) + 33303 (") @8)
333, () = (207 (0,0) 02 4 e D (@,0) v - (@) )2 @9)
we obtain
wPoz)g = —|Voal @+ 2 Zn;(zﬁzvz (a,bw)2 Y+ v+ Dy (9,,0)
£
o B+ Y0 (@ (00) + 0 0 (0,)2) ) v 17

=1

Proposition 2.1. Under the assumptions of Theorem 1.1, the following inequality is valid for all z; € Z:

—2nAvz(Pozi)¢” + " (Poze)’¢”
> 2/l3v3tﬁ_2v_2z,%g02 + 2 va ' |sP zigpz + 2y |V,,zk|2 g02 —2nAvd; (z) + d> (z1) , (2.10)

where A and v are large parameters to be specified in the proof below. Moreover, d, (z;) denotes the
sum of divergence terms, which will be given explicitly later.

Proof of Proposition 2.1. We first define a new function w = ¢z;, and then we can write

v P = 0 () e+ a IsP en)
. Mv(i (0,) (a,]_,w)] (g + 3 i v (3,0)
e J:_ll) v (0,0) + (agrw))wr: oI5 w)
= i K. 2.11)
5

Now, we calculate the terms K;, 1 < j < 5 as follows:

n

K= 4 ) (9,0) (2,) 5w
Jir=1
= 4t 320, ((0,0) (0,) (0,) -2 Y 3, (209) 219) )
jr=l jr=1
+20v (n - 1) Z (0,,0)" - 4dv(n - 17 Z (0n,) - 2.12)
J=1 j=2
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Similarly, we can calculate

K

Next, we have

K3:

=

\%

n

483" (8,0) (8, w) (3,0) w

Jr=1
—2v— : 2 Dy— 4
22N, ((a,,jw) (9,9) w2)+4/13v3 W+ Dy [Vl w?
Jr=1
2(n-1) /13\/31//_2"_2 Vn'»”|2 w2 — 4/13V3l//—2v—2 an//|2 i
dr (W) + 4234 6% 22w, (2.13)

n

—42V2 v+ DY " (0,,0) (9,w) ((y‘,,rw)2 w

22V (v + Dy Z d, ((amw) (0,9) wz) + 2272 v+ D (n - Dy

42 0+ DV v 2w =22 v+ D+ 2y
dos W) =22V (v+ D (v +2)y ™73

Jr=1

V,]a,b|2 w?

Jr=1
4
an/’| w?
vl W (2.14)

As for the fourth term,

Moreover, we have

Ks

\%

Ky

n

= 4227 Y (9,0) (0, w) (02 w) w
Jr=1
= 2% (-1 Zn: I, ((8,,}.1&) wz) 2% (- 1)* w?
j=1
222 (= 1) v+ Dy |Vl w?
dos (W) = 222207 (n - 1)* wP. (2.15)

%

4ava' s an (8,,jw) (0,,jw) w

21v|s? Zn: 8,71. ((('),7],0,0) a_lwz) + 42y |s]* a2w? [6 (('),71 a) +
=1

=

2lv(n-1)|sPa'w?

where we choose

AIMS Mathematics

drs (W) + 2y (n + 1) |s|* a~'w?, (2.16)

0 > max {ZH] ‘((9,,]_(1) (nj - 77?)' + na} /min (6”1 a).
2

neD = neD

Volume 9, Issue 4, 9184-9194.
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If we replace the functions w with z;, then from (2.12)—(2.16), we can write
v e (Agae) + a ' IsP 2y
> dy(z0) =20 (n = D[V, @ + 200 (n + D s a7 36" + 3080V 6N 2220
+AA 77 (sz(s“w—v—l 20w+ +2) |V,,¢p|4 v =2 - 1)2) Ve (2.17)

where

d (zx)

5
Z drj (zx) ,
=1

dn @) = 4 )0, (30 0) (90,2) = 07 (0,9) ) (992) - ™ (0,0)2)

jir=1

2y Zn: Oy, (((%_,lﬁ) (((’L,,.Zk) — vy (@;,llf) Zk)2 902)

Jr=1

225%™ (- 1) Z 0y, ((0,,9)22¢) .
=1

dp () = 28y >0, [Ivnwlzzizanjw]’

=1

d@) = 207 w0y Y0, ((0,0) [Vl ).

