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Abstract: In this paper, we considered the generalized bi-periodic Fibonacci polynomials, and
obtained some identities related to generalized bi-periodic Fibonacci polynomials using the matrix
theory. In addition, the generalized bi-periodic Lucas polynomial was defined by L,(x) =
bp (x)L,—1 (x) + g(x) L, (x) (if n is even) or L, (x) = ap(x)L,_; (x) + g(x) L,» (x) (if n is odd),
with initial conditions Ly (x) = 2, L; (x) = ap (x), where p (x) and g (x) were nonzero polynomials
in Q [x]. We obtained a series of identities related to the generalized bi-periodic Fibonacci and Lucas
polynomials.
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1. Introduction

The Fibonacci and Lucas polynomials are important in various fields such as number theory,
probability, numerical analysis, and physics. In addition, many famous polynomials, such as the Pell
polynomials, Pell Lucas polynomials, Tribonacci polynomials, etc., are generalizations of the
Fibonacci and Lucas polynomials. Many scholars discussed the Fibonacci polynomials and its
generalization; see [1-5]. This paper mainly extends linear recursive polynomials to nonlinearity and
discusses some basic properties of the generalized bi-periodic Fibonacci and Lucas polynomials.

The Fibonacci {u, (x)} and Lucas {v, (x)} polynomials are defined by

up () =0, wr () =1, 1, (xX) = X1y () + 42 (x), n>2

and
vox)=2, vix)=x, v, (x)=xv,.;1 (X)+Vv,2(x), n>2.
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When x = 1, we obtain Fibonacci {u,} and Lucas {v,} sequences defined by

up=0, w =1, w,=u,1+u,, nx2
and
vw=2, vwi=1, v,=v,_1+V,n, n=>2.

The Fibonacci {u,} ({u, (x)}) or Lucas {v,} ({v,(x)}) sequences (polynomials) have more interesting
properties and applications; see [6—10].
In [11], the generalized Fibonacci {U,, (x)} and Lucas {V, (x)} polynomials are defined by

U()=0, Uin=1 U,x0=p®U1(x)+qgx)Uy2(x), n=2

and
Vo) =2, Vim=pKx), Vi) =p®V,ei(®D+qgx)V,2(x), n=2,

where p(x) and ¢(x) are nonzero polynomials in Q[x]. For more consideration of generalized
polynomials {U,, (x)} or {V, (x)}, see [12—14].
In [15], the bi-periodic Fibonacci {f, (x)} and Lucas {/, (x)} polynomials are defined by

axfu-1 (x)+ fra (x), ifnisevenand n > 2,

fo) =0, fikk=1 f.(x) :{bxfn_l (X) + fra(x),  ifnisoddandn > 3,

and
N2 L an Lo {bxl,,_l (0 +h2(0.  ifnisevenandn 2,
axl,_1 (x) + 1,5 (x), if nis odd and n > 3,
where a and b are any nonzero real numbers. For more discussions of bi-periodic polynomials {f, (x)}
and {I, (x)}; see [16,17].
In [18], the author defined a new kind of Fibonacci polynomials called the generalized bi-periodic
Fibonacci polynomial {F,, (x)}, which is defined by

F,_ F,_ , ifni dn>2,
Fo) =0, Fy(0=1, Fy(x)={POHm@+q@ha(0, ifnisevenandn 22, - |,
bp (x) F,-1 (x) + q(x) F,p (%), if nis odd and n > 3,

where a, b are nonzero real numbers and p (x) and g (x) are nonzero polynomials in Q[x]. They
obtained the following Binet formula:

a'=ém Y o™ (x) — " (%)
Fm = , = 0, 1.2
0 ((ab)L'é’J) o (x) - 7(x) (2
where
abp (x) + \/a2b2 p? (x) + 4abq (x)
o(x) = > ;
) = abp (x) — \/azbzzp2 (x) + 4abg (x),
and

=[]

AIMS Mathematics Volume 9, Issue 3, 7492-7510.



