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1. Introduction

Let b be a constant such that b € (0,1), L is the singular parabolic operator such that Lu =
Up — Uy, — bu,/x, T isapositive real number, p > 1, g > 1,and &(x) is the Dirac delta function.
In this paper, we investigate the following system of singular parabolic initial-boundary value
problems with concentrated nonlinear source functions:

Lu = 6(x — b)vP, Lv =60 — b)ul, in (0,1) x (0,T),
u(x,0) = uy(x), v(x,0) = vy(x), for x € [0, 1], (1.1)
u(0,t) =u(1,t) =0, v(0,t)=v(1,t)=0, forte (0,T).

It is assumed that the initial conditions uy(x) and vy(x) are nonnegative functions on [0, 1] such
that uy(b) and vy(b) are positive, and they satisfy conditions below:
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b(L;o)x + (uo)xx + 5(x — b)véj > 0in (0, 1);

o (12)
=+ (Wo)xx + 8(x — b)ul > 0in (0, 1).

The singular operator L is associated with axially symmetric solutions to the heat equation [1].
This operator is also related to axially symmetric potentials of elliptic equations [2-5] when u, = 0.
If b=(N—-1)/2, from [6], Lu represents the backward differential equation corresponding to the
radial component of N-dimensional Brownian motion. In addition, Lu can describe a stochastic
process of a chain of random walks [7]. Further, Lu = 0 is interpreted as the Fokker-Planck equation
of a diffusion problem in which b represents the drift [8]. Feller [8] discussed the existence and
uniqueness of solution of Lu = 0 over the domain (0,), Colton [9] investigated the Cauchy
problem of Lu = 0, and Brezis et al. [6] studied the differentiability of solution. In addition, Alexiades [10]
investigated the existence and uniqueness of solution over a domain with moving boundary for Lu =
f(x,t). Chan and Chen [11] studied the singular quenching problem below:

Lu=-—. (1.3)
1-u

To a given b, they determined the critical length of u numerically through evaluating the
approximated solution of the integral solution of (1.3).

For x € RN, Escobedo and Herrero [12] studied the blow-up of the Cauchy problem of the
following semilinear parabolic system:

u; — Au = vP,

vy — Av = ud.

They proved that u and v blow up in a finite time when pq > 1 and (max{p,q}+ 1)/(pq—1) >
N /2. Levine [13] obtained a similar result for the homogeneous Dirichlet boundary-value problem.

In this paper, we prove the existence and uniqueness of solutions u and v. Under some
assumptions on uy(x) and v,(x), we show that they blow up in a finite time if p > 1, g > 1, and
pq > 1. We further prove that u and v both blow up simultaneously at x = b, then we obtain the
result that © and v both blow up totally in (0,1).

2. [Existence and uniqueness of the solution
Let G(x,&,t —s) be the Green’s function of Lu = 0. Forany x and ¢ € [0,1], where t and s

are variables and they belong to (—o0, ), G(x,¢&,t —s) satisfies the problem below:

LG =6(t—5s)0(x—¢&) fors<t,x€(0,1),
G(x,é&t—s)=0fort <s,G(0,¢,t—s)=G(1,¢,t—s)=0.

By Chan and Wong [14], the Green’s function of the operator L is given by

G, &t —5) = T €0 dn(§) g () M), 2.1

where A, for n =1,2,3,... are the eigenvalues of the Sturm-Liouville problem
d’®  bdd _ .
AxZ + dx + [lcb =0, q)(O) =0= q)(l), (22)

where u is an unknown constant. Let ¢, (x) be the corresponding eigenfunction of A, . The
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mathematical formula of ¢, (x) is

21/2xv], (A:L/Zx)
Vs (2]

¢)n(X) =

where [, is the Bessel function of the first kind of order v = (1 — b)/2. The first eigenvalue 4, of (2.2)
is positive and ¢, (x) satisfies: ¢;(x) > 0 in (0,1) and fol xP¢,dx = 1. For ease of computation,

let us state the result of Lemma 1 of Chan and Wong.
Lemma 2.1. There exist positive constants k, and k, such that
@) 1pn ()| < kyx ™% for x in (0,1];

(b) |pn(X)] < kz/ﬁ/‘l for x on [0,1].

