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Abstract: Our study analyzes the two models of the nonlinear Schrodinger equation (NLSE) with
polynomial law nonlinearity by powerful and comprehensible techniques, such as the variational
principle method and the amplitude ansatz method. We will derive the functional integral and the
Lagrangian of these equations, which illustrate the system’s dynamic. The solutions of these models
will be extracted by selecting the trial ansatz functions based on the Jost linear functions, which
are continuous at all intervals. We start with the Jost function that has been approximated by a
piecewise linear function with a single nontrivial variational parameter in three cases from a region
of a rectangular box, then use this trial function to obtain the functional integral and the Lagrangian of
the system without any loss. After that, we approximate this trial function by piecewise linear ansatz
function in two cases of the two-box potential, then approximate it by quadratic polynomials with
two free parameters rather than a piecewise linear ansatz function, and finally, will be approximated
by the tanh function. Also, we utilize the amplitude ansatz method to extract the new solitary wave
solutions of the proposed equations that contain bright soliton, dark soliton, bright-dark solitary wave
solutions, rational dark-bright solutions, and periodic solitary wave solutions. Furthermore, conditions
for the stability of the solutions will be submitted. These answers are crucial in applied science and
engineering and will be introduced through various graphs such as 2D, 3D, and contour plots.
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1. Introduction

The nonlinear Schrodinger equations (NLSEs) are extensively used to describe numerous crucial
phenomena and dynamic processes in various fields such as fluid dynamics, plasma, chemistry,
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biology, optical fibers [1-4], nuclear physics, stochastic mechanics, biomolecule dynamics, dynamics
of accelerators, and Bose-Einstein condensates [5—10]. The last few decades have seen significant
advancements in the field of nonlinear optics [11-13]. These equations also appear in other forms
of nonlinearities, such as cubic-quintic (CQ), cubic-quintic-septic (CQS), power-law, logarithmic
nonlinearities, and various other forms. There is a growing interest in studying soliton pulses that
can propagate without changing their shape in optical fibers [14, 15].

Therefore, obtaining the exact soliton solutions of these NLSEs can help us to understand these
phenomena better. In recent years, several effective approaches have been developed to construct
accurate solutions of these equations. For example, the simple equation method [16], Kudryashov’s
method [17], the Jacobi elliptic function method [18], the inverse scattering method [19], the extended
trial function method [20], the tanh method [21], the F-expansion method [22], generalized extended
tanh-function method, the sine—cosine method [23], the generalized Riccati equation method [24], the
new ¢%-model expansion method [25], Hirota bilinear method [26], the exp-function method [27], the
Darboux transformation [28], the auxiliary equation method [29], the Binary Bell polynomials [30], the
extended hyperbolic function method [31], the homogeneous balance Method [32], the (%)-expansion
method [33, 34], the exponential rational function method [35], the Bécklund transformation [36], the
homotopy perturbation method [37], the modified Kudryashov method, the sine-Gordon expansion
approach [38], the Riccati-Bernoulli sub-ODE method [39], the modified extended direct algebraic
method [40], the truncated Painlevé expansion method [41], the (G'/G, 1/G)-expansion method [42],
the tan(¢/2)-expansion method [43,44], the soliton ansatz method [45,46], and so on.

Researches have been conducted on the study of NLSEs with the polynomial law of nonlinearity.
For instance, Seadawy et al. [47] established soliton solutions using the extended simplest equation
method, and they also described this model [48], which includes the conservation principles for
optical soliton (OS) with polynomial and triple power law nonlinearities, while Aziz et al. [49]
discovered chirped soliton solutions by utilizing Jacobi elliptic functions. Furthermore, this model was
discussed by Dieu-donne et al. [50], who examined the optical soliton (OS) solutions with two types
of nonlinearities, which are triple power and polynomial laws. Sugati et al. [51] also examined this
model, obtaining the traveling pulse solutions to the NLSE when it is treated with both spatio-temporal
dispersion (STD) and group velocity dispersion (GVD).

In this paper, our aim is to investigate soliton solutions for two models of the NLSE that carry the
polynomial law of nonlinearity (cubic-quintic-septic). We will use the variational principle based on
finding Lagrangian, which we will then apply it with different trial functions that have one or two
nontrivial variational parameters. Furthermore, we will employ another technique called the amplitude
ansatz method to extract new solitary wave solutions.

The paper is categorized as follows. In Section 2, we discuss model-I of NLSE with polynomial law
nonlinearity in terms of formulation of the variational principle and finding solitary wave solutions. In
Section 3, we apply the same steps on model-1I of NLSE with polynomial law nonlinearity. Finally,
the work concludes in Section 4.
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2. Schrodinger’s nonlinear equation with the polynomial nonlinear law model I

2.1. Formulation of the variational principle for the Schrodinger’s nonlinear equation with the
polynomial nonlinear law

Nonlinear Schrodinger equation (NLSE) with the polynomial nonlinear law is [47]:
i, + al'y, + by TI0P + b0 + b3 T° = 0. (2.1)

Such that I" is a complex function on the form: I'(x,7) = O(x, ) + i¥(x,t). Since ® and ¥ are real
functions of x and ¢, furthermore |I> = (® + i¥)(® — i¥). Using the variational approach, we will
search for solutions to NLSE with the polynomial nonlinear law. As a result, we derive I" with respect
to x and 7 to investigate the existence of a Lagrangian and the invariant variational principle for this
equation, which are expressed in the following way:

Let M and N are functionals in ® and V:

8@ o*yY

M(©O,¥) =— + a—— + b PO’ + b, P? + b, YO + 2b,0°F* + b,V + b;VO°

Ox? ~ (2.2)
+ 3b3®4‘I’3 +3b;0°Y° + by,
)
N©,¥) == = + a5 + 510 + 510V + 5,0 + 2,9°0° + h,OV" + 530 2.3
+ 303120’ + 3b;0°Y" + b;0Y°.

Put® = A® and ¥ = AY,

1 2
1606 1 6% 1 1 1 1
MO, A¥Y)dl =——— + —a—— —b Y0’ + =b¥? + —b, Y0 + =h,0°¥?
fo ( VA =5 o T 29 Tt Tt T
+ lbzqﬁ + 1173\1'@6 + E133(94\113 + §b3®2\1'5 + 11;3\}'7
6 8 8 8 8 ’
! 10¥ 1 0*0 1 1 1 1
Y - __ g - 3 - \PZ - 5 - \PZ 3
fo N A¥)dA == 5= + sa—s + 2510 + 25 OF + 20,0 + 2by¥°0

1 1 3 3 1
—b,OF* + —b;07 + =h; V0’ + b0’ + —h;OF°.
+ 6 b + 3 3 + 3 3 + 3 3 + 3 3

The consistency conditions are expressed as follows [52,53], where ©,, ¥,, ©, and ¥, stand for the
partial derivatives of ® and W with respect to variables x and ¢. If the system of Eqs (2.2) and (2.3)
satisfies the the previously mentioned conditions, then a functional integral J(®,¥) can be written
down using the formula given by Tonti [53]:

1 1 1 1 1 1
J(©,¥) = f [ZbIG)“ + =00 + ;0% + Ebl@zw2 + 5192@4‘{’2 + 5193@6\1!2

6 8
+ lbp}f“ + 1b2®2‘1’4 + §b3®4\114 + 1192\1/6 + lb3®2\1ﬂ’> + lb;‘PS
4 2 4 6 2 g "
+lve ~ low 4 Lieo +1‘P‘P]d
> t 5 t 2a xx 2a x| AW,

where dw = dxdt.
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The terms ©0,, and WYY, solve integration by parts and choosing the boundary on ®, and 'Y, to be
such that the boundary terms vanish, we get

1 1 1 1 1 1
J(O,¥) = fw [Zb1®4 + 6bz@6 + g193@8 + E191@)2\1'2 + Ebz@“\{ﬂ + 553@)6\?2

1 1 3 1 1 1
+ =b P + = b, O™ + Zh,0°P* + b, VO + b0 + —b B (2.4)
4 1 2 2 4 3 6 2 2 3 8 3

1 1 1 1
+ E\Pe)t - 5@‘1’, - §a®§ - Ea‘l’i] dw,

where dw = dxdt.
We obtain the Lagrangian L as

1 1 1 1 1 1
L(®, %) :Zb1®4 + =by0° + —p30% + =, 0°Y? + —b,0"Y? + —p,0°P?

6 8 2 2 2
1 1 3 1 1 1
bV + —b, @ + Zh,0°P* + —b VO + —b;07YC + -8 2.5
+41 +22 +43 +62 +23 +83 (2.5)
1 1 1 1
+ 570, - SO, - Ea@)i — Ealyi.

We find the value of L in the Euler-Lagrange equations to validate our interpretations:

L 5[] ()

00 0t\00,) 0x\00,
oL _9(oL) o (oL)_
oY  or\o¥,] ox\ov,]

The resulting derivatives give us the system of Eqs (2.2) and (2.3).

2.1.1. The rectangular box

We demonstrate the simplest example of the application of this technique, by taking the box-shaped
initial pulse and an ansatz based on linear Jost functions in a single nontrivial variational parameter in

three cases.
Case 1: We use the following ansatz for ®(x, ) and Y¥(x, #) functions:

100 exp(—u(t — 5)(x = 5)), at x>5,1>5,

O, 1) =3+ 5(x+)5), at |x| <5, |t <5, (2.6)
0, at x<-5,t<-5,
0, at x>95,1>5,

Y(x,t) =45 -5 - x), at x| <5, |1 <5, 2.7

100 exp(u(t +5)(x+5)), at x<-5,1<-5.

We found the values of the Lagrangian L from substituting Eqs (2.6) and (2.7) into Eq (2.5) (see
Figure 1):
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-5 -5 5 5 00 00
J(O,Y¥) = f f L dxdt + f f L dxdt + f f L dxdt,
—c0 J-—0 -5J-5 5 5
-5 -5 00 00
f f L dxdt = f f L dxdt = 0.
—00 J—o00 5 5

By using Mathematica program we get the value of J(®, ) at interval -5 < x <5, -5 <t <5 as

where

10000a 18500000005, N 3040000000000005,

3 9 41 2.8)
, 1760000000000000000b; 25000 :

J(©®,¥) = —

567 3

Figure 1. Show an example of the Lagrangian L(x, f) with Eq (2.5), in the interval =5 < x < 5

and -5 <t < 5, by choosing the trial functions (2.6) and (2.7) ata =3, by = 2, b, = %, b =
1

Case 2: Assume O(x, t) and ¥(x, ) for the Jost function as the following:

20exp(—u(t = 5)(x—=5)), at x>35,1t>5,

O(x, 1) =3t+ x+ 10, at |x] <5, |f| <5, 2.9)
0, at x<-5,t<-5,
0, at x>5,1>5,

Y(x,1) =410 -1 - x, at |x] <5, |f| <5, (2.10)

20exp(u(t +5)(x +5)), at x<-5,t<-5.

We found the values of the Lagrangian L from substituting by Eqs (2.9) and (2.10) into Eq (2.5), then
we get

00
J(O,¥) = 3 (=63a + 8820000, + 1458000005, + 2812000000055 + 630) . (2.11)
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Case 3:
%(exp(67r —t—x)—exp(—2r—t—-x)), at x>m t>m,
O(x,t) = {sinh(t + x + 27), at |x|<m, |t <, (2.12)
0, at x<-m, t<-m,
0, at x>m, t>m,
Y(x,t) = {sinh2r — ¢t — x), at x| <m, |t| <m, (2.13)
%(exp(6ﬂ +t+x)—exp(—2r+t+x), at x<-m, t<-m.

We found the values of the Lagrangian L from substituting by Eqs (2.12) and (2.13) into Eq (2.5), then

we have
J(©,¥) = —1.02783 x 10" + 2.64108 x 10"°b, + 1.60864 x 10*°b,

2.14
+1.39506 x 10%¥b5 +2.83012 x 10°. (.19
2.1.2. The two-box potential
Case 1: We try the following Jost functions:
%( exp(r*(3 + 2a + a?) — it — 7x)
—exp(n*(1 - 2a — @®) — ;t — ﬂx)), at x>, t>n,
O(x,7) =\ sinh((r + at)(r + ax)), at 0<x<mO<t<m, (2.15)
sinh((t + m)(x + 7)), at —1<x<0,-n1<t<0,
0, at x<-m, t<-m,
0, at x>m, t>m,
sinh((r — 1)(r — x)), at O<x<mO<t<um,
Y(x,t) = sinh((mr — at)(m — ax)), at —1<x<0,-m1<t<0, (2.16)
%( exp(r*(3 + 2a + @?) + nit + 7x)
—exp(m®(1 = 2a — @®) + mt + nx)), at x < -m, t < —T.

This ansatz now contains nontrivial variational parameter a. Substituting Egs (2.15) and (2.16) into
Eq (2.5) (see Figure 2), then we obtain the functional integral at @ = —1 as follows:

J(0,¥) = —4.43569 x 107a + 1.13554 x 10'*b; + 6.23167 x 10*'b, + 4.89178 x 10°°b;.  (2.17)

Also, we can use a = 2, then we get

0 0 T T
f f L dxdt = f f L dxdt = — 4.42653 x 107a + 5.59314 x 10'3p, + 5.89626 x 10***b,
-1 J-r 0 0
+ 8.85443 x 10°®p; — 2.66975 x 10°°.
The functional integral at @ = 2 becomes

J(O,¥) = — 1.77562 x 10"%a + 4.12756 x 10", + 4.35525 x 10°*°b,

2.18
+6.5433 x 10°%p3 — 5.33949 x 10°°. 2.18)

AIMS Mathematics Volume 9, Issue 3, 6336-6367.