7494

is the parity function, with | -] denoting the floor function.
In addition, they obtained a series of classical identities of the generalized bi-periodic Fibonacci
polynomial as follows:

(a) Generated functions

t+ap(x)r —qg(x)P _
1 = (abp* (x) +2q (x)) > + ¢* () 1

G,(x,1) =

(b) Generalized Catalan’s identity
a((m—r)bl—{(m—r)Fm_r (xX) F sy (x) — a{(m)bl—{(m)Fan (x) = —(—q (x)™" a((r)bl—{(r)Ff (x);
(c) Generalized Cassini’s identity
a" Vb F y (x) Fpey (x) = a7 (x) = —a (=g ()"
(d) Generalized d’Ocagne’s identity
@B E () Fppn (6) = @ OB F e (9 F, () = = (=g (0) @ F e, (0
(e) Negative subscript terms
Fop (1) = (=1 (g ()™ Fin ().
2. The generalized bi-periodic Fibonacci polynomial by matrix methods

Recently, some scholars considered the identities of recursive sequences (polynomials) by the
matrix theory. For example, in [19], the author defined the Fibonacci Q-matrix as follows:

11
0-(} o)

Qm:(umﬂ Uy ), n>1,

Up Um-1

so that

where {u,} 1s a Fibonacci sequence. For more on considering recursive sequences (polynomials) by the
matrix theory; see [20-22].

In this section, we consider the generalized bi-periodic Fibonacci polynomial defined by a 2 x 2
matrix S and we give the mth power S™ for any integer m.

Theorem 2.1. Let
_[abp(x) bg(x)
S —( g 0 ) (2.1)

then, we have

n>1

= )

m—¢(m $(m) —~{(m+1)
S™ = (ab)" 5" (b Fpi (1) a™™Dbg (x) F, (x))’ 02

a“"F, (x)  b*"q(x) Fpy (x)
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where a and b are nonzero real numbers, and p (x) and g (x) are nonzero polynomials in Q [x],

m
{(m)=m >
is the parity function, with [-| denoting the floor function. {F, (x)} is the generalized bi-periodic

Fibonacci polynomial.

Proof. We prove (2.2) by mathematical induction. Obviously, the identity is true when m = 1,

gl = bFy(x) bg(x) Fi(x)\ _ (abp(x) bq(x) _g
“\aF,(x) bg(x)Fy(x)]  \ a 0o |

We assume that the identity is true with m. Next, we prove that the identity is true when m + 1.

S =SS = (ab)™ (’7“ "Fyusr (1) @ " 0bg (x) Fy <x>) (abp<x> bq<x>)

a™F, (x)  b*"Mg(x)F,_ (x) a 0
a 2+m— [(m) b2+rn42r((m) p (x) Fm+1 (x) " am+l g(m+l) b2+m {(m) (x) F (x) am g(m) b2+m;{(m) q (x) Fm+1 (x)
- 2+m+{(m) _ 2+m— [(m) +2—¢(m) m+{(m) m+{(m) . 2+m— {(m)
a 2 b 2 pxF, xX)+a 7 q(x) Fp_y(x) a2z b7 gx)F,(x)

_ (ab) m+1—, ((m+l) aél(m-'—l)bp (x) Fm+1 (x) + bg(m-'—l)q (-x) F (x) a {(m)bq (x) Fm+l (x)
b((m+l)p (x) F,, (x) + a((m+1)q (x) Fpey (%) b((m+1)q (x)F,, (x)

_ (ab)mﬂ Lom+1) b((erl)F X)) a ((’")bq (x) Frusa (x)
((m+1)Fm 1 (%) b{(m+l)q (x) F,, (%)

where the generalized bi-periodic Fibonacci polynomial is given by
Fo(0)=0, Fi(x)=1, F,(x)=a""""px)Fp1(0)+q@x)Fuo(x), m22,  (23)
where a, b are nonzero real numbers and p (x), g (x) are nonzero polynomials in Q [x],
m
n-af3]
{(m)=m >
is the parity function, with | -] denoting the floor function. O

Remark 2.1. The characteristic polynomial of § is

A% —abp (x) A — abg (x) =

Thus
abp (x) + \a2b2p* (x) + dabgq (x)
o(x) =
2
and
abp (x) — \Ja?b2p* (x) + 4abq (x)
T(x) = >
are the eigenvalues of S. We can diagonalize S to get § = P~'DP, so S = P~'D"P, where P is
invertible and
_foc(x) O
b= ( 0 T(x)) ’
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The generalized bi-periodic Fibonacci polynomial may be expressed in the form
F,(x) =Ac" (x) + BT (x),

where A and B are constants. When m = 0 and m = 1, we use the special value method to get the
explicit identity of the generalized bi-periodic Fibonacci polynomial.

Next, we get a series of identities of the generalized bi-periodic Fibonacci polynomial by the
matrix S.

