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Abstract: The results of this work have a connection with the geometric function theory and they
were obtained using methods based on subordination along with information on qg-calculus operators.
We defined the g-analogue of multiplier- Ruscheweyh operator of a certain family of linear operators
13, (4, 0F(¢) (s € Ng = NU{O},N = {1,2,3,..}; £, A, 4 2 0,0 < g < 1). Our major goal was to build
some analytic function subclasses using Ig’ﬂ(/l, 0)f(¢) and to look into various inclusion relationships
that have integral preservation features.
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1. Introduction

Denote A as the normalized analytical function f(z) in the open unit disk U = {z : |z| < 1} such that

@) =2+ ) a, (1.1)
k=2

Subordination of two functions f and J is denoted by f < J and defined as f(z) = J(y(z)), where
Xx(2) 1s the Schwartz function in U (see [1-3]). Let S, S$*, and C stand for the respective univalent,
starlike, and convex subclasses of A.

Here, we review the fundamental g-calculus definitions and information that is used in this paper.
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The use of qg-difference equations in the setting of the geometric function theory was pioneered by
Jackson [4, 5], Carmichael [6], Mason [7], and Trijitzinsky [8]. Ismail et al. [9] introduced certain
g-function theory-related characteristics for the first time. Additionally, various g-calculus applications
related to generalized subclasses of analytic functions have been researched by numerous authors;
see [10-19]. Motivated by these g-developments in the geometric function theory, many authors added
their contributions in this direction, which has made this research area much more attractive in works

like [20-22]. The Jackson’s g-difference operator d, : A — A is defined by

f@)-f(az) .
oz (Z #0; 0<qg< 1)

0,f(2) :=
f(0) (z=0).

It comes to light that, for k € N and z € U,

d, {i aKz“} = i [K]q a2,
k=1

k=1

where

1— qK k=1
= 1 n =
Wy = = +;q, [0], =0,

k=0.

! = {I[K]Q[K—l]q ......... 2], (1], k=123, ..

The g-difference operator is subject to the following basic laws:
b, (cf (2) £ dN (2)) = b4 (2) + ddh (2)

b (f(2) 71 (2)) = T(a2) Dy (71 (2)) + M(2)d, (F (2))
5 (T(Z)) 0, (F (2)) 1(2) — T (2) 0y (1(2))

= , h(az)i(z) #0

n(z) Hah()
_ Ina2 (1)
b (log§(2) = -7 5

where f,71 € A, and ¢ and d are real or complex constants.
Jackson in [5] introduced the g-integral of f as:

f (bt = 21— ) Y a(za)
0 k=0

lim f Z f(Odt = f z f(r)bt,
a=1=Jo 0

where foz f(r)bt, is the ordinary integral.

and

(1.2)

(1.3)

(1.4)

(1.5)
(1.6)

(1.7)

(1.8)

The discipline of the geometric function theory has the great advantage of studying linear operators.
The introduction and analysis of such linear operators with reference to g-analogues has recently piqued
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the interest of numerous renowned academics. The authors of [23] investigated the g-analogue of the
Ruscheweyh derivative operator and looked at some of its characteristics. The g-Bérnardi integral
operator was first introduced by Noor et al. [24].

In [25], Aouf and Madian investigate the g-analogue Citas operator I;(4,¢) : A->A(GeN,lA1>
0,0 < g < 1) as follows:

) 1+¢ A £ .= 1+¢ s
LAOIQ) = 2+ Z([ -l o+ (119
k=2 q

(s € Nypt,1>20,0<qg<1).

az*

Also, in 2014, Aldweby and Darus [26] investigated the gq-analogue of the Ruscheweyh operator
Rif(2):

R =2+ Z[:]f[”_l], 2y (10,0 <q< 1),
q q

where [a], and [a],! are defined in (1.4).