By theorems of the Bessel-Fourier series expansion of Watson [15, pp. 591 and 594],
fol G(x, & )uy(é)dé converges to uy(x) for x € [0,1] when t - 0. By the result of Chan and
Wong, the integral solution of (1.1) is given by

{u(x, t) =[] G(x, & )uo(§)dE + [ G(x,b,t — s)vP(b,s)ds, 25
v(x,t) = folG(x, & v (8)dE + fOtG(x, b,t —s)ul(b,s)ds. (23)
We let
1 t
H(x, t,uy,v) = J G(x, &, )ue(é)dé +J G(x,b,t — s)vP(b,s)ds,
0 0
1 t
1(x, t,vy,u) =j G(x, & t)ve(§)dE +J G(x,b,t — s)ul(b,s)ds,
0 0
then the integral solution represented by (2.3) is equivalent to
u(x,t) = H(x, t,ug, v),
{v(x, t) =1(x,t, vOO, u). (2.4)

In the following, we show that the integral solution represented by (2.4) is a unique continuous solution
of (1.1). To achieve this, let us construct two sequences: {u,,} and {v,,}; they satisfy the iteration
process

Lu, =8(x—b)vl _,, Lv, =80 —b)ul_,, in(0,1)x (0,T),
Uy (x,0) = uy(x), U (x,0) = vy(x), for x € [0, 1], (2.5)

U (0,t) =u,(1,t) =0, v,(00,t)=v,(1,t)=0, forte (0,7T),
for m=1,2,... We assume the initial iteration: uy(x,t) = ug(x) and vy(x,t) = vo(x) on

[0,1] X [0,T). By (2.4), the integral solution of {u,,} and {v,,} in (2.5) is given by

{um (X, t) = H(xr t, U, vm—l)' (26)

vm(x,t) = 1(x,t,vp, Upp—1)-

By Lemma 4 of Chan and Wong, G (x,¢{,t—s) is a positive function in the set
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{(x,&t,s):xand E arein (0,1),andt > s > 0} . It indicates that u,, >0 and v, >0 in
(0,1) x (0,T). The following lemma shows that {u,,} and {v,,} are nondecreasing sequences and
they are continuous functions.

Lemma 2.2. The sequences {u,,} and {v,} described by (2.6) are monotone nondecreasing:
Ug(x) <u(x,t) < KUy t) <, v9(x) Kvi(x,t) < K vy, t) <+, and {u,} and
{vn} are continuous on [0,1] X [0,T).

Proof. From (1.2), we deduce H(x,t,uy, vy) > 0 and I(x,t, vy, uy) > 0, then by (2.6) with m = 1,
we obtain

{ul(x, t) —up(x) > H(x, t,uy, vy) — H(x, t,uy, vy) = 0,
vi(x,t) —vo(x) = I(x, t,v9,uy) — I(x,t,v9,uy) =0,

for x € [0,1]. Therefore, u,(x,t) —uy(x) >0 and v,(x,t) —vo(x) > 0 for x € [0,1]. Suppose
that it is true for m = k; it gives u,(x,t) —up_1(x,t) > 0 and vi(x,t) —vr_1(x,t) >0 for
(x,t) € [0,1] X [0,T). Suppose m =k + 1,and G (x,&,t —s) is a positive function for t > s

U1 (X, 8) —ug(x,t) = H(x, t, up, v) — H(x, t,ug, Vg—1) = 0

Similarly, we have vy ,(x,t) —vi(x,t) >0 for (x,t) €[0,1] X[0,T). By the mathematical
induction, the sequences of solutions {u,,} and {v,,} are monotone nondecreasing.

To prove that u,,(x,t) and v,,(x,t) are continuous on [0,1] X [0,T), let us consider (2.6)
with m = 1. It yields

1 t
u(x,t) = H(x, t,ug, vg) = f G(x, & uy(é)dé +f G(x,b,t — s)vl (b, s)ds.
0 0

We show that G(x,&, t)ug(§) and G(x,b,t — S)UO (b,s) are integrable. Let us prove that
fOtG(x, b,t — s)v (b,s)ds is bounded for x € [0,1] and t > 0. By (2.1), we have

t had t
f G(x,b,t — s)vl (b,s)ds < ZId)n(b)Ild)n(x)I f e ME=)yP (ph)ds.
0 =i 0

Let k3 = max {max,e[o,1]Vo(X), Max,e[o1]Uo (%)}, then

t —Ant
[ 6eubie= sy b5)ds < k"zlcpn(b)ucpn(xng.
0

An
By Lemma 2.1, it gives
o Ant
JE G b, t — $)VP (b, s)ds < Kl kykyh™b/2 z;?zl(l;,#). Q.7

