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1. Introduction

The study of the coupling between free flow and porous media flow has garnered widespread
attention in recent years, owing to its diverse applications in geosciences (e.g., karst aquifers,
hyporheic flow, contaminant transport), health sciences (e.g., blood flow), and industrial processes;
see [1-5] and the references therein. Insights derived from a comprehensive understanding of the
Navier-Stokes-Darcy equations can be readily employed to tackle various engineering challenges. The
typical mathematical analysis on the well-posedness of the associated initial boundary value problem
has been done by Layton et al. [6] and Discacciati et al. [7]. The mathematical analysis of the miscible
displacement problem in the subsurface was done in a seminal paper by Alt-Luckhaus [8] and by others
such as Fabrie-Langlais [9], Fabrie-Gallouét [10], and Marpeau-Saad [11].
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We select a microelement in the fluid-structure coupling system to consider a plane as the research
object, which means that the fluid flow on the cross-section of the interface is isotropic. The schematic
diagram is shown in Figure 1:
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Figure 1. Domain Q = Q; U Q,,.

For the fluid flow in the porous medium, we employ the mass conversation law of the porosity
medium and Darcy’s law [12, 13] to describe the system as follows:

I
v=—-—VP,, inQ,,
Ko (L.1)

V-v=0, in Q,,
where v = v(x,7) € R? denotes the velocity of the flow in the porosity medium. Obviously, we can
get that
IT
-V.(—=VP;) =0, in Q,, (1.2)
J25)

where P, = P,(x,t) € R3, u, > 0 represents the pressure and the viscosity of the flow in
Q,,, respectively, and I1 denotes the permeability tensor. We use the incompressible Navier-Stokes
equations with constant viscosity ¢; > 0 to describe the flow in € as the following equations:

{u, ~ V- (2u;D(u) — P I)+u-Vu =0, in Qy, (1.3)

V-u=0, in Qy,

where Qf C R? covers the domain of the free flow, u = u(x, 1) = (u;, u», u3) € R? is the velocity of the
free flow, P; = P (x, 1) represents the pressure of the flow in Q, and g, is the viscosity of the free flow.
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The interface-boundary and initial conditions are given by
—-n; - (2u;D(a) = PyI)n; = P,, on T,
-7 (2D(w)n; =

T7;,-u, onl},
tr

u=0, only,
PZZO, OIlFL,

u-n;=v-ng, only,

(1.4)

u(x, 0) = u,
Pi(x,0)=P,i=1, 2,

where « is an empirically determined coeflicient, 7;, i = {1, 2} represents two orthogonal tangent
vectors in the horizontal direction, and n; denotes the exterior unit vector normal of 9Q; satisfying

u=@-n)n +@- 7)1 + W@ 7)1,

(1.4), is derived by the balance of force in the normal direction and Beavers-Joseph-Saffman-Jones
interface boundary condition (1.4), states the shear force to the tangential stress of the fluid velocity
along I';.

We acknowledge the pioneering work of researchers who have contributed to the fields of
fluid dynamics in porous media, computational methods for solving coupled equations, and the
development of interface-boundary conditions [14—18]. For the conditions at the sharp interface, a
comprehensive review of these interface selections is provided in [19]. It is known that there are
three options for the shear stress conditions in the tangential velocity: The BJ (Beavers-Joseph)
condition [14], the BJJ (Beavers-Joseph-Jones) condition [17], and the BJSJ (Beavers-Joseph-Saffman-
Jones) condition [18], which is equivalent to what is known as BJS interface condition in some other
literature such as [20]. Additionally, two choices are available for the balance of force in the normal
direction at the interface: The Lions interface condition and the Rankine-Hudoniot condition.

Research in this domain primarily centers on the classical Navier-Stokes-Darcy equations with
sharp interface conditions (refer to [3, 6,7, 21-34] and the related references), the Navier-Stokes-
Darcy-Boussinesq equations involving temperature variations (refer to [35,36] and related references),
and the more complex Cahn-Hilliard-Navier-Stokes-Darcy equations with interface mixing (refer
to [20, 37-40] and related references).

However, there have been few achievements in the mathematical analysis, especially in the case of
well-posedness of strong solutions [41,42]. This is mainly due to the strong coupling of the interface,
which makes it difficult to obtain high-order estimates of the system. The convection phenomenon
under consideration is notably more intricate than that in a single fluid (see [43] for the free-flow
and [44,45] for fluids in a porous medium).

In recent years, researchers have obtained results on non-stationary weak solutions [30,46—48]. Cui,
Dong, and Guo [41] have studied the strong solutions and exponential decay in the two-dimensional
case, and we have extended these results to the problem in the 3-D Euclidean space in this paper. Our
primary objective is to conduct an initial analysis on the global well-posedness of a coupled Navier-
Stokes-Darcy model in the context of the Beavers-Joseph-Saffman-Jones interface boundary condition
and establishing their uniqueness property.
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Definition 1. For any T € (0, +0], we first define a function space X(0,T) as

X(0,7) = {(u, Py) | ue L0, T; H Q) N L™(r, T; H*(Q)),
w, € L0, T; L*(Q)) N L*0, T; H(Q))) N L>(1, T; H*(Q)),
u, € L1, T; L*(Q) N L*(r, T; H(Q))),

Py € L*(0,T; H)(Q)) N L (7, T; H (),

AP, € L*(0,T; H'()) N L™(r, T; H' (X)),

0Py € LX(t,T: H' (X)), V7 € (0. 7).

(u, Py) € X(0,7) is called the strong solution of (1.2)—(1.4), if it satisfies systems (1.2) and (1.3) a.e.
in Q x (0, T), and fulfills the conditions (1.2)—(1.4).

Next, we present the main result of this paper.

Proposition 1.1. (Local well-posedness) Let 1y, 1o both be positive constants and assume that
ALEPSTIE-E<SAEPVEER, (1.5)
the initial data wy € H*(Qy) is divergence free, and the compatibility condition holds as follows
W) =V - (2u;D(ap) — PYI) — ug - Vuy, (1.6)

where u? = u, |y and P = Py |i=. There exists a time T > 0 such that the 3-D coupled Navier-Stokes-
Darcy systems (1.2)—(1.4) have a unique strong solution (u, P,) € X(0,T).

Theorem 1.2. (Global well-posedness) The permeability tensor 11 satisfies (1.5) and the initial
divergence free velocity field wy € H*(Qy) satisfies the compatibility condition (1.6), then there exists
a positive constant C depending only on u;,€)s, and A, such that if

Ui 1 1

M 1602 M’ %}, M = max {1, ‘/E||Vuo||L2(Qf)},

laollz2,) < € = min {
f

the three-dimensional coupled Navier-Stokes-Darcy systems (1.2)—(1.4) have a unique global strong
solution (u, P,) € X(0, +00) as described in Definition 1.
Moreover; the solution (u, P,) has a decay rate

lullax@,) + IP2llm,) < Ce™, ¥ k>0, (1.7)

where the positive constants are C = C(uy, A, Qy, ||u0||Hz(Qf)) and ¢ = c(uy, ).

