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1. Introduction

Let R be a commutative ring with identity, and A a unital algebra over R. For any X, Y € A, denote
the Jordan product of X, Y by X o Y = XY + YX. An additive mapping A from A into itself is called a
derivation (resp., anti-derivation ) if A(XY) = A(X)Y + XA(Y) (resp., A(XY) = A(Y)X + YA(X)) for all
X,Y € A. Itis called a Jordan derivation if A(XoY) = A(X)o Y+ X o A(Y) forall X, Y € A. Itis called
a Jordan triple derivation if A(XoYoZ) = A(X)oYoZ+XoA(Y)oZ+XoYoA(Z)forall X,Y,Z € A.
Obviously, every derivation or anti-derivation is a Jordan derivation. However, the inverse statement is
not true in general (see [1]). If a Jordan derivation or Jordan triple derivation is not a derivation, then it
is said to be proper. Otherwise, it is said to be improper.

In the past few decades, the problem of characterizing the structure of Jordan derivations and Jordan
triple derivations has attracted the attention of many mathematical workers and has achieved some
important research results. For example, Herstein in [2] proved that every Jordan derivation on a prime
ring not of characteristic 2 is a derivation. This result was extended by Cusack in [3] and BreSar in [4]
to the case of semiprime. Zhang in [5, 6] showed that every Jordan derivation on a nest algebra or
a 2-torsion free triangular algebra is a inner derivation or a derivation, respectively. Later, Hoger in [7]
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extended the result of Zhang in [6] and proved that, under certain conditions, each Jordan derivation on
trivial extension algebras is a sum of a derivation and an anti-derivation. In addition, there have been
many research results on Jordan triple derivations, as shown in references [8—11].

Definition 1.1. Let R be a commutative ring with identity, A a unital algebra over R, Ny be the set of
all nonnegative integers, and D = {d,},en, be a family of additive maps on A such that dy = id# ( the
identity map on A). D is said to be:

(i) a higher derivation if for each n € Ny,

d(XY) = > dp(X)dy(Y)

p+q=n

forall X,Y € A;
(if) a higher anti-derivation if for each n € Ny,

d(XY) = ) dy(V)dy(X)

p+q=n

forall X,Y € A;
(iii) a higher Jordan derivation if for each n € N,

d(XoY)= ) dy(X)ody(Y)

p+q=n

forall X,Y € A;
(iv) a higher Jordan triple derivation if for each n € N,

d(XoYoZ)= > dyX)ody(Y)od(2)

p+q+r=n

forall X,Y,Z € A.

If a higher Jordan derivation or a higher Jordan triple derivation is not a higher derivation, then it is
said to be proper. Otherwise, it is said to be improper. With the deepening of research on this topic,
many research achievements have been obtained about higher Jordan derivations and higher Jordan
triple derivations. For example, Xiao and Wei in [12] proved that every higher Jordan derivation on
triangular algebras is a higher derivation; Fu, Xiao, and Du in [13] extended this conclusion, and proved
that every nonlinear higher Jordan derivation on triangular algebras is a higher derivation. Later, Vishki,
Mirzavaziri, and Moafian in [14] proved that, under certain conditions, every higher Jordan derivation
on trivial extension algebras is a higher derivation, and this conclusion further extended the works of
the authors of references [12, 13]. Salih and Haetinger in [15] proved that, under certain conditions,
every higher Jordan triple derivation on prime rings is a higher derivation. Ashraf and Jabeenin [16]
proved that every nonlinear higher Jordan triple derivable mapping on triangular algebras is a higher
derivation.

In this paper, we are interested in describing the form of higher Jordan triple derivation on trivial
extension algebras. As a main result, we give conditions under which each higher Jordan triple
derivation on trivial extension algebras is a sum of a higher derivation and a higher anti-derivation.
This result extends the study of Jordan derivation on trivial extension algebras [7], Jordan triple
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derivations on *-type trivial extension algebras [17], and Jordan higher derivations on trivial extension
algebras [14].

Let R be a commutative ring with identity, ‘A a unital algebra over R and M be an A-bimodule.
Then the direct product A & M together with the pairwise addition, scalar product, and algebra
multiplication defined by

(a,m)(b,n) = (ab,an + mb)Na,b € A,m,n € M)
is an R-algebra with a unity (1, 0) denoted by
T =AeM={(a,m):aecA me M}

and 7 is called a trivial extension algebra.

An important example of trivial extension algebra is the triangular algebra which was introduced
by Cheung in [18]. Let A and B be unital algebras over a commutative ring R, and M be a unital
(A, B)-bimodule, which is faithful as both a left A-module and a right 8-module. Then, the R-algebra

a m

U =Tri(A M, B) = {( 0 b

):aeﬂ,meM,beB}
under the usual matrix operations is called a triangular algebra. Basic examples of triangular algebras
are upper triangular matrix algebras and nest algebras.

It is well-known that every triangular algebra can be viewed as a trivial extension algebra. Indeed,
denote by A @ B the direct product as an R-algebra, and then M is viewed as an A @ B-bimodule
with the module action given by (a, b)m = am and m(a,b) = mb for all (a,b) € A® B and m € M.
Then triangular algebra U is isomorphic to trivial extensions algebra 7~ = (A & B) & M. However, a
trivial extension algebra is not necessarily a triangular algebra. For more details about trivial extension
algebras, we refer the readers to [19-21].

