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Poisson n-Lie algebras with derivations under a certain strong condition, and we prove the conjecture
in these cases.

Keywords: Lie algebra; Poisson algebra; transposed Poisson algebra; n-Lie algebra; transposed
Poisson n-Lie algebra
Mathematics Subject Classification: 17A30, 17B63

1. Introduction

A Poisson algebra is a triple, (L,-,[—,—]), where (L,-) is a commutative associative algebra
and (L, [—, —]) is a Lie algebra that satisfies the following Leibniz rule:

[x,y-z] =[x, y] - z+y-[x,2],¥x, v,z € L.

Poisson algebras appear naturally in the study of Hamiltonian mechanics and play a significant role
in mathematics and physics, such as in applications of Poisson manifolds, integral systems, algebraic
geometry, quantum groups, and quantum field theory (see [7, 11, 24, 25]). Poisson algebras can be
viewed as the algebraic counterpart of Poisson manifolds. With the development of Poisson algebras,
many other algebraic structures have been found, such as Jacobi algebras [1, 9], Poisson bialgebras
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[20,23], Gerstenhaber algebras, Lie-Rinehart algebras [16,17,26], F-manifold algebras [12], Novikov-
Poisson algebras [28], quasi-Poisson algebras [8] and Poisson n-Lie algebras [10].

As a dual notion of a Poisson algebra, the concept of a transposed Poisson algebra was recently
introduced by Bai et al. [2]. A transposed Poisson algebra (L, -, [—, —]) is defined by exchanging the
roles of the two binary operations in the Leibniz rule defining the Poisson algebra:

2z-[xy] =lz-xy]+[xz-y],Yx,y,2€ L,

where (L, -) is a commutative associative algebra and (L, [—, —]) is a Lie algebra.

It is shown that a transposed Poisson algebra possesses many important identities and properties
and can be naturally obtained by taking the commutator in the Novikov-Poisson algebra [2]. There are
many results on transposed Poisson algebras, such as those on transposed Hom-Poisson algebras [18],
transposed BiHom-Poisson algebras [21], a bialgebra theory for transposed Poisson algebras [19],
the relation between %—derivations of Lie algebras and transposed Poisson algebras [14], the relation
between %—biderivations and transposed Poisson algebras [29], and the transposed Poisson structures
with fixed Lie algebras (see [6] for more details).

The notion of an n-Lie algebra (see Definition 2.1), as introduced by Filippov [15], has found use
in many fields in mathematics and physics [4, 5, 22,27]. The explicit construction of n-Lie algebras
has become one of the important problems in this theory. In [3], Bai et al. gave a construction
of (n + 1)-Lie algebras through the use of n-Lie algebras and some linear functions. In [13],
Dzhumadil’daev introduced the notion of a Poisson n-Lie algebra which can be used to construct
an (n + 1)-Lie algebra under an additional strong condition. In [2], Bai et al. showed that this strong
condition for n = 2 holds automatically for a transposed Poisson algebra, and they gave a construction
of 3-Lie algebras from transposed Poisson algebras with derivations. They also found that this
constructed 3-Lie algebra and the commutative associative algebra satisfy the analog of the
compatibility condition for transposed Poisson algebras, which is called a transposed Poisson 3-Lie
algebra. This motivated them to introduce the concept of a transposed Poisson n-Lie algebra (see
Definition 2.2) and propose the following conjecture:

Conjecture 1.1. [2] Let n > 2 be an integer and (L, -, ) a transposed Poisson n-Lie algebra. Let D
be a derivation of (L,-) and (L, u,). Define an (n + 1)-ary operation:

n+1

M1 (X150 0+ Xpg1) 1= Z(_l)i_lD(xi)ﬂn(Xla"' s Xiy oty Xpe1), VX1, Xpe €L,
i=1

where X; means that the i-th entry is omitted. Then, (L,-, 1) is a transposed Poisson (n + 1)-Lie
algebra.

In this paper, based on the identities for transposed Poisson n-Lie algebras given in Section 2, we
prove that Conjecture 1.1 holds under a certain strong condition described in Section 3 (see
Definition 2.3 and Theorem 3.2).

Throughout the paper, all vector spaces are taken over a field of characteristic zero. To simplify
notations, the commutative associative multiplication (-) will be omitted unless the emphasis is needed.
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2. Identities in transposed Poisson n-Lie algebras

In this section, we first recall some definitions, and then we exhibit a class of identities for
transposed Poisson n-Lie algebras.

Definition 2.1. [15] Let n > 2 be an integer. An n-Lie algebra is a vector space L, together with a
skew-symmetric linear map [—,- -+ ,—] : ®"'L — L, such that, for any x;,y; € L,1 <i<n-1,1< j<n,
the following identity holds:

n

[[)71,"‘ ’yn]a-xla"' ’xn—]] = Z(_l)i_][[yi,xl,”' ’xn—l]ayla”' ’j\)i"" ,)’n]- (21)

i=1

Definition 2.2. [2] Let n > 2 be an integer and L a vector space. The triple (L,-,[—,--- ,—]) is called
a transposed Poisson n-Lie algebra if (L, -) is a commutative associative algebra and (L,[—,--- ,—]) is
an n-Lie algebra such that, for any h, x; € L,1 <i < n, the following identity holds:

n

phlx, o250 = ) [ b5 22)

i=1

Some identities for transposed Poisson algebras in [2] can be extended to the following theorem for
transposed Poisson n-Lie algebras.