Set
[L+ €], + Ak + 0], = [T+ 1)\,
fw(z>-z+z( ) ‘)z

Now, we define a new function T {,(z) in terms of the Hadamard product ( or convolution ) by:

K+,u_1]q

K

DTk ) =2+ Z

[« =11,

Motivated essentially by the g-analogue of the Ruscheweyh operator and the g-analogue Ciitas
operator, we now introduce the operator I, (4,¢) : A — A defined by

5 (L 0(@) = 1 () * () (1.9)

where s € Ny, £,A4,u > 0,0 < q< 1. Forf € A; and (1.9), it is clear that

\ ~ [1+7], Clk+p-110
fou(.01) = 2+ Z:; ([1 O, + Ak + 0, —[1 + 5]q)) otk — 1,1 (1.10)
We use (1.10) to deduce the following:
o [£+1] [£+ 11, o
2, (1311, 0f(2)) = T Lau4. 0 - ( p )L,; (4, Of(),
(a1 > 0), (1.11)
020 (1,4 0f@) = [u+ 1], 1,4 OF@) = [, I}, O(2). (1.12)

We note that :
()If s = 0 and g — 1~, we get R¥f(z) as the Russcheweyh differential operator [27], which has
been investigated by numerous authors [28-30];
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(i) If we set g — 17, we obtain I’"g f(z), which was presented by Aouf and El-Ashwah [31];

(iii) If we set u = 0 and q — 17, we obtain J}'(4, £)f(z), which was presented by El-Ashwah and
Aouf (with p = 1) [32];

) Ifu=0,=a2=1,and q — 17, we obtain /*{(z), which was investigated by Jung et al [33];

WItu=0,1=1,£=0,and g — 17, we obtain /I°f(z), which was presented by Salagean [34];

(vi) If we set u = 0 and A = 1, we obtain I'f’sf(z), which was presented by Shah and Noor [35];

(vii)If wesetu =0,4=1,and g — 1~, we obtain J ¢ , the Srivastava—Attiya operator; see [36,37];

vii) I 10(1 0) = foz f(t)b t. (g-Alexander operator [35])

iii) I} (1,0) = Q] fo ~15(¢)d,¢ (q-Bernardi operator [24]);

(ix) I y(1, 1) = B fO f(t)d,t (q-Libera operator [24]).
We also observe that

() I;,,(1,0)f(z) = I ,f(2)

N Dk +p - 11!
Al = —a,7", Ny, u > 0,0 1, U).
f(2) € L@ = z+KZ;( )[jl]q'[K—l]q a,z*, (s € Ny, u <qg<1,zel)

(i) I3,(1, O)f(2) = I} (2)

psilag o _ O (L0 [k p =10
iz) € A-IQ,J@—Z*;([ + 4] ) [tk = 111

(s € Np,{>0,u>0,0<qg<1,ze ).

(iii) I3 (2, 0)f(2) = I;47(2)

e 1 Clk+p—110
) & A= ”Z(lu(mq—l)) [l — 1,1

(s € Ny,A4>0,u>0,0<qg<1,zeU).

With ¢(0) = 1 and Re(z) > 0in U, @ is the class of analytic functions ¢(z) and is a set of univalent
convex functions in U.

Definition 1.1. f € A is definitely in the class S 7,(¢) if it satisfies:

20, (1(2)) -

Q) ¥(2),

where b, is the g-difference operator.
Analogously, f € A is definitely in the class CV,(¢) if

20, (7(z)) € STy (@). (1.13)
By using the operators defined above, we determine the next part:
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Definition 1.2. Suppose that f € A, s is real, and £ > —1, then
feST, (4,0 e 1, ,(1,0i@2) € ST, (¢),

and
fe CV(f’ﬂ(/l, 0)(p) & Ij,ﬂ(/l, 0)f(z) € CV, (p). (1.14)

It is clear that
f€ CVE,(A.0) () & 2000) € STS, (. 0) (9). (1.15)

Special cases:

@O Ifs=0,u=0,and ¢(z) = 11:—%5 (-1<N<MZ<1),then ST({#(/L {) (¢) decreases to the class
S, (M,N), investigated by Noor et al. [24]. Moreover, if ¢ — 17, then §; (M, N) coincides with
S*[M, N] (see [38]).