6342

260"}

. L " L
P 05 10 15 20 25

Figure 2. Show an example of the Lagrangian L(x, t) with Eq (2.5), in the interval 0 < x < 7
and 0 < t < &, by choosing the trial functions (2.15) and (2.16) at the parameter « = —1 and
a:3,b1:2,b2:%,b3:%.

Case 2: We now try the following Jost function:

%( exp(4n —t — x + 2na)
—exp(—t — x — 27rcx)), at x>m, t>m,
O(x, 1) = sinh(2 + at + ax), at O<x<mO<t<m, (2.19)
sinh(2w + ¢ + x), at —1<t<0,-n1<x<0,
0, at x < -m, t < -m,
0, at x>m, t>m,
sinh(27 — 1 — x), at O<x<m O<t<m,
W(x, 1) = sinh(2m — at — ax), at T <x<0,-m<t<0, (2.20)
%( exp(4m +t+ x + 2na)
—exp(t + x — 27ra/)), at x < -m, t<-m.

This ansatz contains nontrivial variational parameter «. Substituting Eqgs (2.19) and (2.20) into Eq (2.5),
then we get the functional integral at @ = 0.5 as follows:

J(©,¥) = — 1.84004 x 107a + 2.29576 x 10'*b; +2.6187 x 10*'h,

2.21
+4.24151 x 10%b5 + 270561. 2.21)

Also, we can take @ = —0.2, then we obtain

0 T T
fo dedt:ffdedt:—13516.2a+2.22124><109b1+7.54018><1013192
-t J-7 0 0

+3.79568 x 10'¥b; + 19035.7.

The functional integral at @ = —0.2 becomes

J(O,¥) = — 28484a + 4.44353 x 10°b, + 1.50805 x 10'*b,

2.22
+7.59137 x 10'%b5 + 38071.3. (2.22)
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2.1.3. The quadratic polynomials

We assume the Jost function by quadratic polynomials at interval |x| < 5, |¢| < 5:
Case 1: We use the following Jost functions:

(100 + 10000@) exp(—u(t = 5)(x = 5)), at x>35,1t>5,

O, ) =t +5x+5 +a5+1)*5 + x>, at  |x| <5, |f| <5, (2.23)
0, at x<-5,t<-5,
0, at x>15,1>5,

P(x,0) =35 =H(5 = x) + a5 —1)*(5 - x)?%, at x| <5, |4 <5, (2.24)

(100 + 10000@) exp(u(t + 5)(x +5)), at x< -5, t<-5.
We found the values of Lagrangian calculation from Eqs (2.23) and (2.24) into Eq (2.5), and we get

J(@®,¥) =5.55556 x 10%* — 2.66667 x 10’ aa® — 500000aa + 555556«
—3333.33a + 8.65053 x 10°°a®b; + 7.81255 x 10¥a’b;
+1.97241 x 10%a®b, + 3.11121 x 10%a°b5 + 1.38897 x 10%a’b,
+7.14358 x 10%a°b; + 6.1741 x 10%a*b; + 4.13321 x 10%a*b,
+1.03576 x 10%a*b; + 3.12755 x 10Ma’b, + 6.67171 x 108D, (2.25)
+9.72777 x 102a°bs + 6.14172 x 10"%ab; + 6.18569 x 10'°a?b,
+5.79228 x 10%ab; + 5.61111 x 10"%ab; + 3.14172 x 10" ab,
+2.00529 x 10"8ab; + 2.05556 x 10%h; + 6.89342 x 10'!h,
+3.10406 x 10"b; + 8333.33.

We choose a = 3, by =2, b, = 5, and b3 = z, then the functional integral J(®, V) becomes

1 1
2° 6’
J(©,¥) =1.44175 x 103°%® + 1.30209 x 10¥a’ + 5.18545 x 10*a®

+1.19067 x 10%°a° + 1.72648 x 10**a* + 1.62163 x 10’ (2.26)

+9.65689 x 10"%a? + 3.34372 x 10" + 5.17688 x 10'*.
Derive Eq (2.26) with respect to @, then values of « are:

a =-0.0136245, « =-0.012952 - 0.00218808i, «a = —-0.012952 + 0.00218808;,
a = —0.0110959 - 0.00364364i, a =-0.0110959 + 0.003643641,
a = —0.0086518 — 0.00394467i, a = -0.0086518 + 0.00394467i.

We substitute the exact roots of @ into Eq (2.26) give the following analytical equations:

J(O,¥) = 4.83907 x 10'°,

J(O,¥) = 3.84513 x 10" —4.55557 x 10'%;,

J(O,¥) = 3.84513x 10" +4.55557 x 10'°;, (2.27)
J(O,¥) = -3.14336 x 10° — 1.06115 x 10"},
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J(©,¥) = -3.14336x10° + 1.06115 x 10'!;,
J(©,¥) = -1.8701 x 10'" —2.04551 x 10!,
J(O,%) = -1.8701 x 10" +2.04551 x 10'%;.

Case 2: We try the following Jost functions:

(20 + 200) exp(—u(t = 5)(x =95)), at x>35,1>5,

O, ) =1 (10+t+x)+a(t+5*+a(x+5)?% at |x| <5, |t <5, (2.28)
0, at x<-5,t<-5,
0, at x>5,1>5,

P, ) =310 —t—x)+a(5 -0 +a(5-x)?>, at |x| <5, | <35, (2.29)
(20 + 200a) exp(u(t + 5)(x + 5)), at x< -5, t<-5.

We found the values of Lagrangian calculation from Eqs (2.28) and (2.29) into Eq (2.5) (see Figure 3),
and we have

J(@®,¥) =50000¢> — 13333.3aa* — 2000aa + 15000a — 100a + 9.90698 x 10'7 b5
+9.04639 x 10"7a’b; + 5.97273 x 102a®b, + 3.65565 x 10"a’b;
+4.25597 x 10%a°b, + 8.55415 x 10'°a°b5 + 4.78095 x 10°a*h,
+1.28615 x 10 a*b, + 1.27048 x 10"%a*bs + 2.39683 x 10°a’b,
+2.11556 x 10"2a°b, + 1.22953 x 10°a°b; + 4.62698 x 10%a?b,
+2.00368 x 10" a’b, + 7.59375 x 10" a*b; + 4.08889 x 10’ ab,
+1.03937 x 10ab, + 2.7454 x 102 ab; + 1.4 x 10°h,
+2.31429 x 10%h, + 4.46349 x 105 + 1000.

(2.30)

i +4 2 2 : s £ ; 2 :
Figure 3. Show an example of the Lagrangian L(x, ¢) with Eq (2.5), in the interval -5 <
x < 5and -5 <t < 5, by choosing the trial functions (2.28) and (2.29) at the parameter

a=-0.131984 anda =6, b, =3, b, = }‘, by =1
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Weputa=6,b; =3,b, = 7,and b3 = %, then the functional integral J(©®,¥) becomes

1
4’
J(0,¥) =3.30233 x 10"7a® + 3.01546 x 10"7a” + 1.2187 x 10"a®

+2.85245 x 10'%a° + 4.23816 x 10a* + 4.10379 x 10™a° (2.31)
+2.5364 x 103a? +9.17853 x 10" @ + 1.49404 x 10'°,

Derive Eq (2.31) with respect to @, then values of « are:

a=-0.131984, o =-0.129184 - 0.0176052i, « =-0.129184 + 0.0176052i,
a =-0.117682 — 0.0366915i, a = -0.117682 + 0.03669151,
a = -0.0866387 — 0.051817i, «a = -0.0866387 + 0.051817i.

