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1. Introduction

As usual, let H denote a complex Hilbert space and B(H) the set of all bounded linear operators on
H. Let Z be the usual conjugation of complex number z, that is, if z = x + iy, then Z = x — iy. Let 7"
denote the adjoint operator of T for T € B(H).

We continuously introduce some notations. For a complex number z, let Rz denote the real part of z
and Jz the imaginary part of z. Let C denote the complex plane, IT the right half-plane {z € C : Rz > 0},
and A2(IT) the weighted Bergman space on II.

We first need the following definition.

Definition 1.1. An operator C : H — H is said to be a conjugation if it satisfies the following
conditions:
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(i) conjugate-linear: C(ax + By) = aC(x) + BC(y), for a,8 € C and x,y € H;

(ii) isometric: ||C(x)|| = ||x||, for all x € H,

(iii) involutive: C* = 1,, where 1, is an identity operator.

One can see [7] for more information about conjugations. Actually, there exists many conjugations
on A2(IT) such as J f(z) = f(2).

Definition 1.2. Let C : H — H be a conjugation and T € B(H). If CTC = T*, then T is said to be
complex symmetric with C.

Complex symmetric operators on abstract Hilbert space were studied by Garcia, Putinar, and Wogen
in [7-10]. Afterwards, one started to consider such operators on function spaces. For example, Noor
et al. in [24] characterized the complex symmetric composition operators on Hardy space of the right
half-plane. See also [5,11-13,18,19,22,23,30,33] for the studies of such operators on function spaces.
After a long time of research, people find that many operators are complex symmetric operators such as
normal operators, Hankel operators, and Volterra integration operators. Complex symmetric operators
have been extensively used in theoretic and application aspects (see [6]).

Ptak et al. in [26] introduced an interesting class of operators named complex normal operators and
proved that the class of the complex normal operators properly contains complex symmetric operators.

Definition 1.3. Let C be a conjugation on H and T € B(H). If C(T*T) = (TT*)C, then T is said to be
complex normal with C.

In the recent paper [31], Wang et al. studied the structure of complex normal operators and provided
a refined polar decomposition of complex normal operators. Recently, Bhuia in [1] studied complex
normal weighted composition operators on Fock space and provided some properties of complex
normal weighted composition operators. A direct proof shows that complex symmetric operators are
always complex normal. Thus, complex normality can be viewed as a generalized complex symmetry.
Also, in [26], basic properties of complex normal operators are developed. In particular, special
attention is paid to complex normal operators on finite dimensional spaces, L? type spaces, and the
Hardy space H>.

Because of the above-mentioned studies, we can try to study the complex symmetric or complex
normal weighted composition operators on other analytic function spaces. Coincidentally, when we
are considering such problems, we find that Hai et al. in [14] studied the following conjugations on
A%

ISR

__ - 1
T2 = 8@, T =gG+is), T.f(2)=—g(

w=¢(3) a.n
where s € R. Since it is difficult to give a proper description of the adjoint for the weighted composition
operators with the general symbols on A2(IT), in [14] they just characterized the complex symmetric
weighted composition operators with the symbols in (I)—(I1I) on A(ZZ(H). These symbols are defined as
follows:

@)

1 b
7(2) = ———, #@)=-a-— ,

(Z _ c)(y+2 ’ z—c
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where coefficients satisfy

either Ra=3Ib =0, Rb <0, Rec <0, (12)
0r%a<0$—%c+%. ’
(ID
O PR R——
O i O

where coefficients satisfy 6 € C, u € Il, and n € R.
(1IT)

(@) =4, ¢(@=z+7,

where coefficients satisfy A € C and y € II.

Next, we will provide the research motivations of this paper. With the basic questions such as
boundedness and compactness settled, more attention has been paid to the study of the topological
structure of the composition operators or weighted composition operators in the operator norm
topology. In this research background, Shapiro and Sundberg in [27] posed a question on whether two
composition operators belong to the same connected component, when their difference is compact.
In the study of difference of composition operators, some interesting phenomena were found. For
example, there is no compact composition operators on weighted Bergman space on the half-
plane (see [20]), but there is compact difference of composition operators on this space (see [3]);
two noncompact composition operators can induce compact difference of composition operators on
weighted Bergman space on the unit disk (see [21]). Perhaps due to these interesting phenomena,
people initiated the study of difference of composition operators or weighted composition operators,
which has become a very active topic (see [16,21,28]).

Motivated by the above-mentioned studies, a natural problem is to characterize complex symmetric
difference of composition operators or weighted composition operators on analytic function spaces. To
this end, we try to consider this problem on weighted Bergman space A2(II) by using the weighted
composition operators with symbols in (I)—(III). As we expected, we find that the difference of such
weighted composition operators is complex symmetric on weighted Bergman space A2(IT) with the
conjugations in (1.1) if and only if each weighted composition operator is complex symmetric. This
is an interesting phenomenon, but it may be not right for the general case, that is, from the complex
symmetry of the operator T = T} + T,, where T, T, € B(H), it cannot deduce the complex symmetries
of the operators 7'} and 7,. On the other hand, it is well known that there is no compact composition
operators on the weighted Bergman space A2(IT). Maybe for that reason, there isarded as an useful
supplement of the weighted composition operators on A2(I1).

2. Preliminaries

Throughout the paper, we always assume that « is a nonnegative integer, since for any w, z € C and
a > 0, (wz)* # w*z” while the equality holds when « is a nonnegative integer.
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Let H(IT) be the set of all analytic functions on I1, dA be the area measure on I, and dA,(z) =
@(%z)"dA(z). The weighted Bergman space A2(I1) consists of all f € H(IT) such that

1y = [ V@A) <.

Moreover, this norm is induced by the inner product

F&huam = f FOTDAA.