@) Ifs =0,u =0, and ¢(z) = 11:—%5 (-1 < N<M<1),then CV V(4. €) (¢) decreases to the class
K, (M, N), introduced by Seoudy and Aouf. [39]. Moreover, if ¢ — 17, then CV; (M, N) coincides
with the class CV* [M, N] (see [38]).

@) If s = 0,u = 0, and ¢(z) = 1+qz, then ST (4, 0) (¢) reduces to the class ST, investigated by
Noor [40].

(i) If s =0,u =0, and ¢(z) = f_—*qzz, then S Tg’#(/l, ) (¢) decreases to the class S, investigated by

Noor et al. [41].
2. Inclusion results

The next lemma is required to demonstrate our findings:

Lemma 2.1. [42] Suppose that y and 6 are complex numbers with y # 0 and let #(z) be analytic in U
with #1(0) = 1 and Re{yhi(z) + 6} > 0. If w(z) = 1 + w1z + w22* + ....is analytic in U, then

720,0(2)
w(z) + Y@ 10 < N(z),

and w(z) < h(z).

Theorem 2.1. Assume that ¢(z) is an analytic and convex univalent function with ¢(0) = 1 and
Re(p(2)) > 0 for z € U, then, for positive real s and £,y > 0,4 > 0,0 < q < 1 with [ + 1], > Aq',

ST} (4,0 () C ST, (4, 6) (@) C ST (A, 0) (9).
Proof. Letfe S Tg,y(/l, {) (¢), and we set

2, (13514, 0(2))

) 2.1
L34, 0f() &b

w(z) =

where w(z) is analytic in U w(0) = 1.
From identity (1.11) and (2.1), we can easily write

2y (137! OF@) (€ + 1], 13,4 OF(@) ([uuq

- 1), A>0,
3714, OF(2) At I, 0F(2) Aq*
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or, equivalently,
[£+ 1], 13,(4, OT(2)

+ 2.2
A0 I, 0f(z) = @R+ 2
where 1, = ([[;[]“ - l).
On the g-logarithmic differentiation of (2.2), we have
0, (£3,(4, O (2) d
o(f, ). + D@ 2.3)

=w(i) + ——.
13,(4, O)i(2) w(z) + 1,
Since f € ST (4, €) (¢), from (2.3) we have

720,0(2)
w(z) + m < ¢(2).

By applying Lemma 2.1, we conclude that w(z) < ¢(z). Consequently,

2, (13214, 07(2))
1314, 0i(2)

a.u

< ¢(2),

then f € STS*1(4, ) (¢) . To prove the first part, let f € S TS# 14, 6) (p) and set

a.u

U_m@mﬁm)
MO TR0

where y is analytic in U y(0) = 1. It follows y < ¢ by applying the same arguments as those described
before with (1.12). Theorem 2.1’s proof is now complete. O

Theorem 2.2. Suppose that ¢(z) is an analytic and convex univalent function with ¢(0) = 1 and
Re(¢(2)) > 0 for z € U, then, for positive real s and {,;t > 0,4 > 0,0 < g < 1 with [{ + 1], > Ad,

CV: (4,0 () C CV: (4,0 () C CVEA,0) ().

Proof. Let CV? (A,€)(¢). Applying (1.15), we show that

a U
fe CViL0() e I, 0f) € CVy(p)

b, (13,(1, 0i(2) € ST, ()

2(0,) € ST2 (A, 0) ()

2(0,) € ST (A, ) (9)

2, (13311, 07(2)) € ST, (p)

1214, 0)(z(d1)) € ST, ()

1A, 0i(z) € CV, (p)

fecviA,0(p).

t ¢ ¢ 00O

()

We can demonstrate the first part using arguments similar to those described above. Theorem 2.2’s
proof is now complete. O
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Corollary 2.1. Suppose that s is a positive real and €, 1,1 > 0,0 < q < 1 with [€ + 1], > Aq’, then, for
o) = HE (] <N<M<),

1+Nz
1+ Mz 1+ Mz 1+ Mz
STS (A, 0)——= ST: (A, ¢ cSTA, € ,
e )( Nz) < o )(1 +Nz) ( )( Nz)
+ Mz 1+ Mz 1+ Mz
CVS (A, ¢ CV* (A, ¢ cvirla, e
T )(90)( +NZ) c OV )<¢>(1+NZ) (4,0 ( )( NZ)
Furthermore, for M = 0 and N = —q, and for M = 1 and N = —q,
K 1 K 1 s+1 1
STW“(/I, 0) ——qz - STW(/L é’) e c STW (4, é’) e and

STY/M(/H’)( ”) c ST (M)( ”) T”l(/lf)( ”),
I-aqz 1 -9z 9z

respectively.

