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1. Introduction

The first attempts to generalize the classical function spaces of the Lebesgue type L, were made
by Birnhaum and Orlicz in 1931 [1]. The more abstract generalization was established by Nakano [2]
in 1950 and refined and generalized by Musielak and Orlicz [3] in 1959 under the name of modular and
modular spaces. Lately, Chistyakov [4, 5] developed modular spaces and metric spaces by introducing
modular metric spaces (or metric modular spaces). The main idea behind this new concept is physical
interpretation of the modular metric spaces [6]. Here, we look at modular metric spaces as the nonlinear
version of the classical modular spaces as introduced by Nakano [7], on the vector spaces and modular
function spaces introduced by Musielack [8] and Orlicz [9]. It is worth noting that there is another
similar generalization, i.e., (¢;, g2)-quasimetric spaces, which were recently introduced and studied by
Arutyunov and Greshnov in [10-12].

Over the past hundred years, fixed-point theory, as one of the centers of mathematical analysis,
has been used in many different fields of mathematics such as topology, analysis and operator theory;
see [13—18]. Let A be a non-empty subset of a metric space (X,d) and T : A — A be a self-mapping.
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A point x € A is said to be a fixed point of T if Tx = x. However, in many practical applications, T
does not satisfy the condition for a self-mapping. In other words, the mapping 7 : A - B(AN B =0)
does not have any fixed point. In this case, it is quite natural to investigate an element x € X such
that d(x, Tx) 1s minimized. In 2010, Basha [19] introduced the notion for a best proximity point of
non-self mappings. Let A, B be two non-empty subsets of a metric space (X,d) and T : A — Bbe a
non-self mapping. A point x € A satisfying that d(x, Tx) = d(A, B) is called a best proximity point of
the non-self mapping 7. If A N B # (0, then the best proximity point becomes a fixed point of 7.

Recently, Beg et al. [20] introduced a new type of generalized F-proximal contractions and
investigated the unique best proximity point of generalized F-proximal contractions on a complete
metric space. Motivated by the recent results, in this paper, we investigate a-n-type generalized
F-proximal contractions of the first and second kind in the context of modular metric spaces by
focusing on the uniform approximation property of the set. Then, we state several best proximity
point theorems for some proximal contractions in modular metric spaces. Some examples are given to
demonstrate our theoretical results. Moreover, we give an application of our main results to establish
the existence of the solution of a non-linear integral equation.

2. Preliminaries

Throughout this paper, N and R denote the sets of positive integers and real numbers respectively.
We write Ny = N U {0}. First, we recall some prerequisites.

Let X be a non-empty set. For any x,y € X, we also write w,(x,y) := w(4, x,y) for all 4 > 0 and
w = {w,} 50 for which w, : X X X — [0, oo].

Definition 2.1. [4,5] Let X be a non-empty set and x,y,z € X. A function w : (0,00) X X X X — [0, o0]
is said to be modular (metric) on X if it satisfies the following conditions:

(i) wa(x,y) = 0ifand only if x =y forall 1 > 0;
(ii) wy(x,y) = wy(y, x) for all 1 > 0;
(1i1) Wasu(x,y) < wax,2) + wy(z,y) for all A, > 0.

If we utilize the condition
(i) wa(x,x) =0forall 1 >0,

instead of (i), then w is called pseudomodular on X. If w satisfies i, and
(iy) wy(x,y) = 01if and only if x = y for some 4 > 0,

then w is called strictly modular on X. If condition (ii1) is replaced by
(i) Waru(x,y) < ﬁwﬂ(x, 7))+ A”Tywﬂ(z,y), forall 4, u > 0,

then w is called convexly modular on X.
Some examples of modular metrics are as follows.

Example 2.1. [4] If (X, d) is a metric space for any x,y € X and A > 0, then
W, (X, )’) = d(-x’ )’)
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is a modular metric and

d(x,y)
1

W, (x, y) =
is a convex modular.
Definition 2.2. [4] Let w be pseudomodular on X and x, be a fixed element of X. Then the sets
X = Xy(x0) = {x € X : wa(x, x0) > Oas A — oo},
X, =X, (x) ={xeX:31=Ax) >0, such that w,(x, xy) < oo}
are called modular metric spaces (around x).

Obviously, X,, € X, holds. If w is a modular metric on X, then the modular space X,, can be
equipped with a (nontrivial) metric d,,, was generated by w and given by

dy(x,y) = inf{d > 0: wy(x,y) < 4}, x,y € X,,.

If w is a convex modular metric on X, then X,, = X and this common set can be endowed with a metric
d;, given by
d;(x,y) =inf{1 > 0 : wy(x,y) < 1}, x,y € X,..

Given 4,r > 0 and x € X, set
B, =B, ={yeX, :wix,y) <r}.

Definition 2.3. [2]1] A non-empty set A C X is said to be w-open (or modular open) if, for every x € A
and A > 0 there is r > 0 (possibly depending on x and 1) such that B,, C A.

Denote by mr(w) the family of all w-open subsets of X. Clearly, n(w) is a topology on X,; see [21].
Definition 2.4. [6,21] Let X,, and X;, be modular metric spaces and {x,} be in X,, (or X},); then,

(1) the sequence {x,} is said to be w-convergent to x € X if and only if wi(x,,x) — 0asn — oo for
some A > 0;

(2) the sequence {x,} is said to be w-Cauchy if w,(x,, X,,) = 0 as m,n — oo for some 1 > 0;

(3) asubset A of X,, (or X;,) is said to be w-complete if any w-Cauchy sequence in A is a w-convergent
sequence and its w-limit lies in A.

(4) a subset A of X,, (or X;,) is said to be w-closed if the w-limit of a w-convergent sequence of A
always belongs to A.

It is easy to see that if w is strict, then we have uniqueness of the w-limit. Indeed, If x, — x
and x, — y, then w,(x,,x) — 0 and w,(x,,y) — 0 for some 4 > 0. By axiom (iii), wy(x,y) <
wa(x, x,) + w(x,, y); thus, wa,(x,y) = 0. If w is strict, then x = y.