Theorem 2.2. (Generalized Cassinis’s identity) Let {F,, (x)} be the generalized bi-periodic Fibonacci
polynomial. We have

a1 (0) et (0) = a6 VL (x) = —a (=g (0)" 24)
Proof. According to the identity (2.2),

det (S™) = (ab)" ™" (b*™ q (x) F oyt (x) Fyy (x) = a? ™" Dbg (x) F, (x))
= a"'b"q (x) (@B (x) Fy (x) — a@BVF ()
=det (S)" = (—abg (x))".

Thus,
a“OPEE,  (X) Fet (x) = @bV FL (x) = —a (=g (0))" .
O
Since S is invertible, and S™ is also invertible, we have
netlm (m) _ —{(m+1)
(Sm)—l — S—m — (_q(x))—m (ab)if( ) b Q(X)Fm—l (-x) a bQ(x)Fm (.X) ) (25)

~a“™F,, (x) b* "™ F 1 (%)

Theorem 2.3. (Generalized d’Ocagne’s identity) Let {F, (x)} be the generalized bi-periodic Fibonacci
polynomial. We have

Frine1 (X) = aCpEE, (%) Fpyp (x) + @0mtmm=lpl=dmmmin g (0 F(x) F, (x), (2.6)
Fppn (x) = @ SmmpEmmm B (x) Fogy (x) + a6 pemm g () Fyy_y (x) F (x), (2.7)
Fipiny (x) = @ tpl=cmemn g (x) By (x) + a0 g (x) Fpy (1) Foo (1), (2.8)

i (1) = = (=g )" @ @B Fy (0) ooy (x) =afm 0t p=ms g, () F, (0], (2.9)

Fupon (x) = (= ()" [ Db (6) Fpa (x) —a < b E, G (0 F, ()], (2.10)
Fupon (x) = = (=q ()" |a € DB F, () oy (x) =a < ™6™ E, | (x) F, ()], (2.11)
Font (0) = (=g ()" [a @B ™ Fyy (6) Fiay (x) =@l Emsmn () F ()] (2.12)

Proof. According to the identity (2.2),

m+n—{(m+n)

Sm+n — (ab)f (

(m+n) —{(m+n+1)
BEE, i (%) a bq (x) F (x)) (2.13)

a{(m+n) Fm+n (x) b{(m+l1)q (x) Fm+n—l (X)
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and
Sm Sn ( b) m+n— ((m) {(n)
bW E 1 (X) Fgp (X) a mDpIH W g (x) Fp (X) Fgy (%)
+a LD g (x) Fyy () F, (1) +a S 00EOR () F y 0 F (0| (214
X .
atWpimE. L (x) F, (X) a* ™= Dpg (x) F,y, (x) F, (x)

+afMpE Vg (X) Fop (X) Fomy (x) 650 G2 (X) Fppy (%) Freg (%)

Since

g gmgn,
the corresponding entries in identities (2.13) and (2.14) are equal, so we obtain (2.6)—(2.8), where
() £ (m+n) — ¢ (m) = £ (n) = =24 (mn),
(@ (m+n)+{(m)+(n) =2 (mn+m+n),
(h) f(m+n) —{(m) + £ (n) =24 (mn + n),
(1) £ (m+n) + L (m) — ¢ (n) = 2¢ (mn + m),
G¢m+n+1)—=L(m+1)-{(n)=-2{(mn+n),
K lm+n+1)-C(m)—C(n+ 1) =-2{(mn+ m).

In addition, we have

m-n m=n={(m-n) b’((min)Fm—rwl (x) ai’((mirhq)bq (%) Frnp ()
S = (ab) 2 ( a((m_n)Fm_n (X) b{(’”_”)q (X) Fm—n—l (X) (215)
and
S’n S n _( q (x))—"l+1 (ab)m n— [(m) {(n)
bR (X) Foey (x) a0 DRI E () Fpy (X)
—a* ML DpE, (x) Fy (x) —a ¢ DpIHE, L (x) F, (x) (2.16)
x .
dEPBOF, () Foy (x) BOHOF, (1) Fru (1)
—~a*Pb¢MF, | () F,(x)  —a*™ " DpF, (x) F, (x)
Since

St =8"s™,
the corresponding entries in identities (2.15) and (2.16) are equal, so we obtain (2.9)—(2.12), where
(M {m—n) =L (m) = {(n) = =2{ (mn),
(m) £ (m —n) + ¢ (m) +{(n) =2 (mn + m + n),
(M) {(m —n) +{(m) = {(n) = 20 (mn + m),
(0) {(m—n) =L (m) + {(n) = 2{ (mn + n). O

AIMS Mathematics Volume 9, Issue 3, 7492-7510.