The following notations will be used in our paper: Let R be a commutative ring with identity, A a
unital algebra over R, M an A-bimodule, 7 = A® M be a 2-torsion free trivial extension algebra (i.e.,
forany X € 7, 2X = {0} implies X = 0), and denote by 1 and O are the unity and zero of 7 = A& M,
respectively.

We say 7 = A® M s a =-type trivial extension algebra if A has a non-trivial idempotent element
eand f = 1 — e such that

(D) eMf =M,

(ii) exe M = {0} implies exe = 0,Vx € A;

(i) Mfxf = {0} implies fxf =0,Vx € A,

(iv)exfye =0 = fxeyf =0,Yx,y € A.

For convenience, in the following we let P; = (e, 0), P, = (f,0), and

It is not hard to see that the trivial extension algebra 7 may be represented as
T = PlTpl + PITPZ + PzTPl + PZTPZ = Tll + le + Tzl + Tzz.

Then every element A € 7 may be represented as A = Ay + Ajp + Ay + Ay, where A;; € 7;5(1 <i <
Jj < 2). In the following, we give a property of =-type trivial extension algebras (see Lemma 1.1).
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Lemma 1.1. [17] Let T be a =-type trivial extension algebra and 1 < i # j < 2. Then,
(i) forany Ay, € T11, if A1 712 =0, then A;; =0 ;
(ii) for any Ay € T, if T12A2 =0, then Ay, = 0;
(lll) Al‘ij,‘ = AiiBji = AijBii =0, YA,,B;; € T, VAl‘j € 7;]‘, VBﬁ S ‘7},

For ease of reading, we provide the main conclusions of reference [17] as follows:

Theorem 1.1. [I7] Let T = A ® M be a 2-torsion free x-type trivial extension algebra and A be
a Jordan triple derivation on 7. Then, there exists a derivation D and an anti-derivation ¢ on T,
respectively, such that

A(A) = D(A) + p(A)

forall A eT.
2. Main results

The main result of this paper is the following theorem:

Theorem 2.1. Let T = A ® M be a 2-torsion free *-type trivial extension algebra, and D = {d,},ex,
be a higher Jordan triple derivation on T". Then, there exists a higher derivation G = {g,}nen, and a
higher anti-derivation F = {f,},en, on T, respectively, such that

dp(X) = gn(X) + fu(X)
foranyn>1and X € T.

In order to prove Theorem 2.1, we shall establish Theorems 2.2 and 2.3 in the following. We assume
that 7 is a *-type trivial extension algebra, Ny is the set of all nonnegative integers, and D = {d,}en,
is a higher Jordan triple derivation on 7.

In [17], it is proved that if d; is a Jordan triple derivation on 7, then for all A;; € 75; (1 < i, j < 2),
d, satisfies the following properties (£):

(D) di(Py) = —d,(P);

(i) d\(Py) = P1d(P)P; + Pd\(P)P and d,(P;) = Pid (Py)P; + P»d,(P>)Py;

(iii) Prd (A1)P> = 0, P1d(A11)Py = Ay1di(Py) and Pyd (A1)Py = di(P1)Aqy;

(iv) P1di(Ap)P1 =0, P1d(Ap) Py = di(P2)Ax and Prd (Ap)P = Axnd (P2);

(v) di(A12) = P1di(A12) P2 + P2di(A12) Py and di(Azy) = Pid (A1) Py + Prdi(A1)Pr;

(vi) di(Py) odi(P2) = di(P1) odi(A12) = di(Py) 0di(A2r) = di(P2) odi(A1z) = di(P2) o di(Ay) = 0;

(vii) di(A12) o di(A12) = di(Az1) o di(Az1) = di(Ar2) 0 di(Ayy) = 0.

Now, forall A;; € 7;; (1 < i, j < 2), we assume that d; (1 < k < n) satisfy the properties L. In the
following, we show that d, satisfies the properties L.

Lemma 2.1. Let D = {d,},en, be a higher Jordan triple derivation on T . Then, for each n > 1, and
forany Ayy € T11,A12 € T12,A21 € To1, Apy € T,

(@) d,(Py) = Pd,(P\)P> + P>d,(P\)P, and d,(P;) = P\d,(Py)P; + P»d,(P,)P,;

(ii) d,(P1) = —d,(P>);

(iii) Prd,(A1)P> = 0, P\d,(A1)P> = Ay1d,(Py) and Prd,(A1\)Py = d,(P)Ay1;

(iv) P1d,(Ax)Py = 0, P1d,(An)P> = d,(P2)A2; and Pyd,(A») Py = Ayd,(P));
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) d,(A12) = P1d(A12) Py + P2d,(A12) Py and d,(Az1) = Pidy(A21) Py + Prd,(As)Py;
(vi) dy(Py) o d,(P>) = dy(Py) ody(A12) = dy(Py) 0 dy(Ar1) = dy(Pr) ody(Arp) = dy(P2) 0 dy(Az) = 0;
(vii) dy(A12) 0 dy(A12) = dy(Az) 0 dy(Az1) = dy(A1z) 0 dy(Ay) = 0.