Theorem 2.1. Let (L,-,[—,---,—]) be a transposed Poisson n-Lie algebra. Then, the following
identities hold:

(1) Forany x; € L,1 <i<n+ 1, we have
n+1

DD D, R X ] =05 (2.3)
i=1

(2) Forany h,x;,yj € L,(1 <i<n-1,1< j<n, wehave

Z(_l)i_l [h [yi’xl"” ’xn—l]’yl,"' ’j}i"" ayn] :[h [)’1,"' ,yn]axla'” 9xn—l]; (24)
i=1

(3) Forany x;,y;€ L,1<i<n-1,1<j<n+1, wehave

n+1

DD Dy xn Xl e Y] = 0; (2.5)

i=1
(4) For any x1,x;,y; € L,1 <i < n, we have

n n

Z Z [yl»"' s ViXl, YKo, ,)’n] = n(n— Dxix [y1, 2, s Yal - (2.6)

i=1 j=1,j#i
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Proof. (1) By Eq (2.2), forany 1 <i <n+ 1, we have

nx; [Xi, 5 Xict, Xic1, " 5 Xpg1] = § [X1,"' s Xic1s Xigls w0 5 XiXjy oot ,Xn+1]-

J#i
Thus, we obtain
n+l n+l n+l
i-1 P i—1 A
Z(—l) X [ X1,y R Xpn] = Z Z (D7 oo R X |
i=1 i=1 j=1,j#i

Note that, for any i > j, we have

(-1)! [x1, X XiXy Kjyts e Ry ,xn]
+(_1)j—1 [xl, - ,)?j, e Xty XXy X1yt ,xn]

= (=1 [Xl,"' s Xjots XLyt o Ximls XiXjy Xig 1, * ,xn]
+(_1)j—1 [xl’ e Ry Xint XXy Xigl ,xn]

-j-2 j—1
= ((_1) Ty (_1)1 )[Xl,"‘ s Xjls Xjrls "t 5 Xie 15 XiXjy Xjg ], " " ° ’-xn]

= 0,
n+l n+l .
whichgives 3, % (=D [xr, -+ & x| = 0.
i=1 j=1,j#i
Hence, we get
n+1
Z (=) nx; [xq, 0 Xiy e ooy X1 ] = 0.
i=1
(2) By Eq (2.2), we have
n—1
=B yal X X ] —Z[[yl,--- Ynls Xt hx, e X ]
i=1

= _nh[[yl’”' ’yn]’xla"' ’xn—l]a

and, forany 1 < j <n,
(—l)j_l([h I:yj’xla"' ,Xn—l],)’b"' Vs ’yn—l]

T SN [T R ETEE N [RIPO SRPUE ST

i=1Li#j
= (_l)j_lnh[[yjaxla"' ’xn—l] U PRERIS AR ,yn—l]-
By taking the sum of the above n + 1 identities and applying Eq (2.1), we get

n—

1
=Ry syulsxts e Xami] _Z[[Yb"‘ YVl X1y X X ]
=1

=
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+Z(—1)j_l([h [)’j,xl,"' s-xn—l],yla"' Vs ’yn—l]
=1
+ Z [[)’j’xl,"' ,Xn—l],)’h"' N A ,yn—l])
i=1i%
= _nh[[yh'" ,yn]’xla"' ’xn—l] +
SN C VUl | TSR Y (S VIRTRIS TR
-1
= 0. :
We denote
Aj = (—1)""! [[yi,xu"' X1 |1 Yy P
i=1it
B, = (v, syalsxt,oe shxi, o xq], 1 <i<n—1.

Then, the above equation can be rewritten as

; (_1)i_1 [h [yhxl’“ * ,xn—l] 5y1".' ’j\)i"' *
n n—1

+ Z A] - Z Bi = 0
j=1 i=1

By applying Eq (2.1) to A;, 1 < j < n, we have

’yn] -

| 1<j<n,

[h[yl’ ayn]axl"" ’xn—l]

2.7)

A, = Z (=1)"! [[yi,xl,... X1 Via e Ry D ,yn]
Py
- [[yl,... hyj, - ,yn],xl,... ,xn_]]
=17 [y x|y B
Thus, we get
A; = [[yl,"'ahyj”"a)’n],xla"',xn—l]
=1 =1
+Z(—1)j[[h}7j,xl,"' ,Xn—l],yl,"' Vs ,)’n]
=1
- l’l[ [yl,"',yn],x1,"',xn—1]
+ (—1)j[[hyj,xl,"' ,Xn—l],)’b"' Vs ,)’n]~

—

j=
By applying Eq (2.1) to B;,1 <i <n -1, we have
Bi = [[YI,"' 5yn]’-x17“

AIMS Mathematics
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Z(_I)J’—l [[yj,xl,... Jhx, - ’xn_l],yl,...)sj,... ,)’n]-
=1

Thus, we get

._.

gl
Ma

n—1 n—

S -
1

i=

(- 1)}'—1 [[yj,xl,... Jhxg, - ’xn—l]’ylf"),}j"" ,yn]

i=1

S ~.

—_ =

s |

= (- 1)/ [[yj’xl,... B, ,xn_l]’yl’...}sj’... ,}’n]‘
=1 =l

Note that, by Eq (2.2), we have

n—1
Z(_l)]_l [[Yj,xl"" ahxi"” 7xn—1:|ay1’.”5]ja”' ’Yn]
i=1

A

= (—1)"‘1n[h[yj,x1,--- Xy Xy 1] NITRERS TREE ,yn]
+(=1) [[hyj,xl,"‘ X, ,xn-l],yl,---y,-,--- ’yn].
Thus, we obtain

n—1 n

ZBi = (—1)"'n [h [)’j»xl"" s Xyt ,xn—l]’)’b“'f’j"“ ’yn]
)

i j=1

+2(—1)j[[hyj,xb“- X, ,anl],)’b"'f’j,"‘ ’yn]'

j=

By substituting these equations into Eq (2.7), we have

Z(—l)i_1 [h [)’i,xl,"' axn—l]»yl"“ ,}A’i,"' ,yn] - [h [y1,'~ ’yn]axla"' ’xn—l]

i=1
+nhyi- -yl s Xn1] Z( W[y x| oy 950

_Z(_l)j—ln h Vjs Xyttt s Xjye o ,Xn—l],}’h"‘f’j,“' ,yn]
=1

_Z(_l)j[[hyf’x""' X ,xn_l]’yl,...yj’... ’yn]
- 0,

which implies that
(n— 1)(2( D[R is X1 s Xt Y1 5 9 >Vl + [R1s 5 Vu]s X155 Xt ]) = O,

AIMS Mathematics Volume 9, Issue 3, 6709-6733.