We substitute the exact roots of @ into Eq (2.31) give the following analytical equations:

J(O,%) = 207360,

J(®,¥) = —102453 —293854i,

J(O,¥) = —102453 +293854i, (2.32)
J(O,%) = —1.38256 x 10° + 542198;,

J(O,¥) = —1.38256 x 10° — 542198,

J(O,¥) = —1.31177 x 107 + 1.75734 x 104,

JO,¥) = —1.31177 x 10" — 1.75734 x 10i.

2.2. Exact solitary wave solutions of the Schrodinger’s nonlinear equation with the polynomial
nonlinear law model 1

We inspect here the exact solutions of the nonlinear Schrédinger equation with the polynomial
nonlinear law. This equation is defined as Eq (2.1).

Case 1: We suppose the ansatz function of the NLSE with the polynomial nonlinear law is in the
form of a bright solitary wave solution

hi(x, 1) = Asech (w (x - ‘—i)) , T'(x,1) = Asech (W (x - ‘—i)) 'kx=wn) (2.33)

where A,w and v are the amplitude, the pulse width, and velocity of soliton in normalized unites.
Substituting from Eq (2.33) in Eq (2.1), and separating the real and imaginary parts, we obtain

t
—ak®>v + avw? + vw + (Azblv - 2avw2)sech2 (w (x - —))

-
t t
+A*byv sech® (w (x - ;)) + A®hsv sech (w (x - ;)) -0, (2.34)
(w — 2akvw) tanh (w (x - f)) 0. (2.35)
vV

Equating the coefficients of the linearly independent terms to zero, we obtain the dynamical system in
A,w,v, k,w,a, by, by, by by solving this system we get:

AIMS Mathematics Volume 9, Issue 3, 6336-6367.
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Family I:
w 1 k* — w?
A=+ , = —, = . 2.36
Vb T2 YT ok (236)
The sufficient conditions for solitary wave solution stability are
bikv>0, kv=+0. (2.37)
Family II:
k—2vw 1
A=+ , a=—, WwW==x+kk-2vw), (2.38)
b 2kv
provided that
k-2
- >0, kv#0, k(k-2vw) > 0. (2.39)
1V
Family III:
2w w k* — w?
A = + s = =", = , 240
Vo -ow “Tr-w ' 2w (2.40)
whenever
¥ 50, kw#0, K-w’#0 (2.41)
by (k* — w?) ’ ’ ’ '
Family IV:
1 ( VWaw? +v2w? VAw? +v2w? — V2w
A=\ |[—|————-w|, a= ,
b, V2 2v2w?
VA2 + 12w2
k=Y TEW e, (2.42)
v
provided that

1 Vvde)2 + 22

Vol +vPwr >0, — WOy W
b, 2

Then, the solutions of the NLSE with the polynomial nonlinear law as bright solitary wave solutions

are (see Figures 4 and 5):

- w) >0, vVw?#0. (2.43)
A%

£\
Ty(nf) = + \/%sech(w(x—‘—)))el(kx_”’), (2.44)

[k -2 AN
T, ) = + - vva) sech (w (x - ;)) e/ kx=on, (2.45)
1
r - 4+ 2w h ! i(kx—wt) 2.46
Bx,H = xw m sech|{w(x — ; e R (2.46)

1 b ? - V22 .
FuCen = + \/ — (LQVW - w) sech (w i - £ )) eftr-en, (2.47)

b, % %
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Figure 4. Representation of solitary wave solution I'1;. These figures are obtained by b,
0.5, k=025 v =07 w=1,w= 0.3, (4a) is plotted in 3D while (4b) is plotted in 2D at

different positions, and (4c) plotted as contour.
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Figure 5. Representation of solitary wave solution I'j3. These figures are obtained by b,
0.25,k=03,v=02,w =1, w = 0.7, (52) is plotted in 3D while (5b) is plotted in 2D at

different positions, and (5c) plotted as contour.

Case 2: Another choice of the dark solitary wave solution of the NLSE with the polynomial
nonlinear law is

hy(x,t) = A + B tanh (w (x - %)),

o (2.48)
[(x,t) = (A + B tanh (w (x - —))) elke=en
A%
By replacement from Eq (2.48) in Eq (2.1) and separating the real and imaginary parts
—aAk* + A7b; + 21A°b;B* + A%b, + 354D B* + 10A°b, B> + A’b,
+7Ab3B® + 5Ab,B* + 3Ab,B® + Aw + ( — 21A%b; B2 — 70A%bh; B*

t
—104%h,B” = 21Abs B — 104b, B* — 34b, B) X sech’ (w (x - —))
\%

1t
+(354°b3B* + 21AbyB° + 5Ab, B") x sech’ (w (x - —))
\%
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t
—7AbsB® sech® (w (x - —)) + (- aBI® + TA; B + 35A%b; B°
Vv

+5A*b,B + 21A%b;B° + 10A%b,B* + 3A%b,B + b3B’ + b,B® + b, B>

t
+Bw) X tanh (w (x - —)) +(— 2aBW? = 354°byB° — 424%, B’
\%

t t
~104°%5,B° - 358" - 2b,B° - b B°) x tanh (w (x _ -)) sech? (w (x _ -))
\% Vv

t t
+(21A2b3B5 +3b3B’ + szs) tanh (w (x - —)) sech* (w (x - —))

o e (- 1)) =0 v 2
(ZaBkW - B—W)sech2 (W (x — £)) =0 (2.50)
1% 1%

Equating the coefficients of the linearly independent terms to zero, we deduce the coeflicients
A,B,w,v,k,w,a, by, by, bs in the form:

Family I:
b, 27b3w + 2b3 — 27ab3k?
A=0, B=+i—, b = ,
! 3bs : 9b, b5
(2.51)
1 [27b3w — b3 — 27ab3k> 1
= 4+— = —,
TS 6a VT 2ak
The sufficient conditions for dark solitary wave solution stability are
b 27b%w — b3 — 27ab%k?
220, by #0, ak#0, 2 >0, (2.52)
b3 a
Family II:
1 [3bibybs — b} 1
A0, Boxi |22 woul (PPRh 1
27ab3k* = 2b3 + 9b b3b,
w = .
27b3
provided that
b 3b,bybs — b3
20, — 2250, ak#0, bs#0. (2.54)
b3 a
Family III:
k? = 2kvw + 2w? 1
A=0, B==, . a=—,
\/ 2bskv ‘7 2w
. (2.55)
/b3 <3k2 - 6kvw + 4w2) ) ; {/ b3 (K — 2kvw + 2w?)
1= ’ 2 = s
Va2 (k2 = 2kvw + 2w?) 2kv
such that Py )
-2 +2
T 50, kv#0, 4k (K - 2kvw +2w) % 0. (2.56)

b3 kv
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Family IV:
ak?® + 2aw? — w
A=0, B=z+4 ,
b
(a2 2 : 3 (2.57)
by = (3ak> + 4aw* - 3w) \/ak2 S
k> +2w?
= 3b2(ak? + 2aw? — =
b, 3\/b3 (ak? + 2aw? — w), v (ke 1 20w
whenever

ak?® + 2aw? — w
b3

>0, ak®+2aw?—w#0, k(ak2 n 2aw2) £0. (2.58)