Proof. (i) Foreachn > 1 and for any X, Y,Z € 7, by the definition of D = {d,},eay,, We get

d(XoYoZ)= > dyX)od,Y)od(2).

p+q+r=n

2.1)

Taking X =Y = Z = P, in Eq (2.1), we assume that d; (1 < k < n) satisfy the properties £, and then it
follows from Lemma 1.1 (ii7) that

4d,(Py)

= D dyP)ody(P)od(P)

p+q+r=n

= > dy(Pyod(P)od(P)+ Y Prody(Py)od(P)

p+q+r=n,1<p.q,r g+r=n,1<q,r
+ D d(P)oPiod(Py+ Y dy(P)ody(P)o P
p+r=nl1<p,r p+q=n,1<p,q

+ dy(P;)oPyoPy+Piod,(Py)oP,+PioPod,(P))
= dy(P))oPyoP+Pyod,(P))oP,+PyoPod,(P)
= 4Pd,(P,)P, +4P,d,(P) + 4d,(P))P;.

This yields from the 2-torsion freeness of 7 that

Pyd, (PP, = Pd,(P\)P, = 0.

Similarly, we get that

Pid,(Py)P = P>d,(P>)P, = 0.

Therefore, dn(Pl) = P]dn(Pl)Pg + Pzdn(Pl)Pl and dn(Pz) = P]dn(Pz)Pz + Pgdn(Pz)Pl
(if) Foreachn > 1, taking X = P, Y = P,,Z = P, in Eq (2.1), we assume that d; (1 < k < n) satisfy
the properties £, then by Lemma 1.1 (iii) and Lemma 2.1 (i), we get that

0 =

AIMS Mathematics

D dy(P1)ody(Py) o dy(P)

p+q+r=n

D d(Pyod(Pod P+ > Piody(Pyod(P)

p+g+r=n,1<p.q,r g+r=n,1<q,r

D dPyoProd(Py+ Y dy(P)ody(P)o Py

p+r=n,1<p,r p+q=n,1<p,q

d,(P1) o Pyo Py + Pyod,(Py)o P+ PyoPyod,(P)
d,(Py)oPyo Py + Pyod,(Py)o P+ P;oPyod,(P,)
{d(P)Py + Pyd,(P1)} o Py + {P1d,(P2) + d,(P2)P1} o P,
P1d,(P)Py + Pyd,(P1)Py + P1d,(P2) + d,(P2)Py + 2P1d,(P2) Py
P1d,(P1)P> + Pyd,(P\)Py + P1d,(P2)Py + Prd,(P2)P,

Volume 9, Issue 3, 6933-6950.
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= dn(Pl) + dn(PZ)

(iii)—(iv) For each n > 1 and for any A,; € 71, taking X = A, Y = Z = P, in Eq (2.1), we assume
that d; (1 < k < n) satisfy the properties £, and then by Lemma 1.1 (iii) and Lemma 2.1 (i, i), we get
that

0 = > dyAn)ody(Py)odi(Py)
ptrq+r=n

= ), dAn)od(Pyod(P)+ Y Anody(Py)od,(P)

p+q+r=n,1<p.,q.r q+r=n,1<q,r

+ ). d(An)oProd P+ ). dy(An)ody(Py)o Py

p+r=n,1<p,r p+q=n,1<p,q

+ dy(Aj)) o Pyo Py+ Ay od,(Py)o Py+ Ay o Prody(P)

= dy(Ay1) o Pyo Py+ Ay od,(Py)o Py+ Ay o Pyod,(P))

= {du(A11)P2 + Pyd(A11)} o Py +{A11d(P2) + dy(P2)A11} o Py

= {d(A1)P2 + Pad,(A11) + 2P2d (A1) Pa} + {A11dy(P2) + Pad, (P2)A1}
= d,(A1)Py + Prdy(Anr) + Andy(P2) + dy(P2)A1.

This implies that P,d,(A;;)P, = 0. and
Pid,(A11)P, = And,(Py) and Pod, (AP = d,(P1)Ay;.

Similarly, for each n > 1 and for any A,, € 755, we get that P1d,,(Ax»)P, = 0, P1d,(A»)P> = d,(P2)Ax»
and P,d,(A2)P; = Axd,(P).

(v) For each n > 1 and for any A, € 71, taking X = P;,Y = A5, Z = P, in Eq (2.1), we assume
that d; (1 < k < n) satisfy the properties £, and then by Lemma 1.1 (iii) and Lemma 2.1 (i, ii), we get
that

d(A) = ). dy(P1)ody(An)od,(P2)

p+q+r=n

= ) dP)od A od (P)+ Y Piody(Ap)od,(Py)

p+q+r=n,1<p,q.r q+r=n,1<q,r

D dy(PYoAnod P+ Y dy(P)od(Ap)o P,

p+r=n,1<p,r p+q=n,1<p.q

+ dy(P1)oApoPy+ Prody(Ap)o Py+ ProApod,(P)
= Piody,(Apn)o P
= P1dy(A12)Py + Prd,(Ap)Py.
Similarly, for each n > 1 and for any A,; € 75, we get that d,,(A>1) = P1d,(A21)P> + Pd, (A1) P;.

(vi) For each n > 1 and for any Ay, € 715, A2y € 731, by Lemma 1.1 (iii) and Lemma 2.1 (i, ii, v),
we can easily check that (vi) holds. Similarly, we show (vii) holds. The proof is complete. O

Theorem 2.2. Let F = {f,}qen, be a sequence of mappings on T (with fy = ify). For eachn > 1 and
X €T, define

fo(X) = Prd,(P\XP,)P, + P,d,(P,XP))P;.
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Then, F is a higher anti-derivation on T .

It is clear that f,(A;) = 0 and f,(A;;) = P;f.(A;j)P; for each n > 1, and for any A;; € 7;;,A;; € T3;
(1<i#j<2).