Definition 2.5. [22] Let w be a modular metric on X. We say that w satisfies the Fatou property if
W/l(-xa )7) < lim inf W/l(xna )’n),
for some A > 0 whenever {x,} is w-convergent to x € X and {y,} is w-convergent to 'y € X.
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Samet et al. [23] introduced the notion of a-admissible mappings as follows.

Definition 2.6. [23] Let T be a self-mapping on X and a : X X X — [0, o) be a function. We say that
T is an a-admissible mapping if

a(x,y) > 1= a(Tx,Ty) > 1,

forall x,y € X.
Salimi et al. [24] modified the notion of @-admissible mappings as follows.

Definition 2.7. [24] Let T be a self-mapping on X and a,n : X X X — [0, o) be two functions. We
say that T is an a-admissible mapping with respect to n if

a(x,y) 2n(x,y) = a(Tx,Ty) 2 n(Tx,Ty)

forall x,y € X.
In 2012, Wardowski [25] introduced the concept of an F-contraction.
Definition 2.8. [25] Let F : (0, 0) — R be a function such that

(F1) F is strictly increasing;
(F2) for any sequence {&£,} C (0, 00), then

lim ¢, =0 & lim F(§,) = —oo;

n—oo

(F3) there exists k € (0, 1) such that é:lir(r)1+ EXF (&) = 0 for any & € (0, o).

We denote by § the set of all functions F : (0, 00) — R satisfying (F1)—(F3).
Example 2.2. [25] Let t > 0. The following functions F : (0, 00) — R belong to §:

(1) F(t) =Int;

(2) F(t) =t +1Int,
(3) F(t) = =

(4) F(t) = In(¢* + 1).

Definition 2.9. [25] Let (X, d) be a metric space and T : X — X a mapping. If there exist F € § and
7 > 0 such that
T+ F(d(Tx,Ty)) < F(d(x,y)),

forall x,y € X withd(Tx,Ty) > 0, then T is called an F-contraction.
Define

d(A,B) = infld(x,y): x€ A,y € B},
Ag={xe€A:d(x,y)=d(A,B) for some y € B} and
By={yeB:d(x,y)=d(A,B) for some x € A}.

Now, we put forward the definition of a P-property.

AIMS Mathematics Volume 9, Issue 4, 8940-8960.



8944

Definition 2.10. [26] Let (A, B) be a pair of non-empty subsets of a metric space (X, d) with Ay # 0.
We say that the pair (A, B) has the weak P-property if and only if the following holds:

d(x;,y1) = d(A, B) B
{ d(xy,y2) = d(A, B) = d(x1,x2) = d(y1, y2),

Zhang et al. [27] introduced the notion of the weak P-property which is weaker than the P-property.

Definition 2.11. [27] Let (A, B) be a pair of non-empty subsets of a metric space (X, d) with Ay # 0.
We say that the pair (A, B) has the weak P-property if and only if the following holds:

d(xi,y1) = d(A, B)
{ d(x2,y2) = d(A, B) = d(x1, x2) < d(y1,y2),
forall x,,x, € A and y,,y, € B.

Recently, Basha [28] introduced the concept of the uniform approximation of a set.

Definition 2.12. [28] Let (A, B) be a pair of non-empty subsets of a metric space (X, d) with Ay # 0.

A is said to have uniform approximation in B if and only if, given € > 0, there exists o > 0 such that
the following holds:

d(-x]’yl) = d(A’ B)

d(XZ’ yZ) = d(A’ B) = d(ylayZ) <g,
dlx;,x) <o

forall x,,x, € Aandy,,y, € B.

It is trivial to see that A (or B) has uniform approximation in B (or A) and the pairs (A, B) and (B, A)
do not necessarily have the weak P-property (see [28] and Example 3.1).

3. Main results

Let A and B be two non-empty subsets of a modular metric space (X, w). For all 4 > 0, we set

W/l(A’ B) = inf{W/l(x,y) P XE A7y € B}’
Aé ={xeA:wyx,y) =wyi(A,B) for somey € B} and
Bg ={ye B:wyx,y) =w,i(A, B) for some x € A}.

Definition 3.1. Let (A, B) be a pair of non-empty subsets of a modular metric space (X,w), and let

a,n: X XX — [0,00) be two functions. We say that T : A — B is an a-proximal admissible mapping
with respect to n if the following holds:

a(uy, up) > nuy, up)

wa(x1, Tup) = wi(A, B) = a(x), x2) > n(xy, x2),
wa (x2, Tup) = wi(A, B)

for all xy, x,,uy,u; € Aand A > 0.
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Definition 3.2. Let (A, B) be a pair of non-empty subsets of a modular metric space (X,w); the

subspace A is said to have uniform approximation in the subspace B if and only if, for given € > 0,
there exists 6 > 0 such that the following holds:

wa(xi,y1) = wa(A, B)
wi(x2,y2) = wa(A,B) = wi(y1, ) <&,
waxi, x2) < o

forall xi,x, € A, y1,y, € Band 1 > 0.

Here, we introduce the concept of an a-n-type generalized F-proximal contraction of the first and
second kind in modular metric spaces.

Definition 3.3. Let (A, B) be a pair of non-empty subsets of a modular metric space (X, w). A non-self

mapping T : A — B is said to be an a-n-type generalized F-proximal contraction of the first kind if
there exist F € &, Ao > 0, and a,b,c,e,T > O witha + b + c + 2e = 1 such that the following holds:

auy, up) > n(uy, up)
wa(x1, Tuy) = wa(A, B)
wa(xz, Tup) = wi(A, B)

=T+ F(wa(x1, x2)) < F(wa(uy, up) + Wg(xb up) + wa(xa, uz) + waxy, ug) + wa(xz, uy)),

for any xy, xp,uy,uy € Awith x; # x, and 0 < 1 < Ay.