7498

Theorem 2.4. (Sum involving binomial coefficients) Let {F,, (x)} be the generalized bi-periodic
Fibonacci polynomial. We have

Fan =) () TP g (0 Fi), (2.17)
k=0
Fapat () :,2 T 0 g () Pl (0. (2.18)
Fapoi (x) = i T g 0 P (0. (2.19)
k=0
Foon(x)=q" (x)i e e 0 P, (2.20)
k=0
Fama =" LD T 0 P (0, (221)
=
Foopr (1) =g ™" <X)an e P @a T G . (222)
=

Proof. According to Cayley Hamilton’s theorem, the following matrix S identity is obtained:

Sz—abp(x)S —abg(x)I =0,

then N
m m ~
(52) ::(abp(x)S'+-abq(x)IY"::(abY":E](k)(p(x)S)k(q(x»m k.
k=0
We obtain
m [Fame1 (X)) a'bq (x) Fa, (x)) 3 m ( ) - o (bl( Ve (1) a“®*Dpg (x) F, (x))
(ab) ( Fon (x)  q() Fapoy (x) | (ab) 2\ p ()¢ (0 @b) = Foo  b®Wg(x) ey (0) (2.23)

The corresponding entries in identity (2.23) are equal, so we obtain (2.17)—(2.19).
Thus,

el ool
bl () —p()g ()
According to Cayley Hamilton’s theorem, the following matrix S ~! identity is obtained:

SZ+px)g S —a bl (x) 1 =0,
then,
(57) =(@"v'q"' W I-pg ' @S =g @ ; (’Z) (=D p () 8 (ab) .
We obtain

m

-m F72m+1 (x) ailbq (X) F*Zm (X) _ -m k __k L {0} b{( )F7k+l (X) aiz(kJrl)bq (X) F_ k (X)
(m(um mem%ww»;Hummm>(m“mb%m”m) (2.24)

The corresponding entries in identity (2.24) are equal, so we obtain (2.20)—(2.22). O
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3. The generalized bi-periodic Lucas polynomial

Inspired by [18], in this section, we define the generalized bi-periodic Lucas polynomial {L, (x)} as
follows:

Definition 3.1. The generalized bi-periodic Lucas polynomial is defined by
Ly(x) =2, Li(x)=apx)
and
L () bp(x)L,—1 (x) + g (x)L,—»(x), ifnisevenand n > 2,
n(X) =
ap(x)L,_1 (x)+qg(x)L,_»(x), if nis odd and n > 3,
where a and b are nonzero real numbers, and p (x), g (x) are nonzero polynomials in Q [x].

According to the definition, we obtain another expression of the generalized bi-periodic Lucas
polynomial as follows:

Ly, (x) = d®™b" " p () Ly (x) + ¢ (X) Lo (x),  m =2, 3.1)
where "
m)y=m-2 bJ

is the parity function, with |-] denoting the floor function. The characteristic polynomial of the
generalized bi-periodic Lucas polynomial is

? —p(x)abt —q(x)ab =0,

and the roots are

abp (x) + \Ja2b2p? (x) + 4abq (x)

o(x) = >
and
— 2h2 12
09 = abp (x) — \Ja2b 2p (x) + 4abq (x)'
We have:

(p) o (x) + 7(x) = abp (x),
@Qox) -1 = \/p2 (x) a’b* + 4q (x) ab,
(r) o (x) 7 (x) = —abg (x).

Theorem 3.1. The generating functions of the generalized bi-periodic Lucas polynomial {L,, (x)} are

T (x,0) = > Ly (0)1"
m=0

2+ap(x)t— (abp2 (x) +2q (x)) 2 +ap(x)q(x)r
- 1= (abp> () + 2 ) P+ R (0 P

AIMS Mathematics Volume 9, Issue 3, 7492-7510.
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Lemma 3.1. The generalized bi-periodic Lucas {L,, (x)} polynomial satisfy the following identities

Loy (x) = (abp® (x) + 2 (x)) Lam-2 () = ¢ (x) L4 (x) (3.2)
and
Lo (x) = (abp® () + 24 () Lan-1 () = ¢ (%) Loy 3 (). (3.3)

Proof. By identity (3.1),

Lo (x) = bp (x) Lyp—1 () + g (x) L2 (%)

= bp (x) [ap (x) Loy (x) + q (x) Loy-3 (x)] + q (x) Ly (x)

= abp* (1) + g (1) Loz (%) + bp () g (%) Lo3 (x)

= [abp2 (x)+4q (x)] Loy (%) + q (%) Laya (x) = ¢* (%) Loya (%)

= abp® () + 29 (0] Lan-2 (¥) = ¢ () Lay-a ()
and

Lops1 (x) = ap (x) Loy (x) + g (%) Lopm-1 (x)

ap (x) [bp (x) Lyy-1 (x) + q (X) Ly (x)] + q (x) Ly (x)
|abp? (x) + ¢ ()] Lot (0 + ap () ¢ () Ly (2)
= [abp? (x) + 4 (0)| Lo (x) + q (%) Lot () = 67 () L3 (x)
= [abp® (x) + 24 ()| Loyt () = ¢ (%) Layos ().