A2(ID) is a Hilbert space with this inner product, and the reproducing kernel is

2%a + 1)

i el

K (2) =
That is,
f@) =/, Kg)&,(n) = fl;f(W)Kg(W)dAa(W)

for any f € Ai(H) and z € II. One can see [4] for more information on Ai(H).
Let ¢ be an analytic self-mapping of IT and u € H(I1). The weighted composition operator induced
by the symbols u and ¢ on or between some subspaces of H(II) is defined by

Wi f(2) = u(2) f(¢(2)).

From the definition, it follows that when u = 1, W, , is the composition operator, denoted by C,; when
(z) = z, W, 1s the multiplication operator, denoted by M,,.

It is an interesting topic to provide the characterizations of the symbols u and ¢ which induce
bounded or compact weighted composition operators. Recently, several authors have studied the
composition operators and weighted composition operators on weighted Bergman space of the half-
plane. For example, Elliott et al. in [4] characterized the bounded composition operators and proved
that no composition operator on the weighted Bergman space of the upper half-plane is compact.
Sharma et al. in [29] characterized the bounded weighted composition operators on vector-valued
weighted Bergman spaces of the upper half-plane. Readers can also find some relevant studies about
the operators on the weighted Bergman spaces of the upper half-plane and we will not repeat them
anymore.

3. Complex symmetric difference of weighted composition operators

The following result can be directly obtained by utilizing the denseness of the linear span of the
functions {K“ : w € IT} in A2(IT).

Lemma 3.1. Let T be a bounded operator on A2(I1). Then, T is complex symmetric on A%(I1) with the
conjugation C if and only if

(CT-T"O)K(2)=0 3.1
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forallw,z €11

To study the difference of the operators W-, with the symbols in (I)—(III) on A2(IT), we need the
following result, where (a) was proved in [32].

Lemma 3.2. (a) Let 7(z) = ﬁ and ¢(z) = —a — ﬁ be the symbols defined in (I). Then, on A%(I1)
the following holds

W* ® = W 1 ac—b-cz «

T (—a)@+2’ z-a

(b) Let 7(z) = o +m)"*2 and ¢(z) = u be the symbols defined in (II). Then, on A%2(I) the following
holds

Wi =6W_.1 ..
7,¢ Gz i

(c) Let 7(z) = A and ¢(z) = 7 +y be the symbols defined in (I1l). Then, on A%(I1) the following holds

W:@ = /_?'CZ‘F)_"

Proof. (b). From Lemma 3.2 in [32], we have

WT¢ - W( +l§a+2 fi=in - 5W( ﬂll)(wz A=
(c). The proof can be similarly obtained, so we do not provide proof anymore. O

First, we characterize the complex symmetric difference of the operator W-., with the symbols in (I)
on A2(IT) with the conjugation 7.

Theorem 3.1. Let 7j(z) = m and ¢i(z) = —a; — zf_/C, be the symbols in (I) for j = 1, 2. Then, the

operator Wy, 4, — Wy, 4, is complex symmetric on A~(I1) with the conjugation J if and only if a; = ¢,
and a, = c,.

Proof. For all w, z € I1, from Lemma 3.2 (a) the following equalities hold

j(WTlJﬁl - W72,¢2)K31(Z)

~ 1 2% + 1) 1 2%(a + 1)
- ((z =)™ (—ay - 2=+ W) C@-e) (—ay - 2 24 w)a+2)
?m+n 2% + 1)
- ([(W —aNz+aic — by — Wl [(W— @)z + axcs — by — czww)
2% + 1) 2% + 1)

(3.2)

C[w=aNz+a &, — by —ewle? (W — @)z + @xTy — by — T2

and
(W715¢1 - WT2~¢2)*~TK$(Z)
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2% a+ 1) )

= (Wei g0 = Wag,) (W

2 (q + 1)
=W ﬁi—’—éz_W aey-by-trz N\ T .5
( (a-a11>“+2’ 1 lzj’lll l A 22*222 . )((Z + W)(HZ)
) 2%(ar + 1) 2%(qr + 1) 53
C[w=EDz—aw + @iy — b1 [(W = 87 — GoW + @y, — by]o*? '

Hence, from (3.2), (3.3) and Lemma 3.1, it follows that the operator W, 4 — W, 4, is complex
symmetric on A2(IT) with the conjugation 7 if and only if

1 1
[(w—a))z — ¢\w + @, ¢y — by]+? - [(W — @y)7 — Cow + GxCy — b]7+2

= ! - ! (3.4)

C[w=ENz—aw + @iy — b1 [(W = )7 — GoW + @y, — by]7 "

for all w, z € I1.
Assume that the operator W,, 4, — Wy, 4, is complex symmetric on A2(IT) with the conjugation 7.
Then, from (3.4) we obtain

1 1
[((w—ay)z — &\w + a@¢; — by]o+? - [(w—&1)z — ayw + @& — by]*+?
B 1 1 (3.5)
(W= @)z — oW + 82Ty — Do) [(W = E2)Z — GoW + Bny — by]7* '
for all w, z € I1. From the formula
=y = =T Ty Ty,
we have
(@ —c)z—wllw—a)z—cw+a;e; — b 1" + -+ [(w—C1)z — aw + @ ¢, — by]**"}
[(w—ay)z — &yw + @& — by 1“2 [(w — )z — @yw + @,¢; — by]**2
(@ = &)z = wWHw — @)z — Caw + 8xCy — b1 + -+ [(W = E2)z — Gow + 8p8r — D]} (3.6)
[(W — @2)z — Caw + @2y — by ]2 [(W — C2)z — Gow + GaCy — D)2 '
for all w, z € I1. Clearly, if a, # c,, then from (3.6) we have
a; — Cq _ [(W — C_IQ)Z — CoWw + arCy — Bz]a+l + -+ [(W — E‘z)Z — )W + arCy — Z)z](ﬁ—l
a, — C - [w— C_ll)z - w4+ ac; — El]aﬂ + -+ [(W - E'])Z —aw+ac; — Z?]]aH
[(w—a)z—&w+a;ey —b1*"?[(w—-2¢)z—aw+a¢, — by 3.7)

[(W — G2)z — Caw + @aCy — by ]2 [(W — 2)z — Gaw + GaCy — by ]2

for all w,z € IT and w # z. So, from the arbitrariness of w and z in (3.7), we deduce a contradiction.
Then, we obtain a, = ¢,. Similarly, we have a; = c;.