Remark 1. In divergence from the findings of [41, 42], this paper makes two primary contributions.
First, in terms of analytical techniques, the involvement of more intricate directional derivatives under
the three-dimensional model renders estimations challenging and convoluted. Second, regarding
outcomes, our research is centered on a strip domain, breaking away from the conventional assumption
of periodicity. This marks a pioneering achievement as the first three-dimensional outcome in the
rigorous examination of robust solutions for the Navier-Stokes-Darcy system. Notably, our results
extend beyond, demonstrating applicability, even in the context of periodic domains.
Furthermore, € in Theorem 1.2 will depend on |[Vuy||r2q,)-
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Remark 2. The decay rate obtained in (1.7) indicates that after time t > 0, the solution (u, P;) is
smooth, and all its derivatives decay for any order.

The existence and uniqueness of local solutions to this problem can be obtained similarly to
the approach in [41]. Therefore, our subsequent focus will be on the a priori estimates of the
global solution.

2. A priori estimates

As is well known, the global strong solution to the nonlinear partial differential equations can be
obtained by combining local solutions with global a priori estimates. The local solution is proved
similarly to that in [41] and is omitted here. Instead, we present the crucial a priori estimates pivotal
to establishing global well-posedness below. Note that K = /% and W = \l;tlril'[ for convenience in the
subsequent discussion.

2.1. A priori estimates (I): Lower order estimates

Proposition 2.1. If (u, P,) is a smooth solution of the Navier-Stokes-Darcy systems (1.3) and (1.4)

satisfying
sup ||“||L2(Qf) < 2||“0||L2(Qf), sup ||Vu||L2(Qf) <2M, (2.1)
0<t<T 0<t<T

then the following estimates hold:

sup ||ll||L2(Qf) < ||ll0||L2(Qf), sup ||Vu||L2(Qf) <M, (2.2)
0<t<T 0<t<T
and
T
2 2 2 2 2 2
Sup (”u”HZ(Qf) + ”utHHZ(Qf) + ”P2”H3(Qm)) + f (”ut”Hl(Qf) + ”VullHl(Qf) + ||VatP2||L2(Qm)) dt
0<t<T 0
2 2 4
S(j(”uOHHZ(Qf) + 1)exp{”u0”H1(Q/.) + ”uOllHl(Qf)}’ (23)
provided

© 1 1
C2M’ 16C*M’ 8C
where C depends only on u,, €, and A.

Iollz2() < € = min { ), M =max {1, VC|[Vugll 2,
The proof of Proposition 2.1 can be successfully summarized by the following Lemmas 2.1-2.4.
Lemma 2.1. Under the conditions of Proposition 2.1, it holds that
T
2 2 2
sup [l g, + 20 fo DI g, dt < 0ol (2.4)

Proof. Multiplying (1.3), by u and integrating the result equation on Q, then multiplying (1.2) by P,
and integrating it on €,,, we add up the two resulting equations to have

2
1d A
2ID@)x ) +W Y il + 5 2wl ) + IVP,
i=1
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—f(u-Vu)-udX
Qr

<||ll||L*(Qf)||Vu||L2(Qf)||u||L6(Qf)

<Clull,, IVull%, o, IVul?

L2(Q ) L2(Qf) L2(Qf)
scuuonzz(g MDD,
SﬂlllD(u)”LZ(Qf)’ (25)

where we have used Holder’s inequality, Young’s inequality, Gagliardo-Nirenberg inequality, Korn’s
inequality, and (2.1). Here C depends on the domain Q. By integrating (2.5) over (0, ), one gets (2.4)

with ¢ < C2M and (2.1). O
Lemma 2.2. Under the conditions of Proposition 2.1, it holds that
Sup ”D(u)HLZ(Q ) f (”ut”L2(Q ) + ||V2u||L2(Q )) dt < C”VUOHLZ(Q ) (26)
0<t<T

Proof. Multiply (1.3); by u, and integrate it over Q, while differentiating (1.2) with respect to ¢, then
multiply by P, and integrate it over €2,,. Now, summing up the two resulting equations yields with
Holder’s inequality, Gagliardo-Nirenberg inequality, Young’s inequality, Korn’s inequality, and (2.1):

2
1
Il + D@ ) + 2 3 Tl + 3 fﬂ KVP, - VP, d)
i=1 m

—f (u-Vu) - u, dx
Q

S||u||L3(Qf)||ut||L2(Qf)||Vu||L6(Qf)
2
<C||ll||Lz(Q )||V11||Lz(Q )(||V u||L2(Qf) + ||Vu||L2(Qf))||ut”L2(Qf)

2
<C||u0|| 120y )M (Va2 + [IVUll 2@l 2@

||u,||m + Cligllza, MIV2ulL g ) + Clitgllza MIVUlZ. g
<z, + CUDWIE: g , + CIVul 2.7
where C depends on y; and Q.
Next, we come to estimate ||V>ul| 2@Qp)- The fact that
||V2u||L2(Qf) < C(”D(ux)”LZ(Qf) + ||D(uy)||L2(Qf) + ||“z,z||L2(Qf)) (2.8)

tells us to deduce the estimations on ||D(u,)l|;2q,) minutely, we omit the details of the estimations on
D)2 ) due to the symmetry in the horizontal direction. We know from (2.8) and (2.23)—(2.28)
that

2
IVaull2 ) < CAIDW)II2 @) + [ID@)l2@)) + Illz2@)) + IDW|22@) + [0 - Vull2q,)
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<C(ID()llz2p + 1Dl 20)) + Wll2@p + 1Dl 2, + alls@plVallzsqp)
1 1
SC(||D(l1x)||L2(Qf) + ||D(lly)||L2(Q_,~) + ||11z||L2(Qf) + ||D(u)||L2(Qf) + ||u||Zz(9f)||Vu||zz(gf)||vu||H1(Qf))

1 1
<Cliuoll 2, M2 IVl o)) + CUDWII2@p) + DY) + 2@ + IDWIl@)),

1 1
thus, we can get from Clluollzz(gf)M? <

||V211||L2(Qf) < C(ID(u)llz2)) + ID@)l2@)) + Idl2@)) + ID@l2q))- 2.9)
Next, taking the partial derivative of (1.3), with respect to x, we get
u,,— V- (2uyD(u,) - 0,PI)+90,(u-Vu) =0in Q; x (0, 7). (2.10)

Multiplying (2.10) by u, and integrating the result inequality with respect to x over €2,,, then using
Holder’s inequality, Gagliardo-Nirenberg inequality, Young’s inequality, Korn’s inequality, and (2.1),
one can get