O

Proof of Theorem 3.1. According to the definition of the generating functions of the generalized bi-
periodic Lucas polynomial, we have

T,(x,) =T, (x,0) + T, (x,1)

= Z Loy (x) % + Z Lo () 2441
=0 =0

To begin, we consider T, (x, 1),

To (60 = > Lo () = Ly(0) + Ly(x) 2 + Ly ()1 + -+, (3.4)
k=0
— (abp® (x) + 2q (x)) £ T, (x. 1) = = (abp® (x) + 24 (x)) Z Loy (x) 2442, (3.5)
k=0
& PTG (x,0) = ¢* (x) ) Lo () 2544, (3.6)
k=0
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Contact (3.4)—(3.6) and Lemma 3.1. We obtain
(1= (abp® (x) + 29 () £ + ¢ () 1} TS, (x. 1)

=Ly + Lo + ) Ly (x) 1 = (abp® (0 +2q (0) D Log (022 4+ g7 (x) ) Loy ()24
k=2 k=0 k=0

(abp (x) +2¢q (x) Z Lo (x) % — csz2 (x) + 2¢q (x)) 27
k=2
- (abpz (x) +2¢q (x)) Z Ly (0) 7 + ¢7 (%) Z Lojg (x) 1
k=2 k=2

=2 (abp (0 + 29 ()7 + ) {La () = (abp’ () +2q () Lotz (0) + ¢ () Laics (0} 7
k=2

=2 - (abp® (x) + 2 (x)) .

Therefore,
2 - (abp? (x) + 29 (x))

T = b 0+ 2 P+ F O G0
Next, we consider T, (x, 1),
To(6,0) = > Lo () = Li(0) 14+ Ly () £ + Ls ()£ + -+ (3.8)
k=0
—(abp® () + 29 (1)) 2Ty (x, 1) = = (abp® (x) + 2q () D Logsr (1) 17, (3.9)
k=0
¢ 1T, (00) = ¢ () Y Lot (074, (3.10)

k=0
Contact (3.8)—(3.10) and Lemma 3.1. We obtain

(1= (abp® (0) + 29 (1)) 2 + ¢ () ) T5, (x.1)

= LW+ Ly () + ) Lot (02" = (abp® (1) + 24 (0) ) Lokt (077 + 67 (1) ) Loger (02

k=2 k=0 k=0

=ap W1+ (a?bp* (0 +3ap (x) g (1)) £ + " Logs (02" = (2bp’ (x) + 2ap (x) g () 7
k=2

— (abp® (0 +29(0) Y Lot ()2 + @ () ) Logs () 24!

k=2 k=2

=ap@)t+ap®)q@) £+ Y Lot (x) = (abp® (x) + 29 () Lot (9 + ¢ () L3 (0] 24!
k=2

=ap(x)t+apx)qg(x)r.
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Thus,
ap (x)t+ap (x) g (x)

T oD = T b (1 2 () B+ P

By (3.7) and (3.11), we have

2+ap(x)t— (abp2 (x) +2q (x)) £ +ap(x)qx)r
1 = (abp? (x) +2qg (X)) 2 + ¢* (x) t*

T,(x, 1) =

Theorem 3.2. The Binet identity of the generalized bi-periodic Lucas polynomial is
{(m)

L (X) = ———— (" (x) + 7" (1)),
(ab)L"]
where
abp (x) + \Ja?b2p* (x) + 4abq (x)
o(x) = > :
— 2hH2 2
) = abp (x) — \Ja?b 2p (x) + 4abq (x)’
and m
cin =n=2]3

is the parity function, with | -] denoting the floor function.

Proof. We prove (3.12) by mathematical induction. Obviously, the identity is true when m =

(3.11)

(3.12)

0 and

m = 1. We assume that the identity is true with m. Next, we prove that the identity is true when m + 1.

