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Abstract: In this paper, we were concerned with the global behavior of positive solutions for third-
order semipositone problems with an integral boundary condition

V' + By +ay + Af(t,y) =0, te(0,1),

1
¥(0) =y(0) =0, y(1)=)(f0 y(s)ds,

where @ € (0,00) and 8 € (—o0,00) are two constants, A, y are two positive parameters, and f €
C([0,1] X [0, 00),R) with f(z,0) < 0. Our analysis mainly relied on the bifurcation theory.
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1. Introduction

Third-order boundary value problems emerge in applied mathematics and physics, which have been
investigated via various methods; see [1-7]. In [5], by using the disconjugacy theory [8], Ma and Lu
obtained the optimal intervals to guarantee that the Green’s functions corresponding to the third order
linear problem are of one sign. Such results have been extended in [1].

Lemma 1.1. ([1, Theorem 2.1]) Suppose that there exist two constants @ € (0, ) and 8 € (—0o0, o),
which satisfy

iy )
0<4a—-pB*<n* and et \Jda - B> +ﬁsin[#) > 4a — B2 cos [#} (1.1)

The property of disconjugacy of y”” + By” + ay’ = 0 is valid.
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To our knowledge, the behavior of positive solutions for second-order boundary value problems
under the semipositone condition have been discussed extensively; see [9—15]. It is worth noting that
based upon the bifurcation theory, excluding Ambrosetti et al. [9] who explored semipositone elliptic
problems under the linear boundary condition, recently, Ma and Wang [14, 15] proved the solvability
for second-order problems with a nonlinear boundary condition. In comparison to second-order cases,
the challenge in studying third-order cases lies in that the third-order differential operator is non-self-
adjoint.

Inspired by the aforementioned literature, we investigate the behavior of positive solutions for the
following problems

V7' +BY +ay +Af(t,y) =0, te(0,1),

! (1.2)
y(0) =y'(0) =0, y(1)=)(f0 y(s)ds,

where @ € (0, o) and 8 € (—o0, 00) are two constants, A, y are two positive parameters, and
f 10,11 x[0,00) > R

is continuous and satisfies that the following assumption holds.

(F1) (semipositone) f(¢,0) <0, V¢ € [0, 1].

The integral boundary conditions can be decomposed into various different situations, such as
multipoint and nonlocal boundary conditions. As far as we are concerned, few literatures on the
solvability of third-order semipositone problems with an interval boundary condition since the
maximum principle may fail. In order to overcome this difficulty, as a first step, Henderson [3]
translated the third-order semipositone problems into the positone problems under the three-point
boundary condition. Concurrently, we found that they only showed that the discussed problems have
at least one positive solution. No detailed information about the global behavior of solutions was
investigated since the spectral structure of third-order linear eigenvalue problems has not yet been
found. Meanwhile, in order to use the fixed point index theory and bifurcation theory to show our
results, we need to obtain a suitable cone utilizing the property of Green’s function in a Banach space.
Recently, Cabada used a new technique to construct a smaller positive cone (see [16, 17]).

To sum up, we first obtain the relationship between the Green’s function of (1.2) and the Green’s
function corresponding to (1, 2), (2, 1)-conjugate boundary conditions. As we will see, the expression
of G(t,s) of (1.2) is so complex with two parameters that it is hard to obtain the suitable cone.
Fortunately, we look for a condition showed in [18] to avoid the complex computations by the form of
G(t, s) of (1.2). We will be concerned with the limits of G(z, s)/G(1,s) as s =0and s = 1.

(Pg) There is a continuous function ¢: [0, 1] — (0, o) and ky,k, € C[0, 1] such that 0 < k(s) <
ko (s) satisfies

POk (s) < G(t, 5) < d(Dka(s), V(2 5)€[0,1]x[0,1].