In the following, we show that F' = {f,},en, 1S a higher anti-derivation, i.e., for each n > 1 and for
any X,Y € T, f, satisfies f,(XY) = X, -, [,(¥)fy(X). For this, we introduce Lemmas 2.2 and 2.3,
and prove Lemmas 2.2 and 2.3.

Lemma 2.2. Let f, : T — T be defined as in Theorem 2.2. Then, for each n > 1 and for any
Aii, Bi € T3, Aij,Bij € Tij,B;i € Tji, Bj; € T (1 <i# j<2),

(D) fu(AiByi) = Zp+q:n Jp(Bi) fo(Aii);

(i) fu(AiiBjj) = Xpig=n Jp(Bipfe(Ai);

(@) fu(AiiBji) = X pigen Jo(Bji) fq(Ai);

@@v) fn(AijBii) = Zp+q:n fp(Bii)fq(Aij);

V) Ju(AijBij) = X pigen Jo(Bi) fo(Ai));

VD) fu(AijBji) = X prgen Jp(Bji) fo(Ai)).

Proof. (i) Foranyn > 1and A;, B;; € 7;; (1 <i < 2), we get from f,(A;B;;) = fu(Ai) = f,(Bi;) = 0 that

fn(AiiBii) = Z fp(Bii)fq(Aii).

p+q=n

Similarly, we can show (i7) holds.
(iii) For each n > 1 and for any A; € 7;,B;; € T7j; (1 < i # j < 2), on the one hand, we have

fn(AiiBj)) = £,(0) = 0. On the other hand, it follows from f,(A;) = 0 and f,(Bj;) = P;f,(Bj;)P; that

Z JoBidf(Ai) = Z JoB i f4(Ai) + fu(BAii + Bji fu(Ai})
p+q=n p+q=n,1<p.q

= Jfu(B ji)Aii

= (Pifu(B;)P A

= 0.

Therefore, f,(AiiBji) = X pig=n Jp(Bji) f(Ai). Similarly, we get (iv).
(v) For each n > 1 and for any A;;,B;; € 7;; (1 < i # j < 2), on the one hand, we have

f;l(AljBlj) = ﬁ,(O) = 0. On the other hand, we get from ﬁ,(B,j)ﬁl(A”) = {P,ﬁ,(B,/)P,}{P,ﬁ,(A”)P,} =0
and Lemma 1.1 (7ii) that

> HBfA) DU HBNAD + FBi)A + Bifi(Ay)
ptq=n p+q=n1<pq

Ja(BipA;j + Bijfu(Aij)

{Pifu(Bi))P}Aij + Bi{ P f,(Aij)) P}

= 0.

Therefore, f,(AijBij) = X pig=n Jp(Bij)f4(Aij). Similarly, we get (vi). The proof is complete. O
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Lemma 2.3. Let f, : T — T be defined as in Theorem 2.2. Then, for each n > 1 and for any
Ai €Tu,BijeTij,BjjeT;j (1 <i#j<2)

(D) fa(AiiBij) = X prgen [o(Bip) fo(Ai);

(i) fu(AijBjj) = X pagen Jp(Bifq(Ai)).
Proof. (i) For each n > 1 and for any A;; € 7;;,B;; € 7;; (1 < i # j < 2), it follows from A;;B;; =
Ajio Bjjo P; and Lemma 2.1 that

Jn(AiiBij)

den(AiiBij)Pi

= den(Aii o Bjjo P)P;

= P > dy(Ai) 0 dy(By) o d(P)IP;
prq+r=n

= Pil ). dyAp)od,(By)od(P)IP,

p+q+r=n1<p.q.r

+ Pl Aiody(By)od (PP,

g+r=n,1<q,r

+ Pl Y dy(Ai) o Bijodi(P)IP;

p+r=n,1<rt

P{ ). dyAi)od,(By)o PP,

prq=n,1<rs,t
Pi{d,(A;;) o Bij o Pj}Pi + Pj{Aii © dn(Bij) © Pj}Pi
Pj{Aii © Bij © dn(Pj)}Pi
Pj{dn(Aii) © Bij © Pj}Pi + Pj{Aii o dn(Bij) o Pj}Pi
P
P
P

+

J

nm + +

+

{Aji o Bjj o d,(P))}P;
d(Ai)BijP; + P;d,(A;)B;; + B;;d,(A;})P;}P;
H{Aiidy(Bij)P; + P;d,(B;j)A;;} P;
Pj{AiiBij o dn(Pj)}Pi
= den(Bij)AiiPi
= fu(BipAi. (2.2)
On the other hand, it is follows from f,(A;;) = 0 (n > 1) that f,_«(B;;)di(A;;) = 0, so we get

f(AiBij) = fu(BipAii + fumi(Bip) f1(Ai) + fuma(Bij) fo(Aii) + ... + By fu(Ai)
> HB LA,

ptq=n

+ +

Similarly, we get (ii). The proof is complete. m|
In the following, we give the completed proof of Theorem 2.2:

Proof of Theorem 2.2. Foreachn > 1,letA = A, +A;; + Ay + Ay and B = By + B, + Bo; + By be
arbitrary elements of 7, where A;;, B;; € 7;; (1 < i, j < 2). Then, it follows from Lemmas 2.2 and 2.3
that

fmAB) = fu((A;1 + A + Ay + Ap)(Byy + Bia + By + By))