2
1d 2 2 § 2 % 2
Eallux”l}(gf) + 2lul||D(ux)||L2(Qf) + (W ||ux : Ti”LZ(Fi) + L ”Vaxp2”L2(Qm)

i=1

S—f O,(u-Vu)-u, dx
Qf

<- ((u, - Vu) - u, + (u- Vuy) - u,) dx
Qy

S||u||L3(Qf)||llx||L6(Qf)||Vux||L2(Qf) + f —-KVP; -ni(u-u,)dS

i

1 1
3 3 2
SC||u||zz(gf)||Vu||zz(gf)||Vux||Lz(Qf) + C||VaxP2||L4(r,-)||U||L2(r,-)||ux||L4(r,-)
1 | 5 1 1
<Cllul; g, M 1D, + CIVUllap Ul + 10l g 19817 Dl

1 1 2 1 1
<Clugllys g MAIDWOIE: g ) + ClIVUl i (Mollzca + ol g, M)
1 1
2 1
<ClIVully q,(oll2q) + oll 5, M?), (2.11)

and, similarly, we have

ld 2 2 : 2 A 2
EE”uy”LZ(Qf) + zﬂlllD(uy)”LZ(Qf) + (W; ||uy : Ti||L2(Fi) + ll_zllvayPZHLZ(Qm)

i 1
<ClIVull3 q ol + ol  M?). (2.12)

Therefore, plugging (2.9) into (2.7) and combining (2.1), (2.11), and (2.12), one gets

m

d W < 1 1 1
E‘(N]HD(“)”%‘Z(Q/") + 7 Z ”u : Ti”iz(f‘,-) + Ef KVPZ . VPz dX + Ellux”iz(gf) + E”uy”iZ(Qf))
i=1
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3 2 2 2
+ Z”ut”lg(gf) + 2/JI||D(ux)”L2(Qf) + 2,ul||D(uy)”L2(Qf)

3 1 2,112 2
<C(llollz2@) + ||l10||zz(gf)M2 + [[aoll 2@ MIIV “||Lz(Qf) + C||D(U)||Lz(gf)

13
<5 G, + 201D g, + 2DW)IE g ) + CUDWIE g - (2.13)

1
where we have used C(|[uollz2q)) + ||u0||zz(gf)M% + [luollz2@)M) < % Integrating (2.13) over (0, 1), we

can obtain (2.6) with Lemma 2.1, Young’s inequality, and

w 1 1

o M’%}’ M = max {1, \/EIIVuollLZ(Qf)}~

€ = min {

Thus, the proof of Lemma 2.2 is completed. O

While combining Lemmas 2.1 and 2.2, we have

sup [[Vull2q, < \/EIIVuolle(Qf) <M.

0<t<T
Therefore, the proof of (2.2) is complete.

Lemma 2.3. Under the conditions of Proposition 2.1, it holds that

T
sup [y, + f (D@2 g, + IVl ) dt < Cllugl g ) explllvollly g ) (2.14)
<i<T : 0 : :
Proof. Differentiate (1.3), with respect to ¢, multiply by u,, then integrate over Q. Differentiate (1.2)
with respect to ¢, multiply by d,P,, then integrate over Q,,. Adding up the two result equations, we
obtain that

1d

> Vo,P|I;
5% IVO,P|

2
2 2 2
012 g, + 201D ) + W D I Till ) + 2 o)

i=1

S—f 0,(u-Vu) - u, dx
Qf

i

Ha2
2

SC||VU||L2(Qf)||ut||L4(Qf) + C”u||L6(Qf)||ut||L3(Qf)||Vut||L2(Qf)
1 3

<ClIVull2@pllll;, g [Vl

LX(Qp) L2(Q)
2 4 2
S,Ul ||D(ut)||L2(Qf) + C||D(u)||L2(Qf)||ut||L2(Qf)’ (2 15)

where we have used Holder’s inequality, Young’s inequality, Gagliardo-Nirenberg inequality, and
Korn’s inequality, then we can obtain by Gronwall’s inequality that

T
2 2 2
sup ”utHLZ(Qf) + f (”D(ut)”LZ(Q/.) + ”VaIPZHLZ(Qm)) dS
0<t<T | 0

T
S”ut,O”iZ(Qf) exp{Cf ||D(u)||iz<gf) ds}
0
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<C||u0||H2(Q )exp{ Sup ||D(u)||L2(Q )f ||D(u)||L2(Q ) }

0<t<T

<C||u0”H2(Q )eXP{C”VUOHLz(Q )”uOHLZ(Qj)}
S(j”uO”HZ(Qf) eXP{”“O”Hl(Qf)}-
The proof is completed with the supports of Lemmas 2.1 and 2.2. O

Lemma 2.4. Under the conditions of Proposition 2.1, it holds that

T
2 2 304112
Os<l;l<pT (”V u”LZ(Q ) + ||P2||H?(Q )) + f (“ut,x”LZ(Qf) + ”V u||L2(Qm)) dt

(2.16)
<CMolE2n g, + 1) expllioliZ g )

Proof. Put 0, on (1.3); and multiply u, , by both sides of it, then integrate it on ;; meanwhile, apply
0,0, to (1.2), then multiply by 0,P, and integrate it on Q,. Adding up the two resulting equations
gives that

_(IJIHD(uX)”LZ(Q ) 2 Z ”ux Tl”LZ(r) f KVPZX VPZX dX) + ”utxHLZ(Q )
Qn
< - f o0,(u-Vu)-u,, dx
Qf

2 2 2 2
<—
—zllut,x”LZ(Q ) ||ux||L6(Q )HvullLS(Qf) + C||u||L°°(Qf)||Vux”L2(Qf)

Sl g, + CIVEA o, VUl g, + CllZeq,) IV

L2(Qy) L3Qy) L2(Qy)

2
1 2 2 2
IIIszlle(Q ) T ClIVUL o (IVUll 2@ V7l 20 + VUl g )

+ Ol g V20 )+ 0 g IV
1 2 2
Ellutx”LZ(Q ) + Clquxll Z(Q )(”VHHLZ(Q ) + ||V u”LZ(Q ) + ”u”LZ(Q/.))