Finally, relying on the linear behavior of f(¢,y) as y — oo, we are employed to consider three cases.
All conclusions are derived that a global branch of solutions for (1.2) exists and bifurcates from infinity.
As A nears to the bifurcation point, we demonstrate that the solutions of large norms are still positive,
enabling the application of bifurcation theory or topological methods.
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2. Study of the sign of the Green’s function
From Lemma 1.1, by means of the method introduced in [8, Page 105-106], we enunciate the
following expression of the Green’s function.
Theorem 2.1. Assume that Lemma 1.1 is satisfied, then,
Y@+ By () +ay () = (1), te(0,1),
y(0) =y(0) = y(1) =0,

has a unique solution given by

(2.1

1
0= [ Gitt. s
0
where h; € X and G(¢, s) is the Green’s function of (2.1), that is,

_ Pe(ng(1-9) 0<t<s<l1

o \aa—p2e(1)
e PO (g()g(1=5)-g(1)g(i-5)) 0<s<i<l

a \4a—-p2g(1)

Gi(t,5) = (2.2)

where

3 &e[0,1].

2

86 = Vaa - - VAo -pe Cos[ ‘f] —pes sin(@f],

Corollary 2.1. The following properties of the function G,(¢, s) are satisfied.

(1) Gy(t, s) is negative on (¢, s) € (0, 1) x (0, 1).

(2) G1(0, s) = %(0,5) = Gi(1,5) = 0, Y5 € (0, 1).

3)Gi(t, 1) = %(t, 1) =G(,0)=0,Vt e (0,1).

@) £91(0,5) < 0 < 29.(1, 5), Vs € (0, 1).

(5) %(t, 0) <0 and %(l, 1)<0,Vte(0,1).

First of all, we point out that the following problem

Y@+ By () +ay' (1) =0, 1€(0,1),
y©0)=y(0)=0, y1)=1,

has no solution if, and only if, Lemma 1.1 is fulfilled.
In another case, (2.3) has a unique solution w, that is,

(2.3)

_s0
g(1)’

Obviously, w(t) is positive on t € (0, 1]. Moreover, by denoting

w(t) (2.4)

1
D = f w(t)dr > 0,
0
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we have that it is given by the following expression

(Qa - p)yia =B + 28\fAa - fet COS( 43_ﬁ2) - 200 - et sin( 43_52)

D 2.5
2ag(1) -
From the disconjugacy theory, if we investigate the following problem (4, € X),
V"BV + v = ho(t), te(0,1),
B , 2(1) 0, 1) 2.6)
v(0) = v(1) =v'(1) =0,
one can know that (2.6) is the adjoint of (2.1) and the Green’s function of (2.6) satisfies
GZ(L S) = —G](S, t)
Furthermore, we have
1 1
z(s) = f Ga(s,m)dn = — f Gi(n, s)dn (2.7)
0 0
as the unique solution satisfying the following problem
() + () +a(s) =1, 1€(0,1), 2.8)
2(0) = z(1) =Z'(1) = 0. '
Moreover, from Lemma 1.1 and [8, Theorem 11], z(s) > Oon s € (0, 1), Z/(s) > 0, and (1) > O.
Lemma 2.1. Suppose that Lemma 1.1 is satisfied. The problem
Y70 + By (1) + ay' (1) + (1) = 0, 1 € (0, 1),
) 1 (2.9
y(0) =y'(0) =0, y(1) =)(f y(s)ds,
0
is equivalent to the following integral equation if, and only if, yD # 1, where 7 € X, i.e.,
1
y(@) = f G, s)i(s)ds,
0
where G(t, s) represents the Green’s function of (2.9), i.e.,
G(t.5) = —Gy (1. 5) — XD IG( )d (2.10)
,85) = — ,85) — s S ’ .
1 =D J, 1 n

and w(?) and D are given in (2.4) and (2.5), respectively.

Proof. Since (2.1) and (2.4) have the solution v and w, respectively, then the unique solution of (2.9) is

1
y=v +)(a)f y(s)ds.
0
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Furthermore,

1 1
y = —f G (t, s)h(s)ds +)(w(t)f y(s)ds. (2.11)
0 0

1
A::fy(s)ds,
0

then integrating (2.11) on the interval (0, 1), we get

1 1 1 1
A= f f G1(n, sYh(s)dsdn + x f () f y(s)dsdn
0 0 0 0

1 pl 1
=— f f G(n, s)h(s)dsdn + YA f w(m)dn,
0o Jo 0

) [ G, sy
1-x [, wdn

Put

and, furthermore,

A=

Replacing A in (2.11), we arrive at

1 (s) [ Gl
n, s)dnds
y=- f G1(t, s)i(s)ds — )(a)(t)fo b "~ .
0 1 —x [; wpdn
Next, we give a careful analysis of G(z, s), and the following theorem is fulfilled.
Theorem 2.2. From Lemma 1.1 and y € (0, %), we derive that G(z, s) > O on (¢, 5) € [0, 1] X [0, 1].