AIMS Mathematics Volume 9, Issue 3, 6933-6950.
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Ju(AuBn) + fu(A11B12) + fu(A11Ba1) + fu(A11B22)
Ju(AB1) + fu(A12B12) + fu(A12B21) + fu(A12B22)
Jn(A21B11) + fu(A21B12) + fu(A21B21) + fu(A21B22)
Jn(AnB11) + fu(AnB12) + fu(A2B21) + fu(AnB)
D HBLAD + Y HBI)f(A)

p+q=n p+q=n

O LBLA) + Y (B fy(Ax)

p+q=n ptq=n

+ O LBOLAD+ Y H(B)fy(An)

p+q=n p+q=n

+ D HBOfA) + Y f(Bi)fy(Ax)

ptq=n ptq=n

£ LBAD + Y [Ba)fy(Ar)

p+q=n p+q=n

O LBfA) + Y f(Ba)fy(Ax)

p+q=n p+q=n

O LBLAD+ Y (B fy(Ar)

p+q=n p+q=n

+ D LB A+ Y f(Ba)fy(An)

ptq=n ptq=n

> LB,

ptq=n

+ o+ +

Therefore, F' = {f,},en, 18 a higher anti-derivation on 7. The proof is complete. O

Theorem 2.3. Let G = {g,},en, be a sequence of mappings on T (with gy = igs). For each n > 1 and
forany X € T, define

&n(X) = dp(X) = fu(X).

Then, G is a higher derivation on T .

Next, we show that G = {g,},ay, 18 a higher derivation on 7. In order to prove G is a higher
derivation, we introduce Lemmas 2.4-2.6, and then, using the mathematical induction, we prove
Lemmas 2.4-2.6.

In [12] Theorem 1.3, we have proved that if g; = d; — fi, then g; is a derivation on 7, i.e., for any
X,Y € T, g satisfies

§1(XY) = g1(X)Y + Xg(Y) = Z 8p(X)gy(Y).

p+q=1

Therefore, in the following, we assume that

gXY) = > 2, (X)gy(Y) (2.3)

p+q=k

AIMS Mathematics Volume 9, Issue 3, 6933-6950.
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foreach 1 <k <nand X, Y € 7. Next, we prove that Lemmas 2.4-2.6 hold.
By the definitions of F = {f,},en, and G = {g,}sen,. and by Lemma 2.1, we can easily check that
the following Lemma holds:

Lemma 24. Let g, : T — T be defined as in Theorem 2.3. Then, for each n > 1 and for any
Ai €T, Aij €T (1 <i# j<2),

(i) gn(P;) = —gu(P;) and g,(P;) = Pig,(P))P; + P;g,(P)P;;

(ii) Pign(Ai)P; = 0, Pig,(Ai)P; = A;ig,(P;) and P;g,(Ai)P; = g,(P)Ai;

(iii) gq(Aij) = Pigu(Aij)P;.

Lemma 2.5. Let g, : 7 — T be defined as in Theorem 2.3. Then, for each n > 1, and for any
Ai,Bi € Ty, Bj € Tj,Aij,Bi; € Tij (1 <i# j<2),

(D) 8n(AiiBij)) = X pig=n 8p(Ai)gq(Bij);

(i0) 8n(AijBjj) = X pig=n 8p(Ai)&¢(Bj));

(iii) g.(AiiByi) = Zp+q:n &p(Ai)gq(Bi));

(iv) gu(AiiBjj) = X pigen &p(Ai)gqBj))-

Proof. (i) Foreachn > 1 andforany A;; € 7;;, B;j € T;; (1 <i# j<2),taking X = A;,Y = B;;,Z=P;
in Eq (2.1), and by Lemma 1.1 (iif) and Lemma 2.1, we get

dn(AiiBij) = dn(AiioBijOPj)
= > dy(Ay) o dy(By) o d,(P))
ptrq+r=n
= > dApodBypod(P)+ >, Aiod, By od(P)
p+q+r=n,1<p.,q,r g+r=n,1<q,r
+ > dA)oByod P+ . dy(Ai)ody(By)o P
p+r=n,1<p,r p+q=n,1<p,q

+ dy(Aij) o Bjjo Pj+ Ajody(Bij) o Pj+ Aj o Bijod,(P))

= Z dp(Ai}) o dy(Bij) o Pj +d,(A;) o Bjjo P; + Aj; o d,(B;j) o P;
P+q=n,15p7q

= Z dp(A;) o dy(Bij) + d,(A;j)Bij + Ajd,(Bij) + d,(B;)A;;

p+q=n,1<p,q

D" dy(Ai)dy(Byy) + dy(BiAs.

p+q=n

Therefore, it follows from Eq (2.2), with f,(A;;) = 0 and f,(A;;) = P;f.(A;j))P; (n > 1), that

gn(AiBij)) = d,(A;B;j) — f.(AiiB;))
= Z d,(Ai)dy(Bij) + d,(Bjj)Ai; — dn(BijAj;
p+q=n
= Z dy(Aidy(B;j) + d,(A;)B;j + Aid,(B;;)
p+q=n,1<p,q
= Z {d,(Aij) — fr(Ai)}dy(Bij) + {d,(Ay) — fu(AiD)}Bij + Aild(Bij) — fu(Bij)}
p+q=n,1<p,q

AIMS Mathematics Volume 9, Issue 3, 6933-6950.