Conversely, if a; = ¢; and a, = ¢,, then it is easy to see that (3.4) holds. This shows that W, 4, —
W., 4, is complex symmetric on A2(IT) with the conjugation 7. O
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We have the following result, and we do not provide proof anymore.

Lemma 3.3. Let 7(2) = ﬁ and ¢(z) = —a — ﬁ be the symbols in (I). Then, the operator Wy, is
complex symmetric on A2(I1) with the conjugation J if and only if a = c.

Remark 3.1. From Lemma 3.3 and Theorem 3.1, we see that the operator W;, ,, — W, 4, is complex
symmetric on AZ(IT) with the conjugation J if and only if both W, 4 and W,, 4, are complex symmetric
on A2(IT) with the conjugation 7.

1+i
2z+2-2i

be the symbols in (I). Then, the operator W., 4, — W., 4, is complex symmetric on A%(IT) with the
conjugation 7.

Example 3.1. Let 71(2) = =, $1(2) = —i + 5, 12(2) = e and () = 1 —i -

z=i’

Proof. From the form of the symbols in (I), it follows that a; = i, by = -1, ¢c; =i, a0 = -1 + 1,
by = % + é and ¢, = —1 + i. Then, from Theorem 3.1, the desired result follows. O

Now, we characterize the complex symmetry of the operator Wy, 4, — W, 5, on AZ(I) with the
conjugation Jf(z) = f(Z + is).

Theorem 3.2. Let 7j(z) = W and ¢(z) = —a; — Z_b—’c be the symbols in (I) for j = 1, 2. Then,
J )

the operator Wy, 4, — Wy, 4, is complex symmetric on A2(I1) with the conjugation J if and only if

a,=cy—isand ay = ¢y — is.

Proof. For all w, z € I1, from Lemma 3.2 (a) the following equalities hold

jS(WT1,¢1 - WT2,¢2)K5(Z)

~ 1 2% + 1) 1 2%(a + 1)
_js( )2 bl —va+2 (7 — a)at2 (. b —a+2)
(z =)™ (=a =+ W) (@ =)™ (may — 2 +W)
_ g 2%a + 1) 2%a + 1) )
N W—a)z+agc; = by — w2 [(W— ax)z + axey — by — c;w]**2
B 2% a + 1) 2% a+ 1)
S w=aN(z—is)+ae — by —ewle? (W= @)z — is) + @xls — by — Eaw]*+?
B 2% a+1) 2% a+1)
C[(w—a)z—(is+c)w+iais +ac, — b11*2  [(w— @2)z — (is + Co)W + i@rs + @r¢a — by]**2
(3.8)
and
(WTl,tl’l - W72,¢2)*jYKg(Z)
. 2%+ 1)
=Wro —Woo) | ——————=
( 1,91 ® ) ((Z s+ W)a+2)
2% a + 1)
=(W ajey-by-cjz — w ayey-by-cz N\ 7 . ~oih
( (Z,&ll)wrz ’ z—bal (Z,g,zl)oﬂrz ’ 2—1:712 )((Z — 15 + W)(H—z)
2% a+ 1) B 2% a + 1) (3.9)

[((W=2¢ —is)z—aw + a\¢y — by + isa 1% [(W =Gy — iS)Z — QoW + @aCy — by + isG2 ]2
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Hence, from (3.8), (3.9), and Lemma 3.1, we have that the operator W, 4 —W., 4, is complex symmetric
on A2(IT) with the conjugation 7 if and only if

1 1

[(W - C_ll)Z - (lS + E'])W + iC_l]S +a,c; — Bl](ﬂ'2 [(W - C_lz)Z - (lS + EQ)W + ic_lzs + a,c) — Bz]a+2
1 1

[(W —C; — iS)Z —aw+ac, — [_71 + iS(_ll]a+2 [(W —Cy — iS)Z — oW + arCy — Ez + iSle]a+2

(3.10)

for all w,z € I1.
Assume that the operator W, 45, — Ws, 4, is complex symmetric on A2(IT) with the conjugation 7.
Then, from (3.10) we obtain

1 1
[((w—ay)z—-(is+ EI)W +ia,s + a,c, — l;l]a+2 [(W —-C| — iS)Z —aw+a,c; — Z)l + iSC_ll]a+2
B 1 I
[(W - C_lz)Z - (lS + EZ)W + idyS + a,Cy — Bz]a+2 [(W —C) — iS)Z — )W + apCy — Bz + iSElz]CH'Z

(3.11)
for all w, z € I1. Also, applying the following formula in (3.11)
=y = (=T Ty Ty,
if ay # ¢, — is, then

[(W - C_lz)Z - (lS + E'z)W +iayS + ayCy — BQ]G-H + -+ [(W —Cy — iS)Z — )W + axCy — Ez + iSC_lz]a+1

[(W - C_ll)Z — (lS + E’])W +ia,5 + a,c, — Bl]a+1 + -+ [(W —C; — iS)Z —aw+ac, — B] + iS(_ll]w+l