Then, the dark soliton solutions of the NLSE with the polynomial nonlinear law Eq (2.1) are (see
Figure 6):

| b )
FZI(X, t) = il _2 tanh (W (x _ _)) el(kx—a)t),
3bs v

(2.59)
2 _ 2 ,
Cos(x,f) = =+ 6|k 2kvew + 2w tanh (W (x _ E)) ez(kx—a)t), (260)
2bskv v
k? + 2aw? — AW
Tos(x, 1) = i{/ ar + ;‘W © tanh (w (x - ;)) gitkr=on 2.61)
3
15
™

(a) (b) (c)
Figure 6. Representation of solitary wave solution I'54. These figures are obtained by a =
0.7, b3 =025, k=1,v=0.5, w = 0.9, w = 0.2, (6a) is plotted in 3D while (6b) is plotted
in 2D at different positions, and (6¢) plotted as contour.
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3. Nonlinear Schrodinger equation with polynomial law nonlinearity model 11

3.1. Formulation of the variational principle for the nonlinear Schrodinger equation with polynomial
law nonlinearity

The model II of the NLSE with polynomial nonlinearity is given by [49]:
iV, + a¥ + bV + (kY1 + koY + k3210 = 0, (3.1)

where W(x, r) denotes the complex valued function. The coeflicients a and b indicate group velocity
dispersion (GVD) and spatio-temporal dispersion (STD), respectively. The first term represents the
linear evolution of pulses in nonlinear optical fibers. The final term represents the nonlinearity of the
non-Kerr law. Since W(x, ) is a complex function on the form W(x, ) = u(x,t) + iv(x, t) such that u
and v are real functions of x and ¢, also [¥|> = (u + iv)(u — iv). We will use the variational technique to
find solutions for the Eq (3.1), where we derive ¥ with respect to x and ¢ to obtain the Lagrangian of
this equation, which is expressed in the following way:
Let M and N are functionals in « and v,

0 0? i
M(u,v) :a_b; + aa_); + bﬁ; + kv + kv + kvt + 2ku*V + k) 32)
+ kavu® + 3k3viut + 3ksu*V + kv,
0 0? 0?
Nu,v) =— 6_‘; + a(’i_x’;t + bﬁ;t + ko + kj? + kot + 2kovid + kou? (3.3)

+ kyu! + 3k il + 3ksuPvt + k.

The system of Eqgs (3.2) and (3.3) satisfies the conditions mentioned in [52, 53], then a functional
integral J(u, v) can be written down using the formula given by Tonti [53]:

1 1 1 1 1 3
J(u,v) = f [—auuxx + —avv,, + —buu,, + Ebvvx, + §k3v2u6 + Shkyut?

2 2 2 4
+ 1kzvzu4 + lk;uZVG + l1<2142v4 + lkluzv2 + lk3u8 + lk2u6 (3.4)
2 2 2 2 8 6
1 1 1 1 1 1
+ Zk1u4 + gk’jvg + ngV6 + Zk1v4 + EVM,‘ — EMV,] dw,

where dw = dxdt.
Then the Lagrangian L is given by
44

1 1 1 1 1 3
L(u,v) :Eauum + Eavvxx + Ebuuxt + Ebvvx, + §k3v2u6 + Zk3u

1 1 1 1 1
+ §k2v2u4 + Ekguzv(’ + §k2u2v4 + Ekluzvz + §k3u8 + gkzu(’ 3.5

1 1 1 1 1
+ Zk] l/l4 + §k3v8 + 6k2V6 + Zk1V4 + Evut - EMV,.

As a necessary check to our calculations, we use the value of L in the Euler-Lagrange equations:
oL 0 (0L & ( oL & (oL
——-—|—=|+= + =0,
ou 0t\ou,) 0x2\0u.) 0x0t\ouy,
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OL 9 (0L\ @ (L) F (9L)
dv  ot\ov,] ox2\ov.) 0xot\ovy)
which yields the system of Eqs (3.2) and (3.3).

3.1.1. The rectangular box

We provide an example of applying this technique by using a box-shaped initial pulse and a single
nontrivial variational parameter based on linear Jost functions in three cases.

Case 1: We use the following ansatz for u(x, r) and v(x, r) functions:

100 exp(—u(t —5)(x = 5)), at x>35,t>5,

u(x,t) =4t +5)(x+5), at |x| <5, |1 <5, (3.6)
0, at x<-5,1<-5,
0, at x>95,t>35,

v(x,t) =35 -5 - x), at |x| <5, |f| <5, (3.7

100 exp(u(t + 5)(x +5)), at x<-=5,t<-5.

We found the values of the Lagrangian L from substituting Eqs (3.6) and (3.7) into Eq (3.5), and by
using Mathematica program we get the value of J(u, v) at interval -5 < x <5, -5 <t <5 as

J(u,v) = 25000 + 2.05556 x 108k, + 6.89342 x 10''k, + 3.10406 x 10"°k; + 8333.33. (3.8)
Case 2: Assume u(x, t) and v(x, t) for the Jost function as the following:

20exp(—u(t - 5)(x-95)), at x>35,1>5,

u(x,t) =<t + x+ 10, at x| <35, |f| <5, (3.9
0, at x<-5,t<-5,
0, at x>5,1>5,

v(x,t) =310 -t —x, at |x| <35, |f| <5, (3.10)

20 exp(u(t + 5)(x +5)), at x < -5, 1< 5.

We found the values of the Lagrangian L from substituting by Eqs (3.9) and (3.10) into Eq (3.5) (see
Figure 7), then we have

1000
J(u,v) = @ (88200k; + 14580000k, + 281200000043 + 63) . (3.11)

AIMS Mathematics Volume 9, Issue 3, 6336-6367.



6352

L

=2 z

0 3

Figure 7. Show an example of the Lagrangian L(x, t) with Eq (3.5), in the interval -5 < x < 5
and -5 <t < 5, by choosing the trial functions (3.9) and (3.10) ata =2, b =6, k; =2, k; =

3, k3 =4,

Case 3:

u(x, 1) =

v(x, 1) =

sinh(t + x + 2m),
0,

0,
sinh(2r —  — x),

%(exp(67T —t—x)—exp(—2r —t — x)),

%(exp(67r + 1+ x) —exp(—2m + t + x)),

at x>m t>m,
at x| <m, |t <, (3.12)

at x<-m, t < -m,

at x>m t>m,
at x| <m, |t <m, (3.13)

at x<-m, t < -—m.