Definition 3.4. Let (A, B) be a pair of non-empty subsets of a modular metric space (X,w). A non-self
mapping T : A — B is said to be an a-n-type generalized F-proximal contraction of the second kind if
there exist F € &, 4o > 0, and a,b,c,e,7 > O witha + b + c + 2e = 1 such that the following holds:

a(ur, uz) = n(uy, uz)
W/l(-xla Tul) = W/I(Aa B)
W/l(xz’ TMZ) = W/I(A’ B)

=57+ Fwi(Tx1,Tx)) < Fiwa(Tuy, Tup) + w%(Txl, Tuy) + wa(Txa, Tuy) + wa(Txy, Tuy)
+ wa(Txz, Tuy)),

for any xy, x3,u1,uy € Awith Tx) # Tx;, and 0 < A < Ay.
Now we state and prove the main results of this section.

Theorem 3.1. Let w be a strict convex modular metric with the Fatou property on X and X, be a
w-complete modular metric space induced by w. Suppose that (A, B) is a pair of non-empty w-closed
subsets of X;, such that A has uniform approximation in B. Assume that T is an a-n-type generalized
F-proximal contraction of the first kind that satisfies the following assertions:

(1) Aé and Bé are non-empty sets and T(Aé) C Bé forall0 < A < Ay,
(2) T is an a-admissible mapping with respect to n;

(3) there exist elements xq, x| € Aéfor all0 < A < Ag such that w(x,, T xg) = wi(A, B) and a(xy, x1) >
n(xo, x1);
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(4) if {x,} is a sequence such that a(x,, xX,+1) = 1(x,, X,+1) for all n € Ny and x,, —» x as n — oo, then
a(x,, x) = n(x,, x) for all n € N

If, for every 0 < A < Ay, there exists an x € X, satisfying that wy(x,Tx) = wy(A, B) implies that
wai(x,Tx) < oo, then T has a best proximity point. If, in addition, for any x,u € X, satisfying that
wilx, Tx) = wy(u, Tu) = wy(A, B) implies that wy(x,u) < oo and a(x,u) > n(x,u), then the best
proximity point of T is unique. Further, for any xy € Ay, the sequence {x,} defined by

Wa(Xps1, Tx,) = wa(A, B),

w-converges to the best proximity point.

Proof. Let xo, x; € A} such that
wa(xy1, Txo) = wi(A, B) and a(xy, x1) = n(xog, X1).
Given the fact that T(A}) C By, there exists x, in A} such that
wa(xa, Txy) = wy(A, B).

Since T is an a-admissible mapping with respect to 1, we have that a(x, x,) > n(x;, x;). Again, in
view of the fact that T(A]) C By, there exists x3 C A] such that

wa(x3, Txa) = wa(A, B).
Similarly, we have that a(x;, x3) > n(x,, x3). Continuing this process, we get:
W/l(-xn+1, T-xn) = W/l(A’ B) and a(xn’ -xn+l) > n(-xn’ -xn+1)

for all n € N. If there exists ny € Ny such that x,,, = x,,+1, then w,(x,,, T x,,) = wi(A, B), which implies
that x,, is a best proximity point of 7. Hence, we suppose that x,, # x,.; for all n € Ny. Given the fact
that 7" is an a-n-type generalized F-proximal contraction of the first kind, we have

T+ F(le(xn’ xn+1)) SF(W%(Xn_l, xn) + W%(Xn, xn—l) + W%(xn+1, xn) + W%(Xn, xn) + W%(Xn—la xn+1))-

3.1
By the convexity of w, we get
W/;‘(xn—l’ xn) = W)+%A(xn—l’ xn)
1-a
< Iw/l(xn—la xn) + LW%A(xn’ xn)
a a
= aw/l(xn—l, xn)
which implies that
W%(-xn—l,xn) < aw/l(xn—]a-xn)- (32)
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Similarly, we can obtain

W%(xn—ly xn) < bw/l(xn—la xn)’

W%(-xn’ Xni1) S CWA(Xn,s Xpg1)-
Also,

W%(xn—la -xn+1) = W/l+%/l(xn—l’ xn+1)

< ew/l(xn—l, xn) + (1 - e)w%,i(xm xn+l)

1
< eW/l(xn—h xn) + ew/l(xn’ xn+1)(as e € (0’ 5))

Applying (3.2)—(3.5) in (3.1), we obtain

T+ F (W/l(xm xn+1)) <F ((Cl +b+ e)W/l(xn—la xn) + (C + e)w/l(xm xn+l)) .

Since F is strictly increasing, we derive
W/l(-xna -xn+1) < ((l +b+ e)w/l(-xn—la -xn) + (C + e)w/l(xn» xn+l)-

Thus,
a+b+e
WXy, Xpi1) < 1_—W1(Xn—1, Xp).

Sincea+b+c+2e=1anda,b,c,e > 0, we have
Wa(Xns Xn1) < Wa( X1, Xn),
for any n € Ny and 0 < A < Ay. Thus, from (3.6), we have
T+ Fwa(xn, X511)) < FWa(X-1, X))
Therefore,

FWwa(x,, Xp41)) < FWa(xp-1,X,)) — T
< FWi(xp-0, Xp21)) = 27 < ...

< F(wi(xg, x1)) — nr.

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

Denote y! = wy(x,, X,+1) for any n € Ny and 0 < A < 4. From (3.7), we deduce that lim F(y}) = —co.

Using (F2), we get
lim ! = 0.

n—oo

Taking into account (F3), there exists k € (0, 1) such that

lim (y) Foy) = 0.

(3.8)

(3.9)
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It follows from (3.7) that . i )
(’}’ﬁ) F(y,) - (Vﬁ) F(yy) < —(yﬁ) nt < 0.