Proof. From Corollary 2.1, G(t, s) is negative. Next, by the property of (Pg), we show that there is a
positive constant R and a function [ € X satisfying I(f) > 0 on ¢ € (0, 1] and /(0) = 0, for which the
following result is satisfied, that is,

X (5) <Gt s) < R—2

l(t)l -xD 1-xD

z2(s), (t,5) €[0,1]x[0,1]. (2.12)

Now, set
G@t,s) 1-xD Gi(,5s)

G(Ls) X ['Gy,s)dn

Y(t, s) := + w(t). (2.13)

Obviously, ¥(t, s) is continuous and

1
G(l.) = - X)(Df G (1, s)dn.
- 0

By Corollary 2.1, z(s) is the solution of (2.8). From the L’Hoptial rule, we derive

Gt s) _ =Gi(t,s) .. B 20
Iim —— =Ilim —— = =

= = lim = > 0.
=0 (TGdy 0 ) =0 2 20
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Thus,
G
lim (¢, s) = X 5 (n0) + w(t) =y (t) > 0.
50" x | 20
Analogously,
Gy =Gk ~2%s)  ZA1)
A RON R OB O ()
and

am oy, s) = (1)

Since the limits functions ¥ (¢) and ,(¢) exist and are finite, then at s = 0, 1, (¢, s) has removable
discontinuities, so it can be extended to a function ¢ € C((0, 1) x (0, 1)). Therefore,

—vD (=251
! XD( o ! ))+a)(t) = Un(t) > 0.

I(Y) = min ¥(t, s
(@) se[O,l]l//( )
is continuous such that

[(0)=0, 0<Ilt)<y(ts)<R:= (t,s)gr[?,?fi[o,u Yl(t, s).

O

Corollary 2.2. From Lemma 1.1 and y € (0, %), for all constant ¢ € (0, 1), there is a constant y € (0, 1)
depending on ¢, such that the following result is satisfied, that is,

Y z2(s) < G(t,9), (8, 5) €[6,1]%[0,1]. (2.14)
1-xD
Proof. The result is satisfied from the definition of the function /. O
Define a cone
P = {y € Xly(r) 2 0,7 € [0, 1] and H[léirll]y(t) > 7||y||}, (2.15)
telo,

where ¢ satisfies Corollary 2.2.

Remark 2.1. In this paper, in view of the boundary conditions, the integral boundary condition is more
widely used than the obtained third-order conjugate boundary condition in [1,5].

3. Nonlinear problems
The work space is X = C[0, 1] with the norm
lIyll == max MO

We also set
B, :={yeX:|hl<r}
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with r > 0.
Next, by means of the Krein-Rutman theorem [19, Theorem 19.3 (a)], we discuss the existence of
the principal eigenvalue for the linear eigenvalue problem as follows

_ yu/ _ﬁy” — a/y’ = Ab(t)y, t€(0,1),

! (3.1)
0) =y (©) =0, y(1) =y fo Ys)ds.

Denote A: £ — X as the map,

1
Ay(t) = /lf G(t, s)b(s)y(s)ds, te]0,1].
0
Lemma 3.1. Assume that y € (0, 1) and Lemma 1.1 are satisfied, (3.1) has a principal eigenvalue A,,
and the corresponding eigenfunction ¢;(¢) is positive.