6715

Therefore, the proof of Eq (2.4) is completed.
(3) By Eq (2.2), forany 1 < j <n+ 1, we have

(_1)j_1n[yj’xl,"' ,xn—l] [yl,"' Vs 9yn+l]
n+l

= Z (-1! [yl,'" ) Vi [)’j,xl,"' ’xn—l]"" Vs ,)’n+1]-

i=1i#]
By taking the sum of the above n + 1 identities, we obtain
n+l

Z(_l)j_ln [yj’xl»"' 9xn—1] [yl9"' ’)’}j"" ’yn+l]
=1

n+l  n+l

= Z Z (-1 [)’1,"' ) Vi [yj’xl,"' ,xn—l]a"' B ARE ,}’n+1]-

=1 i=Li#j
Thus, we only need to prove the following equation:

n+l  n+l

Z Z (—1)j_1 [yl"" > Vi [)’j,xl,"' ,Xn—l],"' Vi ,Yn+1] = 0.
j=1 i=Li#j
Note that
n+l n+l
Z Z (_l)j_l [)’1,"' ’yi[yj’xla"' axn—l]»"' ’j}j"" ’yn+l:|
J=1 i=1,i%j
n+l  n+l
= Z Z (-7 [)’1,"' » Vi [}’j,xb"' ,Xn—l],"' Vjee vyn+1]
i=1 j=1,j#i
n+l i-1
= ZZ(—UHH [)’i [yj’xl"" ,Xn—l],yl,"' Vjrr s i ,)’n+1]
i=1 j=1
n+]l n+l1 ‘
+Z Z (G D 1 TR TRTER Y I TRTERS ARTRIS SRR ]
i=1 j=i+l
n+1
e Z(—l)i [yi [)’1,"' BUEE 9yn+1]7x1"" 7xn—l]
(22) (;21

Hence, the conclusion holds.
(4) By applying Eq (2.2), we have

n2x1 % [V, y2, o+ 5 Y] = 0y n [yi oy
j=1
= Z Z I:yb"' ,Yixl,"' ,)’sz,"‘ J’n]"‘Z[yl,”' ,ijlxz,"' 9yn]
i=1 j:]’j;&i jzl

AIMS Mathematics Volume 9, Issue 3, 6709-6733.
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= [y, vy, |+ i [yl

which gives
n(n_ l)xlxz [y15y2,"' ,Yn] = I:yb”' ,Yixl,"' ,)’jXZ,"‘ ayn:I~

i=1 j=1,j#i
Hence, the proof is completed.
To prove Conjecture 1.1, we need the following extra condition.

Definition 2.3. A transposed Poisson n-Lie algebra (L,-,[—,--- ,—]) is called strong if the following
identity holds:

n—1 .
1 [hyz,xh'” ’xn—l] ) [hy1,X1,'~ ’xn—l] + 21 (_1)1_1hxi [)’1,}’2,)61,"‘ , Xiy e ’xn—l] 2.8)
=0
forany y;,y,,x;€ L,1 <i<n-—1.

Remark 2.1. When n = 2, the identity is

yi [hy2, x1] + y2 [x1, hy1] + hxy [y1,y2] = 0,

which is exactly Theorem 2.5 (11) in [2]. Thus, in the case of a transposed Poisson algebra, the strong
condition always holds. So far, we cannot prove that the strong condition fails to hold for n > 3.

Proposition 2.1. Let (L,-,[—,--- ,—]) be a strong transposed Poisson n-Lie algebra. Then,

Y1 [hy2a-xla"' ’-xn—l] — hy, [yZa-xla"' ,Xn—l] =) [hyl’xl,"' ,xn—l] — hy, [yl’xl"" 7xn—1] (2.9)
forany y;,yy,x;i€ L,1 <i<n-—1.
Proof. By Eq (2.3), we have

n—

1
—hyi [y2, X1, 5 Xt ]+ by [y, X0, X ] = Z(—l)i_lhxi V1, y2, X1, S Ry e X |-
p)

Then, the statement follows from Eq (2.8).
3. Proof of the conjecture for strong transposed Poisson n-Lie algebras

In this section, we will prove Conjecture 1.1 for strong transposed Poisson n-Lie algebras. First, we
recall the notion of derivations of transposed Poisson n-Lie algebras.
Definition 3.1. Let (L,-,[—, - ,—]) be a transposed Poisson n-Lie algebra. The linear operation
D : L — Liscalled a derivation of (L,-,[—, - - - , —]) if the following holds for any u,v,x; € L,1 <i < n:

AIMS Mathematics Volume 9, Issue 3, 6709-6733.
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(1) D is a derivation of (L,-), i.e., D(uv) = D (u) v + uD (v);
(2) D is a derivation of (L,[—,---,—]), i.e.,

D ([x;, - ,x,]) = Z[Xl,"' S Xic1, D (Xi) , Xig1, 0+, Xl
i=1

Lemma 3.1. Let (L,-,[—,---,—]) be a transposed Poisson n-Lie algebra and D a derivation
of (L,-,[—, - ,=]). Foranyy; € L,1 <i<n+ 1, we have the following:

(1)
n+1 .
DL EDTDEID ([, P Yt ])
::—11 n+1 .
=X > EDTDE [y DO S e 3.1)
i=1 j=1,j#i
(2)

n+l

Z (_l)i_lD(yi)D([y]’ ot ’yif o ’yn+1])
i=1

n+l  n+l n+l1

=X D D, DYy DO, DGO, S e, (3.2)

i=1 j=1,j#i k=j+1 k#i

J
where, for any i > j, 3, denotes the empty sum, which is equal to zero.
i

Proof. (1) The statement follows immediately from Definition 3.1.
(2) By applying Eq (3.1), we need to prove the following equation:

n+l  n+l

Zl Zﬁ(—l)l’—lnl)@a i DO, 5y
i=1 j=1,j#i

n+l  n+l n+1

= Z Z Z (—1)i”l)’i[)’1,"' D)), ., Dy, P ’yn+l]-

i=1 j=1,j#i k=j+1 k#i

n+1

Forany 1 <i <n+1,denote A; :=n (—1)i‘1D(yl-) [y1,~~- D), P ,yn+1]. Then, we
j=1,j#i
have
n+l  n+l n+1
DD DTG [y DG, B Y] = D A
i=1 j=1,j#i Py
Note that

Ai = (_1)i_1(nD()’i) [D(}’l),yz"' . ’S}i"” ’}’n+1] +”D()’z) [}’1,D(yz)’}’3,"' ’j}ia” . ayn+1]
+--- +nD()/1) [yly"' ’j\}ia"' ayn’D(yn+1)])

AIMS Mathematics Volume 9, Issue 3, 6709-6733.
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= (—l)i_l([D(Yi)D()’I) Y2, aj\)h“ ' ’yn+1]

n+l
+ Z D(Yl) Yo, '9ykD(yl) "’j\lia"'ayn+l]
k=2.k+i
+[y1, DODDG2), Y3, 3 Pis e+ s Y1 ]
n+1
+ Z [yl,D(}’Z),)’3»"' a}’kD()’i),"‘ ’j}i’.” ayn+1]
k=1 j#2,i
+ [y P s Y D)D)
+ Z [yla"' ,,VkD()’i)»"' 9571'5"' ’)’n,D(YnH)])
k=1 k#i
n+l
= D [y DODDGY, S Y
=1, j#i

n+l n+1

HEDTE T [y DO DO, S Y |

j=1,j#i k=Lk#ji

Thus, we have

n+1 n+l  n+l
DA = > [ DOPDG, Y
i=1 =1 i=1,i#j

J n+1 :—(—1 n+1

D000 D ED T e DO DO, B Y

i=1 j=1,j#i k=1k#i,

= T1 + T2,
where
1 n+l
Tl = Z Z 1), 1 y19 ,D(Yj)D(Yi),"‘ 95}.[',“' ’yn+1]7
j=1 i=li#j
n+1 +1 n+1
T, := Z(Wﬂm D). DO S Ve |
i=1 j=1,j#i k=1,k#i,j
Note that
n+1
Ty =) By
ji=1

where Bj; = (=1 [y, . DYDY+ .97+ et | forany 1 < j # i < n+ 1, and By = 0 for
any l <i<n+1.
For any 1 < i, j < n+ 1, without loss of generality, assume that i < j; then, we have

Bji+Bij

AIMS Mathematics Volume 9, Issue 3, 6709-6733.
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which implies that 7 =

= 17y DOPDO, S Ve

+(=1)"! [yl,... iy

- 0,

n+l1

Z B]l = O
Ji=1

n+1

Thus, we get that ), A; = T5.

We rewrite

where
M,
M,
M3

Note that

AIMS Mathematics

i=1

n+l n+l n+l

Z Z Z (_1)inyi[y1,'--,D(yj),'

i=1 j=1,j#i k=j+1,k+i
n+l  n+l n+1 n+1

(1)

[

i=1 j=1,j#i k=j+ 1 k#i t=1,1#jk,i

= (-1)/! [yl’... ,DG)YDGY), - 5
H(=D) T Yy DOADG). P

,yn+1]
,yn+1]
,)’n+1]

. )’1,"' 9D(yj)a"' 9D(yk)a"' 7ytyi9“' 95}1'9"' ’yn+1]

n+l  n+l n+1

DIPIID RS

i=1 j=1,j#i k=j+1 ki

n+l  n+l n+l1

)02, 2, EU e Doy,

i=1 j=1,j#i k=j+ 1 k#i
A4i +'A4é +'A4é,

n+l n+l n+1 n+1

IPIDIIDEY

i=1 j=1,j#i k=j+ 1 ki t=1,1# ki

'I:yla"' ’D(yj)a 7D(yk)a"' s YeYis

n+l  n+l n+l

i=1 j=1,j#i k=j+1 ki

n+l  n+l n+l

i=1 j=1,j#i k=j+ 1 k#i

n+l  n+l n+l n+l1

DWW

=1 j=1,j#i k=j+ ki 1=1,1#j,k,i

‘[}’1,'“ D)y DO Y

,yiD(y j),

DD D e w0y,
Z Z Z (=D [y1. - . DGy

D), i ’yn+1]
o DOy P ,yn+1]
s ViDR), - i ’yn+1]
i ,)’n+1],
e, D), Vi ,yn+1],
S YiDOK), -+ Pis e ’yn+1]'
e ]

Volume 9, Issue 3, 6709-6733.
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n+1

= Z Bijkt’
i, jkt=1
where
0, if any two indices are equal or k < j;
ijkt = . A .
! (_l)l [yla." 7D(yj)9“' ,D(Yk),"' ’ytyia“' 7yl'9“' ’yn+1]9 OtherWISe‘

For any 1 < j,k < n + 1, without loss of generality, assume that ¢ < i; then, we have

Biji + Byjki
= (=D [y . DD, DO,y Bt e
D [y DG, DO, S Vi e
= (D 1 DG, DO, Y Bt e

+(_1)t+i_t_l [yl,“' ,D(Yj),"' ,D(Yk)"" ,Yt)’i,"' ’j}h.“ ,)’n+l]
= 0,

which implies that M, = 0.
Therefore, we only need to prove the following equation:

M, + M;
n+l n+l n+1

= > > D, DT e DO DG i Y |

i=1 j=1,j#i k=1,k#i,j
First, we have

n+1 n+1
D [y 3iDO, -+, DGR 9 Y
j=1,j#i k=j+1 ki
n+1 n+l
+ 0 D> E e DO DO T Y
j=1,j#i k=j+1,k#i
n+1 k—1
= D> D ED i DO i Ve
k=1k#i j=1,j#i
n+1 n+1
+ Z Z (—1)i[)’1,"',D()’j)a“")’iD(Yk),"'»)A’i,"")’n+1]
j=1,j#i k=j+1 ki
n+l j—1
= > D, CD e wiD, DO S Y
j=1,j#i k=1k#i
n+1 n+l
+ 0 D, ED e DO DO I Y

j=1,j#i k= j ki

AIMS Mathematics Volume 9, Issue 3, 6709-6733.
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n+1 n+1

-5 S cipe

Jj=1,j#i k=1,k#i,j

Thus,

M, + M;

n+l  n+l n+1

= Z Z Z (—1)i[y1,---,D(yj),---

i=1 j=1,j#i k=1,k#i,j
n+l  n+l n+l

— i

= > > > D
Jj=1 i=L,i#j k=1,k#i,j

n+l  n+l i—1

= D02 D, -

J=1 i=1isj k=1k#]

n+l  n+l n+l

0 D D v DOy, B

j=1 i=1,i#j k=i+1,k#]

Note that, forany 1 < j <n+ 1, we have

n+l1 i—1
Z Z (—1) [yl’... .D(y)), -
i= it ] k=1 k%)

—_

i—

12
[

i=Li#j k=1,

5~

#J

—_

n+l1 i—

[

=D v

i=Lizj k=1 k#j

- =

n+1 i—

= (=D [y,

=1,i#) k=1 k]

Similarly, we have

n+1 n+l

S5 -

i=1,i#j k=it+1,k#]

n+l n+l

= > D, =D,

i=1i#] k=i+1 k]

Thus,
M, + My
n+l n+l i—1
k—1
D IDIPINC it
J=1 i=Lizj k=1k#]
AIMS Mathematics

=1 [y1s- -, DO+

o ’D(YJ)’ ’yiD(yk)"" 9571'9"' ’yn+l:|'

9yiD(yk)9"' aj\)ia' o 7yn+l]

o, D(y)), -

,}’iD()’k),"' ’j\}i" t ,}’n+1]

: ’D(yj)a”' ’YiD()’k)"" 75;i7"' ’)’n+1]

DO, Y|

9yl'D(yk)’.“ aj\)i" o 9yn+1]

3 Vi1 YiDk)s Yiewt> =+ 5 Div - ,Yn+1]
DG -

3 Yie1, YD), Yists -+ ,yn+1]

D(Yj),"' Vs D), - ,Yn+1]-

: ’D(yj)"" »5\71'"" ’yiD(yk)"" ’yn+1]

DO DO e Y.

e aD(yj)7"' aj}ka"' ,yiD()’k),"' ,yn+1:|
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n+l  n+l n+1

200 D, U e DO 3D, -

j=1 i=1,i#] k=i+1k#)

n+l n+l n+1
DT D e DOy, DO,
j=1 i=1iz] k=1k#i,j

n+l n+l n+l
D00 D D e DOy, DO,
k=1 j=1,j#k i=1,i#jk

n+l n+l n+l

2 2

i=1 j=1,j#i k=1k#ji

D7 [y DO, DG, -

The proof is completed.

,yk’...

A
’)71',"'

e ]

,yn+1]

’yk’.. ' ’yVH—]]

,yn+l]-

Theorem 3.1. Let (L,-,[—, - ,—]) be a strong transposed Poisson n-Lie algebra and D a derivation
of (L,-,[—, - ,—]). Define an (n + 1)-ary operation:

n+1

Hps1(X1, 000 X)) 1= Z (DD X1, Fis et X ]
P

forany x; e L,1 <i<n+1.Then, (L, ,s1) is an (n + 1)-Lie algebra.

Proof. For convenience, we denote

st (X150 5 Xp1) 1= [X0, 0+, X ]

On one hand, we have

33)

33)

AIMS Mathematics

[[yla"' ,)’n+1],x1,"‘ ,Xn]

n+1

Z(—l)i_l [D(Yi) [yl,--- S Vis et ,Yn+l]»xl,"' ,Xn]
i=1

n+1

D EDTDDE [y Py D D]
i=1

n+l n

+ ) ) D) (DO b,

i=1 j=1

s Vis e
n+1

Z D)D) [y 2 Pir e s Yuet ] [+ X
i=1

n+1

+ EDTDEID(r 5 ywa D e x)
i=1

n+l n

£ DD [P [y

i=1 j=1

A
ayia”'

9yn+1]’xl""

9yn+1]9x19"'

(3.3)

,xj’...

,xj’...
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n+1

Z(_l)i_lDz(yi) [)’1,"' ,j}b"' ,Yn+1] [.XI,"' ,.Xn]
i=1

3.1

n+l  n+l
+Zlk;; .(—l)i‘lD(yi) PRI 2167/ JERRI e
1=l k=1k#1

n+l n

,)’n+1] [XI,' o a-xn]

+ZZ(_1)i+j_lD(xj) [D(Vl) [yl’... ’j}i’... ,yn+1]’x1"" ’)?j"" ’xn]

i=1 j=1
n+1

= Z(_l)i_lDz(yi) [)’1,"' ’j}b"' ayn+1] [XI,"' 7-xn]
i=1

n+l k-1
+;ZI(—1)“HD@» (DO Y1 i T
n+l n+l

+Z Z (=D D) [DOR), Y1y s+ P+

k=1 i=k+1
n+l n

o ayn+l] [xla”' ,Xn]

,)’n+1] [xla e ’xn]

+ZZ(_1)i+j—1D(xj) [D(y,-) V1 2Pt s Vet ] s s e s R ’xn]_

i=1 j=1

On the other hand, for any 1 < k < n, we have

(_1)k_l [[ykaxb"' ’xn]’yl,"' ,)A’k"" ,)’n+1]

