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1. Introduction

More and more fields of research have used fractional calculus to develop and find new
applications. Similarly, g-calculus is involved in several engineering domains, physics, and in
mathematics. The combination of fractional and g-calculus in geometric functions theory and some
interesting applications were obtained by Srivastava [1].

Jackson [2, 3] established the g-derivative and the g-integral in the field of mathematical analysis
via quantum calculus. The foundations of quantum calculus in the theory of geometric functions
were laid by Srivastava [4]. Continued research in this field has led to the obtaining of numerous
g-analogue operators, such as the g-analogue of the Sdlagean differential operator [5], giving new
applications in [6-8]; the g-analogue of the Ruscheweyh differential operator introduced by Rdducanu
and Kanas [9] and studied by Mohammed and Darus [10] and Mahmood and Sokét [11]; and the
g-analogue of the multiplier transformation [12, 13].
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This study involves an operator defined by applying the Riemann-Liouville fractional integral to the
g-analogue of the multiplier transformation. Many operators have been defined and studied in recent
years by using the Riemann-Liouville or Atagana-Baleanu fractional integrals.

First, we recall the classically used notations and notions from geometric functions theory.

Working on the open unit disc U = {z € C : |z < 1}, we establish here the class of analytic
functions denoted by H (U) and its subclasses H [a, n] containing the functions f € H (U) defined by
f@) =a+a, " +a,.7""'+...,withz € Uya € C,n €N, as well as A,, containing the functions
f € H(U) of the form f(z) = 7+ a,.12"*' + ...,z € U. When n = 1, the notation A, = A is used.

We also recall the Riemann-Liouville fractional integral definition introduced in [14, 15]:

Definition 1. ( [14, 15]) The fractional integral of order A applied to the analytic function f in a
simply-connected region of the z-plane which contains the origin is defined by

© @
rayJy z-n

where A > 0 and the multiplicity of (z — N1 is removed by the condition that log (z — t) is real when
(z—1 > 0.

The g-analogue of the multiplier transformation is defined below.

D'f(2) =

Definition 2. ( [13]) The g-analogue of the multiplier transformation, denoted by I qm’l, has the

following form:
Z‘” [1+71,\"

m,l — q )

]q f(Z) o Jj=2 ([l+ 1]q) a]Z ,

where g € (0,1), m,l e R, [ > -1, and f(z) =z + Z;izajzj eA ze U

+j] \" . AN ,
Remark 1. We notice that }]i_r)l}fylf (z) = 111_1)1} (z + Zj‘;z (E;—lq:) ajzf) = z+Z;‘;2 (i—{) a;z =1(m,1,0).

The operator I (m, 1,1) was studied by Cho and Srivastava [16] and Cho and Kim [17]. The operator
I (m, 1, 1) was studied by Uralegaddi and Somanatha [18], and the operator I (a, A,0) was introduced
by Acu and Owa [19]. Citas [20] studied the operator 1,(m, A,l) which generalizes the operator
I (m,A,1). Alb Lupas studied the operator I (m, A,1) in [2]1-23].

Now, we introduce definitions from the differential subordination and differential superordination
theories.

Definition 3. ( [24]) Between the analytic functions f and g there is a differential subordination,
denoted f (z) < g(2), if there exists w, a Schwarz analytic function with the properties |w(z)| < 1,z € U
and w(0) = 0, such that f(z) = g(w(z2)), ¥ z € U. In the special case where g is an univalent function
in U, the above differential subordination is equivalent to f(U) C g(U) and f(0) = g(0).

Definition 4. ( [24]) Considering a univalent function hin U and ¢ : C* x U — C, when the analytic
function p satisfies the differential subordination

Y(p(2),2p'(2),2°p" (2);2) < h(z), z€ U, (1.1)

then p is a solution of the differential subordination. When p < g for all solutions p, the univalent
function g is a dominant of the solutions. A dominant g with the property g < g for every dominant g
is called the best dominant of the differential subordination.
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Definition 5. ( [25]) Considering an analytic function h in U and ¢ : C* x U — C, when p and
® (p (2),z2p’ (2),722p" (2) ;z) are univalent functions in U fulfilling the differential superordination

h(@) < ¢(p(2),2p'(2), 2" (2) 3 2), (1.2)

then p is a solution of the differential superordination. When g < p for all solutions p, the analytic
function g is a subordinant of the solutions. A subordinant g with the property g < g for every
subordinant g is called the best subordinant of the differential superordination.

Definition 6. ( [24]) Q denotes the class of injective functions f analytic on U\E (f), with the property
1 () #0 for { € OU\E(f), when E(f) ={{ € dU : 1iHé}f(Z) = oo}.
.