Proof. 1t follows from (2.15), then # is normal and has nonempty interior, so X = £ —%. From
Theorem 2.2, A is a strong positive operator and A € int . By the Krein-Rutman theorem, the
spectral radius r(A) is positive, and ¢, € X exists, satisfying ¢, > 0 and AP, = r(A)¢,. Thus,

A = (r(A)" >0,
Let A" be the conjugate operator of A, then A*¢, = r(A*)¢p,, where ¢, € X such that ¢, > 0 on (0, 1),

corresponding to 4. Since

1 1 1
f (Ap1)adt = A f ¢1padt = f ¢1(A $r)dt,
0 0 0

then the algebraic multiplicity of 4; is 1. Thus, 4, is the principal eigenvalue of (3.1). O

Denote a nonlinear operator K: X — X by
y = Kh.
From the above notation, it follows that (1.2) is equivalent to
y=AKf(.» =0, yeX 3.2)

Throughout the paper, we will use the same symbol to represent both the function and the
corresponding Nemytskii operator.

We denote if there is a sequence (u,, y,) with u, = A and y, € X, such that y, — 1, K f(v,) = 0 and
|[ynll = oo, then A is a bifurcation from infinity for (3.2).

In some cases, such as what we will later discuss in detail, by application of an appropriate rescaling
to look for bifurcation from infinity based on the Leray-Schauder topological degree, which represents
deg(-, -, -), it is worth noting that K is continuous and compact. Thus it is reasonable to investigate the
topological degree of I — AK f, where [ is the identity map.

AIMS Mathematics Volume 9, Issue 3, 7273-7292.
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3.1. Asymptotically linear problems

Theorem 3.1. Assume that y € (0, %) and Lemma 1.1 are satisfied. We suppose that
f € ([0, 1] x [0, ), R)

satisfies (F) and (F3).
(F,) There exists a positive function ¢ € X such that

lim AGS)) =c.
y—00 y

There is a positive constant & such that (1.2) exist positive solutions if either
(D) vy > 0 (possibly c0) in [0, 1] and A € [Ae — €, Aw),

or
(II) v, < 0 (possibly —oc0) in [0, 1] and A € (Aw, A + €],
where
PR
c
and

vi() = iminf(f(.y) = cy),  va(f) := lim sup(f(£.y) = cy).

y—00

In order to show Theorem 3.1 is valid, we first extend f(z,-) to R and set

F(t,y) == f&. ) (3.3)

and
O, y) ==y - AKF(1,y), yeX. (3.4)
Obviously, the solution y > 0 of ®(4,y) = 0 is equivalent to a positive solution of (1.2).

Lemma 3.2. Assume that y € (0,1) and Lemma 1.1 are satisfied. For every compact interval 8§ C
[0, +00)\{A}, there is a positive constant 7 such that, for all 1 € N, ||y|| > r, ®(4,y) # 0. Moreover,
()ifv; > 0, then N = [A, 4], for A > A;
(2)if vy <0, then X = [0, A ].

Proof. Letu, — u >0 e N, thatis, u # A and |[[y,|| = oo be such that
Yn = /Jn(](F(t»yn)'

Setting
Yn

vl

Wy

it follows that
Wp = /Jn”ynll_lq(F(t’ yn)

AIMS Mathematics Volume 9, Issue 3, 7273-7292.
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From (F,) and (3.3), up to a subsequence in X, w,, — w is fulfilled for which w satisfies the problem
—w" =Bw’ —aw’ =uclw|, te€(0,1),

1
w(0) =w'(0) =0, w(l) =)(f w(s)ds,
0

and ||w|| = 1. By Theorem 2.2, w > 0, then uc = 4;, 1.e., u = A, Which contradicts with the assumption
of u # A.

Next, we give a short illustration of Lemma 3.2 (1), and (2) follows similarly. Now, assume that
there is a sequence (i, y,) € (0, 00) X X, where u,, = A, ||[yal| = o0, and p,, > A, such that

Oy, yn) = 0. (3.5)

Note that y, € X has a unique decomposition
Yn = Vp + Sp1, (3.6)
where s, € R, since y, > 0, ¢, > 0, and
1
f va(D$2(ndt = 0,
0

and by (3.6), we obtain

1

1 1 -
sn:( f u,,(t)¢2(t)dt)( f ¢1(t)¢z(t)dt) >0, neN. (3.7)
0 0

From (3.5), it follows that

1 1
f G (D)y,(Ddt = f & (OKF (2, y,(t))dt.
0 0

Since | |
f G (OKF(t, y.(1))dt = -4, f G2 (Dyn()dt,
0 0
we obtain
1 1
-4 fo G2 (D)yn(t)dt = fo O+ By, + ay,)ga(0dt
1
== j; M f (8, yu(0)p2(2)dt
1 1
== j; M (f (2, yu(2)) — cyn(D)da(D)dt — fo HnYn(D)cd()dt,
then

1 1
(nC — A1) fo G2 (O)yn(D)dt = — j; Ma(f (&, yn(D)) = cyn(D)a(D)dt.