[(W - Zl])Z - (lS + C)w + ia s +a,cy — El]a+2[(w —-C| — iS)Z —aw+ac, — l_?l + iSEl]]aJrz

[(W - C_lz)Z - (lS + E‘z)W +idyS + ArCy — 1_72]0‘+2[(W —Cp — iS)Z — oW + arCy — Bz + iSC_lz]a+2
CiL—a;+is
= — (3.12)
Cr—ay +1s§
for all w, z € II with w # z. So, from the arbitrariness of w and z in (3.12), we deduce a contradiction.
Then, we obtain a, = ¢, — is. Similarly, we have a; = ¢; — is.
Conversely, if a; = ¢; —is and a, = ¢, — is, then we see that (3.10) holds, which shows that
We, 6, — W, 4, is complex symmetric on A2(IT) with the conjugation 7. O

Remark 3.2. If 7(2) = (% and ¢(z) = —a — Z_ic are the symbols in (I), then the operator W, is

Z—C)(”z
complex symmetric on A% (IT) with the conjugation 7 if and only if @ = c—is. Combining Theorem 3.2,

we prove that if 7;(z) = m and ¢i(z) = —a; — Zf—i/ are the symbols in (I) for j = 1, 2, then the
: - ]

operator Wy, 4 — W, 4, is complex symmetric on A2(ID) with the conjugation 7, if and only if both
We, 4, and W., 4, are complex symmetric on A2(IT) with the conjugation .

Example 3.2, Let Tl(Z) = m, ¢1(Z) = —i+ m, T2(Z) = W, and ¢2(Z) =1-i-
m be the symbols in (I). Then, the operator W-, 4, — Ws, 4, is complex symmetric on A2(I1) with
the conjugation .

Proof. From the form of the symbols in (I), it follows that a; =i, by = =1, ¢y = (1 + )i, a, = —1 + i,

b, = % + %, and ¢; = —1 + (1 + s)i. Then, from Theorem 3.2, the desired result follows. m]
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Now, we characterize the complex symmetric operator Wy, 4 — W, 4, induced by the symbols in (I)
on A2(IT) with the conjugation J..f(z) = 2= f(3).

Theorem 3.3. Let 7(z) = W and ¢i(z) = —a; — % be the symbols in (I) for j = 1, 2. Then,
J J

the operator Wy, 4, — Wy, 4, is complex symmetric on A2(I1) with the conjugation J. if and only if

aicy — by =1and ayco — by = 1.

Proof. For all w, z € I1, from Lemma 3.2 (a) it follows that

j*(WT],(ﬁ] - WT2,¢2)K$(Z)

B 1 2% a+1) 1 2% a+ 1)
- j*( — at2 b —\g42 B — at+2 b — a+2)
(z— )™ (=q 2=+ W) (=) (—ay =+ W)
_J( 2% a+ 1) 2%+ 1) )
N W = a)z+aje; — by — Wl [(W— ay)z + axcy — by — c;w]ot?
2% (a+1 2%a + 1
- (6_v ) _ __ (Cf ) _ (3.13)
[(@ic) — b))z —ciwz+w—a1]°*?  [(@x¢y — by)z — Cowz + w — @12
and
. o o 2%a+ 1)
(WT1,¢1 - WT2,¢2) :f*Kw(Z) = (WT1,¢1 - WTM)Z) (W)
_ ) ) 2% a+ 1)
B (W(Zl—zll)aJrZ’alClz—b&l]Clz W(Zazl)aJrZ’azczz—b?zzzczz)((l + ZW)Q-'—Z)
2%+ 1 2% a + 1
ax ) - SARD (3.14)

[z—Ciwz + (@181 — by)w — @172 [z — Ewz + (@x82 — by)w — @]**2

Then, from (3.13), (3.14), and Lemma 3.1, it follows that the operator W, 4, — W, 4, is complex
symmetric on A2(IT) with the conjugation 7, if and only if

1 1
[(6_115'1 - l_?l)Z — E']WZ +w— 6_11](”2 [(6_125‘2 — EQ)Z — E‘zWZ +w - C_ZQ]CH'Z

1 1
= — — = — — — — = — (3.15)
[z — ciwz + (ai¢1 — b))w — a1]°*? [z — Cawz + (G282 — ba)w — Gp]+?

for all w, z € I1. Clearly, (3.15) is equivalent to
1 1

[(@1&1 — b))z — Ciwz + w — a@;]°*2 - [z — Ciwz + (a1¢1 — by)w — @ ]°+2
1 1

(@85 — by)z — Cowz + w — @]**2 [z = Euwz + (G2s — by)w — Gp]*+2

for all w, z € I1.
Now, assume that the operator Wy, 4, — Wy, 4, is complex symmetric on A2(IT) with the conjugation
J.. Using the same method in the proof of Theorem 3.1, if a,c, — b, # 1, then

@161 — by — 1 _ [(@2Cy — by)z — Eawz + w — @]* + - -+ + [z — Cowz + (@2C2 — Do) — Gp] !

@yr —by =1 [(@1& — b))z —Ciwz+w —a]o + - + [z — ywz + (@81 — by)w — ;]!
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[(@1&) — b))z — Cywz + w — @]%" [z — &ywz + (@,C) — b))w — a,]*"

—— — — — —— — (3.16)

[(@2Cs — by)z — Cowz + w — @p|%*2 [z — Cowz + (GpCy — by)w — @] +?

for all w, z € IT and w # z. Then, from the arbitrariness of w and z in (3.16), we deduce a contradiction.
So, we obtain that a,c, — b, = 1. Similarly, we also have that a;c; — by = 1.