1
”utx”LZ(Q ) + C”D(ux)” (Q )(”D(u)”LZ(Q ) + ||V2u||i2(gf))’ (217)

where we have used Poincaré’s inequality, Holder’s inequality, Young’s inequality, Gagliardo-
Nirenberg inequality, and Korn’s inequality. Similarly, we can derive that

2
1
—(mnD(uy)an(Q) 5 Znux-nniz(mi fg KVP,, - VP, dx) +llu,lis
i=1

1 2 2 2 2112
Sillut’y”Lz(Qf) + Cl|D(uy)||L2(Qf)(||D(u)”L2(Qf) + ”V u||L2(Qf))’ (218)

then we add up (2.17) and (2.18), and use Gronwall’s inequality, Lemma 2.1, and Lemma 2.2 to get

T
2 2
Sup (”D(ux)HLZ(Q ) + ||D(u})”L2(Q )) + f (”ut,x”LZ(Qf) + ”ut,y”LZ(Qf)) ds
0

0<t<T
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T
2 2 2112
SC‘||]>l()||H2(Qf) exp{f (”D(u)”L2(Qf) + ||V u||L2(Qf)) dS}
0
2 2 2
SC”“OHHZ(Qf) eXP{”uouLz(Q/.) + ”VHOHLZ(QJ.)}‘

Therefore, know from (2.9) and (2.19) that

()S<l;l<pT ”uZZ”LZ(Q ) = f (”D(ux)”LZ(Q ) + ||D(uy)||L2(Q ) + ”ut”LZ(Q ) + ”D(u)”LZ(Q )) dS

<C||u0||H2(Q )exp{”uO”LZ(Q ) + ||Vu0|lL2(Q )} + ”u()”LZ(Q ) + ||Vu0||L2(Qf)

<C(lluoll7pq,, + 1) expilluol;

H2(Qp) HY(Qy )}

and it is easy to get that (see [42])

||VP2||Hk(Q D) C”u”Hk I(Q )’ V k Z 25

thus, the proof of Lemma 2.4 is complete with (2.4), (2.6), (2.9), (2.14), (2.19), and (2.20).

(2.19)

(2.20)

(2.21)

O

The proof of Proposition 2.1 has been finished. Next, we will proceed with the higher-order

estimation involving the time weighting.

2.2. A priori estimates (Il): Higher order estimates

Let o(f) = min{1, ¢} and, from now on, the generic positive constant is defined by the right term

of (2.3)as N £ CllluollZayg, , + 1) expliluollZ g, ) + ol g -
We have the following thlrd order estimates.
Lemma 2.5. It holds that
sup o ()(IV*ull}, g, + 1D g, + VO Pl g, | + IV Pall g )

0<t<T

T
2 2 2 2 2
+ f O-(I)(”D(ut,x)lllj(gf) + ||D(ut,y)||L2(Qf) + ||ut,t||L2(Qf) + ”D(ux,x,x)”Lz(Qf) + ”D(ux,x,y)HLz(Qf)
0

2 2 2 2
+ ”D(uxyy)”LZ(Q ) + ”D(uyyy)”L2(Q ) + ”Vata)cPZHLZ(Qm) + ”VatayPZHLZ(Qm)) dt
<ClMolli g, + 1) explllollZ g, + Mollh g -
Proof. 1t follows from the fact that
||V311||L2(Q,-) < C(”D(ux,x)”LZ(Q,) + ||D(Ux,y)||L2(g,-) + ||D(uy,y)”L2(Qf) + ”Vuz,z”Lz(Qf))'

First, we focus on u,,. By (1.3),, we have

1 2
Il < G+ 0 Vs VP = =)l

2 2
SC‘(HHIHLZ(Q/) + ”u : Vu”LZ(Q/.) + ”VPIHLZ(Qf) + ||ux,x||L2(Qf) + ”uy,y”LZ(Qf))a
and taking divergence to (1.3),, the elliptic problem can be obtained as follows:

—~AP; =V-(u-Vu)in Q; x (0, 7).

(2.22)

(2.23)

(2.24)

AIMS Mathematics Volume 9, Issue 3, 6993-7016.
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With the boundary condition obtained by (1.3), and (1.4),, we have

Pl ‘= 0 on FU,
(2.25)
Pi=P, + Zulazu3 =P, - 2,ulﬁxu1 - 2/116),142 on Fi-

It is clear to show by Lemma 2.5 [41] and the Trace theorem that

VP2, < ClIPll g, < CAV - (- VI o ) + 1P = 2p0180,u1 — 2/113yuz||25 )

L2(Qf) 2Ty

H'(Qy) Q)
< C(l - Vull, g ) + 9Pl g )+ 1001y, g ) + 1y1021 2 )

< C(lu - Vull, g ) + VPR g, | + ID@ai)IEs g, + 1D@u)E g, )

< Clu - Vullly o + VP, + 1D, + IID(uy)IILz(Qj)) (2.26)

L2(Qf) L2(Q,) L2(Qy)

The estimation of |ju - Vul]? can be estimated by Holder’s inequality, Gagliardo-Nirenberg

L2(Qy)
inequality, Young’s inequality, and Korn’s inequality as follows:

lla - Vulle(Q ) <||u||Loo(Qf)IIVu|ILz(Q ) < CI|V11||L2<Qf>||V2u|ILz(gf)Iqulle(Q )
<C(6)”D(u)”L2(Q ) + 6||V2u||L2(Qf) (227)
Thus, we can derive with (2.23), (2.27), and (2.21), by Young’s inequality, that
”Vu”Hl(Q ) —_ C(”ut”LZ(Q ) + ”D(ux)”LZ(Q ) + ||D(uy)||L2(Q ) + ||D(u)||L2(Q ) 1) (228)

Obviously, from (2.23) with Holder’s inequality, Young’s inequality, Gagliardo-Nirenberg inequality,
Poincére’s inequality, Sobolev inequality, and Korn’s inequality we have

Va2 < C(||V“z||L2(Qf) +[[V(u- Vo)ll2q,) + ||V2P1||L2(Qf) + Va2 + ||Vlly,y||L2(Q,~))
< C(”D(uz)”m(gf) + ”D(ux,x)”Lz(Qf) + ”D(uy,y)”Lz(Qf) + ”D(ux,y)”LZ(Qf)
+ o cllrap + 0yl + ”u”iﬂ(gf))a
where we have used the estimation obtained based on (2.27) as follows:

2
|l - Vu”Hl(Qf) <||u||L°°(Qf)||V u||L2(Qf) + ||Vu|| + lu - Vu||L2(Qf)

LYQy)
2
—||Vu||L2(Q )”V u”Lz(Q ) + ||Vu||H1(Qf)
and, again, using Lemma 2.5 [41] together w1th the Trace theorem to get that
||V2P1||L2(Q_/) <Pl IV - (a- Va)ll2p + 1P2 = 2p10.u1 — 2u10yus| 5

H2(T)
<Cllp g, + 1P, + IVt ) + IV8ytallr )

2
SC(”D(ux,x)”LZ(Qf) + ”D(uy,y)”Lz(Qf) + ||D(Ux,y)||L2(Qf) + ||ux,z,z||L2(Qf) + ||uy,z,z||L2(Qf) + ||“||Hz(gf)), (2.30)
such that we have

||V3u||L2(Q ) —C(”D(ut)”LZ(Q ) + ”D(uxx)”LZ(Q ) + ||D(u}})||L2(Q ) + ”D(uxy)”