Letting n — oo in the above inequality, and combining it with (3.8) and (3.9) we get

tim ()'n = 0.

n—oo

k
So, there exists n; € Ny such that (y,f) n < 1 for all n > n;. Consequently, we have

i
Yu = nl/k’

foralln>n;and 0 < A < Ay. Set A; = (%)l/lo for any i € N. It is easy to see that 0 < A; < A,. Thus, we
have

D g— (3.10)

for all n > n;. For any positive integers m, n with 1 < m < n, we obtain
Am Ams An—1
W/lh(xm’ xn) <— W/lm(xm’ xm+1) + W/lm+1(xm+1’ xm+2) +...+ _W/ln—l(xn—l, xn), (31 1)
An An An

where A, = A, + A1 + ... + A,—;. Since A, =
inequalities (3.10) and (3.11) imply that

1
ﬁ/lo 2n1+1/10 + . 2n+1/10 = m- 1/10 < /109 the

A A +1
W/lh (-xm’ xn) < /l_mwxlm(xm9 -xm+l) + j{ W/l,,,ﬂ (xm+l ’ xm+2) + ...t
h h

Am Am+1 An-1
<Y + Yo Tt Yy <Z l/k—z l/k_) .

Jj=m

W/ln (xn—l ’ xn)
h

Hence, lim w,,(x,,x,) = 0. Given that 0 < A, < A4y, we have that hm w,lo(xm,xn) = 0, which

m,n—oo m,n

implies that {x,} is a w-Cauchy sequence. Because the space A has uniform approx1mat10n in the space
B, it follows that {T'x,} must be a w-Cauchy sequence in B. Since X, is a w-complete modular metric
space and (A, B) is a pair of non-empty w-closed subsets of X, , the sequence {x,} w-converges to some
element x in A and the sequence {7 x,} w-converges to some element y in B. Noting that w satisfies the
Fatou property, then

Wi, (A, B) < wy,(x,y) < liminf wy (X1, Tx,) = wy, (A, B),

thus, w,,(x,y) = w,,(A, B), which implies that x is a member in Ay. Given that T(Ay) € By, we have
that
W/l()(p’ Tx) = W/l()(A’ B)

for some element p in A. If, for some n € Ny, we have that x,.; = p, so wy, (X441, Tx) = wy, (A, B);
then,
W (A, B) < wy (x, Tx) < liminf wy (x,41, Tx,) = wy,(A, B),
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which implies that w,,(x, Tx) = w,,(A, B) and the conclusion is immediate. Therefore, we assume that
x, # p for all n € Ny. Again, since T is an a-n-type generalized F-proximal contraction of the first
kind, we have

T+ F(W/lo(p’ -xn+l)) SF(WE(X’ xn) + W%O(P, x) + W‘LO(-erl’ xn) + Wh(p’ xn) + Wi)(xa xn+l))'
Since F is strictly increasing, we obtain

Wag(P, Xne1) Wi (X, Xn) + Wag (P X) + Wag (K15 X0) + Wio (Py Xn) + Wag (X, Xps1)

SGWAO(X, xn) + bw/lo(p’ x) + CW/l()(-xn+1’ xn) + ew/lo(p7 x) + ew/lo(x’ xn) + ew/lo(xn+1’ x)'

Letting n — oo in the above inequality, we get that lim w,(p, x,41) < (b + e)w,,(p, x); hence,

wi(p,x) < (b + e)wy(p,x), which implies that p and x should be identical. Thus,
wa,(x, Tx) = wy,(A, B) and x is a best proximity point of 7. To prove the uniqueness of the result,
suppose that there is another best proximity point u of T such that w,,(u, Tu) = w,,(A, B). Given that
T is an a-n-type generalized F-proximal contraction of the first kind, we have

T+ Fwy,(x,u) < Fwa (x, u) + wa (1, x) + wa (X, u)).
Since F is strictly increasing, we obtain

Wi, (X, 1) < wag (x, u) + wag (1, X) + wag (x, 1)

< awy (x,u) + ewy, (x, u) + ewy, (x, u)

= (a + 2e)w,,(x, u).

Since a + 2e > 0, it follows that w,,(x, u) = 0, which implies that x and u are identical. This complete
the proof.

Let a(x,y) = n(x,y) = 1 forall x,y € X in Theorem 3.1; we can deduce the following best proximity
point theorem in the setting of a modular metric space.

Corollary 3.1. Let w be a strict convex modular metric with the Fatou property on X and X, be a
w-complete modular metric space induced by w. Suppose that (A, B) is a pair of non-empty w-closed
subsets of X;, such that A has uniform approximation in B. Assume that T : A — B is a generalized
F-proximal contraction of Reich type of the first kind, that is, for any xi, Xo, u1,u, € A with x; # X,
F € & and v > 0, there exists Ay > 0 such that the following holds:

{ A Tn) = i BY ot FonaCer, ) < Fovs (i) + bw (v 10) + owa (1, 12)

wa(xz, Tuz) = wy(A, B)
forallO <A< Agand a,b,c >0 witha+ b+ c = 1. Also,

(1) A} and B} are non-empty sets and T(A}) C By for all 0 < A < Ay,
(2) there exist elements xg, x| € Ag forall 0 < A < Ay such that wy(xy, Txg) = wi(A, B).
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If, for every 0 < A < Ay, there exists an x € X, satisfying that wy(x,Tx) = wy(A, B) implies that
wa(x,Tx) < oo, then T has a best proximity point. If in addition, for any x,u € X, wy(x,Tx) =
w(u, Tu) = wy(A, B) implies that w,(x,u) < oo, then the best proximity point of T is unique. Further,
for any fixed element xy € Ay, the sequence {x,} defined by

Wa(Xni1, Tx,) = wa(A, B),
w-converges to the best proximity point.

The following results without the convexity assumption of Corollary 3.1.