Conversely, assume that a;c; — b; = 1 and a,c, — b, = 1. It is clear that (3.15) holds. This shows

that the operator W;, 4, — W-, 4, is complex symmetric on A% (IT) with the conjugation 7.. O

Remark 3.3. If 7(z) = W and ¢(z) = —a — ; are the symbols in (I), then the operator W, is

complex symmetric on A2(IT) with the conjugation 7. if and only if ac — b = 1. Therefore, from

Theorem 3.3, if 7;(z) = m and ¢;(z) = —a, — Zb—c are the symbols in (I) for j = 1, 2, then the
J

operator Wy, 4 — Wy, 4, is complex symmetric on Ai(H) with the conjugation 7, if and only if both
W,, 4, and W., 4, are complex symmetric on A%(IT) with the conjugation 7..

Example 3.3. Let 74(2) = = l)(,m $1(z) = —i+= £.1(2) = o H)M and ¢(z) = 1— z—z+ — be the symbols
in (I). Then, the operator Wy, 4, — mez 18 complex symmetric on A2(IT) with the conjugation 7..

Proof. From the form of the symbols in (I), it follows that a; = i, by = =2, ¢; =i, a0 = -1 + 1,
b, =1, and ¢, = —1 — i. From the calculations, we have a;c; — b; = 1 and a,c, — b, = 1. Then, from
Theorem 3.3, the desired result follows. O

Next, we characterize the complex symmetric operator W, 5 — W, 4, induced by the symbols in
(IT) on A2(IT). First, Lemma 3.2 (b) tells us that

Wi, =W_ 5 = oW

1
Gapae? A e A

which shows that if a = —u, b = 0 and ¢ = —u — in, then

W:,qﬁ = 5 w 1 ac—b—éz «

(z—a)@*t2’ z-a

Therefore, we can directly obtain the following several results.

Theorem 3.4. Let 7i(z) = W and ¢i(z) = u; be the symbols in (II) for j = 1, 2. Then,
the operator W, 4, — W, 4, is complex symmetric on A%(I1) with the conjugation J if and only if
m=mn=0.

Theorem 3.5. Let 7(z) = (Hﬂjfw and ¢j(z) = w; be the symbols in (1) for j = 1, 2. Then,
the operator Wy, 4, — W-, 4, is complex symmetric on A%(I1) with the conjugation J if and only if
m=m=-

For the conjugation ., we assume that § # 0. Otherwise, it is trivial.

Theorem 3.6. Let 7,(z) = W:SW and ¢(z) = p;j be the symbols in (II) for j = 1, 2. Then, the
operator Wy, 4, — Wy, 4, is complex symmetric on AZ(I1) with the conjugation . if and only if

Y PR
Hi I
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withn; € (<2,2), j=1,2.

Remark 3.4. For the symbols in (II), although we do not give the proofs, we still see that the operators
Wz 4, — Wr, 4, are complex symmetric on A(ZY(H) with the conjugations 7, J, and 7., if and only if
both W;, 4 and W., 4, are complex symmetric on Aﬁ(l’[) with the conjugations I, J, and ..

Example 3.4. Let 7,(2) = ——, ¢1(2) = L - L, 12(0) = —=—— and ¢2(x) = X — I be the
(z+5+5)* (z+ G2+ 1ya+

symbols in (II). Then, the operator W-, 4, — W, 4, is complex symmetric on A2(IT) with the conjugation

T

Proof. From the form of the symbols in (I), it follows that u; = ‘/75 - %', m=1,u =
m = % Then, from Theorem 3.6, the desired result follows. m]

Now, we discuss complex the symmetric operator Wy, ,, — W-, 4, induced by the symbols in (III) on
AL,

Theorem 3.7. Let 7i(z) = A and ¢ (z) = z+y;j be the symbols in (Ill) for j =1, 2. Then, W, 4, — Wy, 4,
is complex symmetric on A2(I1) with the conjugation J.

Proof. For all w, z € I1, from Lemma 3.2 (c) we have

2% a + 1) 2% a + 1)
Wror = Wera) K@) = T4 ————— — py———— "
T Wera 202K, (2) j< "C+y+we2 Pty + w)f”z)
- 2% a+ 1 - 2% a+ 1
_q 2D 5 2e+D (3.17)
(Z + f}/l + W)(l+2 (Z + 72 + W)(l+2
and
. o 2% a+ 1)
(Wer g0 = Wey0,) TK(2) = (Wey g, — Wiy) (W)
- - 2% a + 1)
= (/hsz - Azsz)(m)
- 2% a+1 - 2% a+ 1
o 2lerD 5 2erD (3.18)
(z+ 71 +w)e? (z+ 2+ w)e+?
From (3.17) and (3.18), it follows that
j(WTl,cﬁl - WT2,¢2)K$(Z) = (WT1,¢1 - WT2,¢2)*~7K$(Z)
for all z € I1. The proof is completed. O

Of course, the following result is true. The proof is omitted.

Theorem 3.8. Let 7(z) = A; and ¢ (z) = 2+ y; be the symbols in (IIl) for j = 1, 2. Then, the operator
W, 0, — Wey g, is complex symmetric on A2(I1) with the conjugation .

However, the result on the conjugation 7. is trivial since there exists the following theorem. Here,
assume that 4; # 0 for j = 1, 2. Otherwise, Wy, 4, — W, 4, 1s a null operator.

Theorem 3.9. Let 7(z) = A; and ¢ (z) = z + v be the symbols in (Ill) for j = 1, 2. Then, the operator
W00 — Wey g, is complex symmetric on A2(I1) with the conjugation J., if and only if y1 = y, = 0.

AIMS Mathematics Volume 9, Issue 3, 7253-7272.