By Watson [15, p. 506], 0(4,) = 0(n?) for n large. This shows that the above series converges
for t > 0. The upper bound of the series is independent of x for each fixed t > 0. For each positive
integer j greater than 1, the finite series Z£=1 fot b2, (b) by, (x)e*n (=) vl (b, 5) ds is continuous
for x € [0,1] and t > 0. Further, by (2.7), this finite sum satisfies the following inequality:
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J )

" b ~An(t—s) ,,P p -b/2 (1-—e™f)
Zf b (b b (X)e n5) uf (b, 5) ds < KDkykpb™0/2 N o2
Therefore, £=1 fot b2, (b)Pp(x)e =) yP(h,s)ds converges uniformly. As j— oo |

fot G(x,b,t — s)vg’ (b, s)ds 1is continuous for x € [0,1] and t > 0. Through a similar computation,
it yields

1 ® 1
G(x, €, 4 < k ()| et | ¢ (£)de.
jo 0 &, Do (E)dE < 3;@ ®le joqs ©)dé

By Lemma 2.1(a) and ¢,,(0) = ¢,,(1) = 0, the righthand series converges for x € [0,1] when t > 0.
By the similar computation above, we obtain [ 01 G(x, &, t)ug(é)dé as continuous for x € [0,1] and
t > 0. By (2.7), fot G(x,b,t —s)v}(b,s)ds - 0 as t — 0. Since fol G(x,& u(§)dE converges
to uy(x) for x € [0,1] when t — 0, it follows that ltgrg uy(x, t) = uy(x). Therefore, u (x,t) =
H(x,t,ugy, vo) iscontinuouson [0,1] X [0, T). By the mathematical induction and computation above,
Uy (x,t) is continuous on [0,1] X [0,T) for m =1,2,.. A similar computation proves that
v (x,t) is continuous on [0,1] X [0,T) for m = 1, 2, ... This completes the proof.

Let h be a positive real number less than T. We show that sequences {(u,,);:} and {(v;,):}
are nonnegative functions over [0,1].
Lemma 2.3. (u,,); >0 and (v,): >0 on [0,1] X (0,T) for m=1,2, ...
Proof. To establish this result, we prove that u,,(x,t + h) > u,,(x,t) on [0,1] X [0,T — h] through
the mathematical induction. When m = 1, we follow Lemma 2.2 to get u;(x,h) > uy,(x) and
v, (x, h) > vy(x). From (2.5), we deduce

Luy(x,t+h) =6(x — b)vé’(x) in (0,1) X (0,T — h],
uy(x, h) = uy(x, h) forx € [0,1],
u,(0,t+h) =u,;(1,t +h) = 0fort € (0, T — h,

and

Lv(x,t + h) = §(x — b)ud (x) in (0,1) X (0,T — A,
v, (x, h) = v,(x, h) for x € [0, 1],
v,(0,t +h) =v,(1,t + h) = Ofort € (0, T — h].

When (2.5) is subtracted from the above two problems, we deduce

Lu,(x, t + h) —uy(x,£)) = 8(x — b)(Wg (x) — vy (x)) in (0,1) X (0,T — k],
uy (x, h) —uy(x,0) = uy(x, h) —uy(x) > 0forx € [0,1],
u(0,t+h) —uy(0,t) =uy (1, t + h) —u,(1,t) = Ofort € (0,T — h],

and
L(vy(x,t + h) —vy(x, 1)) = §(x — b)(ud (x) —ud(x))in (0,1) x (0,T — A,
v1(x, h) —v1(x,0) = v;(x,h) — vy(x) > 0 for x € [0, 1],
v,(0,t + h) —v,(0,t) =v,(1,t + h) —v,(1,t) = Ofort € (0,T — hl.
By (23),
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1
(ul(x, t+h)—u(xt) = f G(x, &) (€ h) —ue(]))dé > 0,
0
1
|P1Got 1) =0 0) = [ 600 a1 ~ vo@)dE > 0.
0
Therefore, u,(x,t + h) > u,(x,t) and vi(x,t +h) > v,(x,t) on [0,1] X [0,T —h]. As h -0,

itimplies (u;); > 0 and (v;); > 0 over [0,1] X (0, T). Assume that this statement is true for m = k.
When m = k + 1, it follows a similar computation and Lemma 2.2 to achieve