The obtained results from this paper are constructed based on the following lemmas.

Lemma 1. ( [24]) Considering the univalent function g in U and the analytic functions 6, n in a
domain D > g (U), such that n(w) # 0, Y w € g(U), define the functions G (z) = zg' (2)n(g (z)) and

Zh (2)
>0,V ze U, when
G(2)

the analytic function p having the properties p(U) € D and p(0) = g(0), satisfies the differential
subordination 6 (p (z)) + zp’' (2)n(p(2)) < 0(g(2)) + 28’ (2)n(g(2)), for z € U, then p < g and g is the
best dominant.

h(z) = 0(g(2)) + G (z). Assuming that G is starlike univalent in U and Re

Lemma 2. ( [26]) Considering the convex univalent function g in U and the analytic functions 0,
n in a domain D > g(U), define the function G (z) = zg' (2)n(g(z)). Assuming that G is starlike

9’(g(z))) > 0,V z € U, when p € H[g(0),1]n Q, with p(U) C D, the
1n(g(2)

Sfunction 6 (p(2)) + zp' (2)n(p (2)) is univalent in U, and the differential superordination 6 (g (z)) +
78" (2)n(g () < 0(p(2) +zp’ (2)n(p(2)) is satisfied, then g < p and g is the best subordinant.

univalent in U and Re(

2. Main results

The operator obtained by applying the the Riemann-Liouville fractional integral to the g-analogue
of the multiplier transformation is written as follows:

Definition 7. Let g, m, [ be real numbers, g € (0,1), [ > —1, and A € N. The fractional integral applied
to the g-analogue of the multiplier transformation is defined by

1 (IO
d =
T Jy o

1 - ! < [l+]]q " 2 t/
@ Jo (z—t)“”dHZ([lH]q) a’fo PR

j=2

DT f(2) = 2.1)

After a laborious computation, we discover that the fractional integral applied to the g-analogue of
the multiplier transformation takes the following form:

o« [l+j]q)m G+ g 2.2)

1
D—/lz'm,l — A+1
ST =Eay +;([1+1]q TG+A+ D

when f(z) = z+ X7, a;z’ € A. We note that DZ‘AI’Z;’If () e H[0,A+1].
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Remark 2. When g — 1, we obtain the classical case, and the fractional integral applied to the
multiplier transformation is defined by

L _ 1 (lmlnfo
DI (m,1,0) f (2) = ru)f e (2.3)

1 (¢ = l+j)m fz £
dr + —2 a, | —at,
T Jo z—n'* ;(Hl 'l @-0'

which, after several calculus can be written in the form

l+j)m FG+Dh 2.4)

-1
D1 (m,1,1) f (z) = F(/l 2)° +JZ(1+1 FG+a+D“

when f(z) = 2+ X2, a;z € A. We note that DI (m, 1,1) f (z) € H[0,4 + 1].

The main subordination result product regarding the operator introduced in Definition 7 is exposed
in the following theorem:

Theorem 1. Consider f € A and g an analytic function univalent in U with the property that g (z) # 0,
z8' ()

is a starlike
g

V z € U, with real numbers q,m,1l, g € (0,1), l > —1, and A,n € N. Assuming that

function univalent in U and

b 2c 28 (1) zg” (Z))
Re|l+=g(@)+ = (g()* - + >0 2.5
( a® a® g@ g@© (22)
fora,b,c,d € C,d+0, z€ U, denote
. DT f @)
v (nya,b,c,dyz)i=a+b Z—] + (2.6)
Z
[ D I;"’l @ r" z (DZ‘AI Z”l f (Z)), .
c|l——— -1].
z D13 f (2)
If the differential subordination
U™ (n,a,b,c.dz) < a+bg (2) + ¢ (g (2)) +dZ§(S) 2.7)
is satisfied by the function g, for a,b,c,d € C, d # 0, then the differential subordination
DA™ ()Y
(%) <8, (2.8)

holds and g is the best dominant for it.
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. DI f @)Y . L
Proof. Setting p (z) :=| — |,z € U, z # 0, and differentiating with respect to z, we get
Z
A ml (DA™ g (7) ’ A ml
, DTy @Y (DT @) DATf )
p(@)=n s Z - 2 =

DA™ Y (DT f @) g
" ( Z Z B Ep (Z)

and

W@ _ (DT @) .
@ | DAL '

Defining the functions 6 and 1 by 8 (w) := a + bw + cw? and n (w) := %, it can be easily certified
that 6 is analytic in C, 7 is analytic in C\{0}, and that  (w) # 0, w € C\{0}.
28 ()
and
8@