According to the identity (3.1) and mathematical induction, we have

p(x) Ly (x) + g (x) Ly (%)

1-£(m+1)

Lyyi1 (x) = a" Db

1=gOm+1) atm L(m—1)
= a0 p ()] —— (@ @) + 7 () p + g (0 ——7 (" 0 + 7 ()
(ab)L"*" (ab)L%!
_ jCme) e (x)[aam>b1—z<m+1)p Wr® g ]
(ab)L"] (ab)L%]
4 ag(mH)Tm_l ) (a((m)bl—((mﬂ)p (xX) T (x) . q (x) )
(ab)L" (ab)L3]
_ LoD g1 (x)( abp (x) o (x) N abq (x) ]
al=cmpsmeD) (qp)l" ] (@p)l3 1+

+ gl -1 (x)( abp (x) T (x) N abq (x) )
al-cmpeme)) (gp)l*]  (@p)lE 1+
_ gt () PO T TG cnay -1 () |40 P DT () + ()
(ab)L 21! (ab)L1+1
Zm+1)
= —( c;)L'"J“ [o""“ (x) + 7" (x)] ,
ab)L2
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where
(s) @' ~émptemD) (gL ] = (ap)L3 1+,
0'2 X
O p@x)o(x)+qx) =22,
T2 X
W p )T (x)+qx) =2, O
Theorem 3.3. Negative subscript terms of the generalized bi-periodic Lucas polynomial {L, (x)} are
Ly(x)=(D"g" (x) Ly (%)
Proof. According to the identity (3.12),
atem ~ ~ o atm (o (x) + T (x)
(" )+ () = (=D E { m }
(ab)L 5] (ab)L ™5 (abq (x))

=(=D"q™ (X)(

L_,(x)=

( b)L’”“J)(Um () +7"(x0) = (D" g™ (X)L (%) .
a 2

m]
Theorem 3.4. The generalized Catalan’s identity of the generalized bi-periodic Lucas polynomial
{L, (0)} 18
a' =L, (30 Ly (1) = @ LR (x) = afTVBEY (=g (0)" T L () — 4a (=g (0)"
Proof. According to the identity (3.12),

a' =B Ly () Ly (1) = @' =BV (1)

a{(m—r) a((m+r)

_ gl Lom=n pm=r) . ("7 (x) + 7" (%) ("™ (x) + T (%))

m—r+1

(ab)L" 7] (ap)L "]
)

(ab)L"]
a 1+£(m+r) b{(m—r)

2
— ' mpt ( ) (" (x) + 7" ()

[ @) + (0 () 7@ (0 (1) + 77 () + 7" ()]

= (ab)m+l—§(m+l—r)
1+ gy

) W (Uzm (x) + 207" (x) T" (x) + T°" (x))

= G 17 @+ @ T (o (0 + 7 (@) + 7 ()
a

(ab)™

- (aZ)m [l () 7" (02 (1) + 7 (1) = 2™ (1) 7" ()}

_alc@T)"’

B (ab)"

_alcx) T

B (ab)"

= GO oy 1 () — da (g (0)"
(ab)

= a“ " OpED (—g ()" L2 (x) — da (—q (x))",

(0‘2’" (x) + 207" () 7" (x) + 7" (x))

(0'2’ (x) + 72 (x) = 207 (X) 1" (x))

{(0" () +7 (1)) = 40" () 7" ()]
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where

W) [t |+ [ 2 = m+ 1= L+ 1 =), o

When r = 1, we have:

Corollary 3.1. The generalized Cassini’s identity of the generalized bi-periodic Lucas polynomial
{L, (x)} is

a“"b! Ly () L (0) = @' B LR (x) = @b (=g (0)" ! p? (0) = da (=g ()"

Theorem 3.5. Let {F,(x)} be the generalized bi-periodic Fibonacci and {L,(x)} be the Lucas
polynomials. We get the relations between {F, (x)} and {L, (x)} as follows:

Fm+l (.X) + C](x) Fm—l (X) = Lm (.X) ’ (313)

Lyt (%) + ¢ (%) Loy () = (p* (¥) ab + 4q (1)) F,y (x) (3.14)

Fsz (X) = ¢ (%) Fppn (%) = @™ P05 p () L, (%), (3.15)

Lz () = ¢ (%) Lz (x) = a5V (p? (x) ab + 4q (x)) p (x) F (). (3.16)

Proof. We prove only (3.13), and other identities are proved similarly. According to the identities (1.2)
and (3.12),