We found the values of the Lagrangian L from substituting by Eqgs (3.12) and (3.13) into Eq (3.5), then

we get

J(u,v) =1.02783 x 10'% + 1.02783 x 10'°b + 2.64108 x 10"k,
+ 1.60864 x 107k, + 1.39506 x 10¥k; + 2.83012 x 10°.

3.1.2. The two-box potential

Case 1: We try the following Jost functions:

u(x,t) =

v(x,t) =

AIMS Mathematics

Y exp(m®(3 + 2a + @?) — it — )
—exp(n(1 - 2a — &) — 1t — 7)),
sinh((r + at)(m + ax)),

sinh((¢ + m)(x + 7)),

0,

0,

sinh((7r — £)(7 — x)),

sinh((r — at)(7 — ax)),

%( exp(r*(3 + 2a + @) + nit + 7x)
- exp(7r2(1 —2a-ad®) +nt+ ITX)),

at
at
at
at

at
at
at

at

(3.14)

xX>m t>m,

O<x<mO<t<m, (3.15)
—-T<x<0,-nm1<t<0,
x<-mt<-m,

xX>m t>m,
O<x<mO<t<m,
—-t<x<0, -7<t<0, (3.16)

xX<-m t<-m.
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This ansatz now contains nontrivial variational parameter a. Substituting Eqs (3.15) and (3.16) into
Eq (3.5), then we obtain the functional integral at @ = —1 as follows:

J(u,v) =4.43568 x 107a + 4.92254 x 10’b + 1.13554 x 10"k,

3.17
+6.23167 x 10*'k, + 4.89178 x 10%°ks. G-17)

Also, we can use a = 2, then we get

0 0 T T
f f L dxdt = f f L dxdt =4.42653 x 107a + 4.47679 x 107°b + 5.59314 x 10'*¥k,
-1 J-r 0 0
+5.89626 x 10%**k, + 8.85443 x 10°Pk; — 2.66975 x 10%°.

The functional integral at @ = 2 becomes

J(u,v) =1.77562 x 107%a + 1.78568 x 107%b + 4.12756 x 10"%,

3.18
+4.35525 x 10%°k, + 6.5433 x 10°%k; — 5.33949 x 10°°. G-18)
Case 2: We now try the following Jost function:
%( exp(d4r —t — x + 2na)
—exp(—t—x— 27ra/)), at x>m, t>m,
u(x,1) =9 sinh(27 + ar + ax), at O<x<mO<t<m, (3.19)
sinh(27 + ¢ + x), at —-1<t<0,-r1<x<0,
0, at x<-m, t<-nm,
0, at x>m, t>m,
sinh(2mr — t — x), at O<x<m O<t<m,
v(x,f) = sinh(2r — at — ax), at —7<x<0, -n<t<0, (3.20)
%( exp(4n + t + x + 2n)
—exp(t+ x — 271&)), at x < -m, t < -—m.

This ansatz contains nontrivial variational parameter a. Substituting Eqs (3.19) and (3.20) into Eq (3.5)
(see Figure 8), then we get the functional integral at @ = —0.2 as follows:

J(u,v) =28473.8a + 28473.8b + 4.44353 x 10%k; + 1.50805 x 10"k,

18 (3.21)
+7.59137 x 10'%; + 38071.3.
Also, we can take @ = 0.5 then we obtain
0 0 T T
f f Ldxdt = f f Ldxdt =4.40169 x 10%a + 4.40169 x 10%b + 9.17623 x 10"k,
-mJ-1m 0 0
+ 1.04745 x 10* 'k, + 1.6966 x 10°%k; + 13528]1.
The functional integral at @ = 0.5 becomes
J(u,v) =1.84004 x 10”a + 1.84004 x 10’b + 2.29576 x 104k, + 2.6187 x 10*'k, 3.22)

+4.24151 x 10%k; + 270561.
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Figure 8. Show an example of the Lagrangian L(x, ) with Eq (3.5), in the interval 0 < x < 7
and 0 < ¢ < &, by choosing the trial functions (3.19) and (3.20) at the parameter @ = —0.2
anda=2,b=06,k =2,k =3, ks =4.

3.1.3. The Quadratic polynomials

We assume the Jost function by quadratic polynomials at interval |x| < 5, 7] < 5:
Case 1: We use the following Jost functions:

(100 + 10000a) exp(—u(t = 5)(x = 5)), at x>35,1t>35,

u(x, 1) =2t +5)(x+5) + a5+ 1)*(5 + x)?, at [x] <5, |f| <5, (3.23)
0, at x<-5,1r<-5,
0, at x>5,1>5,

v(x, 1) =3 (5 =15 — x) + a5 — 1)*(5 — x)%, at |x| <5, |f| <5, (3.24)

(100 + 10000) exp(u(t + 5)(x +5)), at x< -5, 1t<-5.
We found the values of Lagrangian calculation from Eqs (3.23) and (3.24) into Eq (3.5) (see Figure 9),
and we get
J(u,v) =5.55556 x 10°%? + 1.33333 x 107ac’ + 250000aa + 555556

+2.5 % 107a?b + 555556ab + 25000 + 8.65053 x 10 a®k;

+7.81255 x 10¥a ks + 1.97241 x 1020k, + 3.11121 x 10%a%k;

+1.38897 x 102k, + 7.14358 x 10%°a’ks + 6.1741 x 10k,

+4.13321 x 10%a*k, + 1.03576 x 105 a’*ks + 3.12755 x 10"’k (3.25)

+6.67171 X 1080k, + 9.72777 x 102’ ks + 6.14172 x 10%a’k,

+6.18569 x 10"k, + 5.79228 x 10%a”k; + 5.61111 x 10'°ak,

+3.14172 x 10Mak, + 2.00529 x 10"8ak; + 2.05556 x 10%k,

+6.89342 x 10"k, + 3.10406 x 10%k; + 8333.33.

Weputa=2,b=06,k =2,k =3, and k3 = 4, then the functional integral J(u, v) becomes
J(u,v) =3.46021 x 10*'a® + 3.12502 x 10¥a’ + 1.24449 x 10%a®

+2.85747 x 10”a° + 4.14318 x 10%a* + 3.89131 x 10%a? (3.26)
+23171 x 10*'a? + 8.02211 x 108« + 1.24183 x 10'S.
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Figure 9. Show an example of th

=2

2

e Lagrangian L(x,t) with Eq (3.5), in the interval -5 <

x < 5and -5 <t < 5, by choosing the trial functions (3.28) and (3.29) at the parameter
a=-0.131961anda=3,b=-2,k =2, k, =4, ks = 6.