Considering the functions G (z) = zg' (2)n (g (z)) = d

78" (2)

h(2)=60@@)+G@) =a+bg@)+c(g@) +d 2@’

we deduce that G (z) is starlike univalent in U.
Differentiating the function & with respect to z we get

(g (@) +28" @)g @ -z2(g ()

h (2) =bg (2) +2cg(2) g () +d

Q)
and W@ Q) b 2 '@ @)
@ _h@_ b 2c » 8@ %'
G e T O TG T

The condition

Re (zh’ ()

78’ (2) . zg"” (z)) >0

g g (2)

b 2c )
o ) Re(l + C—Z,g(z) + g(g(z)) -

is satisfied by relation (2.5), and we deduce that

, 1 7ml n
PO,y
Pz

<

a+bp@)+c(p@) +d

(DI ()
DI f (2)

¢ [Dz @) r"
<

- 1] =y (n,a,b,c,d;7),

which is the function from relation (2.6).
Rewriting the differential subordination (2.7), we obtain

arbp@+e(p@) +d LD <arbg@ e +dE S
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The hypothesis of Lemma 1 being fulfilled, we get the conclusion p (z) < g (z), written as

DA ()Y

and g is the best dominant. m|

Corollary 1. Suppose that the relation (2.5) is fulfilled for real numbers g, m,l, g € (0,1), 1 > —1, and
A, n € N. If the differential subordination

w;"’l’q (n,a,b,c,d;z7) <a+b

az+ 1 az+ 1\ (x-P)z
Bz+1 +C(,8z+1) +d(az+1)(ﬁz+1)

is verified for a,b,c,d € C, d # 0, -1 < B < a < 1, and the function W'/’{’l’q is given by relation (2.6),
then the differential subordination

(DZ‘U;’”Z f (z))" _aztl
Z Bz+1

as the best dominant.

+1
is satisfied with the function g (z) = 2

Z
Bz+1
. . az+1 . :
Proof. Considering in Theorem 1 the function g (z) = lm, with —1 < B < a < 1, the corollary is
Z

verified. m]

Corollary 2. Assume that relation (2.5) is satisfied for real numbers q,m,l, q € (0,1), [ > —1, and
A, n € N. If the differential subordination

2sdz
2

z+ 1Y\ z+1

2s
l/,f”’q (n,a,b,c,d;z) <a+ b(—1 ) + c(—) +

-z 1-z2

1-z2

holds for a,b,c,d € C, 0 < s < 1, d # 0, and the function wT’l’q is defined by relation (2.6), then the
differential subordination

Z 1-2

[DZﬂfqm’[f(Z))n . (z + l)s

+1Y
is satisfied with the function g (z) = (i—) as the best dominant.

1-z2 -
obtained. m|

+1Y\
Proof. Considering in Theorem 1 the function g(z) = (Z ) , with 0 < s < 1, the corollary is

When g — 1 in Theorem 1, we get the classical case:
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Theorem 2. Consider f € A and g an analytic function univalent in U with the property that g (z) # 0,
28" (2)

g ()

VY z € U, with real numbers m,l, | > —1, and A,n € N. Assuming that is a starlike function

univalent in U and

b 2c 28’ () zg8" (2)
Re|l+-g(2) + = (g(2)* - + ) 0, (2.9)
( a* d*® g  g®@
fora,b,c,d € C,d+0,ze U, denote
D (m, 1,1 "
Umia(n,a,b,c,d;z) == a+b[ : Tm )f(Z)] + (2.10)
b4
D1 1D f@T" [P m 1, Df@) 1
¢ z MDA Im L@ |
If the differential subordination
i (1,05, ,52) < a+ b () + (g 0 + 52 @11
is satisfied by the function g, for a,b,c,d € C, d # 0, then the differential subordination
DU, 1,D) f@)\"
( 2 I . )/ )) <g©@ (2.12)

holds and g is the best dominant for it.
Proof. The proof of the theorem follows the same steps as the proof of Theorem 1 and it is omitted. O

The corresponding superordination results regarding the operator introduced in Definition 7 are
exposed in the following:

Theorem 3. Consider f € A and g an analytic function univalent in U with the properties g (z) # 0
28’ (2)

8(2)
Assuming that

and is starlike univalent in U, with real numbers q,m,l, g € (0,1), [ > —1, and A,n € N.