AIMS Mathematics Volume 9, Issue 3, 7273-7292.
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For n large enough, u, > A, and 1
fo Ya(Dp2(0)dt > 0
hold, then we infer that 1
fo (f(t, yu(D) = cyn(D)2(D)dt < O

and from the Fatou lemma, we yield

1 1
0> lim inff (f(t,y,) — cyp)drdt > f v ¢odt,

which contradicts with v; > 0. m|

Lemma 3.3. Assume that y € (0, L—l)) and Lemma 1.1 are satisfied. For A € (A, 0), there is a positive
constant » such that
DA, y) # 1¢, forallT >0, ||yl > r.

Proof. If there is a sequence {y,} € X with ||y,|| = oo and numbers 7, > 0 satisfy ®(4,y,) = 7,0, then

—yy =By, = ay, = AF(t,y,) + 1,141

Since F(t,y) =~ cly| = oo and 7,4,¢; > 0, to the maximum principle, y, > 0 for all # € (0, 1).
Choose € > 0 such that
Ao < A(1 — ).

From condition (F»), there is a constant Ry > 0 such that
ft, )= —-e)y, Yy>Ry, te(0,1).
By |[y,|| = oo, we know there is a positive constant N* such that
V. >Ry, Yn>N*

and
f@t,yn) =2 (1 = €)cy,. (3.8)
By (3.7) and (3.8), we derive
1 1
Snd1 f $1(t)pa()dt = f =, + By, + ay,)ga(t)dt
0 0
1 1
= ﬂf F(t,y,)¢(t)dt + 74, f d1(D)(2)dt
0 0
1
> A f F(2, y,)$a(t)dt
0
1
> 2 f (1 = ey (Ot
0
1
= A1 - e)cs, f ¢ (D@ (1)dt.
0

AIMS Mathematics Volume 9, Issue 3, 7273-7292.
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Thus,
/loo > /l(l - 6)9
which is a contradiction. O
For y # 0, we set
y
Z:=—.
lIyll?
Set
DA, — AKF(t,
WL Z) = ( 2y):y 2( y)
[yl [yl
Z
=Z - ANZIPKF (t, —)
1ZI?

Ao 18 a bifurcation from infinity for (3.4) if, and only if, A, is a bifurcation from Z = 0 for ¥ = 0.
From Lemma 3.2, for 4 € (0, A.,), by homotopy, we have

deg(¥(4,-), B1,0) = deg(¥(0, ), B1,0)
= deg(1, B1,0) (3.9)
= 1.

Similarly, from Lemma 3.2, for 7 € [0, 1] and A € (A, 0),

deg(¥(4, -), B%, 0) = deg(\P(0, -) — 1¢», B%, 0)
= deg(Y(0,) — ¢1, B1,0) (3.10)
=0.
Set
2 :={(1,y) €[0,00) x X : y #0,D(4,y) = 0}.
It follows from (3.9) and (3.10) that the following lemma is fulfilled.

Lemma 3.4. A is a bifurcation from infinity for (3.4). To be precise, there is an unbounded, closed,
connected set X, C X which bifurcates from infinity. Furthermore, if v; > 0, X, bifurcates to the left
(respectively, if v, < 0, X, bifurcates to the right).

Proof of Theorem 3.1. From Lemmas 3.2-3.4, it is sufficient to demonstrate that if y, — A and
|[ynll = oo, for all t € (0, 1) and n large enough, y, is positive. Set

_
[[yall

Wiy

By utilizing the preceding results up to subsequence in X, w, — w and w = J¢; with ¢ > 0 are
satisfied, then, y, > O for n large enough. O

AIMS Mathematics Volume 9, Issue 3, 7273-7292.
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3.2. Superlinear problems

Theorem 3.2. Assume that y € (0, %) and Lemma 1.1 are satisfied. We suppose that
f € ([0, 1] x [0, ), R)

satisfies (F')) and (F3).
(F3) There is a positive function ¢ € X such that
. fGy)
m _—

li =c, pe(l,o).
y—00 yp

There is a constant A* > 0, such that for 4 € (0, "], (1.2) exist positive solutions. More specifically,
there exist a connected set of positive solutions for (1.2), which bifurcates from infinity at 1., = 0.