7264

Proof. For all w, z € I1, from Lemma 3.2 (c) it follows that

2%(a + 1) 2%+ 1)
* WT| 1 - WT K:,‘l: = * /1 J— - /l J—
J( N 27¢2) @=J. ( 1 (z+ Y1+ w)a+2 2 (z+ ¥s + w)a+2)
2%+ 1) o 2%a+1)
=21 -1 3.19
YA+ wz+ 912072 21+ wz+ 9,007 G-19)
and
e . 2%a+ 1)
(WT1=¢1 - WT2,¢2) j*Kw(Z) = (WT|,¢1 - WT2,¢2) ((1 + ZW)CHZ)
- - 2% a+ 1)
= (/11CZ+'71 - /lZCZ‘f";’Z)((l + ZW)Q+2)
- 2¢ 1 - 2¢ 1
-2 @+ 1) i @+ 1) (3.20)

T T wz w2 (1 + wz + yaw)et?

Then, from (3.19), (3.20), and Lemma 3.1, it follows that the operator W, , — W, 4, is complex
symmetric on A2(IT) with the conjugation 7, if and only if

- 1 1 - 1 1
3 _ =] - 321
1[(1 +wz+y1202 (1 +wz+)‘/1w)a+2] 2[(1 +wz+ 5202 (1 +wz+)'/2w)“+2] 2D

for all w, z € I1.
Now, assume that the operator W,, 4, — W, 4, is complex symmetric on A2(IT) with the conjugation
J.. Using the above-mentioned method in the proof of Theorem 3.1, if y, # 0, then

Ay (I +wz+ 72W)a+1 +oo (T +wz+ 92" (A +wz + )‘/1z)“+2(1 +wz + )71w)"+2
Ay T+ wz w4+ s+ (1 + wz + 7127 (1 + wz + %22)*2(1 + wz + Faw)e+2

(3.22)

for all w, z € IT and w # z. Then, from the arbitrariness of w and z in (3.22), we deduce a contradiction.
So, we obtain that y, = 0. Similarly, we also have that y, = 0.

Conversely, assume that y; = y, = 0. It is clear that (3.21) holds. This shows that the operator
We, 6, — We, 4, is complex symmetric on A2(IT) with the conjugation .. O

4. Complex symmetric difference of mixed types

In this section, we first consider complex symmetric difference induced by the symbols in (I) and
(ID. Assume that 6 # 0. Otherwise, Wy, 4, — W, 4, = W, 4, in Theorem 4.1, whose complex symmetry
has been studied in Lemma 3.3.

Theorem 4.1. Let 7/(2) = —~— and ¢,(z2) = —a — Z_ic be the symbols in (I), 75(z) = —2— and

(Z_C)(H-Z (Z+,ll+iT])"+2
$2(z) = u the symbols in (II). Then, the operator Wy, 4, — Wy, 4, is complex symmetric on AZ(I1) with
the conjugation J if and only if a = c and n = 0.

Proof. For all w, z € I1, it follows from Lemma 3.2 (a) and (b) that
j(WTl,qﬁl - WT2,¢2)K5(Z)
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- J( ! 2%+l o 2%(a + 1) )
I\ (z=c)e2 (—a - Z_LC + w2 (4 p+ i) (W4 p)rt?
_g( 2% + 1) ) 2%a + 1)§ )
S YNW—a)z+ac—b—cwletr [(W+ Wz + (U + ipw + p? + (in)u]et?
B 2% + 1) B 2%a + 1)8 @
C(w-a)z+ac—b—-cwlet?2  [(w+ Dz + (@ —imw + @2 — (ina]*+? '
and
. N 2% a+1)

(WT1,¢1 - WT27¢2) ij(Z) = (WT|,¢| - WTZ’¢2) (m)

B L 2%(a + 1)

B (W(Z,aimz’&‘_?-b;& 5WW”’_‘_"")( (z+w)rt 2)

2% + 1) 2%(a + 1)8 w2

- [(w—28)z—aw+ac— b2 [(@—in+wz+aw+ 2 — (ial*+?

Therefore, by Lemma 3.1, the operator Wy, 4, — Wy, 4, is complex symmetric on AZ(IT) with the
conjugation 7 if and only if
1 1

[(W—a)z+ac—b—cwle2  [(w— )z —aw + ac — bje+?
5 . 5
[((w+ @z + (@ —ipw + @ — igal**?  [(@ — in + w)z + w + % — ina]**?

4.3)

for all w,z € I1.
Assume that the operator Wy, 4, — Wy, 4, is complex symmetric on A2(IT) with the conjugation 7.
Then, by the formula

=y = =T Ty ) Ty,
(4.3) becomes

(@—)z-wlilw—-az+ac—b—-ew]®' +---+[(w—07)z—aw + ac — b]**'}

[((w— @)z + ac — b — ew]**?[(w — &)z — aw + ac — b]**+?
_ indw — (W + @)z + (@ — imw + @° — igfa]**! + - + [(F — in + w)z + fiw + [ — ina] ™)
(W + @)z + (@ — imw + % — ina]**2[(@ — in + w)z + pw + fi* — ina]*+?

4.4)

for all w,z € II. Similar to the proof of Theorem 3.1, we see that if a # ¢, then we can deduce a
contradiction. Similarly, we can obtain n = 0.

Conversely, if a = c and 7 = 0, then it is easy to see that (4.3) holds. By Lemma 3.1, Wy, 4 — W, 4,
is complex symmetric on A2(IT) with the conjugation 7. The proof is completed. O

1

(z+ g _ é )ar+2

Example 4.1. Let 71(z) = m and ¢1(z) =2 —-1i-— l_l. be the symbols in (I), 72(z) =

742

and ¢,(z) = %i - % be the symbols in (II). Then, the operator W, 45, — W, 4, is complex symmetric on
AZ2(IT) with the conjugation 7.
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Proof. Ttisclearthata = c = -2 + i, u = %g - é and n = 0. From Theorem 4.1, the desired result
follows. m|
Theorem 4.2. Let 71(z) = W and ¢1(z) = —a — ﬁ be the symbols in (I), T2(z) = A and ¢>(z) =

z + y the symbols in (IIl). Then, the operator Wy, 4, — Wy, 4, is complex symmetric on A%(I1) with the
conjugation [ if and only if a = c.