1
Upp1 (6t +h) — Uppq (x,0) = f G(x, &) (g1 (6, R) — uo(¥))dé
0

t
+f G(x,b,t —5) (v,f(b,s +h) — v,f(b,s)) ds > 0.
0

Thus, ug.q(x,t + h) > upyq(x, t). Similarly, we obtain vy 1 (x,t + h) > vy41(x,t). When h — 0,
(Ug+1)e = 0 and (Vi41): = 0 over [0,1] X (0, T). By the mathematical induction, we conclude that
(Up)e =0 and (v,); >0 on [0,1] X (0,T) for m = 1,2, ... This completes the proof.
Lemma 2.4. Given t > 0, there exist positive constants &, and @, (depending on t) both less than 1
such that

max(o,1)xo,£] | H (x, t, ug, Vi) — H(x, £, Ug, V1) | < &y maxio1)xjo,|Vm — Vi1,
and

maxio 11xo,7] 11 (%, t, Vo, Um) — 1(X, €, Vo, Upm—1)| < @z maxqg 13xo,1|Um — Um-1l-

Proof. By (2.6), we get
t
|H(x, t,uq, V) — H(x, t,ug, Vim—1)| < f G(x,b,t — s)|vh(b,s) —vh_,(b,s)|ds.
0

Since p > 1, the mean value theorem, and Lemma 2.2, there exists a positive constant k, such that
-1
|U1€l(bls) - U,fl_l(b' S)| < Pkf max(o,1]xfo,:]|Vm — Vm-1l,

for s € [0, t]. Based on the above inequality, we obtain the expression
) t
|H (x, t, ug, V) — H(x, t, Ug, Vin—1)| < Pkf; maxo 1)x[o,t]|Vm — Vm-1l j G(x,b,t — s)ds.
0

We follow a similar method of Lemma 2.2 to obtain an upper bound of the integral of the Green’s function
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t had 1— e—)lnt had 1— e—/lnt
[(6tene -5 < 3 iga@li, 01 =) <oy L)
0 n=1 n =

The righthand series converges and tends to zero for positive t being close to 0. Let us choose t =t
sufficiently close to 0 such that

B had 1 — e—lnf
0(1 = pkz 1k1k2b_b/2 Z %

n

<1

Hence, max[o,l]x[olf]IH(x, t, Ug, V) — H(X,t,Up, Vyy—1)| < aymaxg 11« (0,81Vm — Vm-1| . Similarly,
we have a, <1 such that maxig 1)x[o, |1 (%, £, Vo, Um) — 1(x, t, Vo, Up,— 1)| < ap maxio 1)xo,f | Um —
Up—1|. The proof'is complete.

Let ks and kg be positive constants greater than k;. We prove that {u,,} and {v,,} are
bounded above by ks and kg, respectively, on [0, 1] % [0, £].
Lemma 2.5. For any ks > ks and kg > ks, there exists t > 0 such that ks > u,, and ks > v,
on [0,1] X [0,t] for m =1,2,...
Proof. Based on Lemma 2.2, we know that folG(x, &,y (§)dé, fOtG(x, b,t —s)vh _.(b,s)ds,
J, G(x, &, O)ve(§)dE, and [ G(x,b,t — s)ul,_,(b,s)ds are bounded above when m = 1,2, ... By
Lemma 2.2 again, lim folG(x, §,0v(§)dé = vo(x) and lim folG(x, &, )uy(§)dE = uy(x) on
[0,1], and kg > k3 and kg > ks. Thus, there exists t¢ > 0 such that

1 t
ks >] G(x,& DksdE +j G(x,b,t — s)klds > H(x,t,ug,vy) = uy(x,0),
0 0

1 t
ke >] G(x, & Dk;dE +j G(x,b,t — s)kdds > 1(x, £, vy, uy) = v,(x, D),
0

0

for x € [0,1]. By Lemma 2.3, (u,,); > 0 and (v,,); > 0, which leads to ks > u; and k¢ > v;
on [0,1] X [0, t]. Assume that it is true for m = i, we follow a similar calculation to obtain kg >
U4 and kg > v, on [0,1] X [0, £]. By the mathematical induction, we have ks > u,, and k¢ >
v, on [0,1] X [0,t] for m =1,2,...

Let u(x,t) = nlll_r)rgo Up(x,t) and v(x,t) = nlll_r& v (x,t). We have the result below.