LZ(Q ) + ”u”HZ(Qf)) (231)

L2(Qy)

S [V | Y [ W |

L2(Qp)
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Next, we will get the bound of each term at the righthand of (2.31) step by step.
Step 1. Next, we apply 0,0, to (1.3); and multiply u, ., before integrating the result equations over ;
meanwhile, we apply 0,0, to (1.2) and integrate it over €, after multiplying P,,, on it. Finally,
summing up the two resulting equations would come to (2.32), with the help of Holder’s inequality,
Gagliardo-Nirenberg inequality, Young’s inequality, and Korn’s inequality,

d D 2 W 2 ! KVP,., VP, d 2
E(ﬂlll (ux,y)”LZ(Qf) + 5 ; oy, - Ti”LQ(l";) + 3 o 2y - VPayy dX) + ||ul‘,x,y||L2(Qf)
< - f 0,0,(u-Vu) - u,,, dx
Qy
1 2 2 2 2 2 2 2
<5 My i + 1V 0 g + 10 190, + 103 B [V

2 2
+ ||u||L°°(Qf)||vux,y||L2(Qf)

1 2 2 2 2
<My + 1000 2 V01 90l )+ i 190 190 g

2 2 2
+ ||uy||H1(Qf)||Vuy||H1(Qf)”Vllx”Lz(Qf) +[[Vull2pllV u||L2(Q_f)||Vux,y||Lz(Qf)
1
2 3 2 2 2
Sillul,x,y”LZ(Qf) + C(Hu”HZ(Qj)”V u”H'(Qf) + ”u”HZ(Qf)”D(uX’yN|L2(Qf))' (232)

Multiplying (2.32) by o(#) and integrating the result over (0, f), with integration by parts and Young’s
inequality, obtains that

1 !
2 2
OIDWI 2, + 5 f (N ylly2 g, ds
. o : .

f !
<C f il IV Ul ds + C f (1 + [l D@ g, s
0 0 J
<C(1 + N?). (2.33)

Similarly, we can get

1 !
T OIDW g, + 5 f T(eallfzqq,) ds < CA+ N, (2.34)
0
and
1 !
TOIDWy g, + 5 f Ty li72q, ds < C1+N?). (2.35)
_ ) _

Step 2. For ||D(u,)||i2 @) first differentiate (1.3), with respect to ¢ and multiply by d*u, then integrate
it on Qr. Meanwhile, apply 87 to (1.2) and multiply by 6>P,, then integrate it on ,,. At last, summing
up the two resulting equations with Holder’s inequality, Gagliardo-Nirenberg inequality, and Young’s

inequality gains that

m

d W S 1
2 2 2
112 g, + E(,u]IID(u,)IILZ(Qf) +— ; - 7illpaqr, + 5 f KVa,P> - V3,P; dx)
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- f 0,(u-Vu) - u,, dx
Qf

<l - Vull 2o, + - Va2l dlize)

<llull7

1 2
L4(Q )llvu||L4(Q ) + ||u||L°°(Q/)||Vut||L2(Q ) E”ut’lHLz(Qf)

<CIVuL, o VUl (2.36)

2
HI(Q ) E”ut,l”LZ(gf)-

Multiplying (2.36) by o(¢) and integrating the result over (0, ¢), with Lemma 2.3 and Young’s inequality,
obtains that

t
O-(t)(”D(ut)”LZ(Q ) + ”VatPZ”iZ(Qf)) + f O-(S)”ut,t”iZ(Qf) ds
0 ;

! !
<C f (1 +|IuIIi,z(gf))llD(ut)lliz(Qf) ds+C f IIVaszlliz(Qf) ds
0 ’ 0
<C(1 + N?). (2.37)

Step 3. Undoubtedly, from (2.25), (2.29), and (2.30), we get that

2 2
”ux,Z,Z”LZ(Qf) + ”uy,Z,Z”LZ(Qf)
1 1 )
Sll—ax(ut +u-Va+ VP —u,, — “w)”Lz(g , ||Iu—6y(u, +u-Vua+ VP —u,, - uy,y)lle(Qf)

<C(||utx|| Iyl ) + 10 VI, q o + 10,0 - VW)lITs o )+ IVOPIll g, + IVEPI

L2(Qf) L2(Qf) L2(Qf) L2(Qf) L2(Qf) L2(Qf)
+ ||D(uxx)||L2(Q ) + ”D(uyy)”Lz(Qf)
2 2 2
SC(”“Z,X”LZ(Q/.) + ”ut,y”LZ(Qf) + ”u”HZ(Q/) + ”D(ux,x)HLZ(Qf) + ”D(uy,y)”LZ(Q/.) + ”D(ux,y)”LZ(Qf) + 1),
(2.38)
where we have used the estimation:
||6)c(u Vu)”LZ(Q ) + ||a (u Vu)”LZ(Q )
<||ux Vu”LZ(Q ) + ”u Vux||L2(Q 3) + ”uy Vu”LZ(Q ) + ||ll Vu)”LZ(Q )

2 2 2
SC(”“}C”[}(Q )llvu||L4(Q ) + ||u||L°°(Qf)||Vux||L2(Q ) + ||uy||L4(Q )”V“||L4(Qf) + ||u||L°°(Qf)||vuy||L2(Qf))

2
<C(lfui VUl q ) + IVUll2@) IV ull 20, VLl

L2(Q )”ux“Hl(Q ) HI(Q ) L2(Q )
+ ||uy||

<Cllull;

2
VUl g, + IVUll2@) IVull 20, Va7
s f

12 )”uy”Hl(Q ) H'(Q)) 2(Qy )
H(Q))

and

IVOPRa g, + V0PI ) < CUD VW) + 10.PlE )+ 120, + 10.0,00
+ C‘(”(9 (ll Vu)HLz(Q ) + ”6 P2||H1(Q ) + ||82u2”H1(Q ) + ”a a u2||Hl(Q ))

<C(”u||H2(Q ) + ||D(uxx)||L2(Q ) + ”D(uyy)”Lz(Q ) + ”D(ux,y)”Lz(Qf)), (239)

L2(Qp) H'(Qp) H'(Qy ))
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which are derived by Holder’s inequality, Gagliardo-Nirenberg inequality, and Young’s inequality.
Thus, from (2.38), we could derive that

Ty + el ) < CA+ NP, (2.40)

Step 4. Apply 9,0, to (1.3),, then multiply o(f)u,, and integrate the result equation over Q.
Meanwhile, apply 0,0, to (1.2), then multiply o(¢)0,0,P, and integrate the result equation over (,,.
Summing up the two resulting equations, we obtain with Holder’s inequality, Gagliardo-Nirenberg
inequality, and Young’s inequality that