6943

DT 8(Aidy(By) + u(Ai)Bij + Auga(B))
prq=n,1<p,q

Z gp(Aildy(B;j) — f,(Bij)} + g,(Aii)B;j + Aiign(Bij)
p+q=n,1<p.q

Z 8p(Ai8y(Bij) + gn(Ai))Bij + Aiign(Bij)
p+q=n,1<p,q

> 8oy (Bi.

ptq=n

Similarly, we get that (ii) holds.
(iii) For each n > 1 and for any A;;, B;; € 7, Xij € T3; (1 < i # j < 2), by Lemma 2.5 (i) and

Eq (2.3), on the one hand, we get

&n(AiBiXij) = gu((AiBi)Xij)
= Z 8p(AiiBi))g,(Xi;) + gn(A;iBi)) X

p+g=n,1<q

Z { Z 8r(Ai)gs(Bi)}gy(Xij) + gn(AiiBi) X

p+q=n,1<q r+s=p

Z 8r(Ai)gs(Bigy(Xij) + gu(A;iB;)X;;.

r+s+q=n,1<q

On the other hand, we have

gn(AiiBiiXij) = gn(Aii(BiiXij))
= Z 8p(Ai)8q(BiiXij)
ptq=n
= Z gp(Aii) Z gr(Bll)gb(Xl])

p+q=n r+s=q

= > g (Ang(Big(Xi)

p+r+s=n

Z 8p(Ai)gr(Bi)gs(Xij) + Z gp(AiDgr(Bi)X;j.

p+r+s=n,1<s p+r=n

Comparing the above two equations, we get

{8:(AiiBii) — Z gp(Aig (Bi)}Xij = 0,VX;; e Ti(1 <i# j<2).

p+r=n

This yields from Lemma 1.1 (i) that

Pigq(AiiBi))P; = P{ Z gp(Aii)gr(Bii)}Pi~ (2.4)

p+r=n

Next, we show that

Pig,(A;iBi)P; = Pi{ Z gp(Aii)gr(Bii)}Pj and Pig,(A;iB;j)P; = Pj{ Z gp(Aii)gr(Bii)}Pi-

p+r=n p+r=n
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Indeed, for eachn > 1 and forany A;;, B;; € 7;; (1 <i # j<2),taking X = A;;,Y =Z = P;in Eq (2.1),
by Lemma 2.1, we get

0

dn(A[i (¢] Pj (@) P/)
D dy(Ai) 0 dy(P)) o d,(P))

prg+r=n

> dAiodP)od(P)+ D Aiody(P))od(P)

p+q+r=n,1<p.q,r q+r=n,1<q,r

D dAoPiod(Py+ D dy(Ay)od,(P)o P

p+r=n,1<p,r p+q=n,1<p,q
dn(Azz)OPjon+Attodn(Pj)oPJ+AlePJOdn(PJ)

D dy(Ai) 0 dy(P) o Pj+dy(Ai) o Pjo Pj+ Ay o dy(P)) o P
p+q=n,1<pq

Z {d,(Ai)dy(Pj) + dy,(Pj)d,(A;)} o P;
ptq=n,1<p.,q

d,(Ai)P; + P;d,(A;) + Ayd,(P)) + d,(P)A;;
D dy(A)dy(P) + Y dy(P)dy(As).

ptq=n p+q=n

Therefore, we get from 3. .., d,(Ai)d,(P;) € Tijand }, .., dy(P)d,(A;;) € T j; that

D dy(Aid,(P)=0and > dy(P)dy(Ai) = 0.

p+q=n p+q=n

So we get from fi(A;;) = 0 and fi(P;) = 0 (k > 1) that

0= > dy(Andy(P))

AIMS Mathematics

Z dp(Ai)d,(Pj) + d,(Ai)P; + Ayd,(P))

prq=n p+q=n,1<pgq

= Z (dp(Aii) = fr(Ai))(dy(P)) — f,(P)))
p+q=n,1<p,q

+ (du(Ai) = [u(Ai)) P+ Ai(do(P) — fu(P)))

= D0 2y (Agy(P) + AP, + Augu(P;)
p+q=n,1<p.q

= D 2(Aig(P))
pt+q=n

= Z gp(Ai)gq(P)) + g.(Ai)P;

p+g=n,1<q

= D g(Aig(P) + (AP

p+q=n,1<q
- Z 8p(Ai)gqe(P) + g.(Ai)P; + g,(Ai)P;

p+q=n

= > 8p(Aigy(P) + gu(Au).

p+q=n

Volume 9, Issue 3, 6933-6950.



6945

Therefore,

glAi) = ) &p(Aigy(P).

p+q=n

For each n > 1 and for any A;;, B;; € 73, by Eq (2.5), we get

gn(AiiBi)

This implies that

Similarly, we get

Z gp(AiiBii)gq(Pi)
pta=n
Z 8p(AiiBi))g,(P;) + g,(A;iB;;)P;

p+q=n,1<q

D 1D 2 (Agi(Bilgy(P) + gu(AiBi)P;

p+q=n,1<q r+s=p

Z 8r(Ai)gs(Bi)gy(P;) + g,(A;iB;i)P;

r+s+q=n,1<q

Z &r(Ai Z 8s(Bi)gqy(P)} + g,(A;iB;i)P;
r=0

s+q=n—r,1<q

DAl D\ gu(Bidgy(P) = g r(Bi)Pik + gu(AiBi)P;
r=0

s+q=n-r

Z 8r(Aign—r(Bii) — 8n—r(Bii)) P;} + g,(A;iB;;)P;
r=0

Z 8r(Ai)gn-r(Bij) — Z 8r(Ai)gn-r(Bii)) Pi + g,(AiiB;}) P;
r=0 r=0
Z gp(Ai)gq(Bip) + Z 8p(Ai8y(Bi)P; + g,(AiiBii)P;.