Derive Eq (3.26) with respect to @, then values of « are:

a = —0.0136235,

We substitute the exact roots of @ into Eq (3.26) give the following analytical equations:

a = -0.0129514 - 0.00218597i,
a = -0.0110962 — 0.003640641,
a = —0.00865263 — 0.003942631,

a = -0.0110962 + 0.003640641,
a = —0.00865263 + 0.00394263i.

a =—0.0129514 + 0.00218597i,

Ju,v) = 1.15381 x 10",
Jw,v) = 9.16876 x 10" — 1.08685 x 10'%,
Jw,v) = 9.16876 x 10'" + 1.08685 x 10'%, (3.27)
Ju,v) = =7.64569 x 10'° —2.53327 x 10'%,
Ju,v) = =7.64569 x 10" +2.53327 x 10'%,
Ju,v) = —4.47645x 10" — 4.88381 x 10'%,
Ju,v) = —4.47645x 10" + 4.88381 x 10'%i.
Case 2: We try the following Jost functions:

(20 + 200a) exp(—u(t = 5)(x —=5)), at x>15,1>5,

u(x,) =310 +t+x)+a(t+5>+a(x+5)% at |x <5, |f<5, (3.28)
0, at x<-5,t<-5,
0, at x>35,1>5,

v, =3(10—t—x)+ a5 -1 +a(5—x)*, at |x <5, |1 <5, (3.29)
(20 + 200a) exp(u(t + 5)(x + 5)), at x<-5,1<-5.
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We found the values of Lagrangian calculation from Eqs (3.28) and (3.29) into Eq (3.5), and we have

J(u,v) =50000a* + 13333.3aa* + 2000ae + 15000a + 9.90698 x 10" a’k;
+9.04639 x 10" ks + 5.97273 x 102k, + 3.65565 x 10" a’k;
+4.25597 x 10k, + 8.55415 x 10'% k5 + 4.78095 x 10°a*k;
+1.28615 x 103 a*k, + 1.27048 x 10'°a*ks + 2.39683 x 10°a’k;
+2.11556 x 1020k, + 1.22953 x 105’ k5 + 4.62698 x 10%%k,
+2.00368 x 10" ok, + 7.59375 x 103 a’ks + 4.08889 x 10 ak,
+1.03937 x 10"k, + 2.7454 x 10 ak; + 1.4 x 10%,
+2.31429 x 108k, + 4.46349 x 10'%3 + 1000.

(3.30)

Weputa=3,b=-2,k =2,k =4, and k3 = 6, then the functional integral J(u, v) becomes

J(u,v) =5.94419 x 10"8a® + 5.42784 x 10'%a” + 2.19363 x 10'8°
+5.13419 x 10"e° + 7.62802 x 10'%* + 7.38564 x 10a° (3.31)
+4.56427 x 10"a? + 1.6514 x 103« + 2.68738 x 10",

Derive Eq (3.31) with respect to «, then values of « are:

a =-0.131961, o =-0.129142 -0.0174743i, « =-0.129142 + 0.0174743i,
a =-0.117682 — 0.0366515i, a = -0.117682 + 0.03665151,
a = -0.0866909 — 0.0518096i, «a = —0.0866909 + 0.0518096i.

We substitute the exact roots of @ into Eq (3.31) give the following analytical equations:

J(u,v) = 3.53554 x 10°,

J(u,v) = —1.84827 x 10° —5.13825 x 10%,

Ju,v) = —1.84827 x 10°+5.13825 x 10, (3.32)
Ju,v) = —2.46359x 10" + 1.0125 x 1074,

Ju,v) = —2.46359 x 10" — 1.0125 x 1074,

Jw,v) = —2.31965x 10® + 3.16423 x 108,

Ju,v) = —2.31965 x 10% — 3.16423 x 10%.

3.2. Exact solitary wave solutions of the nonlinear Schrodinger equation with polynomial law
nonlinearity model Il

We survey here the exact solutions of the nonlinear Schrodinger equation with polynomial law
nonlinearity Eq (3.1).

Case 1: We suppose the ansatz function of the NLSE with polynomial law nonlinearity is in the
form of a bright solitary wave solution.

hy(x,1) = A sech (w (x - %)) W(x, 1) = A sech (w (x - 5)) gite-on, (3.33)

1%
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where A,w and v are the amplitude, the pulse width, and velocity of soliton in normalized unites.
Substituting from Eq (3.33) in Eq (3.1), and separating the real and imaginary parts, we obtain

avw? + buvw — ap*v — bw? + vo + ( —2avw? + A%k + 2bw2)
t t

xsech? (W (x - —)) + A*k,v sech? (w (x - —)) + A%kyv sech® (W (x - E)) =0, (3.34)
v v v

t
( - 2auvw + byww + buw + w) tanh (W (x - ;)) =0. (3.35)

Equating the coefficients of the linearly independent terms to zero, we obtain the dynamical system in
A, W, v, u, w,a,b, ki, ky, ks by solving this system we get:
Family I:

b= . (3.36)

Aes 2 (uw? — vwlw) - w? — w? 2uvew + w? — p?
= + , a = s =
kyp?v + kyyw? v+ w?) (vw — ) (1 + w?) (u — vw)

The sufficient conditions for solitary wave solution stability are:

uw? —vwlw

2 2 2 2
mw, v(p? + W) vw =) #0, (1 + W) (1 — vew) # 0. (3.37)
Family II:
bu? — buvw + u —2vw bu +bvw + 1
A=+ , a=——,
kv 2uv
bu® — bu? 2-2
SR b i il e e (3.38)
bvw + 1 — bu
provided that
2 _ -2 3 _ 2 2 _ 2
bu” — buvw + u — 2vw >0, by’ — buvw + u o 0. v #0, (3.39)
kv bvw + 1 — bu
Family III:
A 2w
= W s
bkl,u3 + bkl,uw2 + kllle - k1w2
= , = , 3.40
4 bu? + buw? + u? — w? w (bu? + bw? + 2u) (3-40)
whenever
w

>0, bud+buw?+u>—w> %0,
bk + bkyuw? + kyp? — kyw? H a a (3.41)

w (b + bw? +2) # 0.
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Then, the solutions of the NLSE with polynomial law nonlinearity as bright solitary wave solutions are

(see Figures 10 and 11):

2 2 - 2 t .
‘I’u(x, l’) i\/ (MW VW (i)) sech (W (.X— _)) el(,ux—wt)’

kiu?v + kyyw?

bu? - b +u-—-2 t )
Yl = + \/ K ol el sech (W (x - —)) gl

Yis(x, 1)
V

2w
tw 3 2 2 _ 2
bkll,l + bkl,uw + kl,u kiw

—

£\
sech (W (x - —)) giHx=en,

(3.42)

(3.43)

(3.44)

-2 0

(d)

Figure 10. Representation of solitary wave solution ;. These figures are obtained by
ki =03, u=0.5,v=0.2, w=1, w=0.25,(10a) and (10b) are plotted in 3D while (10c) is

plotted in 2D at different positions, and (10d) plotted as contour.
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B

(a) (b) (0
Figure 11. Representation of solitary wave solution W;,. These figures are obtained by
b=05k =03, u=09v=025w=1, w=0.1, (11a) is plotted in 3D while (11b) is
plotted in 2D at different positions, and (11c) plotted as contour.