Proof. For all w, z € I1, it follows from Lemma 3.2 (a) and (c) that

1 2%a + 1) 2%a+ 1)
Weig = Wr Kx - w 4 w
j( v 2,¢2) (Z) j( (Z _ c)a+2 (_a _ 27% + W)a+2 (Z +y+ W)CH'Z)
B ( 2% a + 1) 2%(a + 1) )
I NW-—a)z+ac—b—cwlet? T (z+y+w)er?
) 2%(a + 1) P 2% a + 1)
S lw-a)z+ac—b-cwl? @4y +w)r?
and
* (04 — * —2(1(0, + 1)
(W‘r],¢1 - W72,¢2) ij(Z) - (WTI,¢1 - WT2’¢2) ((Z + W)Q"'Z)
B - 2% a+ 1)
= (W<§zb B ﬂcm)((z + w)“+2)
2%(a + 1) p 2% a + 1)

- [((w—¢&)z—aw +ac — b]**2 (24 ¥ +w)e*?

Therefore, by Lemma 3.1, the operator Wy, 4, — Wy, 4, is complex symmetric on AZ(IT) with the
conjugation 7 if and only if
1 1

[(w— @)z + ac — b — cw]**2 - [(w — €)z — aw + ac — b]*+2 (4.5)

for all w,z € I1.
Assume that W, 4, —Wr, 4, is complex symmetric on A2 (IT) with the conjugation . Then, from (4.5)
we obtain

(w—az+ac—-b—-cw=W-2)z—aw+ac—b

for all w,z € I, that is, a = c.
Conversely, if a = ¢, then it is clear that (4.5) holds. By Lemma 3.1, W;, , — W, 4, is complex
symmetric on A2 (TT) with the conjugation 7. The proof is completed. O

Theorem 4.3. Let 7(z) = W and ¢1(z) = u be the symbols in (1), T5(z) = A and ¢,(z) = z+7y the

symbols in (IIl). Then, the operator Wy, 4, — Wy, 4, is complex symmetric on A2(I1) with the conjugation
J ifand only ifn = 0.

Proof. For w,z € I1, by Lemma 3.2 (b) and (c),

0 2%+ 2%a+1) )
(Z+p+ime2 W+ (2+y +w)et?

T We, g, = Wers)K2(2) = T (
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) 2 + 1)8 - 2%+ 1)
W@z E =i+ 2= (Rl @+ Y+ )
and
f o pa 2%+ 1)
W90 = Weog,) TK(@) = (Wi g, = Wrp,) (m)
- - 2% a+ 1)
= (5W(Z+ﬁ;(l+2 A=in /lCZ+)_/)((Z + W)a/+2)
2% a + 1) b 2% a + 1)

T @ - i+ wiz+pw + - IR @y +w)er

Thus, from Lemma 3.1, it follows that W,, 4, — W, 4, is complex symmetric on AZ(IT) with the
conjugation 7 if and only if = 0. O

Next, we do not give the examples since one can easily give examples.

Theorem 4.4. Let 7/(2) = @ and ¢1(z) = —a — Z_ic be the symbols in (I), T,(z) = W and
$2(z) = u the symbols in (II). Then, the operator Wy, 4, — Wy, 4, is complex symmetric on AZ(I1) with

. . . . 2 .
the conjugation [J, if and only ifac —b = 1 and p = |1 — & — i, where n € (=2,2).

Proof. For all w, z € I1, from Lemma 3.2 (a) and (b), it follows that

2@+ 1) 2%(a + 1)6
Wepg = Weg)KID) = (= S AL
j ( 1,91 2,¢2) (Z) j ([(W _ a)z + ac — b _ CW](Y+2 [(W + #)Z + (l’l + ln)W + /l2 + lr”l]a+2)
_ 2% a+ 1) 2% a + 1)
[(@e - D)z — ewz +w —aler?  [(@ — imwz + (72 — ini)z + w + @]+
and
* « " 2% a+ 1)
(WTI’¢1 - W‘fz,d)z) j*Kw(Z) = (WTI»¢1 - W‘rz,fl’z) (W)
= 2% a+ 1)
B (Wtz—a;“z’a%:& B 5WW”7 _i")((l + zw)“*Z)
2% a+1) 2% a + 1)0

[z — cwz + (@t — byw —ale?  [(@— ipwz +z + (@ — inyw + ]2’
By Lemma 3.1, the operator W, 5, — Ws, 4, is complex symmetric on A2(IT) with the conjugation 7. if

and only if
1 1

[(@¢ — b)z —cwz+w —al]**? [z —cwz + (at — b)yw — a]*+?
o 6
= — . =2 .- — 2 - — . =2 o - - 2 (4'6)
[(@ —ipwz + (@* — in@z + w + @l**>  [(@— ipwz + z + (@ — ingw + ]+
for all w, z € I1.
Assume that the operator Wy, 4, — W, 4, is complex symmetric on AZ(IT) with the conjugation ..

By using the same method, we obtain thatac —b =1and u = /1 — '2—2 — gi, where n € (-2, 2).

AIMS Mathematics Volume 9, Issue 3, 7253-7272.