Theorem 2.6. The integral equation (2.3) has a unique continuous solution ks > u(x,t) > ug(x)
and kg > v(x,t) > vo(x) on [0,1] X [0, t].
Proof. Based on Lemma 2.2 and Dini’s theorem, the sequences {u,,} and {v,,} converge uniformly
to continuous solutions u(x,t) and v(x,t) such that ks > u(x,t) > uy(x) and kg > v(x,t) >
vo(x) on [0,1] X [0,t]. By Lemma 2.4, u(x,t) and v(x,t) are unique. The proof is complete.
Based on Lemma 2.3, we obtain that u; and v, are nonnegative.
Lemma 2.7. u; > 0 and v, >0 on [0,1] X (0, ¢].
Let t, be the supremum of t such that the integral solution (2.3) has a unique continuous
solution on [0,1] X [0, t]. We follow Theorem 3 of Chan [16] to obtain the result below.
Theorem 2.8. If tb is f inite, then u(x,t) and v(x,t) areunbounded somewhereon [0,1] when t — t,.
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3. Blow-up of the solution

In this section, let us assume that the initial data uy(x) and vy(x) both attain positive
maximum at x = b only. By Theorem 2.6, u(b,t) > 0 and v(b,t) > 0 for t > 0. Our first result
is to prove that u and v both reach their maximum at x = b, then we show that u and v blow up
in a finite time.

Lemma 3.1. u and v both attain their maximum at x = b for t > 0.
Proof. We prove this result using contradiction. From (1.1), it gives

Lu = §(x — b)vP, in (0,1) x (0,7),
u(x,0) = uy(x), for x € [0, 1],
u(0,t) = u(1,t) =0, fort € (0,T).

Let t = t; be the infimum of t such that u(x,t) attains another maximum at x; for some x; €
(0,b) U (b,1). As u(x,0) =ug(x) reaches its positive maximum at x =b, t; >0, then
Up(x,t1) =0 and uy,(xq,t;) < 0. By Lemma 2.7, it yields u;(xq,t;) >0 . Therefore,
Lu(xy,t;) > 0. It contradicts Lu =0 at x # b for t > 0. Thus, u(x,t) attains its maximum at
x = b for t > 0. Through a similar computation, we prove that v(x,t) attains its maximum at x = b
for t > 0. This completes the proof.

We multiply (1.1) by xP¢;(x), and then integrate the expression with respect to x over [0,1],

1 1 b 1
f xPpiu, dx — f qubl(;ux + Uy, )dx = J 5(x — b)xPp,vP dx,
0 0 0

1 1 b 1
J xP ¢ v, dx — j xb(j)l(; Uy + VUyy)dx = J 5(x — b)xPp,ul dx.
0 0 0
Using integration by parts and (2.2), it yields
( [ Xy dx)t + 1 ( [ xP¢yu dx) = bP ¢, (b)vP (b, 1), 3.1)
( [ xbpyv dx)t + 1 ( [} X0y dx) = b2, (b)ul(b, t). (3.2)

By Lemma 3.1, u(x,t) < u(b,t) and v(x,t) < v(b,t) on [0,1] for t > 0, we have

1 q 1 p
<] xPdu dx) < ui(b,t) and <j xP¢,v dx) < vP(b,t).
0 0

Let k, = bP¢,(b). The system of differential equations of (3.1) and (3.2) becomes
1 p 1 _p 1_p p

(fo xPp,u dx)t + A (fo xPpiu dx) >k, (fo xPp,v dx) , (3.3)
1 p 1 p 1. b a

(fo xPpv dx)t + A4 (fo xPp,v dx) >k, (fo xPpiu dx) : (3.4)

Let W(t) = fol xP¢pudx and A(t) = fol xP @, v dx, then (3.3) and (3.4) become

AIMS Mathematics Volume 9, Issue 3, 6951-6963.
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{‘P’ + 4L > kAP,
N+ LA > kWA,

Let ' > 0 and B be a positive constant such that
B > max{[k?(p — 1)/(24)]/® "D, T~ @D /70), TP/®=D /[N (0)(p - D]I}.  (3.5)

To obtain the result if either u or v blows up somewhere on [0,1] in a finite time, we study the
blow-up of system of differential inequalities (3.3) and (3.4) when p > 1, g > 1, and pqg > 1. We
examine (3.3) and (3.4) in two different cases: (I) g =1, p>1,or p=1, ¢ > 1;(I) gandp > 1.
To case (I), we prove either u or v to blow up in a finite time through constructing a lower solution.
We then compare the solutions of case (I) with case (II) to show either u or v to blow up in a finite
time by the Picard iterates.