Case 2: Another choice of the dark solitary wave solution of the NLSE with polynomial law
nonlinearity is

t )
W(x, 1) = (A + B tanh (w (x - —))) gl (3.45)
v
By replacement from Eq (3.45) in Eq (3.1) and separating the real and imaginary parts

A'ks — aAp® + 21A°B*ks + A’ky + 35A°B*ks + 1043 Bk, + Ak,
+Abuw + TAB°k3 + SAB*k, + 3AB°k) + Aw + (- 214°Bk;
—70A3B*k; — 10A°B*k, — 21AB%ks — 10AB*k, — 3AB2k1)

t
xsech? (w (x - —)) + (354°B*ks + 21AB%K; + SAB'k,)

v
t t

xsech? (w (x — —)) — TAB®k; sech® (w (x - —)) + ( — aBu?
v v

+7ASBk; + 35A*B’k; + 5A*Bk, + 21A*Bk; + 10A2B*k, + 3A%Bk,
t

+bBuw + B’k + Bk, + B’k + Bw) tanh (w (x - —))
1%

2bBw?
v

+( —2aBW? — 35A*B%k; — 42A%Bk; — 10A2Bk, +

t t
—3B7k3 - 235k2 - B3k1) tanh (w (x - —)) sech? (w (x — —))
% %

t t
+(21A235k3 +3Bks + Bskz) tanh (W (x - —)) sech? (w (x - —))

% v
—B’k; tanh (w (x - £)) sech® (W (x - £)) =0, (3.46)
v v
B B
(ZaB,uW _ bBuw bBww — —W)sech2 (w (x — £)) =0. (3.47)
% % v

Equating the coefficients of the linearly independent terms to zero, we deduce the coeflicients
A,B,w,v,u,w,a,b,ki,ky, ks in the form:
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Family I:

ky Bviw + oy + 54kw? — 27k w?
—_—, a = - -

3ks 27Ky (1 — 2w?) (vw — 1)

b

_ Sdlquve = 2Tk = 2k5uv — 54kw?
B 27K (12 — 2w2) (i — vw)

(3.48)

Blou?y — 54kvwrw — 4k vw? + 54k uw?
9k2k3v (/12 - 2W2) '

The sufficient conditions for dark solitary wave solution stability are

k1:

k
k—2 <0, kv’ —2w’)(vw—p) #0,  koksv (u® —2w?) # 0. (3.49)
3

Family II:
A=0, B=+i

| 2TDR - SADKEW? + 54K + b3y + 272
27kzv (bu? — 2bw? + 2u)

a

9

(3.50)
3bk§,u2v - 4l7k§vw2 + 6k§,uv + 54k§w2
b Okoksv (b2 — 2bW2 + 241) ’

| 2TBIE — S4B W + 2T + 2y + S
“= 27K2 (b — 2bw2 + 240)

2

provided that

2<0, koksv (by? = 2bw? +2u) £ 0, K (b — 26w + 2) # 0. (3.51)

k bu+b 1
A=0, B=ai 2 goproveor’
3k; 2uv

27bk§,uvw - 27bk§ 2- 27k§,u + 54k§va) + 4k;v
b 18k k3v ’ (3.52)

Family III:

2

1 (2762 uve - 2703 + S4k2ve — 205y — 27bk3?)
W= -
54bk2vew + 5412 — 54bku
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whenever
k w1 (27bk2uvew — 27k + 54k3vw — 2k3v — 27bk3u?
220, w#0, koksv %0, (2755 = 2 2 : )>o. (3.53)
ks 54bksvw + 54k; — 54bk;u
Family IV:
B au*viw = 2av*wiw — apdv + 2auvw? +1v2w? — 2w?
=+ ,
2 _ 2 _ k3 (ut+vw)
v (2W /’l ) (VCL) /’t) ((2W2—/12)(/J—Va)))
2auv — 1
A=0, b= &’
U+ vow
1
1 —_—
V2B (U + vo) 2w av(vw — ) + 1) — v (ap2(vw — p) + va?)
3.54
< ({5 ) (0w ) (v - ) o
2w? =) (u - vw)
X (3v (a,u2 (vw — ) + vwz) —4w? (av (vw — w+1) )),
L 3k; \3/2W2(av(va) -+ 1) —v(g?(vw — p) + vw?)
2 = )
i/v (2W2 N ’uz) Vo —p) ((2w]2€3—(:112+)1$))—vw))
such that

ap*viw = 2av*wlw — apyv + 2apvw? + v:w? — 2w?
v(2w? - p?) (vo — ) (%)
v + vw) i/2w2(av(va) )+ 1) —v(au*(vw — u) + vw?) £ 0, (3.55)

5 ks(u + vw)
\/v(2w2 - 12) (vw —/Vt)((zw2 3—/J2)(ﬂ — vw)) # 0.

>0, u+vw#0,

Then, the dark soliton solutions of the NLSE with polynomial law nonlinearity Eq (3.1) are (see
Figure 12)

k t .
Wy(0f) = iy~ tanh (w (x _ -)) gilr=on. (3.56)
3k3 \%
au*vio — 2aviwlw — audv + 2auvw? + v:w? — 2w?
o) = |5 £ “k(ﬂ :
3(U+vw
v (2w? — p?) (vo — p) (m)
t .
x tanh (w (x - —)) gl (3.57)
\%
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Figure 12. Representation of solitary wave solution W,4. These figures are obtained by
a=05k=025u=09v=07w=03, 0 =1, (12a) and (12b) are plotted in 3D
while (12c¢) and (12d) are plotted in 2D at different positions, and (12e) plotted as contour.

4. Conclusions

In this paper, we discussed the two models of the nonlinear Schrodinger equation (NLSE) with
polynomial law nonlinearity by effective and understandable techniques, such as the variational
principle method based on the Lagrangian and the amplitude ansatz method. We found the functional
integral and the Lagrangian of these models. Meanwhile, the solutions of the proposed equations were
extracted by choice of different ansatz functions based on the Jost function, and they are continuous
at all intervals. Firstly, the Jost function was approximated by piecewise linear ansatz function with
a single nontrivial variational parameter in three cases from a region of a rectangular box. Then, the
Jost function was approximated by the piecewise ansatz function containing the hyperbolic function
in two cases of the two-box potential and was also approximated by quadratic polynomials with two
free parameters rather than a piecewise linear ansatz function. Finally, this trial function had been
approximated by the tanh function. Besides, we applied the amplitude ansatz method to obtain the new
soliton solutions of the offered equations that contain bright soliton, dark soliton, bright-dark solitary
wave solutions, rational dark-bright solutions, and periodic solitary wave solutions. The conditions
for the stability of solutions were conducted. Graphical models, such as 2D, 3D, and contour plots,
were induced using appropriate parameter values. These solutions have vital applications in applied

AIMS Mathematics Volume 9, Issue 3, 6336-6367.
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sciences and might provide valuable support for investigators and physicists to solve more complex
physical phenomena.
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