Corollary 3.2. Let w be a strict modular metric with the Fatou property on X and X;, be a w-complete
modular metric space induced by w. Suppose that (A, B) is a pair of non-empty w-closed subsets of X;,
such that A has uniform approximation in B. Assume that T : A — B is an F-proximal contraction of

the first kind, that is, for any xi, X, uy, uy € A with x| # x,, there exists F € §, T > 0, and Ay > 0 such
that the following holds:

{ b, Jn) = W B = 7+ Fwa(xi,x2)) < F(wa(uy, us))

W/l(x29 Tu2) = W/I(A5 B)

forall 0 < A < Ay. Also, suppose that T satisfies the following assertions:

(1) A} and B} are non-empty sets and T(A}) C B for all 0 < A < Ay,
(2) there exist elements xg, x| € Aé forall 0 < A < Ay such that wy(xy, Txg) = wi(A, B).

If, for every 0 < A < Ay, there exists an x € X, satisfying that w,(x,Tx) = w,(A, B) implies that
wi(x,Tx) < oo, then T has a best proximity point. If in addition, for any x,u € X, wy(x,Tx) =
wy(u, Tu) = wy(A, B) implies that w,(x,u) < oo, then the best proximity point of T is unique. Further,
for any fixed element xy € Ay, sequence {x,} defined by

Wwa(Xu11, Tx,) = wa(A, B),
w-converges to the best proximity point.

We present an illustrative example.

Example 3.1. Let us consider the subsets

A= {(xl,xz) : xf +x§ =4 and 0 < x1,x, < 2},
B= {013y +)5=1and 0 <y, < 1}
in the space X = R? with the modular metric w, : (0,00) x X x X — [0, co] defined by
X1 = yil + [x2 =yl
A

for any A > 0. Then, we have that w,(A,B) = 1, Ay = A, and By = B. It is easy to see that (X,w,) is
a w-complete modular metric space, w satisfies the Fatou property, and A has uniform approximation
in B; however, the pair (A, B) does not have the weak P-property. Let F : (0,00) — R defined by

wa ((x1, x2), 1, ¥2) =
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F(x) = Inx for all x > 0. Thus, F belongs to §. Let T : A — B be a mapping that satisfies the

following for each (x;, x,) € A:
T(.X1, x2) = (PX], \'1 - (le)z)a

where Px; = . We can observe that T(A”) C B! oJorall A > 0. Assume that uy, uz, us, uy are elements

2+

in A such that wy(uy, Tuy) = w(us, Tuy) = wi(A, B). Set uy = (ry, - rl) and us = (ry, — 1’2)

for some 1 < ri,r; < 2. Then, Tuy = (52, N1 = (Pr1)*) and Tu, = (zj—zrz, V1= (Pr)). Sou; =
2 231 = (Pry)?) and us = (££,21 = (Pr)?). We obtain

o _ ol ‘2 VI=(Pr) - 241= (P’
wau, uz) = N
2r 2r rr N2 r \2
ozl - -2 -6
- P
|r1—r2|+‘\/4—r%— \/4—}"%
<e’
A
= e "wa(uz, uy).
When we set ry = 0 and r, = 1, we get that e™* > &g or v € (0,In& 2?) Consequently, T is

an F-proximal contraction of the first kind. Thus, all of the conditions of Corollary 3.2 are satisfied.
Hence, T has a unique best proximity point (2,0).

Next, we state and prove the best proximity point theorem for a a-n-type generalized F-proximal
contraction of the second kind in a modular metric space.

Theorem 3.2. Let w be a strict convex modular metric with the Fatou property on X and X, be a
w-complete modular metric space induced by w. Suppose that (A, B) is a pair of non-empty w-closed
subsets of X, such that B has uniform approximation in A. Assume that T is a continuous a-n-type
generalized F-proximal contraction of the second kind that satisfies the following assertions:

(1) Aé and Bé are non-void and T(Ag) C BY;

(2) T is an a-admissible mapping with respect to n;

(3) there exist elements xq, x| € Agfor all0 < A < Ag such that w(xy, T xg) = wi(A, B) and a(xy, x1) >

n(xo, x1).

If, for every 0 < A < Ay, there exists an x € X, satisfying that wy(x,Tx) = wy(A, B) implies that
wi(x,Tx) < oo, then T has a best proximity point. If in addition, for any x,u € X, satisfying
walx, Tx) = wy(u, Tu) = wy(A, B) implies that wy(x,u) < oo and a(x,u) > n(x,u), then the best
proximity point of T is unique. Further, for any x, € Ay, the sequence {x,} defined by

Wa(Xp41, Tx,) = wa(A, B),

w-converges to the best proximity point.
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Proof. Similar to Theorem 3.1, we can obtain that there is a sequence {x,} in Ag such that
W/l(-xn+la T-xn) = W/I(Aa B) and a(xn,x,,+1) > n(-xna-xn+l)a

foralln € Ny and 0 < 4 < Ay. Without loss of generality, we assume that x,.; # x, for all n € N.
Given the fact that 7" is an a-n-type generalized F-proximal contraction of the second kind, we have

T+ FWa(T X0, Txp41)) SFWa(T X1, Txy) + W%(T.Xn, Tx,-1)+ W%(Txn+1a Tx,)

+wa(Tx,, Tx,) + wa(Tx,_1, TXp11)).
Since F is strictly increasing, we obtain

W/l(Txn’ Txn+1) S"Vi(Txn—la T-xn) + W%(Txn’ T-xn—l) + Wi(Tan’ T-xn) + Wi(Txn—la T-xn+l)
Saw (T xp-1, Tx,) + bw(Tx,, Txp-1) + W (T X1, Tx,) + ew (T x,-1, Tx,)

+ ewa(Tx,, T Xpi1),

and, thus,

a+b+e
WA(T X, TXp11) < 1—W/1(Txn—l’ Tx,) < wiTx,-1, Txy).
— e

We can obtain that lim w,,(Tx,,Tx,) = 0 and {Tx,} is a w-Cauchy sequence by using a similar

m,n— oo

technique as in Theorem 3.1. Because the space B has uniform approximation in the space A, it
follows that {7 x,} must be a w-Cauchy sequence in A. Since X, is a w-complete modular metric space
and A is a non-empty w-closed subset of X}, the sequence {x,} w-converges to some element x in A.
By virtue of the fact that w satisfies the Fatou property and 7 is a continuous mapping, we have

Wy (A, B) < wy,(x, Tx) < liminf wy,(x,4+1, Tx,) = wy, (A, B).