(3.3) _ A
= EDMDOR %]y Dk Y]
DD [y xR x] v
j=1

3.3) _ ~
= (D'DDG) xS X ) [ P s Yned ]
k-1

+ D EDIDE) DO Dx, -+ 5 xd 31,00 55+
i=1

n+l1

+ DD DO Dxns e+ 5 Xl Y1 P

i=k+1

+ DD [y xR x [
j=1

n  n+l

+> > (=)D

Jj=1 i=k+1

'[D(xj)[yk’xl".' a-ﬁj".' ,xn]’)ﬁ,"‘ 95}]("” ,j}h“'
n k-1

(=D DGy

j=1 i=1

-[D(xj)[yk,xl,m R ,Xn],yu"' ST

AIMS Mathematics

yk’ e ayn+1]

75)]("” ,Yn+1]
75}i7”' ’yn+1]

95\71{" o 7yn+1]

ayn+1])

ayn+1])
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= (DD [ Xl [V P s Vst ]

k—1
+ 3 EDIDE) DO Dt 2 Xy B3 Fo e 2 et
i=1

n+1

+ 3 DD DGO [0+ XV S 296+ s Y]
i=k+1

£ EDFDP00) [y xR D S Y]
j=1

n  n+l

+ ) (D)D)

Jj=1 i=k+1

'[D(xj)[yk,x1,"' R ’xn]’yl’... s Py ,yn+1])
n k-1

+, 2, (VDG

j=1 i=1
[D(x]) [)’k,xl,"‘ ’-)%ja"' ,xn],)’h"' 9571'9”' ’)A’k,"' ,Yn+l])
+(=D'DGID(x1, - XD s 2P s Vst ]
+ 3 DDy xR xS Y]

J=1

3.2) _ ~
= (DD [ Xl [V s P s Vst ]

k-1
+ D) DO Dt 5%l ¥ P Fo e+ > Y]
i=1

n+l1

+ Z (_1)i+kD@i) [D(}’k) [xl"“ ’xn]’yl"” 75)](’.“ ’S}i"'. ’)’n+1]
i=k+1

+Z(_1)j+k_1D2(xj) I:ykaxla"' a)?:ja"' axn] [yl,". ,j}k"" ,)’n+1]
j=1

n  n+l

+> > (=)D

Jj=1 i=k+1

'[D(xj) [ykax],"' S X, ,Xn]’)ﬁ,"‘ B/ SEERIN VACER ’yn+]])
n k-1

£ (=D DGy

j=1 i=1

'[D(xj) [)’k’xl"" S X ,Xn]a)’h‘" Vist 3 Vo a)’n+1])

+Zn] Z =Dy [, DGy, DD, ] D590+ Yne]

j=1 t=j+1
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0D ED I DOO X1 DO ] [ S Y]
i=1 j=1,j#i
+Z Z Z (_1)k+ixi [)’k’ Xi,oce ,D(xj),D(-xl)" T Xyt ,xl’l:I
i=1 j=1,j#i t=j+11#i
'[}71,"' 75\7169"' ,)’n+1]~
We denote
n+l 7
D EDT I ml v Syl = ) A
i=1 i=1
where
n+l
Ar = Y EDTDO) [ S vl
i=1
n+l n
A2 = ZZ(—l)k+J_1D2(Xj) I:yk9-xl7"' ’),‘\:ja"' ’xn] [yla“' 35}](9'.' 7yn+1]9
k=1 j=1
n+l n
A o= > ) Z =1y [, DO, -+ DG, % s By,
i=1 j=1 k=j+1
n+l n
ey Z Z (=D [y 1, D)), D), -+ i
k=1 i=1 j=1,j#it=j+1t#i
'[)’1,"' 75)]("” ’yn+1])7
n+l k-1
As = 3 (=DMIDE) [DGR x5 %l ¥ 90 B Y]
k=1 i=1
n+l n+l
£33 EDEDON DO [t 2]y S S Y
k=1 i=k+1
Ag = ZZ Z (=D [P, x1. D), R
k=1 i=1 j=1,j#i
'[y s "7 ,}’k"" ,Yn+1])
+1 n  n+l
Ay = ZZ D (=DMD(y)
k=1 j=1 i=k+1
: D(xj)[Yk,xl,"' 7-5(\:j7“' ’xn],YI"" 75\)/(’". ’j\;i’." ,Yn+1])
n+tl n k-1
£ (DD ()
k=1 j=1 i=1
'[D(xj) [Yk,xl,"' ,)ACj,"' ,Xn],Yb"' ’)A)i"" ,}A’k,"‘ ,yn+1])-
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By Eq (2.5), for fixed j, we have

n+l1
Z (_1)k+j_lD2(xj) [}’k’ X, -0 9)2]" Tt 9-xn] [)’1, Tt 95\71{9' o ’)’n+1] = 0
k_
So, we obtain that A, = 0.
By Eq (2.3), for fixed j and k, we have

n+l

Z(_l)l}’i I:xl,"' ’D(-xj)"" ,D(Xk),"' ,xn] [Y1,"' ’)A’i"" ,)’n+1] = O
i=1

So, we obtain that A; = 0.
By Eq (2.5), for fixed j and ¢, we have

n+1

Z(_l)k+ixi [yk9xl9"' aD(xj)’D(-xt)9"' a)’ei"" axn] [}71,"' ’j}k"" ,)’n+1] = 0

So, we obtain that A, = 0.
By Eq (2.9), for fixed i and k, we have

DD [DGR) X155 Xy i s Do 5 Y]
+H(=D™ D) [DO) [x1, -+ %oyt 3P Do+ Y]
= (=D"'DO) DGOy P P Ve [ X

+(=D™*DO) [DOD), y1, -+ i 3P s ymet] [X1, -+, xa]

Thus, we obtain

n+l k-1

AS = ZZ(_I)k+i—1D(yi) [D(yk)’yla"' ’j}i’... ’j}k’... ’yn+1] [xl,... a-xn]
k=1 i=1
n+l n+l