p+q=n p+q=n

Pig,(AiiB;)P; = P Z 8p(Aii)gq(Bii)}Pj~

ptq=n

Piga(AiBi)Pi = Pi{ ) g,(Ai)g,(Bi))P:.

p+q=n

Therefore, by Eqs (2.4), (2.6), (2.7) and Lemma 2.4 (ii), we get that

AIMS Mathematics

8n(AiiBij)

= P Y gy Mg (BlPi+ Pl Y g,(Ai)g(BiP;
ptq=n p+q=n

P Z 8p(Ai)gqy(Bi)}P;
p+q=n

Z gp(Aii)gq(Bii)-

p+q=n

+

(2.5)

(2.6)

2.7)
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(iv) Foreachn > 1 and forany A;; € 7, Bj; € T;; (1 <i# j<2),taking X = A;;, Y = Bj;,Z = P;
(1<i+#j<2)inEq(2.1), we get from Lemma 2.1 that

0 = dy(AjoBjjoP)
= > dy(Ay) 0 dy(Bjj)od,(P))
ptrq+r=n

= > dA)od Bod(Py+ Y. Ayod,(By)od(P)

p+q+r=n,1<p,q,r q+r=n,1<q,r

+ ) dyAoBjod(P)+ Y dyAi)ody(Bj)o P,

p+r=n,1<p,r p+q=n,1<p,qg

+ dn(Aii) OBjjOPj +Aii Odn(Bjj) on+Aii OBjj Odn(Pj)
= Z dy(A;) ody(Bjj) o Pj+d,(A;) o Bjjo P+ Ajod,(Bjj) o P;

p+q=n,1<p,q
= ). dAdByoPi+ > dy(B;dy(Ai)o P
p+q=n,1<p.q p+q=n,1<p.q

+ d,(Ay)Bjj + Bjjd,(Ay) + Ayd,(Bjj) + d,(Bjj)A
= Z dp(Ai)dy(Bj;) + Z dp(B;jj)d,(Ai)

ptq=n,1<pgq ptq=n,1<pgq

+ d,(Ai)Bjj + Bjid,(A;;) + Ayd,(Bj;) + d,(Bjj)A;
Z dp(Ai)dy(Bj;) + Z dp(B;jj)d,(Ai).

ptq=n ptq=n

Hence, we get from 3. .-, d,(Ai)d,(B};) € Tijand ). . o dp(Bjj)dy(Ai}) € Tji (1 < i # j<2)that
D d(Aidy(By) = ) dy(Bjdy(Ai) = 0.
p+q=n p+q=n
Therefore, it follows from gx(A;;) = di(A;;) and gi(Bj;) = di(B;;) (k > 1) that
gi(AiBi) =0= " dy(Andy(B;) = " g,(Aig,(B))).
p+g=n p+q=n
The proof is complete. O

Lemma 2.6. Let g, : T — T be defined as in Theorem 2.3. Then for each n > 1 and for any
Ai€Tu,Bjj€T;j,Aij,Bij€Tij,Aji, Bi€e T (1<i#j<2)

(D) 8n(AijBji) = X piq 8p(Ai))84(Bji);

(1) gn(AijBij) = Zp+q=n gp(Aij)gq(Bij);

(i) gn(AiiBji) = X prg=n &p(Ai)84(Bi);

(iv) gu(AjiBjj) = X prg=n &p(Aj1)84(B)).

Proof. (i) For eachn > 1 and for any A;; € 7;;,Bj; € Tj; (1 < i # j < 2), it follows from Lemma 1 (iii)
that A;;B;; = 0, and therefore we get

&n(AijBji) = ,(0) = 0.

AIMS Mathematics Volume 9, Issue 3, 6933-6950.



6947

On the other hand, by Lemma 1 (iii) and Lemma 2.4 (iii), we have g,(A;})g,(Bj;) = 0, therefore we get
8 AyBi) = 0= D" g,(Ai)gy(Bj).
pt+q=n

Similarly, we get that (ii) holds.
(iii) For eachn > 1 and forany A;; € 7;;, Bj; € 7;; (1 <i # j < 2),by Lemma 1 (iii) and Lemma 2.4

gl AiBi) = 0= )" g,(Ai)g,(Bj).

p+q=n

Similarly, we get (iv) holds. The proof is complete. O
In the following, we complete the proof of Theorem 2.3.

ProofofTheorem 2.3. For any n > 1,1et A = A]] + A12 + A21 + A22 and B = Bi1 + Bip + By + By be
arbitrary elements of 7, where A;;, B;; € 7;; (1 < i, j < 2). It follows from Lemmas 2.4-2.6 that

gn(AB)