Lemma 3.2. () Suppose that q =1 and p> 1, or p=1 and q > 1, then either u or v blows
up somewhere on [0,1] in a finite time.

(Il) Suppose that p > 1 and q > 1, and assume that

(@) (A0)) k7/21 > W(0) and (¥(0))"k,/A > A0),

() W(0)>1 or A0) > 1

then either u or v blows up somewhere on [0,1] in a finite time.

Proof- Case (I): Suppose ¢ =1 and p > 1 andlet U(t) = fol xP¢pudx and V(t) = folqublv dx.

Let us consider the following system of ordinary differential equations:
{U’ + U = k,VP,

V, + Alv = k7U, (3.6)

with the initial conditions: U(0) = W(0) and V(0) = A(0). We differentiate the second equation of (3.6)
with respect to t and then substitute it into the first one to obtain

1v" 24 yrg AZV k, VP,
k., k., k., 7

with the initial conditions: V(0) = A(0) > 0 and V'(0) = A’(0) > 0. For t € [0,T), we construct
a lower solution of the above equation as E(t) = (I'— t)"¥/®~V /B, where B satisfies V(0) >
r-1/@®-1/B = E(0) and V'(0) > I'"?/®=D/[B (p — 1)]. The first and second derivatives of E(t) are

1 e p
B~ D — e EO = g e oo

We evaluate the expression E''/k, + 2A,E’ [k, + A2E /k, — k,EP to have

E'(t) =

E” 2/1115' 2E k. EP
k; ks k; 7
1 22 k A2
_ p 4 1 _ 7_ n 1 .
2p-1 L lk;(p—1) B EN
k7B(p—1)2(F—t)P 1 BT -t Bk, (T — t)p-1
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By (3.5), we have E''/k, + 2M,E'/k, + A2E /k, — k,EP > 0, then by the comparison theorem [17,
p. 96], we have V(t) > E(t) for t € [0,T). As E(t) » oo when t = I', V(t) blows up in a finite
time less than or equal to T'. Thus, U + V blows up in a finite time. By the comparison theorem, ¥ + A
blows up in a finite time. Hence, either u or v in (3.3) and (3.4) blows up on [0,1] in a finite time.
We follow a similar computation to obtain the same result when p =1 and g > 1, with p and A(0)
being replaced by g and W(0), respectively, in (3.5).
Case (II): Suppose that p>1 and g>1. Let W(t) = fol xPpudx and Y(t) =

) 01 xP¢,v dx be the solution of the following system of ordinary differential equations:

W'+ W = k,YP,

{Y’ + 1Y = k,W9,

with initial conditions: W (0) = W(0) and Y(0) = A(0). Multiplying the integrating factor e*1t

on both sides, this system becomes

d d
Aty — At Ity — At
—eM'W = k,eM'YP and —eM'Y = k,eMtIV Y,
dt 7 dt 7

Using the Picard iterates, the approximated solutions of W and Y are given by
W, (t) = et [W(O) +ky [ €415 (Yy_y)P ds], (3.7)
Y (£) = e MY (0) + ky [ €215 (Wpy)? dis] (3.8)

with Wy =W (0) and Y, =Y(0), m=1,2,... By assumption (a), it yields W(0) < W;(t) <
Wo(t) ... < W () < -+ and Y(0) < Y;(t) < Yo (t) ... < Yy () < -+ Similarly, the representation of
the approximated solutions of U and V are

Un(£) = e M5 |U(0) + ky [ €15 (Vynoy)P ds|, (3.9)

V() = e [V(0) + ke, [ 415Uy dis] (3.10)
with Uy = U(0) and V, =V (0), m =1,2,... The system (3.9) and (3.10) is subtracted from (3.7)
and (3.8) to yield

Win(t) = U (t) = e "'k, ftells[(ym—l)p — (Vn-1)P1ds,
0

Y (6) = V() = e M1k, fte“[(Wm—Oq — Un-1lds.
0

We show that W,,(t) > U,,(t) and Y,,(t) > V,,(t) for m =1,2,... through the mathematical
induction. When m =1,

Wi(t) = U; (t) = e Mk, ftells[(Yo)p — (Vo)Plds,
0
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t t
Y,(6) = Vi (6) = eMtk, j eMS[(W)T — Up] ds = etk f MU, [(Wp) T~ — 1] ds.
0 0