+Z Z (_1)i+kD(yi) [D(Yk)’)’b"' ’5)/("" ,j\;ia”' ’yn+1] [X],"' 7xn]-

k=1 i=k+1

By Eq (2.3), for fixed j and k, we have

Zn:(—l)k”xi | DGO, X1, D)), i
i=1

DD [, DG, -+ x| + (CDFTDG) [P, x - x]

Thus, we get

n+l n

Ay = ZZ(_I)k+jD(y") [D(xj),xl,--- R ,xn] Vs 3P s Vet

k=1 j=1

(=D D) [ D), x1, -+ %o+ s 2|+ (DD [DG), 1+ 3]
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n+l n

£ EDIDE) [DOD X1l [V e Ve -

k=1 j=1
By Eq (2.4), for fixed j and i, we have

n+1

DT DD [ D)) [y 20, R ] oy S Y]
k=i+1

i-1
+;(_1)k+i+jD(yi) [D(Xj) [yk’xl,"- ,)AC]‘,--- ,xn]»YI,"' s Vi ’ynﬂ]

= (_1)j+i_lD(yi) [D(xj) [y19“' 95)1'5"' ’yn+l]9~xl9“' 5)’6]'"“ 9xn]-

So, we obtain

n n+l

A7 = Z(_l)j+i_lD(yi) [D(x/) [yla"' 75}1'7“' ’yn+l]’xla“' 75(\:‘/'5”' ,Xn].

j=1 =1

By Eq (2.9), we have

(=)™ D(y;) [D(Xj),XI,"' Ry ,Xn] i, s Pie e s Yunt]

+H=D™ID) DG, x1, -+ xa] [vnse39ise e Yunt]

+DDE) [ DG D 3B Y] X R ]
= (DPIDE)[DON [ Fi s ywet xR

So, we get

n+l n

Ag+ A7 =) > (D) [DOD [y 5o+ syl X, &L 3

i=1 j=1
Thus, we have

7
ZAi =A1+As+Ae+ A7 =[[V1, oY1) X1, L X
P

Therefore, (L, u,+1) 1s an (n + 1)-Lie algebra.

Now, we can prove Conjecture 1.1 for strong transposed Poisson n-Lie algebras.

Theorem 3.2. With the notations in Theorem 3.1, (L, -, i,+1) is a strong transposed Poisson (n + 1)-Lie

algebra.

Proof. For convenience, we denote . (X1, -+, Xu+1) := [X1,- -+, Xu41] . According to Theorem 3.1,

we only need to prove Egs (2.2) and (2.8).
Proof of Eq (2.2). By Eq (3.3), we have

n+l
[xla.” 7hxi"" ,.X,H_]]
i=1

AIMS Mathematics Volume 9, Issue 3, 6709-6733.
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23)

(3.3)

22

(3.3)

AIMS Mathematics

n+1

D(hX1) [-xz" o 9-xn+l] + Z (_1)1_1D(xj) [hX1,X2,' o ’),eja' o axn+l]

=2
n+l
i1 R
_D(h-x2) [X],.X3, e ,xn+]] + Z (_I)J D(-xj) [xlahXZ’ X3, ,Xj, e ,xn+]]
j=Lj#2

oo (1D [, 2]+ Y (DD [ R x|
j=1

n+1

D DD [, R
i=1

n+l  n+l

_,_Z Z (—1)j_1D(Xj) [xl,,"' X, Ry

i=1 j=1,j#i

n+1

D DD [y, e

i=1
n+l  n+l

£ DD [,

j=1i=L,i#j

n+l1

DD TRDG) xS
i=1

n+l1

+ D DT GDU) [y, R
i=1

n+l n+l

+ Z Z (=1 D) [xi.

Jj=1i=Li#j
n+l

DD RDG) Dxn - i
i=1

n+l  n+l

+Z Z (—l)j_lD(Xj) [xl’... JhXi e Ry

Jj=1 i=Li#j

n+l  n+l

hlxy, -+, Xpl +Z Z (-1)"'D(x)) [xl,---

Jj=1i=1i#j

n+l

s Xn]

> xn+1]

,hxl.’...,xj,...

T xn+]]

> -xn+]]

’hxi’..- ’xj,..-

) xn+1]

) xn+l]

’ -xn+1]

’ xn+1]

’ xn+l]

A

9h~xi"“ 9~xj"'. ’xn+l:|

h[xla.” 7xn+]] +nhZ(_1)1_lD(x]) I:xl"'. ’)?:ja". ’xn+1]
j=1

hilxiy, - Xl +0h[x), -, Xpi]

(l’l + 1)h [-xla' o ’Xn+l] .
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Proof of Eq (2.8). By Eq (3.3), we have

Y1 [hY2,xl,"' ’xn] - [hylaxla"' ’-xn] + Z(_l)i_lhxi [yl,)h,xl,"' ’)%i"" ’xn]
i=1

= yiy2Dh) [x1, -+, %, + yi1hD(2) [x1, -+, x,] = yiD(xy) [hya, X2, -+, %]
+y1D(x2) [hy2, X1, X3, -+ 5 X | + -+ + (=11 D(x,,) [y, x1, -+« 5 X ]
—}’2y1D(h) [x1,- . x,] —Y2hD()’1) [x1, -, x,] +)’2D(X1) [h)’bxz, ce ,xn]
—y2D(x2) [hy1, X1, X3, -+ 5 X ] + -+ (= 1) '3 D(x,) [y, X1, -+ 5 Xt |
+hx1D(y1) [y2, X2, -+ 5 X | = hx; D(v2) [v1, X2, - -+ 5 X
+hx1D(x) [yl,}’2,x3, T ,xn] +o+ (—1)"+1hx1D(xn) [)’1,)’2,)62, s 7xn—1]
—hxyD(y1) [y2, X1, X35 -+ 5 X | + hxaD(y2) [y1, X1, X35+ X
—hx,D(x1) [Y1, 2, X3, -+ 5 X + -+ (=12 hoaD(x,) [V1, Y20 X1, X357+ + 5 Xt ]
+oo (1", DO [y X1s e s Xt |+ (51 hx, DO [y, X1, -+ > Xt
+(_1)n+1han('x1) [ylayZ’ x27 Y xn—l]
+o o (D, D) [V15 Y25 X150+ 5 Xnoa]
= —y2hD(y)) [x1,- - s x,] + hx1 D) [y2, X2, -+ 5 X