8n((A11 + Az + Agy + A2)(Bi1 + Biz + By + Ba))
8n(A11B11) + gn(A11B12) + gu(A11Ba1) + gu(A11B22)
8n(A12B11) + gn(A12B12) + gu(A12Ba1) + gn(A12B22)
8n(A21B11) + gn(A21B12) + g4(A21B21) + 84(A21B22)
8n(AnB11) + gu(AnB12) + gu(A2Ba1) + gu(A2B)
Z 8p(A11)84(B11) + Z gp(A11)84(B12)

ptq=n ptq=n

£ g AgBa) + Y gy(A1)gy(Bx)
p+q=n p+q=n

+ > g AgBi) + Y gy(An)g(Br)

p+q=n ptq=n

+ > g (Ag(Ba) + Y 8y(An)g(Bx)

p+q=n p+q=n

+

+ +

+ Z gp(A21)g,(B1) + Z gp(A21)84(B12)

p+q=n ptq=n

£ g (Agy(Ba) + Y 8)(A21)g(Bx)
p+q=n p+q=n

+ > gp(Amg(Bi) + Y 8,(An)gy(Bx)
p+g=n p+g=n

+ > g (Ag(Ba) + Y 8)(An)g(Bx)

ptq=n p+q=n

= Z gp(A11 + Ay + Ay + Ap)gy(Bi1 + Bix + By + Boy)

ptq=n

> 8r(A)2y(B).

ptq=n

Therefore, G = {g,}qen, 1S a higher derivation on 7. The proof is complete. O
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Next, we show that Theorem 2.1 holds.
Proof of Theorem 2.1. For each n > 1 and for any A, B € 7, by Theorems 2.2 and 2.3, we obtain that
dn(A) = gn(A) + fn(A)a

where G = {g,},en, 1s a higher derivation and F' = {f,},ey, 1s a higher anti-derivation from 7 into itself
such that f,(A;) = 0 for all A; € 7;; (1 < i < 2). The proof is complete. O

Remark 2.1. Let D = {d,},en, be a higher Jordan triple derivation from T into itself. Then, by
Theorems 2.1 and 2.2, we obtain that the following statements are equivalent.

(1) D = {d,}nen, is a higher derivation;

(i1) P;d,(A;))P; = 0 for each n > 1 and for any A;; € T;; (1 < i # j<2);

(i11) d,(A;j) € Tij for eachn > 1 and for any A;; € T (1 <i# j<2).

In the following, we show that every higher Jordan triple derivation on triangular algebras is a
higher derivation.

Corollary 2.1. Let A and B be unital algebras over a commutative ring R and M be a unital (A, B)-
bimodule, which is faithful as both a left A-module and a right B-module, and U be the 2-torsion free
triangular algebra, and D = {d,},en, be a higher Jordan triple derivation on U. Then D = {d,},en, is
a higher derivation.

Proof of Corollary 2.1. Let 14 and 14 be the identities of the algebras ‘A and B, respectively, and let 1
be the identity of the triangular algebra U. We denote

P, = la 0 by the standard idempotent of U, P, =1-P; = 00
0 0 0 lg

and
(LI,-j:P,-”LIijorlsiSjSZ.
It is clear that the triangular algebra U may be represented as

(LIZP17/[P1+P1WP2+PQWP2:ﬂ+M+B.

Here PyUP, and P, U P, are subalgebras of U isomorphic to A and B, respectively, and PyUP, is a
(PyUP;, P, UP,)-bimodule isomorphic to the (A, B)-bimodule M.

By the definition of triangular algebra U, we can easily check that U is a *-type trivial extension
algebra, and so if U is a 2-torsion free triangular algebra, then foranyn > 1,A = A1 +Ap+A» € U,
where A;; € U;; (1 < i, j < 2), we get from Theorem 2.1 that

dn(A) = gn(A) + fu(A).

Where G = {g}uen, 1S a higher derivation and F = {f,},ay, is a higher anti-derivation from U into
itself such that f,(A;) = 0 forall A; € U; (1 < i < 2). Next, we show that f,(A;;) = 0 foreachn > 1
and for any Ay, € Uy,.

Indeed, for any A}, € U, it follows from Lemma 2.1 (v) and U, = {0} that

dy(A12) = Pid,(A2)Py + Prd,(A12)Py = P1d,(A12)Ps.
And then we obtain from the definition of f, in Theorem 2.2 that f,,(A1,) = P»d,(A2)P; = 0. Therefore,
forany A € U, f,(A) =0, so D = {g,}nen, 1S a higher derivation. The proof is complete. O
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Next, we give an application of Corollary 2.1 to certain special classes of triangular algebras, such
as block upper triangular matrix algebras and nest algebras.

Let R be a commutative ring with identity and let M, (R) be the set of all n X k matrices over R.
For n > 2 and m < n, the block upper triangular matrix algebra T,’;“(R) is a subalgebra of M, (R) with
the form

M, (R) My xi,(R) -+ My, (R)
0 M,(R) -+ My, (R)
0 0 e M, (R)
where k = (ki, ks, - -+ , k) is an ordered m-vector of positive integers such that k; + k, + - - - + k,, = n.

A nest of a complex Hilbert space H is a chain NV of closed subspaces of H containing {0} and
H, which is closed under arbitrary intersections and closed linear span, and B(H) is the algebra of all
bounded linear operators on H. The nest algebra associated with N is the algebra

AlgN ={T e B(H) : TN C N, forall N € N}.

A nest N is called trivial if N = {0, H}. It is clear that every nontrivial nest algebra is a triangular
algebra and every finite dimensional nest algebra is isomorphic to a complex block upper triangular
matrix algebra.

Corollary 2.2. Let T,’;“(R) be a 2-torsion free block upper triangular matrix algebra, and D = {d,},ex,
be a higher Jordan triple derivation on T,'j(R). Then, D = {d,},en, is a higher derivation.

Corollary 2.3. Let N be a nontrivial nest of a complex Hilbert space H, AIgN a nest algebra, and
D = {d,}nen, a higher Jordan triple derivation on AIgN. Then, D = {d,},e, is a higher derivation.
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