(ab)L"+ (ab)L"="] o) - (%) o™ (x) -7 (x)
WF'"” (¥) +abg (x)- WF"H ) = o (x) —7(x) +abq (x):- o(x)—7(x)
~ o™ (x) (0‘ (x) + %) - 7" (x) (T (x) + %)
- o (x) — 7(x)
[
="+ = %Lm (%).
a

O

Theorem 3.6. Let {F,(x)} be the generalized bi-periodic Fibonacci and {L,(x)} be the Lucas
polynomials. We have the following identity:

{(mn+n)
(g) Fy (x) L, (x) + (b

L(mn+m)
;) Fn (X) Lm (X) = 2Fm+n (X) s (317)

b {(mn) a \Smntm+n) [ 422 p? (x) + 4abqg (x)
(2 oo (G

) Fp(x) Fp(x) = 2L 40 (X) . (3.18)

Proof. According to the identities (1.2) and (3.12),

(ab)L2 1L ] (ab)L"1+L2] 2 (" (x) = T (1) 2 (ab)l ]

al—{(m)+{(n) Fm (x) Ln (X) + —al—((n)+{(M) Fn (.X) Lm (x) = = (x) g (x) = a]_“m_‘_n) Fm+n (X) .
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Similary, we get

pyLst 1+ ] L% 1+15] _ 2
= (0" (x)+7"(x) (0" (x) + 7" (x) + (" (x) =" (%) (" (x) = T" (%))
| gt |
= 2 (0_n+m ()C) + Tn+m ()C)) = %mez (.X) s
A

w0 2]+ 52 [22] = cm
00 |5]+[ 25 - [%52] = cOnn .
oL Lo [=2 = com
@) |5]+ 2] - | =2 = =2 nn+ m + n). O

Theorem 3.7. Let {F,(x)} be the generalized bi-periodic Fibonacci and {L,(x)} be the Lucas
polynomials, then we obtain the following identities

2 (’Z)a‘“(k) (ab)L 3] pt (0 " (x) Fi (x) = Fa (1) (3.19)
k=0
and .,
2, ('Z)a“k*” @)L pf (1) " (0 L () = aLay (0. (3.20)
k=0

Proof. We prove only (3.19), and (3.20) is proved similarly. According to the identity (1.2),

2 (’Z)"“k) (ab)L3) p* () " (x) Fi ()

k=0

= N (M)t @yt pf (1) - G T T )
kzz(;(k)a (@)= (g ) (ab)l?] o () —7(x)

Il A T O e &)
) kzz(;(k)ap (a0 o (x) = 7(x)

- N m m— S m o
ZM(;(k)pk(x)o-k(X)q k(x)_;(k)Pk(x)Tk(x)q k(x)]

————{(c()p ) +qx)" = (T (x) p(x)+q(x)"}
o(x)—71(x)

ol -
o(x)—1(x) ab ab

2m _ 2m

o (x) = 7(x)

O
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Theorem 3.8. The sum of binomial coefficients of generalized bi-periodic Fibonacci {F,, (x)} and
Lucas {L,, (x)} polynomials are

F )— —zal_g(m) LmT_lJ m ) b m—2k—1 2b2 2 ) 4ab k 321
)= T 2 ke 1) @2 ) (@’’p* (x) +4abg(v) ., (321)
244 2] m k
Ln(¥) = ———— ( )(abp ()" (@bp? (x) + dabg () - (322)
2 (ab)l"H ] \2k
Proof. By
abp (x) + \/azb2 p? (x) + 4abg (x)
o(x) = >
and
— 212 12
) = abp (x) \/a b2p (x) + 4abg (x)’
we have
- 7" (%)
((abp (x) + \a?b?p? (x) + 4abq (x)) — (abp (x) = Na®b?p (x) + 4abq (x))'")
=2 m( P () @b (N2 p? (x) + 4abq (x))k
P

( ) "k (x) @ (= @B (x) + dabg (v))
k=0

L

2
_ p-mel Z ( m )pm—Zk—l (x) @21 =21 (\/a2b2p2 (x) + 4abq (x))Zk“
k=0

2k + 1
According to the identity (1.2),

a'=fm g (x) — 7" (x)

(@b)l3] o) -1

Fp(x) =

2a1 _g(’11) L m—1

"ab)=24 o

Similarly, we show that

L%]

o ()C) + 7" ()C) — 2—m+1 Z (;Z)pm—Zk ()C) am—2kbm—2k ( \/p2 (X) a’b? + 4q ()C) ab)Zk
k=0

According to the identity (3.12),

_ ) m m=2k (2 2,2 k
Ln()= 2 (Zk) (p (x)ab)"* (p* (x) &b + 4q (x) ab) .