By assumption (b), W, > 1. It concludes that W, (t) = U,(t) and Y;(t) > V;(t). Assume that it is
true for m = i, so that W;(t) > U;(t) and Y;(t) > V;(t). When m =i + 1, we have

t
Wias (6) = Upps (6) = e~Matk, f eMS[(Y)P — (V)P]ds > 0,
0

t
Vior(O) = Vias (6) = e~Math, f MU [(W)I-! — 1] ds > 0.
0

Thus, Wi, (t) > U;41(t) and Y., (t) > V11 (t). By the mathematical induction, W,,(t) > U,,(t)
and Y,,(t) >V, (t) for m =1,2,... By the convergence of the Picard iterates [18, pp. 71-74],
Un(t) > U((t), V,(t) > V(t), W,(t) > W(t), and Y,,(t) » Y(t) as m — co. Thus, W +Y >
U+V.As U+V blows up in a finite time, W + Y blows up in a finite time. In case A(0) > 1 in
assumption (b), we repeat the above procedure to compare the solution of (3.7) and (3.8) to Case (I)
for p =1 and g > 1 to obtain the same result. Hence, either u or v in (3.3) and (3.4) blows up
on [0,1] in a finite time. This completes the proof.

Theorem 3.3. If either u or v blowsupat t = t,, then u and v blow up simultaneously at the
point x =b at t =t,.

Proof. Without loss of generality, we suppose that u blows up somewhere at x* where x* € (0,1)
and x* # b.Let a; and a, be positive real numbers such that x* and b € [a4,a,] & (0,1). By (2.3),
the integral solution of u(x,t) at x = b is given by

u(b,t) = j G(b, & uy()dé + JtG(b, b,t — s)vP(b,s)ds.
0 0

By the mean value theorem, there exists 8 € (0,t) such that

1 t
u®,0 = [ 6.8 Ou@dE +G(bbe—0) [ vP(5)ds,
0 0
As G(b,b,t —0) > 0 for t > 0, there exists a positive constant kg (depending on b and t) such
that G(b,b,t — 0 ) > kg and
t

u(b, t) >j G(b, & uy()dé + kgf vP(b,s) ds.
0 0

Since u does not blow up at b, fot vP(b,s)ds is bounded when t — t;,. Further, there exists a

positive constant kg (depending on x and t) such that G(x,¢,t) < kg for x € [aq,a;,]. Let us
consider the integral solution of u(x,t) at x = x*, which satisfies the following inequality:
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t

1
G(b, &, )ue(E)dE + ko f vP(b,s) ds. (3.11)
0

u(x*, t) < j

0

Because fot vP(b,s) ds is bounded when t — t;,, we have u(x*,t) being bounded when t — t;,. It
leads to a contradiction. Thus, b is a blow-up point of u(x,t). By (3.11), if we replace x* by b,
then we have fot vP(b,s)ds —» o as t - t,. Thus, v(x,t) blows up at x = b. Hence, u(x,t)
and v(x,t) blow up simultaneously at x = b.

Corollary 3.4. If u and v blow up at the point x = b at t = ty,, then the blow-up set of u and vis (0,1).
Proof. By Theorem 3.3, u(b,t) = o as t — t,. It implies fot vP(b,s)ds - o as t = t,. For x €
[a1,a,] S (0,1), we know fot G(x,b, t —s)vP(b,s)ds > fot kgvP(b,s)ds —» o as t — t,. By (2.3),
we have u(x,t) » o as t - t, for x € [ay,a,]. Similarly, it yields v(x,t) » o as t - t, for
X € [a1,a,] if v(b,t) = o as t = t;,. Since [ay,a,] is any subset of (0, 1), the blow-up set of u
and v is (0,1). This completes the proof.

4. Conclusions

In this paper, the existence and uniqueness of the solution of a system of singular parabolic
problems with concentrated nonlinear reaction sources and homogeneous Dirichlet boundary condition:
Up — Uy — bu, /x = 6(x — b)VP, v, — vy, — bv,/x = §(x — b)u? are established. The result is
obtained by investigating the corresponding integral solutions. If p > 1, ¢ > 1, and pg > 1, we
prove that either u or v blows up in a finite time through constructing a lower solution. Further, we
show that u and v blow up simultaneously in a finite time at b, and they blow up everywhere in the
domain except the boundary.
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