So, w,,(x, Tx) = wy, (A, B), which implies that x is a best proximity point of 7. To prove the uniqueness
of the result, suppose that there is another best proximity point u of T such that w,,(u, Tu) = w, (A, B).
Given that T is an a-n-type generalized F-proximal contraction of the second kind, we have

T+ Fwy,(Tx, Tu)) < Fwa (Tx,Tu) + wa (Tu, Tx) + wa (Tx, Tu)).
Since F is strictly increasing, we obtain

Wi (Tx,Tu) < wa (Tx, Tu) +wi (Tu, Tx) + wa (Tx, Tu)
<awy (Tx,Tu) + ew, (Tx,Tu) + ew,,(Tx, Tu)

= (a+ 2eyw,,(Tx, Tu),

Since a + 2e > 0, we have that w, (Tx, Tu) = 0, which implies that 7x = Tu. This completes the
proof.

Letting a(x,y) = n(x,y) = 1 for all x,y € X in Theorem 3.2, we can deduce the following best
proximity point theorem in the setting of a modular metric space.
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Corollary 3.3. Let w be a strict convex modular metric with the Fatou property on X and X;, be a
w-complete modular metric space induced by w. Suppose that (A, B) is a pair of non-empty w-closed
subsets of X;, such that B has uniform approximation in A. Assume that T : A — B is a generalized F-
proximal contraction of Reich type of the second kind, that is, for any xy, x,, u;, u, € A with Tx, # T x»,
there exist F € &, T > 0, and a Ao > 0 such that the following holds:

{ wa(xi, Tuy) = wy(A, B)

<
Wi, Titr) = w(A. B) = 17+ Fw(Tx,Tx,)) < F(w§(Tu1, Tu2)+bW£(Tx1, Tu1)+cw%(Tx2, Tu,))

forall0 < A< Agand a,b,c >0 witha+ b+ c = 1. Also,

(1) A} and B} are non-empty sets and T(A}) € B for all 0 < A < Ay,
(2) there exist elements xy, x; € Ag forall 0 < A < Ay such that w,(x1, T xo) = w(A, B).

If, for every 0 < A < Ay, there exists an x € X, satisfying that w(x,Tx) = w,(A, B) implies that
wi(x,Tx) < oo, then T has a best proximity point. If, in addition, for any x,u € X, wy(x,Tx) =
wy(u, Tu) = wy(A, B) implies that w,(x,u) < oo, then the best proximity point of T is unique. Further,
for any fixed element xy € Ay, the sequence {x,} defined by

Wa(Xp41, Tx,) = wa(A, B),

w-converges to the best proximity point.

Corollary 3.4. Let w be a strict modular metric with the Fatou property on X and X, be a w-complete
modular metric space induced by w. Suppose that (A, B) is a pair of non-empty w-closed subsets of X;,
such that B has uniform approximation in A. Assume that T : A — B is an F-proximal contraction
of the second kind, that is, for any x|, x>, uy,uy; € A with Tx; # Tx,, there exist F € §, T > 0, and a
Ao > 0 such that the following holds:

=17+ Fwy(Txy,Tx))) < Fowy (Tuy, Tu
wa(xs, Tip) = wy(A, B) Wa(Tx1, Tx2)) < Fowa(Tur, Tun))

{ waxr, Tuy) = wa(A, B)
forall 0 < A < Ay. Also,

(1) A} and Bj are non-empty sets and T(A}) € By for all 0 < A < Ay,
(2) there exist elements xy, x| € Aé forall 0 < A < Ay such that w,(x1, Txo) = wy(A, B);

If, for every 0 < A < Ay, there exists an x € X, satisfying that wy(x,Tx) = wy(A, B) implies that
wa(x,Tx) < oo, then T has a best proximity point. If, in addition, for any x,u € X, wy(x,Tx) =
w(u, Tu) = wy(A, B) implies that w,(x,u) < oo, then the best proximity point of T is unique. Further,
for any fixed element xy € Ay, sequence {x,} defined by

Wa(Xp41, Tx,) = wa(A, B),

w-converges to the best proximity point.

We present an illustrative example.
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Example 3.2. Let us consider the subsets
A={(x1,x):x1=1and x, > 0},
B ={(y1,y2) : y1 =0 and y, = 0}
in the space X = R? with the modular metric w, : (0, 00) X X x X — [0, co] defined by

X1 = yil + [x2 =yl

A
for any A > 0. Then, we have that w,(A, B) = V2, Ay = Aand By = B. It is easy to see that (X,w,) is a
w-complete modular metric space, w satisfies the Fatou property and B has uniform approximation in
A. Let F : (0,00) — R be defined by F(x) = In x for all x > 0. Thus, F belongsto §. LetT : A — B be
a mapping that satisfies the following for each (xy, x;) € A:

T(x1,x2) = (0, Pxy),

wa ((x1, x2), 1, y2)) =

where Px, = 1112. We can observe that T(Aé) C Bg Jor all A > 0. Assume that uy,u,,us,u, are
elements in A such that w,(uy, Tuy) = w(uz, Tug) = wy(A, B). Set u, = (1,i;) and uy = (1, i) for some

1 <1iy,i, £2. Then, Tu, = (0, Piy) and Tuy = (0, Pi,). So, u; = (1, Piy) and uy = (1, Pi,). We obtain
T

P2y - P |mn ~ |
A - P B A
When we set iy = 0 and i, = 1, we get that e™ > % ort e (0,In %). Consequently , T is an F-proximal

contraction of the second kind. Thus, all of the conditions of Corollary 3.4 are satisfied. Hence, T has
a unique best proximity point (1,0).