O
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Theorem 3.9. Let {F,(x)} be the generalized bi-periodic Fibonacci and {L,(x)} be the Lucas
polynomials. We have the following identities

L(m+n)
Fan @ (0 = (3 (Fou (0= ¢ 0 P, (0). (3.23)
a\domen " (%) (b)W) 4> (=g ()™
Fap (x) Fayp (%) = [= F2, () - —————— (= L2 , (3.24
2m (1) F2a (3) (b) men () (c(x)-1)* \a o ) (0 (x) =7 (x) (29

25)

Z(m+n) 2 {(m+n) 20 m+n
) a (b) L12n+n( ) — M (3.
a

Fa (3) Fa (1) = ~¢*" (1) (& F; — ;
@ Fu ()= =" @) @4 s -]

{(m+n)
Loy (%) Ly, (x) = (5) (L,2,,+n (x)—¢" (x) L%, (x)) — 4 (—q (x))™™", (3.26)

(0 (x) =7 ()’ (a)“”””) 2
b

{(m+n)
Loy (x) Lyy (x) = e Fro@)—q" (5) L, (x), (3.27)

Ly, (X) Ly, (X) =

_ 2 2n m+n §lmtn)
(o (x) r;;c)) q (x)_(g)a 2w +(13) 2. (). (3.28)

Proof. We prove only (3.23), and other identities are proved similarly. According to the identity (1.2),
we have

a

(& (R @ - @ By )

_ ( a )g(m+n) (( ql=¢0m+n) ) o™ (x) — 7 () )2 o . ([ g\ —¢mn) ) o (x) — 7 ( x)]
b (ab)L"?"] o (x) —7(x) 1 (ab)L*5"] o (x) —7(x)

> (0_2(m+n) (x) + 72m+n) (x)) ~ 242 (_q (x))m+n

T @\ @ -ty (0 (1) - 7(0)?

~ a? (0‘2’” (X) T (x) + o2 (x) T2 (x)) N 2a* (—q (x))™"

(ab)™" (o (x) - 7 (x))> (o (x) - 7 (x))
_ 612 ' 0.2m ()C) _ T2m (X) . O_Zn (X) _ T2n (X)
(@)™ o) -1 o (x) - 7(x)
= F2m ()C) F2n (X) .
O
Theorem 3.10. Let ¥, (x) and £,, (x) denote the m X m tridiagonal matrix defined by
[ap (x)  q(x)
-1 bpx) qK)

Fm (x) = -1 ap(x) . , m>1 (3.29)

q(x)
-1 atf(m)bl—{(m)p (x)]
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and
[ap (x) g (%)
-2 bp(x) q(x)
L, (x) = -1 apx) " , m>1, (3.30)
' g (x)
-1 a((m)bl—i(m)p(x)_
with
Fo () = [0]
and
Lo(x) =12].
Therefore,
detF, (x) = Fpp1 (%)
and

det-Em (.X') = Lm (X) .

Proof. We prove (3.29) and (3.30) by mathematical induction. Obviously, the identity is true when
m=1andm = 2:

detFi (x) = ap (x) = F2(x), detF> (x) = abp* (x) + q(x) = F3 (x)

and
detL, (x) = ap (x) = L, (x), detL,(x) = abp*(x) +2q(x) = L, (x).

We assume that the identity is true when m — 1:
detf -1 (x) = Fy (x),  detFp(x) = Fyy ()

and
detL,,_1 (x) = Ly (x), detL,»(x)= Ly (x).

Next, we prove that the identity is true with m.
According to the identities (2.3) and (3.1) and mathematical induction, we have

detFr, (x) = a“™b'" p (x) detFry (x) + q (x) detFr_r (x)
= a®"b" " p (x) Fyu (%) + q (x) Fpyoy (%)

= I'm+1 (X)
and
det L, (x) = a*™b'" " p (x)det L, (x) + q (x) det L, (x)
= a""b' ™" p (x) Lyt (1) + ¢ () L2 ()
=L, (x).
This completes the proof of Theorem 3.10. O
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4.

Conclusions

In this paper, we extend the generalized bi-periodic Fibonacci polynomial F,, (x) defined in [18] and

we consider F, (x) using of matrix methods. In addition, we define the generalized bi-periodic Lucas
polynomial L, (x) and obtain some identities related to L, (x). Finally, we obtain a series of identities
connecting F, (x) and L, (x). An interesting idea is that perhaps we can obtain a series of identities
related to generalized bi-periodic Lucas polynomials using matrix methods.
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