Re (% (g(2)* + gg (z)) >0, forb,c,d € C, d +0 (2.13)

and the function l//T’l’q (n,a, b, c,d;z) is defined in relation (2.6), if the differential superordination

a+bg(z)+c(g (2)* + dw < w;”’l’q (n,a,b,c,d;2) (2.14)

8@
is fulfilled for the function g, for a,b,c,d € C, d # 0, then the differential superordination

DA™ f (2) ) 2.15)

Z

g(z)<(

holds and g is the best subordinant for it.
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_1 7m,l n
Proof. Set p(z) := (w) ,zeU,z#0.

d
Defining the functions 6 and n by 6 (w) := a + bw + cw? and 5 (w) := —, it is evident that  (w) # 0,
w
w € C\{0} and we can certify that 6 is analytic in C and 7 is analytic in C\{0}.
With easy computation, we get that

0 (8() _8g@I[b+28@)]g@)
n(g () d

and relation (2.13) can be written as

0 (g (2)
Re
( n(g () )

e(% (g(@)* + gg(z) >

forb,c,d e C,d + 0.
Following the same computations as in the proof of Theorem 1, the differential superordination
(2.14) can be written as

EQ i bp@+ep@y+a

a+bg @) +c(g@) +d=>—= e @)

The hypothesis of Lemma 2 being fulfilled, we obtain the conclusion

<

DA !
g <p)= [Lf(z))

and g is the best subordinant. O

Corollary 3. Assume that relation (2.13) is verified for real numbers q,m,l, g € (0,1), [ > —1, and
A, n € N. If the differential superordination

+1 +1Y -
p (0[Z ) +d (@-p)z <w;”’l’q(n,a,b,c,d;z)

1 B+ @+ D)@+ 1)

is satisfied for a,b,c,d € C,d # 0, -1 < B < a < 1, and the function wmlq is defined by the relation
(2.6), then the differential superordination

az+ 1 . (D;l[';,zf (Z))n

Bz+1 Z
) ) az+1 )
holds with the function g (z) = B+l as the best subordinant.
<
o . az+ 1 . :
Proof. Considering in Theorem 3 the function g (z) = BT with —1 < 8 < a < 1, the corollary is
Z
proved. O
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Corollary 4. Suppose that relation (2.13) is fulfilled for real numbers q,m,l, g € (0,1), I > —1, and
A, n € N. If the differential superordination

+1\ +1\*  2sd
a+b v +c £ + saz <¢//31’l’q(n,a,b,c,d;z)
1-z2 1-z2 1-22

is satisfied for a,b,c,d € C, 0 < s < 1, d # 0, and the function 1,//;"’1"] is given by the relation (2.6), then
the differential superordination
(H_l) < [D;”fz”f @ )
-z Z

+1Y
is satisfied with the function g (z) = (i—) as the best subordinant.

+1\

i—) , with 0 < s < 1, the corollary is
-z

obtained. O

Proof. Considering in Theorem 3 the function g (z) = (

When g — 1 in Theorem 3, we get the classical case:

Theorem 4. Consider f € A and g an analytic function univalent in U with the properties g (z) # 0
28’ (2)
and
g

is starlike univalent in U, with real numbers m,l, | > —1, and A,n € N. Assuming that

2 b
Re EC (g (z))2 + c_lg (z)) >0, forb,c,d e C, d #0, (2.16)

and the function Y, ;1 (n,a, b, c,d; z) is defined in relation (2.10), if the differential superordination

a+bg(2)+c(g@) + dM <Ymia(n,a,b,c,d;z) (2.17)

8@
is fulfilled for the function g, for a,b,c,d € C, d # 0, then the differential superordination

DI (m, 1,1) f (2) )

(2.18)
Z

g(z)<(

holds and g is the best subordinant for it.

Proof. The proof of the theorem follows the same steps as the proof of Theorem 3 and it is omitted. O
The sandwich-type result is obtained by combining Theorems 1 and 3.

Theorem S. Consider f € A and g, g, analytic functions univalent in U with the properties that

281 () 285 ()

81 @ 2@
numbers g,m,l, g € (0,1), [ > —1, and A, n € N. Assuming that relation (2.5) is verified by the function

g1 and the relation (2.13) is verified by the function g,, and the function ;[/T’l’q (n,a,b,c,d;z) defined by
relation (2.6) is univalent in U, if the sandwich-type relation

are starlike univalent, with real

81 # 0, 8@ # 0, Vze U, and respectively,

781 (2)
g1(2)

785 (2)

<¢T”Wﬂﬁmﬂm)<a+@ﬂ@+€@ﬂ@f+d&Q)

a+bg () +c(g () +d
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is satisfied for a,b,c,d € C, d # 0, then the below sandwich-type relation

DT f @Y
&@<LL€%—J<&@
holds for g, as the best subordinant and g, the best dominant.
+1 +1
Considering in Theorem 5 the functions g; (2) = 2o — g2 (2) = 22"~ with —1 < 8> < 8, <
Biz+1 Brz+1

a; < a; < 1, the following corollary holds.