2
d 2 2 2 2
@Ol q) + TOW Y s Tl + COIDWI g ) + TOIVODP g,
i=1
2
SCIIu,,XllLZ(Qf) + CO‘(t)f 0,0,(u-Vu) - u,, dx
. o
2 2
SC”Uz,x”Lz(Qf) + CO—O)”“I,X'|L4(Qf.)||vu”L2(Q_/) + Co-(t)l|ux||L4(Q/-)||Vut||L2(Q_/)||ut,x”L4(Q/)
+ Co-(t)l|ut||L4(Qf)”Vuxl|L2(Qf)||ut,x”L4(Qf) + Co-(l)l|u||L4(Qf)||Vut,x||L2(Qf)||ut,x||L4(Qf)
1 3
) 1 3
<Cllullz ) + CTONl g 10l o, Tl
1 3 1 3
+ CoOludl g, 10l g VW20 10l 10l g
1 3 1 3
+ Colullz g 01 g IV 0l g 18l
3 1 3

1 3 1 3
+ Calls g IVl o 198l 0l 0l

1
2 2 8 2
SC‘”ut,x”LZ(Qf) + EO-(I)HD(ut,x)”LZ(Qf) + Co-(t)(l + ||u||H2(Qf))||ut||H'(Qf)’

which means that
5
f T($)UDW, I, + VD P g, ) ds < C(1+ N), (2.41)
0 ]

and, similarly, we have

L2(Q)

!
f (DWW 2, + VO, Pl ) ds < C(1+ N°). (2.42)
0

Finally, conclusions can be derived from Proposition 2.1, (2.21), (2.31), (2.33), (2.34), (2.35),
(2.37), (2.40), (2.41), and (2.42) that

3,112 2 2 4 2
O—(t)(“V u”LZ(Qf) + ”D(ut)”LZ(Qf) + ”VatPZ”LZ(Qm) + ”V PZ”LZ(Qf))

!
+ f O-(s)(”D(ut,x)HiZ(Qf.) + ”D(ut,y)||iZ(Qj) + ”ut,t”i2(gf) + ”Val‘aXPZHiZ(Qm) + ”VatayPZHiZ(Qm)) dS
0 :
<C( + N°).

So far, it’s time to complete the 3-order estimates in the next step.

Step 5. We detailedly display the estimate of fot o'(s)llD(ux,x,y)lli2 @) ds in this step, then the estimates
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of [§ o (OIDM DI | ds, [ TP IR, | ds, and [ o (IIDWy )2, | ds can be obtained
in a similar derivation.

Apply 629, to (1.3), and multiply by o(t)u, ., before integrating the resulting equations over Q.
Meanwhile, apply 629, to (1.2) and multiply o<(1)920,P, on it after that, integrate over Q,,. Finally,
summing up the above two resulting equations could come to

i(a(r)ﬂumnm )+ FOIDA I, < Cllt s, + Coo) fg 920,(u - Vu) - u,,, dx
s

<C||uxxy||L2(Q ) + CO’(’)||uxxy||L4(Q )||Vu||L2(Qf) + CO—(I)||ux,x||L4(Qf)”Vuyl|L2(Qf)||ux,x,y||L4(Qf)

+ Co@lluylls@pllVulzaplgllise,) + ColudlsepllVagllzo i wpllise,

+ CO'(I)||uy||L4(Q_,)||Vux,x||L2(Q_/)||Uxxy||L4(Q,) + Co-(t)l|u||L4(Qf)||Vux,x,y||L2(Q_/)||ux,x,y||L4(Q_/)
<Cliy eyl ) + cm)uumnm sl o, Pulls

+ Ccr<t>||u”||H1(Q )||u”||L2(Q )||Vuy||Lz(gf>||uxxynHl(Q )||u”,,||L2(Q :

- ar(r)nuxyn,,l(g | ”nm IVl ol el

+ Colud g, )||ux||m IVttt el

v Ca(r)nuyu,%,l(g >||uy||L2(Q IVl plitll g el

+ Ccr(t)HVuan(Q Tl 190l el g sl

<Cla eyl + O-(t)llD(uxxy)” + Co)(1 + 1D, 72 g, + 1D (1 + [l

L2(Qy) L2(Qf) L2(Qy) L2(Qy) H2(Qy ))

the proof of which is reckoned from the Gagliardo-Nirenberg inequality and Young’s inequality. It is
easy to find that

t
f O-(S)”D(ux,x,y)”iz(gf) ds < C(1 + N°),
0
then, similarly, we have

t
f T()IDWy g, 45 < C(1 +N),
0

and it is more concisely to be derived that

!
f T(UIDW NP ) + 1D ) ds < CL+NF),
i . «

so that the proof of Lemma 2.5 is completed with Young’s inequality. O

Using a similar argument as that in the proof of Lemma 2.5, we can easily obtain the following
fourth-order estimates.

Lemma 2.6. It holds that

sup o()>(IV*ul]? + VP,

0<t<T

2
LZ(Q ) + ”V ut||L2(Q ) + ”utt”LZ(Q ) L2(Q) + ”Vata P2||L2(Q ) + ”Vata P2||L2(Q ))
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t
2 2 2 2 2 2 2
+ f O-(t) (”ut,x,x,x”LZ(Q ) + ”ut,x,y,y”LZ(Q ) + ||ut,y,y,y||L2(Qf) + ”D(ut,t)”LZ(Qf) + ”Vaz P2||L2(Qm)) dS
0

<ClIuollpps ) + 1 explliaoliz ) + ol (2.43)

H*(Qyp) H'(Qy) H'(Qy )}

Proof. It follows from the fact that

40112 2 2 2 2 2 2
”V u”LZ(Qf) S(:(”D(u)c,)c,x)||LZ(Qf) + ”D(ux,x,y)”LZ(Qf) + ”D(ux,y,y)”LZ(Qf) + ”D(uy,y,y)”LZ(Qf) + ”V uZ,Z”LZ(Qf))'

Obviously, from (2.23) with Holder’s inequality, Young’s inequality, Gagliardo-Nirenberg inequality,
Poincére’s inequality, Sobolev inequality, and Korn’s inequality we have that
IV2u,.|I;

< C(IVwllZ, g, + IV2(u - Vu)|I7

12Qp) = 12(Qp)

3 2 2 2
2@ + ||V P1||L2(Q ) + IV uxx”Lz(Q ) +|IV uysyHLz(Qf))’

where

2 2 2 2
||u : VuHHZ(Q ) < ”V (u ' Vu)”LZ(Qf) + ”u : VU||H1
<C||V?u - Vulf; + Cllully

<IV?ull}

)

3
LZ(Q ) + ||u V u”

IVulf;

L2(Qf) H2(Qy)’

3
+ [l IVl g, + Cliully

LY Qp) LY Qf) L2(Qf) H*(Qy)

2 3
<C(||V u”HI(Q )llvu”Hl(Q ) + ”u”HZ(Q )”V u”LZ(Q ) + ||u||H2(Qf))