Set
Ft,y) = Ft,y)—chl,
where F'(¢,y) is denoted as (3.3).

Next, using the rescaling w = dy and A = d*~! with d > 0, shows that A, = 0 is a bifurcation from

infinity for
y—AKF(t,y) =0,

which is equivalent to (4, y), which is a solution of (3.11) if, and only if,
w — KF(d,w) =0,

where _
F(d,w) := c|w]’ + d°F(d'w).

As d =0, we set _
F0,w) = clwl”.

By (F3), we know that ?(d, w) is continuous for (d, w) € [0, ) X R. Let
Sd,w) := w—KF(d,w), d e 0,c0).
Thus, S(d, -) is compact. For d = 0, solution of S(O, w) = 0 are nothing but solutions of
—w" =Bw —aw' =cw’, te(0,1),
w(0) = w'(0) =0, w(l) :X‘fol w(s)ds.
Now, we show that the following results are fulfilled:
S(0,w) #0, forall [wl|> R,

SO,w) £0, forall 0<|w| <R,
deg(S(0, w), Pe\P,,0) = —1, forr e (0,R,], R € [R,, o),

AIMS Mathematics Volume 9, Issue 3,
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where R, R, are two constants with 0 < R; < R5.
First, we claim that there exists R > 0 such that for ||w|| > R, S(0, w) # 0.
Assume that (3.13) has a sequence {w,} satisfying

lim |lw,|| = oo,
n—oo

i.e.,
—w" = pw) —awl, = (cw, " Hw,, t€(0,1),
1
w,(0) = w,(0) =0, w,(1) :Xf wy(s)ds.
0
Note that

lim c|w,|P™! = 00, 1€ (0,1).

By the remarks in the final paragraph on [20, Page 56], w, must change its sign in (0, 1), which is a
contradiction.

Second, we prove that for 0 < |[w|| < Ry, S(O, w) # 0, where R; > 0 is a constant.

On the contrary, if (3.15) does not hold, then (3.13) exists a sequence of solutions w,,, which satisfies

[lw,|]| = 0, n — oo. (3.17)
Let
Wy
V, = .
[lwall

From (3.13), we have

[wy|P

44

77 ’
-V, =pv, —av, =c

, 1€(0,1),
[wall

1
vu(0) =v,(0) = 0, v, (1) =/\(f Va($)ds.
0

From (3.17), we have
limv, =0

n—oo
uniformly in ¢ € (0, 1).
According to the standard argument, after taking a subsequence and relabeling if necessary, v, € X
exists and ||v,|| = 1, satisfying
Vy = Vi, B — 00

and

v =pv —av, =0, te(0,1),
1
v.(0) =v,(0) =0, wv.(1) :Xf v.(8)ds,
0
which shows that v, = 0 holds. However, this is a contradiction. Hence, (3.15) holds.

AIMS Mathematics Volume 9, Issue 3, 7273-7292.
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In the end, we show (3.16) is valid. Denote
P, =y eP: bl <rh.
Now, by (3.14) and (3.15), we derive that for all w € 0Pk and w € dP,, S(0,w) # 0 is valid. So for all
w € APR\P,), SO0, w) #0

is still fulfilled. Hence, deg(S(O, w), PR\ﬁ, 0) is well defined.
Note that f (w) = |w|”, so we claim that

deg(S(0, w), Pg\P,,0) = —1.