Corollary 5. Suppose that relations (2.5) and (2.13) are fulfilled for real numbers q,m,1, g € (0, 1),
[ > -1, and A,n € N. If the sandwich-type relation

a

a;z+1 a;z+1 : (a1 =Bz I
b d "4 (1, a, b ¢, ds
¥ ﬂ1z+1+c(ﬁlz+1)+ @2+ DBz Y mabed

<a+b

a7+ 1 +CX(azz+l)2+d (@2 = B2)z
ﬂzZ-F 1 ,82Z+ 1 (a2z+ 1)(ﬁ22 + 1)

is satisfied for a,b,c,d € C, d # 0, =1 <, < B < a1 < ay < 1, and the function w;"’l’q is defined by
the relation (2.6), then the following sandwich-type relation

ajz+1 (Dz‘ﬂf?’lf(z))n arz+ 1
< <

Biz+1 Z Brz+1
+1 +1
holds for g, (z) = iz as the best subordinant and g, (z) = et the best dominant.
Biz+1 Baz+ 1
L . z+1\" z+1\* .
Considering in Theorem 5 the functions g (z) = T—] g () = T—| with 0 < 51,5, < 1,
-z -z

the following corollary holds.

Corollary 6. Assume that the relations (2.5) and (2.13) are satisfied for real numbers q,m, 1, g € (0, 1),
[ > -1, and A,n € N. If the sandwich-type relation

+1\" + 1\ 25d
a+b|Z2) 4% 4 2hde <¢T’l’q(n,a,b,c,d;z)
1-z2 1-z2 1-72

cath z+1s2+ z+12s2+2szdz
. 1-z "\122 1-22

holds for a,b,c,d € C,d # 0, =1 < 3, < B < @) < @, < 1, and the function w;"’l’q is defined by the
relation (2.6), then the following sandwich-type relation

(z + 1)Sl [DZ‘AIZ”f (2) )n (z + 1)‘Y2
— < <
1-z Z 1-z

+1\" +1\”
is satisfied for g, (z) = (i—) as the best subordinant and g, (z) = (i—) the best dominant.
—Z —Z
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The sandwich-type result is obtained by combining Theorems 2 and 4 for the classical case when
qg— 1.

Theorem 6. Consider f € A and gy, g, analytic functions univalent in U with the properties that
781 (2) 28, (z

g1 # 0,8 0@ # 0,V ze U and, respectively, gl—(()), gz—(()) are starlike univalent, with real
8112 &«

numbers m,l, | > —1, and A,n € N. Assuming that relation (2.9) is verified by the function g, and

relation (2.16) is verified by the function g,, and the function Y, ;1 (n,a, b, c,d; z) from relation (2.10)
is univalent in U, if the sandwich-type relation

78, (2)
g1 (2

785 (2)
2 @)’

< Ymia(n,a,b,c,dyz) < a+bgr(2) +c(g2(2))* +d

a+bg () +c(g () +d

is satified for a,b,c,d € C, d # 0, then the below sandwich-type relation

g1(2) <
Z

DA (m, 1,D) f (2) ) <5
2

holds for g, as the best subordinant and g, the best dominant.

3. Conclusions

The results presented in this paper are determined as applications of fractional calculus combined
with g-calculus in geometric functions theory. We obtain a new operator described in Definition 7 by
applying a fractional integral to the g-analogue of the multiplier transformation. The new fractional
g-analogue of the multiplier transformation operator introduced in this paper yields new subordination
and superordination results.

The subordination theory used in Theorem 1 gives the best dominant of the differential
subordination and, considering well-known functions in geometric functions theory as the best
dominant, some illustrative corollaries are obtained. Using the duality, the superordination theory
used in Theorem 3 gives the best subordinant of the differential superordination, and illustrative
corollaries are established taking the same well-known functions. Combining Theorem 1 and
Theorem 3, we present a sandwich-type theorem involving the two dual theories of differential
subordination and superordination. Considering the functions studied in the previous corollaries, we
establish the other sandwich-type results. The classical case when ¢ — 1 is also presented.

For future studies, using the fractional integral of the g-analogue of the multiplier transformation
introduced in this paper, and following [27] and [28], we can define g- subclasses of univalent
functions and study some properties, such as coefficient estimates, closure theorems, distortion
theorems, neighborhoods, radii of starlikeness, convexity, and close-to-convexity of functions
belonging to the defined subclass.
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