<C(||u||Hz(Q NIV3ullD, g, + lull (2.44)

L2(Qp) HZ(Qf))

Additionally, we leverage Lemma 2.5 [41], coupled with the Trace theorem. The methodology
employed here mirrors that of (2.26). We obtain

”V3P1”L2(Q y = ||P1||H3(Q y = ”V (u Vu)”H](Q ) + ||P2 - 2lftlaxul - 2/"1(9)1”2”2 Q(r

i

= N 1 1 A 1 [ Y S 7 iy
<O V012 g+ I gy )+ IVl g )+ 190l )+ 1D DI
DI g ) + 1D IE g )+ 1D DI ),
such that one gets
IV w2, ) SCUVIR g ) + 1R g IV ) + (0l ) + IVl )+ Vg
DR g, + DI ) + DM ) + 1D I ) (245)

Step 1.  We detail work on o()*|D(u,. )

O-(t)zllD(uxy})”LZ(Q )a and O-(t)zllD(uyyy)”Lz(Q )
Apply 820, to the Eq (1.3), and multiply by 62d,u,. Meanwhile, apply 639, to (1.2) and multiply by

820, P,, integrate the two equations with respect to x by parts, then add up the resulting formulas to get

in this step to get o(t)*||D(u,...)|?

L2(Qf) L2(Qf)’

2
d W 1
2 2 E 2
||ut,x,x,y||L2(Qf) + E(IUIHD(“X,X,}’)”LZ(Q],) + 2 ”ux,x,y : Ti”LZ(rl.) + z o KVPQ,X,X,}’ ' VPZ,x,x,y dX)
i=1 m
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- f 320,(u - Vu) - 90,u, dx
Qf

2 2 2 2 2 2 2
Sillut,x,x,y”LZ(Qf) + ||ux,x,y||L4(Q )llvu||L4(Q ) + ||ux,x||L4(Q )”V“y”LAt(Q ) + ||ux,y||L4(Qf)||Vux||L4(Qf)

+ i V820 + M ) V02 ) + ) VB 2

2 2
—zllutxxy”LZ(Q ) + ”uxxy”Lz(Q )”uxx)”Hl(Q )”u”Hz(Q ) + ||V u”Hl(Q )”V u”LZ(Q )

+ ”u” Z(Q )(llvuxx”LZ(Q ) + ”Vux,y” Z(Q )) + ”u”HZ(Q )llvuXJC}”LZ(Qf)’ (246)

then by multiplying by o(s)? and integrating over (0, f), one has

1 !
TODM) )+ 5 f (5052 g, 5 < C(1+NO). (2.47)
0

We can get the Slmllar results on O-(I)ZHD(uxxx)”Lz(Q )’ O-(t)zllD(uxy))”L2(Q )’ and O-(I)ZHD(uyyy)”Lz(Q );
thus, we have

TP DM, + DI g ) + 1D IR g )
+ % fo t () (sl + Ml ) + sl ) s
<C(1 + N®). (2.48)
Step 2. For ||V?u,|;2(q,), we have
||V2uz||L2(Qf) < C(||Vuz,x||L2(Qf) + ||Vut,y||L2(Qf) + ||ut,z,z||L2(Qf))- (2.49)

First, we apply 0,0, to the Eq (1.3); and multiply by u,,,. Meanwhile, apply 9,0, to (1.2) and
multiply by 0,0,P,, integrate the two equations with respect to x by parts, then we add up the resulting
formulas to get

d W < 1
||ut,t,x||i2(Qf) + E(ﬂl”D(ut,x)”iZ(Qf) + 7 Z ”ut,x : Ti”IZJZ(r‘l.)) + E v[g; Kval‘axpz . Vataxpz dX

i=1

- f 0,0.(u-Vu) - u;; , dx
Q,«-

<- (u;,-Vu+u,-Vu, +u, - Vu, +u-Vu,,) - u,,, dx
Qy
<||llzx||L4(Q )||Vll||L4(Q )+ ||llz||L4(Q )||Vllx||L4(Q y+ lJull7 oo(gf)llvuzlle(Q )+ lJull; oo(gf)llvulele(Qf)
+ E”ut,t,x”iZ(Qf)
SC(llllz,xH,é(Q )||llzx||Hl(Q )||ll||Hz(Q )t ||llt||H1(Q )||l1||Ha(Q )t ”Vutx”LZ(Q )||l1||Hz(Qf))
b il 2.50)
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Multiplying by o(s)? on (2.50) and integrating over (0, #) with (2.3) and (2.22) yields:
1 !
O (1D, + IV90:Pal ) + 5 fo (1l ds < CCL+NO), (2.51)
then, similarly, we have
1 !
O (IDWIq, + IVOD, Pl ) + 5 fo (5P U051 g, ds < C(1+NO). (2.52)
Second, we try to get a bound of ||, . [l;2o ) and differentiating (2.23) with respect to ¢ shows that

1
2 2
L P <||’u (g, +0,(u-Vu) + VO,Py —u; o —uy )| 2@))
1

LX(Qy) —
SC(lluz,zlliz(Qf) + ”ut”?{l(gf)”u”ip(gf) + ||VatP1||iZ(Qf) + ||llz,x,x||iz(9f) + ||ut,y,y||i2(gf))- (2.53)
For ”“U”isz)’ first apply 47 to (1.3), and multiply by o (t)?0*u. Meanwhile, apply 67 to (1.2) and

multiply by o(¢)?0?P,, then integrate it on Q,,. At last, integrate the two resulting equations with
respect to x and ¢ and sum them up to arrive at

t
2 2 2 2 2 |12
o (1) ||ut,t||L2 an T o(s) (”D(ut,t)”Lz oo T IVo; P2||L2 ) ) dxds
Q) (€f) (€2m)
0 Q;
! !
2 2 2
SCf o(s) HufJHI}(Qf) ds+ Cf o(s)"(w-Vu),-u,, ds
0 0
t
5 2
<C(1+N")+ Cf o ()l IValls@pl g, ds
0
!
2
+ Cf o (s) (||uz||L4(Qf)||Vuz||L2(Qf) + ||u||L4(Qf)||Vut,t||L2(Qf))||ut,t”L4(Qf) ds
0
1 ! !
5 2 2 2 2 8 4
<C1+N)+3 f ()W, ds +C f (5Pl g (1 + 0l ) + T g ) ds
0 0 . .