By employing the same justifications as before, the following conclusions can be demonstrated.
3. The classes uniformity under g—Bernardi integral operator

We introduce the g-Bernardi integral operator for analytic functions in this section by applying an
aspect of g-calculus as stated by:

(1)t (3.1)

= ([1 +
- Z([ Q]q)akzk, 0=1273, ...
k=1 [K+Q]q

We note that, for o = 1 in (3.1), there is the gq-Libera integral operator defined as

2 Z
Jif@) = 2l f f(£)d,t
Z Jo

o ([21,(1 = a)
P 1 - qk+1

Jg0f(2)

)aKzK, O<qg<l).

For 0 < q < 1, we have

i(Hg) .

2 K
k+ 1)

lim J,,f(2)
q—1-

INCE

lim 3,7(2)
q—

which are defined in [27].
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Theorem 3.1. Let T € ST, (A,€) (), ¢(0) = 1,0 = —1, and Re(¢(z)) > 0, then 3,,f € ST; (4, €) (),
where 3,,1(z) is called a q-Bernardi integral operator defined in (3.1).

Proof. Letf e ST, (4,0) (¢). If we put F(z2) = I,f(2),
204(15 (4, O)F(2))
13,4, 0)F(2)

where N(z) is analytic in U with 8(0) = 1.
From (3.1), we show that

= N(2), (3.2)

0,(2°¥(2))
[1+ 0],

Applying the g-difference operator’s products, we get

,F(2) = (1 + %)f(z) - [ol, &) (3.3)

= 227'1(2).

From (2.3), (3.3), and (1.10) there is

[Q]q) 0, (15,(1, 0)1(2))
~[o], -

N =11
© ( Y ) 030

On g-logarithmic differentiation, we get

(1, (4, O(2)) R(2) + 70,8(2)
L,4,01) R +[o],

Since f € ST ,(1,{) (), we can revise (3.4) as

(3.4)

70,N(2)

N(z
O+ S+ ol lol, ~

@(2).

Now, by using Lemma 2.1, we conclude N(z) < ¢(z). Consequently, %m < ¢(z). Hence,

§(2) € ST, (4, 0) (@) O

The following conclusion can be demonstrated by employing reasons that are similar to those in
Theorem 3.1.

Theorem 3.2. Assume that T € CV; (A,€) (¢), then 3,,1(z) € CV{ (4, €) (@), where 3,,7(z) is defined
by (3.1).

Remark 3.1. (i) If we set ¢ — 17, we can get the results investigated by Aouf and El-Ashwah ( [33];
Theorems 1, 2 atn = 0),;

(i) If we put u = 0 and A = 1, we can get the results investigated by Shah and Noor ( [35]; Theorems
2.2,2.3,2.6),

(iii) Through the use of the specialization of the parameters s,u, A, €, and g, we get all the results
connecting with all the operators mentioned in the introduction.
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4. Conclusions

The novel findings in this study are connected to new classes of analytic normalized functions in
U. To introduce some subclasses of univalent functions, we develop the g-analogue
multiplier-Ruscheweyh operator/; (4, €) using the notion of a g-difference operator. The g-analogue
of the Ruscheweyh operator and the g-analogue of the Citas operator are also used to introduce and
study distinct subclasses. We looked into the integral preservation property and the inclusion
outcomes for the newly defined classes. In the future, this work will motivate other authors to
contribute in this direction for many generalized subclasses of g-close-to-convex, Quasi-convex
univalent, and generalized operators for multivalent functions.
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