I 1
1+i1 1+i2

wi(Tuy, Tuz) = = e "Wy (Tuy, Tuy).

Our next result is obtained for a-n-type generalized F-proximal contractions of the first kind, as
well as a-n-type generalized F-proximal contractions of the second kind without the assumption of
uniform approximation of the domains or the co-domain of the mappings.

Theorem 3.3. Let w be a strict convex modular metric with the Fatou property on X and X, be a
w-complete modular metric space induced by w. Suppose that (A, B) is a pair of non-empty w-closed
subsets of X;. Moreover, assume the following:
(1) A} and B} are non-empty sets and T(A}) C By,
(2) T is an a-n-type generalized F-proximal contraction of the first kind as well as an a-n-type
generalized F-proximal contraction of the second kind;
(3) there exist elements xy, x| € Aéfor all0 < A < Ag such that w(x,, T xg) = wi(A, B) and a(xy, x1) >
n(xo, x1);
(4) if {x,} is a sequence such that a(x,, xX,+1) = 1n(X,, Xn+1) for all n € Ny and x,, —» x as n — oo, then
a(x,, x) = n(x,, x) for all n € N,

If, for every 0 < A < Ay, there exists an x € X, satisfying that wy(x,Tx) = wy(A, B) implies that
wa(x, Tx) < oo, then T has a best proximity point. If, in addition, for any x,y € X* such that w,(x, T x) =
w(u, Tu) = wy(A, B), we have that w,(x,u) < oo and a(x,u) > n(x, u), then the best proximity point of
T is unique. Further, for any fixed element xy € A, the sequence {x,} defined by

Wa(Xp41, Tx,) = wa(A, B),

w-converges to the best proximity point.
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Proof. Similar to Theorem 3.1, we can obtain that there is a sequence {x,} in Ag such that
W/l(-xn+l, Txn) = W/l(Av B) and oz(x,,, -xn+l) > I](Xn, xn+l)

forall n € Ny and 0 < A4 < Aj. Proceeding as in Theorem 3.1, we obtain that the sequence {x,} is a
w-Cauchy sequence and w-converges to some element x in A. Similar to Theorem 3.2, we obtain that
the sequence {Tx,} is a w-Cauchy sequence and w-converges to some element y in B. Noting that w
satisfies the Fatou property, it follows that

Wi (A, B) < wy(x,y) < liminf wy, (Xu41, TXn) = wyy (A, B),

thus, w,,(x,y) = w,, (A, B), which implies that x is a member in Aé. Given that T(Aé) C B}, we have
W/l()(p’ Tx) = W/l()(A5 B)

for some element p in A. If for some n € Ny such that x,,; = p we have that w,(x,+1, Tx) = w,, (A, B),
then
Wi (A, B) < wy,(x, Tx) < liminf d(x,41, Tx) = wy, (A, B)

which implies that w,,(x, Tx) = w,,(A, B) and the conclusion is immediate. Therefore, we assume that
x, # p for all n € Ny. Again, since T is an a-n-type generalized F-proximal contraction of the first
kind, we have

T+ FWag(p, %p41)) SEWig (X, 25) + Wi (P, X) + Wig (X1, Xa) + Wao (P, %) + Witg (X, X))
Since F is strictly increasing, we obtain

W/lo(pa xn+1) SW@(X’ xn) + W%o(p, -x) + W@(xrﬁl’ xn) + W@(p’ -xl’l) + W/L)O(x, xn+1)

SCn/v/l()(-x’ xn) + bw/l()(p’ x) + Cw/l()(-xn+la xn) + ew/lo(p, -x) + ew/l()(xa xn) + ew/lo(x’ xl’l+l)-

Letting n — oo in the above inequality, we get that l1_>nol<> Wi (Ds Xp41) < (b + e)wy,(p, x); hence,
Wi (p, X) (b + ew,y(p,x), which implies thatn p and x should be identical. Thus,
wa,(x, Tx) = wy, (A, B) and x is a best proximity point of 7. As in the proof of Theorem 3.1, the
uniqueness of the best proximity point of mapping 7 follows.

I IA

4. Applications

Let (X, w,) be a metric space and A, B be two subsets of X. [f AN B # 0, then d(A, B) = 0. In this
case, a best proximity result turns to a fixed point result.
Letting a(x,y) = n(x,y) = 1 for all x,y € X in Theorem 3.1, we can obtain the following:

Corollary 4.1. Let w be a strict convex modular metric with the Fatou property on X and X, be a
w-complete modular metric space induced by w. Assume that T is a self mapping on X if there exist
Fe® A0>0,anda,b,c,e,t >0 witha+ b+ c+ 2e =1 such that the following holds:

T+ F(wo(Tx, Ty) < F (wa(x,y) + wi(x, Tx) + wa(y, Ty) + wa (x, Ty) + wa (3, Tx)).
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forall x,y € Xand 0 < A1 < Ay. If, for every 0 < 1 < Ay, there exists an x € X, satisfying that
wa(x, Tx) < oo, then T has a fixed point. If, in addition, for any x,u € X, satisfying that w,(x, u) < oo,
then the fixed point of T is unique. Further, for any xo € Ay, the sequence {x,} defined by {T x,}
w-converges to the fixed point.

Corollary 4.2. Let w be a strict convex modular metric with the Fatou property on X and X;, be a
w-complete modular metric space induced by w. Assume that T is a self-mapping on X if there exist
Fe® >0, anda,b,c,v > 0witha+ b+ c =1 such that the following holds:

T+ Fwy(Tx,Ty)) < F (w%(x, Y+ wa(x, Tx) +wa(y, Ty)) ,

forall x,y € Xand 0 < A < Ay. If, for every 0 < A < Ay, there exists an x € X, satisfying that
wa(x, Tx) < oo, then T has a fixed point. If, in addition, for any x,u € X, satisfying that w,(x, u) < oo,
then the fixed point of T is unique. Further, for any xo € Ay, the sequence {x,} defined by {T x,}
w-converges to the fixed point.