It is easy to verify the following conditions:

(H)) fo = lim 52 = 0;

w

(H) fo := lim ]% = oo,

w—+00

Choose M; > 0, which satisfies

X

M
17’1 — D

1
f z2(s)e(s)ds > 1.
0

From (H;), there is a constant R, > 0, such that Yw > R,, f(w) > M;w is satisfied. Choosing
R > max{R;, R,}, we claim that
IKF (0, )l > [Iwl

for w € 0P%. In fact, for w € 0Pk,

- 1
(KF 0, w)(®) = f G(t, s)c(s)wl’ds
0

> My vl fo o)t
> [jwl|.
Hence, it follows from the fixed point index theorem of [19] that
i(KF (0, ), Pr.P) = 0. (3.18)
From (H,), there exists a constant ¢ > 0 such that w € [0, (], and

fw) < Maw,

for which M, > O satisfies

MR

1
7 —XDL z(8)e(s)ds < 1.

AIMS Mathematics Volume 9, Issue 3, 7273-7292.



7287

Choose 0 < r < min{t, 15?}, for w € 0P,

. 1
IKF (0, w)l| = max f G(t, s)c(s)wids
€611 Jo

X
1-xD

1
< MyR—X—{jwi] f (s)c(s)ds
)

< [wll.
Obviously, K 7/': (0,w) # w for w € dP,. By the fixed point index theorem of [19],
i(KFO,), P, P) = 1. (3.19)
From the additivity of the fixed point index, (3.18), and (3.19), we get
i(KF(0,), PR\P,, P) = —1. (3.20)

From (3.20) and 3 _
SO, w) : X = Pr\P,,

we obtain B
deg(S(O’ W)9 PR\Pr’ O) =-1.

Lemma 3.5. Assume that y € (0, %) and Lemma 1.1 are fulfilled, then there is a constant dy > 0 such
that

(i) deg(8(d, ), Pr\P,, 0) = —1, Vd € [0,d,];
(i) if S(d,w) = 0,d € [0, do], |Iwl| € [r,R], then w > 0.
Proof. On the contrary, there is a sequence (d,,, w,), where d, — 0, ||w,|| € {r, R}, and
w, = ‘K?(dn, wy).
Since the operator K is compact, up to a subsequence, w,, — w and
SO,w) =0, |will € {r.R},

which contradicts with (3.14) and (3.15). Therefore, (i) holds.

In order to show (ii) is valid, we once argue by means of contradiction. From the preceding results,
we can present a sequence {w,} € X with {r € [0, 1] : w,, < 0} # 0, which satisfies w, — w, ||w|| € {r, R}
and S(O, w) = 0; that is, w is a solution of (3.13). From Theorem 2.2, w > 0 holds. Therefore, we get
a contradiction that for n large enough, w, is positive. O

Proof of Theorem 3.2. From Lemma 2.1, Yd € [0,dy], and (3.12) exists a positive solution w,.
Recalling ford > 0and A = d?~', y = Y is a solution (4, y,) of (3.11) for

O<A<A:=dl".
For w; > 0, (4, y,) is the positive solution of (1.2). So, Vd € [0, dy], ||lwal| = d implies that
yall = llwall/d — oo

asd — 0. O
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3.3. Sublinear problems

Theorem 3.3. Assume that y € (0, ]5) and Lemma 1.1 are satisfied. We suppose that
f€C(0,1] X [0,0),R)

satisfies (F) and (F4).

(F4) There is a positive function ¢ € X, such that
lim f(.’ y) —

y—00 yq

¢, qge<l[0,1).
There is a constant A, > 0, such that for A € [A,, o), positive solutions of (1.2) exist. To be precise,
there is a connected set of positive solutions of (1.2), which bifurcates from infinity for A, = oo.

In this case, we will show that (1.2) exist positive solutions, which branch off from oo as A,, = co.
As the same treatment as the superlinear problems, we again use w = dy, 1 = d! with g replacing
p. In the case of superlinear problems, (4, y) is the solution of (3.11) if (d, w) satisfies (3.12). Now, by

q €0, 1),
A—> 00 ed-—0. (3.21)

Lemma 3.6. Assume that y € (0, %) and Lemma 1.1 are satisfied. For g € (0, 1), the problem
—w"(t) = pw’(t) — aw'(t) = c(t)wi(t), te€(0,1),
1 (3.22)
w(0) =w'(0) =0, w(l) :)(f w(s)ds
0
has a unique positive solution wy.