1 !
<CL+N)+ 3 f a(IID@ I}z, ds. (2.54)
. «

where we have used Lemma 2.5. Next, it’s time to deal with [[V,Pil;2q 5. We differentiate (2.24)
and (2.25) with respect to ¢, and then using the standard L>-estimate for the elliptic system with (2.3),
(2.51), and (2.52), we have

O-(t)zllvatPlH%](Qf) SCO—(Z‘)Z(HHIH?{I(Qf)”u”%]z(gf) + ||atP2||?_11(Qm) + ”ut,x”ip(gf) + ”ul,y”lqu(Qf))
<C(1 + N9). (2.55)
Next, plugging (2.54) and (2.55) into (2.53), we can get that

(O I0:l g, < CL+N), (2.56)

Similarly, we can plug (2.56), (2.51), and (2.52) to (2.49) to obtain

@IVl g, < C1+N?). (2.57)
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Step 3. We work on ||Vu“z||L2(Q N @)
to (2.38), then multiplying by 0'(s)2 and integrating over (0, 7) yields

+ |[Vuy |7 in this step. Applying the gradient operator V

1
2 2 2 2 2
OVl + Ve, < SOOIV, + 0 Vs VP =)l
’ 1

1
+ #—a(t)znvay(u, +u-Vu+ VP -t =0yl
<C(1+N) + (O’ (IV?0xPillq,) + IV, Pl (2.58)

where we have used Proposition 2.1, (2.44), (2.47), (2.48), (2.51), and (2.52).
We now estimate ||V20, P1||L2 ot IV20 Pllle(Qf) We apply Lemma 2.5 in [41] together with the
Trace theorem on (2.24) and (2. 25) similarly as (2.39), to get that

o (1)’ (IV?0, Pllle(Q s+ IV, Pyll7
<Co()*(ldiv(d.(u - Vw)I7

LZ(Q ))

+[[div(d,(u - V)17, o, + 10:P2IF s +110,Pal &
H2(T)) H2(

L2(Qy) L2(Qy)

22 22 2
|0l s 100l s+l s+ 100wl )
H2(Qy) HZ(Q/) H2(Qy) H2(Q/)

7 f 2@y 2y
2 2 2 2 2 2
SCO'(t) (”u ' Vu||H2(Qf) + ”P2”H3(Qm) + ”D(ux,x,x)”LZ(Qf) + ”D(ux,x,y)”LZ(Qf) + ”D(ux,y,y)”LZ(Qf)

i i

0zl g P eyl ot gyl )
<C(1+N°% + Co-(t)z(l|ux,x,z,z||i2(gf) + ”ux,y,z,z”iz(gf) + ”uy,y,z,z”iz(gf))- (2.59)
Now, we respectively apply 9%, 9.9y, 9; to (2.23) and multiply by o(s)* to get
o (1)’ (”uxxzzHLZ(Q )+ ||uxyzz||L2(Q [T @)
<Ca(®)*(ID(, 72, + 1D
+(IVa,o P1||L2(Q y+ ”V62P1||L2(Q )+ ||D(uxxx)||L2(Q y+ ”D(uxxy)”LZ(Qf))
<C(1+ N°) + CotP (VP Py, + V8.0, Pill g, + VBP0

+[lu - Vully, o )+ IVOPII7

L2(Qp) L2(Qp) H*(Qy) L2(Qy)

LX(Q)) L2(Qy)

where we have used Lemma 2.5, (2.44), (2.51), and (2.52), and it remains to estimate the last three
terms on the righthand side. Again, we apply Lemma 2.5 [41] together with the Trace theorem on (2.24)
and (2.25), similarly as (2.39), to get that

TP (NP, + IV0.0,PilEg,) + IVOPZ g )

<Co@ (102 - VW ) + 10,350 - VWl + 120 - VW), | + 182P I,
2Pl + 100 o + 1030 B ) + 12001 g

10,0201 ) + 102010l ) + 10,2001 ) + 10300

<Co(t)*(la - Vulf;

Q)

H'(Qy) H'(Qp) H'(Qf))
+ ”PZ”H%(Q ) + ”D(uxxx)”LZ(Q ) + ||D(uxxy)||L2(Qf)
+ ”D(ux,y,y)”LZ(Q/.) + ”D(uy,y,y)”LZ(Q/,))

<C(1 + N%), (2.60)

H2(Qp)

thus, combining the above steps, we can complete the proof of Lemma 2.6. O
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3. Proof of Theorem 1.2

First of all, we know that the systems (1.3) and (1.4) have a unique local strong solution (u, P,) on
Q x (0,T,] for some T, > 0, so it’s time to verify the continuity of the strong solution to extend it
globally in time with counter-evidence.

It follows from the fact that u, € HZ(QA,») and Proposition 1.1 that there exists a T} € (0, T.] such
that (2.1) holds for 7 = T. Next, we set

T* = sup{T | (u, P,) is a strong solution on Q X (0, T'] and (2.1) holds}, (3.1
then 7* > T, > 0. Hence, for any 0 < 7 < T < T, with T finite, we can get
ue L T; H(Qy), u, € L1, T; H(Qy)),
from Proposition 2.1, and Lemmas 2.5 and 2.6. Thus one can deduce that
ue C([r, T]; C*(Qp) N C(I7, T]; H(Qy)) (3.2)

from
L (1, T; H Q) N W'(z, T H(Qp)) = C([7, T1: C}(Q) N C([7, T1: H(Qy)).
Now, we suppose that

T" < oo, (3.3)
then 7 = T™ holds by Proposition 2.1 and (2.2). It follows from (3.2) that

umW%iEQQDEWQA (3.4)

thus, the initial data condition in Proposition 1.1 is satisfied, which gives that there exists a 7 > T~
such that (2.1) holds for T = T**. This contradicts the definition of 7" in (3.1), so T* = 0.
Finally, to finish the proof of Theorem 1.2, we have from (2.5) that

1d

2
5 i, + ||Vu||

<0. (3.5)

L2Qyp) =

According to the Poincar inequality for three-dimensional cases, we have

2 1
Il < <75 | QI VUl (3.6)
then substituting (3.6) into (3.5), we get
HH l[ul? < (3.7)
Iy 7 Co, S
Therefore, we have
lall%,,, | < Cere™. (3.8)

L2(Qf) =

Here, the positive constants are C = C(u1, 4, Qy, || wollp2,) and ¢ = c(uy, €2p).
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4. Conclusions

In conclusion, this study has made some progress in understanding the global well-posedness of
a coupled Navier-Stokes-Darcy model with the Beavers-Joseph-Saffman-Jones interface boundary
condition in three-dimensional Euclidean space. Through our investigation, we have achieved the
establishment of a global strong solution for the system, marking a crucial advancement in the field.
Moreover, we have demonstrated the exponential stability of this strong solution, further reinforcing its
reliability. The implications of our findings extend to the analysis of subsurface flow problems, notably
in the realm of karst aquifers, where such coupled systems play a pivotal role. By shedding light on
the dynamics and behaviors of these systems, our research contributes to a deeper understanding of
fluid flow phenomena in complex geological formations, offering valuable insights for both theoretical
developments and practical applications in hydrogeology and related disciplines.
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