=1

dr (z1) = 223 (n—1) ‘/’_V_l an a”.i ((8’7/'!’) Z’%) ’

=1
dys(z) = 2v|sP Z (9,7_/, ((Omlﬂ) a‘lz,%) )
=1

Here, we can choose A > A, such that
WY =20+ D+ [Vl T 20— 17 2 0,

and so from (2.17) we obtain

v (Poz)’e’

> 3PV R 20 (n+ DIsP a2 -2 (n— DIV, @+ d (). (2.18)

Finally, multiplying inequality (2.4) by —2nAv and summing with (2.18), we get
—2nvzi(Pozde” + Y (Poze)’e”
20015 a5 + 200 [Vl @ + (30N - dna 2 T

\%

n

20 (v+ 1y 2 Z (a,,j(//)2 20022y (0= 1) 530” — 2ndvdy (@) + da (1) . (2.19)
j=1

By choosing v > vy, we obtain (2.10). Thus, the proof of Proposition 2.1 is complete.

AIMS Mathematics Volume 9, Issue 4, 9184-9194.
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3. Proof of Theorem 1.1

First, for the right-hand side of (1.13), we can write

2 2
() + (b)? < 3%% f (1 + WX + 2D)dw + 30> (2 + 23). (3.1)
R

In (3.1), we used the following expressions:

( f wzkdw)2
R

( f (1 + )21 + W) uzdw)?
R

f(l + wz)_ldwfwz(l + wz)z,fdw
R R

M, f(l + wz)zzid(u
R

IA

IA

and

M, = f(l + w) ldw.
R
Using (2.10), for k = 1,2 we have

(()* + V)" + ¢ (Poz)* @’
—ZAank(PoZk)SOZ + '»”VH(P()Z/C)ZQOZ
2V 207 + 2ava s 2 + 2y |V,,zk|2 ©* = 2vnd,(zx) + do(2). (3.2)

\%

\%

By (3.1), (3.2) and the equalities 22 + 22 = 3%, f> + f? = |f|2, we obtain

A12

f . .

(3}%% f (1 + ?)? 2 dw + 30 21H)¢?
R

2
> 23V R @7+ 2ava ISP AP @ + 240 [V 7 + Z(dz(zk) —2dvnd,(z)).  (3.3)

k=1

If we multiply (3.3) by (1 + w?)? and integrate with respect to the parameters w over R, we have

f Q12 @IV + 20va ! |sP) + 24y |V, (1 + wH)dw
R

< GhMry? f (1 +0*)? EP)dw + 3¢° f (1 + 0’0 [2P)dw)
R R
2
> f (1 + W QAvnd, (z) - do(z))dw, (3.4)
k=1 YR

where f; = r’r;ee% {f%)} and M, = fR(l + w?)? |f|2 dw.

AIMS Mathematics Volume 9, Issue 4, 9184-9194.
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In inequality (3.4), we can choose the big parameter A, such that all terms on the right-hand side
can be absorbed into the left-hand side. Then, we have

33 f 21> p*dw < div(3), (3.5)
R

where
2

div(3) = Z f (1 + w*)*QAvnd, () — dr(z))dw.

k=1 VR
Since ¢ > 1 on Q, we have
1
f 2 dw < f B @’dw < ——div(2). (3.6)
R R A3

Integrating inequality (3.6) over ), and passing to the limit as 4 — oo, we have

f f 21 dwdsdn < 0, (3.7)
Qy JR

which means that 7 = 0. Therefore, we conclude that z = 0. Finally, by (1.8) we obtain 2 = 0, which
completes the proof of Theorem 1.1.

4. Conclusions

In this study, we considered an inverse problem for the kinetic equation in an unbounded domain.
We reduced the equation to a second-order partial differential equation and proved the uniqueness of
the solution of the problem by using the Carleman estimate. The method used in this paper can be
applied to a variety of equations, including some first and second-order partial differential equations in
mathematical physics, such as transport, ultrahyperbolic, and ultrahyperbolic Schrédinger equations.
By similar arguments, a stability estimate can be obtained in an unbounded domain.
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