7268

Conversely, ifac —b =1l and u = /1 — ’2—2 — gi, where 7 € (-2, 2), then it is clear that (4.6) holds,
which shows the operator W;, 4, — W, 4, is complex symmetric on A2(IT) with the conjugation ... The
proof is completed. O

Theorem 4.5. Let 7,(2) = ﬁ and ¢1(z) = —a — Z_LC be the symbols in (I), T2(z) = A and ¢»(z) =

z +y the symbols in (Ill). Then, the operator Wy, 5, — W-, 4, is complex symmetric on A2(I1) with the
conjugation . if and only ifac — b = 1 and y = 0.

Proof. For all w, z € I1, from Lemma 3.2 (a) and (c), it follows that

2%+ 1) 2%a + 1)A
(Wep g, = We, s )K2(2) = T — — - —
TeWei 20 KD =T ([(w —a)z+ac—b—-cw]**?  (wW+z+ y)“*z)
B 2% a+ 1) 2% a + 1)A
[@E - b)z — ewz +w —aler?  (wz+yz+ 1)2t2
and
« T e o 2%a+ 1) - 2%+ 1)
(e = Weoo) T = Ve, = W) (o) = (W s = ) )
2% a+ 1) 2% a + 1A

[z — cwz + (@C — byw — a]**?  (wz +yw + 1)+

By Lemma 3.1, the operator W, 5, — W, 4, is complex symmetric on A2(IT) with the conjugation 7., if
and only if

1 1 A A

[(@c — b)z — cwz +w —al**? [z — éwz + (ac — b)w — a]**+? T (wz+ yz+ D2 (wz + yw + 1)o+2
“4.7)

for all w,z € I1.

Assume that the operator W, 45, — Ws, 4, is complex symmetric on A2(IT) with the conjugation 7...
By using the same method, we obtain that ac —b = 1 and y = 0.

Conversely, if ac — b = 1 and y = 0, then it is clear that (4.8) holds, which shows the operator
We, 6, — W, 4, is complex symmetric on A2(IT) with the conjugation 7. The proof is completed. O

Theorem 4.6. Let 71(z) = W and ¢1(z) = u the symbols in (Il), T5(z) = A and ¢,(2) = 7 + 7y the
symbols in (IIl). Then, the operator Wy, 5, — Wy, 4, is complex symmetric on A%(I1) with the conjugation

J.ifandonlyify =0and u = /1 — '2—2 — i, where 1 € (=2,2).

Proof. For all w, z € I1, from Lemma 3.2 (b) and (c), it follows that

o 2%(a + 1)8 _ 2%a+ DA
j*(Wn,¢1 - WTz«Pz)Kw(Z) - j*( [(W+wz+ (u+inw + ,u2 + inﬂ]‘”z w+z+ Y)MZ)
2%(q + 1)8 2% a + 1)/_1

T (- ipwz+ (@ — gz +w + Ao (wz + gz + Dee?

AIMS Mathematics Volume 9, Issue 3, 7253-7272.



7269

and
. o o 2%a+1) - - 2% a + 1)
Weig1 = We0)) T K(2) = (Wry g, = Wryg,) (W) = (5W(Z+ﬁ;a+2,ﬁ—in a ACZ*"—')(W)
2%a + 1)0 2%a + 1)A

(i — imwz + 2z + (@2 — infow + [ (wz +yw + 1)o+?

By Lemma 3.1, the operator W, 5, — Ws, 4, is complex symmetric on A2(IT) with the conjugation 7., if
and only if

1 1

[(@c — b)z — cwz +w — al**? [z — cwz + (ac — b)yw — a]*+?

_ pI pI
C(wzHyzH DT (wz+yw + )22

(4.8)

for all w,z € I1.

Assume that the operator Wy, 4, — W, 4, is complex symmetric on AZ(IT) with the conjugation ..
By using the same method, we obtain thatac —b =1 and y = 0.

Conversely, if ac — b = 1 and y = 0, then it is clear that (4.8) holds, which shows the operator
We, 6, — W, 4, is complex symmetric on A2(I1) with the conjugation 7. The proof is completed. O

From the above proofs, the following results can be similarly proved.

s
(z+ptin)@+2 and
$2(2) = u the symbols in (Il). Then, the operator Wy, 4, — Wy, 4, is complex symmetric on A(ZI(H) with

the conjugation J if and only if a = ¢ — is and n = —s.

Theorem 4.7. Let 7,(2) = m and ¢(z) = —a — Z% be the symbols in (I), T5(2) =

Theorem 4.8. Let 7((z) = W and ¢(z) = —a — ﬁ be the symbols in (1), T2(z) = A and ¢,(z) =
z + y the symbols in (IIl). Then, the operator Wy, 4, — Wy, 4, is complex symmetric on A%(I1) with the
conjugation J if and only if a = ¢ — is.

Theorem 4.9. Let 7(z) = W and ¢1(z) = u be the symbols in (1I), T5(z) = A and ¢,(z) = z+7y the
symbols in (IIl). Then, the operator Wy, 4, — Wy, 4, is complex symmetric on A2(I1) with the conjugation

Jsifand only if n = —s.

Remark 4.1. Considering the results in Section 3, the operator W, 4, — W-, 4, is complex symmetric
on A2(IT) with the conjugation J, J, and 7., respectively, if and only if both W., 4 and W,, 4, are
complex symmetric on A2(IT) with the conjugation J, J, and 7., respectively.

5. Conclusions

Since it is impossible to give the proper description of the adjoint of the operator W, , with the
general symbols on A2(I1), in this paper we just consider this problem for the operators W, 4 with the
symbols in (I)—(III) on Aé(H). At the same time, by using these descriptions, we characterize complex
symmetric difference of the operators W, 4 with the symbols in (I)—(III) with the conjugations J, J,
and . on A2(IT). However, we still do not obtain any result for the general symbols. Therefore, we
hope that the study can attract more attention for such a topic.
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