Proof. Assume that wy, w, are two positive solutions of (3.22), i.e.,
1
— " (1) = Bw (1) — aw((t) = c(w], wi(0) = w((0) =0, wy(l) =)(f wi(s)ds,
0

1
— w5y (1) — By () — aws(t) = c(Hwl, wr(0) = wi(0) =0, wy(l) :)(f wa(s)ds.
0

We will show that w; > w, and wy, > wy. If w; 2 w,, we discuss that the element w satisfies the
following form, that is,
w(t) = wi(t) — ewa (1), t€[0,1],

where € € (0, 1). Let there exist a point ; € (0, 1) such that
w(&o) = wi1(do) — €w2(o) = 0. (3.23)
On the other hand,
—w(t) = () — aw' (1) = —(wi (1) — w2 (1)) — Bw1(t) — €wa(1))” — a(wi(t) — ewa (1))’

= c(t)[w](t) — w3 (1)]

> c(D)[egwi (1) — ew5(1)]

> 0,

w(0) = w'(0) =0,

1
w(l) :)(f w(s)ds.
0
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So, w(t) > 0, which contradicts with (3.23). Therefore, w; > w,. By the same method, we may prove
that wip < wp. O

As the same treatment as the superlinear case, we also can obtain that the following results are
fulfilled:

S,w)#0 forall |w||> R, (3.24)
S,w)#0 forall 0<|w| <Ry, (3.25)

and 3 _
deg(S(0, w), Pr\P,,0) = 1 for r € (0,R;], R € [Ry, ), (3.26)

where R; and R, are two constants satisfying O < R; < R4. Therefore, the following results can be
obtained.

Lemma 3.7. Assume that y € (0, %) and Lemma 1.1 are satisfied. There exists dy > 0 such that
(i) deg(S(d, ), Pe\P;, 0) = 1, Vd € [0,dy];
(i) If S(d, w) = 0,d € [0, dy], ||wl| € [, R], then w > 0.

Proof of Theorem 3.3. By the continuation, a connected subset I' of solutions of S(d, w) = 0 satisfies
(0,wy) € I'. From Lemma 3.7, we derive that there is a positive constant d, such that for d < dy, these
solutions are positive. Since A = d u = %, then a connected subset of solutions of (1.2) exists,
which it can be transformed by I, so for

A>3 =d,
these solutions are positive. Furthermore, from (3.21), Z, bifurcates from infinity for A, = +co. O

Remark 3.1. Comparing with [3], we no longer consider the nonlinear term as a translation and we
obtain the optimal interval of the parameter A under the three cases.

3.4. Example
In order to illustrate that Theorems 3.1-3.3 are valid, we take @ = 1 and 8 = 0, then Lemma 1.1
holds and
velo. 1 —Cf)s(l) .
1 —sin(1)
If

fa.y)=2y" +tln(1+y)—t-1, pe[0,0),
then f(#,0) = —t — 1 < O is satisfied for 7 € [0, 1]. Let A, be the first positive eigenvalue corresponding

to the linear problem (3.1) and ¢; be the positive eigenfunction corresponding to 4;. Next, we will
check that all conditions in Theorems 3.1-3.3 are fulfilled. In fact,

¢ = lim f(tiy) =
y—00 yl’

2.

In view of Theorem 3.1, A, = %, where p =1,

vi(7) = iminf(f(z,y) — cy) = liminf(sIn(1 +y) =t = 1) > 0, € [0, 1].
y—o00 y—o
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Thus, Theorem 3.1 is valid. In the case of the superlinear problem,

where p > 1, so we derive that

Therefore, Theorem 3.2 is valid. Similarly, we also show that Theorem 3.3 is fulfilled.
4. Conclusions and discussion

By virtue of bifurcation theory or topological methods, we show the global behavior of positive
solutions of (1.2) in the cases of asymptotically linear, superlinear, and sublinear as y — oo, and for A4
near the bifurcation value, where the solutions norms are indeed positive. The domain of (1.2) offers
potential for further studies. For example, in this kind of semipositone case, f(¢,0) < O is bounded. A
natural question is whether or not there exist positive solutions for (1.2) if f(¢,0) — —oco. Furthermore,
the methods from this paper can be used for studying neutral-type and impulse differential equations as
forms in [21-25]. We can also further discuss the stability analysis of the obtained positive solutions.
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