DT RGDO) [y2, X1, B ]

=2
+y1hD(y2) [x1, - -+, Xu] — hxi D(y2) [y1, X2, -+ X
+ ) (1 RGD) [y, X1, R, %]

=2
-y1D(xy) [h)’2,x2, s 9xn] + y2D(x1) [hyl,xz, e ,Xn]
# ) DT hGDO) [y 32, X0, B

=2

+y1D(x2) [h)’2, X, X3, 00, Xn] - y2D(x,) [h)ﬁ s X1, X350, Xn]

+hxlD(x2) [yl9y2a X3yt ,.Xn] + Z (_1)ihxiD(x2) [yl’yza X1y X350 »ﬁia ot »xn]

i=3
o (=19 D) [y, X1y -+ X ]+ (=1 32 D(x,) [y, X1, -+ 4 X |
n—1
£ D D) [y v, X R X
=1
= A1 + A2 + Z B,‘,
=1
where
._ C i1 A
Ay = =»hD@y) [x1, -0, x,] + Z(—l) hxiDOn) [y2, X1, s Xiy o+ Xl
=1
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Ay = kDG x5+ ) (D RGDO) [y, 51, R, %),
i=1

and, forany 1 <i<n,

Bi = (_1)ly1D(xl) [hy29x1?”' 7-)/‘\:i?"' 7-xn] +(_1)i_1y2D(xi) [hy]’xla"' ’-Q'l"”' ’xn]
i—1

# D D hGDOG) [y, v, X1 R S )

=1

+ L DYRDE) [y, 30, 31, F e B X

Jj=i+l

By Eq (2.3), we have
— n i-1 A _
Ar = BDGD) [ =ya[x, %]+ (=D [y, x e K] | =0,
i=1

Similarly, we have that A, = 0.
By Eq (2.8), for any 1 <i < n, we have

Bi = (_1)iD(xi)()71 [hyZ’xl"“ 5561'"“ a-xn] - [hybxl,”' ’j‘i’”. 3xn]
i—1

+Z(_1)J71hx] I:yl’y2’xl"'. 7-£j’." 7-£i’." ’xn]
j=1

+ i (_l)jhx] [YI,yZ,xl»"' 95&1"“' ’)’ej"“ 9xn])
Jj=i+l

= 0.

Thus, we get
Vi Ay, X1, 5 %] = y2 [Ay1, X1, %] + Z(—l)i‘lhxi [V1, 2, X150+ s Xiy e+ 5 X,] = 0.
i=1

The proof is completed.

Example 3.1. The commutative associative algebra L = k[x|, x5, X3], together with the bracket
[x,¥y] :=x-Di(y)—y-Di(x),Yx,y € L.

gives a transposed Poisson algebra (L, -,[—, —]), where D\ = 0,, ( [2, Proposition 2.2]). Note that the
transposed Poisson algebra (L,-,[—, —]) is strong according to Remark 2.5. Now, let D, = 0,,; one
can check that D, is a derivation of (L, -,[—, —]). Then, there exists a strong transposed Poisson 3-Lie
algebra defined by

[x,y,2] := Dao(x)(yD1(2) = 2D1(y)) + D2(y)(zD1(x) — xD1(2)) + D2(2)(xD1 (y) — yD: (%)), Vx,y,z € L.
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We note that [xi, X2, x3] = x3, which is non-zero. The strong condition can be checked as follows:
For any h,y\,y,, 21,20 € L, by a direct calculation, we have

yilhy2,z1,22]1 = y121hD1(22)D2(y2) — y122hD1(21)D2(y2)
+y1y221D1(22) D2(h) — y1y222D1(21) D2 (h)
=y1Y2hD1(22)D2(21) + y122hD1(y2)D2(21) + y1222D1(h)Da(21)
+y192hD1(21)D2(22) — y121hD1(y2)D2(22) — y1y221D1(h)D2(22),

-wlhy1, 21,221 = —y221hD1(22)D2(01) + y222hD1(21) D2 (y1)
=y1Y221D1(22) D2 (h) + y1y222D1(21) D2 (h)
+y102hD1(22)D2(21) — y222hD1(y1)D2(21) — y1y222D1(h)D2(21)
—y12hD1(21)D2(22) + y221hD1(y1)D2(22) + y1221D1(h) D2(22),

hzily1,y2,221 = hy21D1(22)D2(y1) — hz122D1(y2) D2 (y1) — hy121D1(22) D2 (y2)
+hz122D1(y1)D2(y2) + hy121D1(y2)Da(22) — hy221D1(y1)D2(22),

—hz[y1, 2,211 = —hy:22D1(z1)Da(y1) + hz122D1(y2) D2 (y1) + hy 122D (21) D2 (y2)
—hz122D1(y1)D2(y2) — hy122D1(y2)D2(21) + hy 22D 1(y1)D2(21).

Thus, we get
Yilhy2, 21, 221 = y2lhyr, 21, 221 + hzi[y1, y2, 221 = hza[y1, 2,211 = 0.

4. Conclusions

We have studied transposed Poisson n-Lie algebras. We first established an important class of
identities for transposed Poisson n-Lie algebras, which were subsequently used throughout the paper.
We believe that the identities developed here will be useful in investigations of the structure of
transposed Poisson n-Lie algebras in the future. Then, we introduced the notion of a strong transposed
Poisson n-Lie algebra and derived an (n + 1)-Lie algebra from a strong transposed Poisson n-Lie
algebra with a derivation. Finally, we proved the conjecture of Bai et al. [2] for strong transposed
Poisson n-Lie algebras.
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