Corollary 4.3. Let w be a strict convex modular metric with the Fatou property on X and X, be a

w-complete modular metric space induced by w. Assume that T be a self mapping on X, if there exist
Fe@ Ay> 0, and v > 0 such that

T+ FwW)(Tx,Ty)) < F(w(x,y)), 4.1)

forall x,y € X and 0 < A1 < Ay. If, for every 0 < A < Ay, there exists an x € X, satisfying that
wa(x, Tx) < oo, then T has a fixed point. If, in addition, for any x,u € X, satisfying that w,(x, u) < oo,
then the fixed point of T is unique. Further, for any xo € Ao, the sequence {x,} defined by {T x,}
w-converges to the fixed point.

Letting a(x,y) = n(x,y) = 1 for all x,y € X in Theorem 3.2, we can obtain the following:

Corollary 4.4. Let w be a strict convex modular metric with the Fatou property on X and X, be a
w-complete modular metric space induced by w. Assume that T is a self-mapping on X, if there exist
Fe® A0>0,anda,b,c,e,t >0 witha+ b+ c+2e =1 such that the following holds:

T+ F(wa(T?x, T%)) < F (wa(Tx, Ty) + wa(Tx, T°x) + wa(Ty, T?) + wa(Tx, T%) + wa(Ty, T*%)) ,

forall x,y € X and 0 < A < Ay. If, for every 0 < A < Ay, there exists an x € X, satisfying that
wa(x, Tx) < oo, then T has a fixed point. If, in addition, for any x,u € X, satisfying that w,(x,u) < oo,
then the fixed point of T is unique. Further, for any x, € Ao, the sequence {x,} defined by {T x,}
w-converges to the fixed point.

Corollary 4.5. Let w be a strict convex modular metric with the Fatou property on X and X, be a
w-complete modular metric space induced by w. Assume that T is a self-mapping on X, if there exist
Fe® 10>0, anda,b,c,t >0 witha+ b+ c =1 such that the following holds:

T+ F (wﬁ(sz, sz)) <F (Wg(Tx, Ty)+ w%(Tx, T%x) + wai(Ty, sz)) ,

forall x,y € X and 0 < A < Ay. If, for every 0 < A < Ay, there exists an x € X, satisfying that
wa(x, Tx) < oo, then T has a fixed point. If, in addition, for any x,u € X, satisfying that w,(x, u) < oo,
then the fixed point of T is unique. Further, for any xo € Ay, the sequence {x,} defined by {T x,}
w-converges to the fixed point.
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Corollary 4.6. Let w be a strict convex modular metric with the Fatou property on X and X;, be a
w-complete modular metric space induced by w. Assume that T is a self-mapping on X, if there exist
F e, 1> 0, and T > 0 such that the following holds:

T+ F (wa(T°x, T%)) < F (wa(Tx, Ty)),

forall x,y € X and 0 < A < Ay. If, for every 0 < 1 < Ay, there exists an x € X, satisfying that
wa(x, Tx) < oo, then T has a fixed point. If, in addition, for any x,u € X, satisfying that w,(x, u) < oo,
then the fixed point of T is unique. Further, for any xy € Ao, the sequence {x,} defined by {T x,}
w-converges to the fixed point.

Taking into account Corollary 4.3, we give an existence and uniqueness result for a solution of the
Fredholm linear integral equation:

B(1)
x(t) = h(®) + f G(t,0)L(6, x(6))d6, 4.2)
0

fort e I =[0,1], whereh : I - X,B:1 > 1,G:IxI — R,and L : 11X — R are continuous

functions. Let C(/,R) be the space of all continuous functions on / with the norm ||x|| = sup |x(#)|, and
t€[0,1]

the modular metric w,(x,y) = @ for all x,y € C(I,R). We consider the following assumptions:
(A1) The function G(t, 6) is continuous and nonnegative on I X I with ||G||, = sup{G(¢,0) : t,0 € I};
(A2) |L(8, x(0)) — L6, y(0))| < 6 |x(6) — y(0)| for all 9 € I.

Theorem 4.1. Assume that the hypotheses (Al) and (A2) hold. If ||G||..0 < e s for some 6 > 0, then
(4.2) has a unique solution in C(I,R).

Proof. Note that (C(I,R),w,) is a w-complete modular metric space. Define a self-map T on C(I,R)
by

b
Tx(t) = h() +,Bf G(t,0)L(0, x(0))do, forall x(t) € C(I,R).

By the hypotheses (H1) and (H2), and by using the Cauchy-Schwarz inequality, we get

1 (0) 3(6)
wi(Tx,Ty) = p sup fﬁ G(t,0)L(8, x(8))do — f G(t,0)L(0, y(6)do
0 0

gel

S B(0)
< sup f IG(t, 6)] 1x(6) — (0)| 6
0

oel

1 1
5 B(6) 21 B R
< Zsup( f GX(t, 0)d9) ( f 1x(6) —y(9)|2d9)
0 0

5
< z||k||m sup |x(6) — y(0)|
oel

< e WX, ).

This implies that w,(Tx, Ty) < e‘%w/l(x, y). Hence, (4.1) is satisfied for F(a) = Ina,a > 0and 7 = %

Therefore, all conditions of Corollary 4.3 hold; thus, the integral given by (4.2) has a unique positive
solution.
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5. Conclusions

The main motivation of the current paper is to show that the best proximity point results for a-n-
type generalized F-proximal contraction mappings in the framework of modular metric spaces. We
have achieved some best proximity point theorems for modular metric spaces. Our new results extend
and improve many recent results. We also gave some examples to show the validity of our results and
an application to nonlinear integral inclusions. Finally, we plan on looking into two future directions:
the first direction is proving the existence of the best proximity points for cyclic mappings in modular
metric spaces and the second direction is applying the results of this paper in the settings of other
spaces, such as fuzzy metric spaces [29] and (¢, ¢»)-quasimetric spaces [11].
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