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1. Introduction

In this paper, our focus lies on studying the stability of the Dirichlet-to-Neumann (DN) map for
the fractional diffusion equation with respect to the reaction coefficient represented by the symbol g.
This equation serves as a mathematical model that describes abnormal diffusion in various physical
phenomena. Examples include the scattering field data problem in soil [1], material diffusion in
heterogeneous media, fluid flow diffusion in inhomogeneous and anisotropic porous media, turbulent
plasma behavior, carrier diffusion in amorphous photoconductors, diffusion in turbulent medium flows,
percolation models in porous media, biological phenomena, and finance problems (see [2]). More
about the applications of fractional derivatives can be found in [3-5].

In mathematical terms, we consider a smooth bounded domain Q in R? (d > 1) with a smooth
boundary denoted by 9Q. Our investigation revolves around the initial boundary value problem,
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formulated as follows:

Mu—Au+qgx)u=0, inQr:=Qx(0,7T),
u(x,0) =0, in Q, (1.1)
u=f, on Xy :=0Qx(0,7).

Here, T > 0 is a fixed real number, the diffusion potential ¢ belongs to the space L*(Q), and the
Dirichlet data f is taken from the space = defined as

E := {h € C'([0, T]; H3(Q)); h(-,0) = 0, on Q). (1.2)
In the above equations, d{u denotes the fractional Caputo time derivative, which is defined as

1

g0 = & TR

f(t — 5)" e 1eM(s) ds.
0

Here, n := [a] + 1, where [-] represents the integer part function, I' is the Euler-Gamma function, and
2

d
A= Z Y stands for the Laplacian operator with respect to the spatial coordinates.
— Jx-
j=1 J
To establish the existence and uniqueness of a solution to the problem described in (1.1), we rely

on a proposition given by Kian et al. in [6]:

Proposition 1.1. [6] Let a € (0,1), p € L*(Q), a € C1(Q), g € L*(Q) satisfy the conditions
p(x) > ¢, a(x) > c, qg(x) >0,

for some positive constant c, and let f € C'([0,T]; H 2 (0Q)) satisfy f(-,0) = 0 on 0Q, then there exists
a unique solution u € C([0, T1; L>(Q)) to the following boundary value problem:

p 0u—diviaVu) + qu =0, inQr,
u(x,0)=0, in Q, (1.3)
u=f, on Xg.

Moreover, we have u € C([0, T]; L*(€)) N C((0, T1; H*(Q)), for any y € (0, 1).

Let us introduce the DN operator, denoted as H,, o, associated with the problem described in (1.1).
This operator is defined as follows:

H,q : f € C([0,T]; H (6Q)) - % e C([0, T]; H¥ 2(6Q)). (1.4)

Here, v represents the outward unit normal vector to dQ and u denotes the solution to the problem
given in (1.1). According to Proposition 1.1, when y € (%, 1), the operator H,, is well-defined in the
space C((0, T]; L*(6Q)).

In this study, our objective is to establish a spectral stability estimate of Holder type for the DN
map H,,, with respect to the Dirichlet eigenvalues (44 )« and the normal derivatives of associated
eigenfunctions (9, )« of the operator A, := —A + q. Previous works have explored related stability
estimates in different settings. Alessandrini et al. in [7] demonstrated a spectral stability of Holder
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type for the DN map associated with a wave diffusion equation using certain approximate spectral data.
In [8], the authors established stability estimates for a partial hyperbolic DN map, specifically in cases
where measurements are made at the intersection of the domain’s boundary with a half-space. They
obtained a Holder type stability estimate in three dimensions and a logarithmic type stability estimate
in two dimensions. These results have found applications in various works, such as [9, 10], where
log-type stability estimates were proved for the DN map restricted to a specific part of the boundary.
These estimates were then used to identify the potential ¢ in the wave equation based on boundary
observations. Additionally, in [11], the authors provided Holder stability results for the DN map and
established a stability estimate linked to the multidimensional Borg-Levinson theorem for determining
a potential from spectral data.

The structure of this paper is organized as follows: In Section 2, we present fundamental properties
related to the spectrum of the operator A, and state the main result, which can be found in Theorem 2.1.
Section 3 is dedicated to the proof of Theorem 2.1.

2. Preliminaries and main result
In this section, we introduce the necessary notations to present our main stability result. We denote

by A, the DN map associated with the operator A, := —A + g defined on the domain D(A,) = Hé @n
H*(Q). The map A, is defined as follows:

Ay Y- 0yu,
where u represents the solution of
Au=0, inQ,
u=1y, on 9Q.

Here, 0(A,) = A, denotes the spectrum of A, and p(A,) = C\ o(A,) represents the resolvent set of A,,.
Forany A € p(A,) and y € H %(89), the problem

—Au+qu—Au =0, inQ,
u=1y, on 0Q

has a unique solution u := u(q, ¥, 1) € H*(Q). Furthermore, the operator A () 1 ¢ — O,u is bounded
from H2(0Q) to H2(4Q) (see [12]).

It is a well-known fact that the spectrum of A, comprises a sequence of eigenvalues, where each
eigenvalue is counted according to its multiplicity. The eigenvalues are ordered as follows:

OS/ll,qS/lz,qS...S/lk,q—)W.

The associated sequence of eigenfunctions is denoted by ¢y ,, and we can assume that this sequence
forms an orthonormal basis of L>(Q) for the solution @i 4 Of the problem

(A + q@)p = Aigp, inQ,
=0, on 0Q2.

From the classical H*(Q2) a priori estimates, we derive

kgl < C kg llprgllizg = C Arg. (2.1)
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For more details, see [9, 13]. Therefore, from trace theorem (see [12]), we obtain

10,0l b g < € Ak 2.2)
Additionally, there exists a positive constant K > 1 such that

K™ ki < Ay < K K7, (2.3)

where the constant K can be chosen uniformly in ¢ within the range 0 < ¢g(x) < M for x € Q.
Consequently, we obtain the estimates

2
”av‘pk,q”H%(ag) < Cki, 2.4)

and from [7] (Lemma 2.5), we have

PN

18yprgllmroey < C (g + D2, 0<p<—. (2.5)

| =

These estimates provide insights into the behavior of ¢ , and its normal derivatives in different function

spaces. We can conclude that the sequence (k’f*f’”||av¢k,q||H%(m))k belongs to ! if m > % + 1. Here, ¢! is
O

the standard Banach space of real-valued sequences for which the corresponding series are absolutely
convergent. It is defined as

€' = {(x)n CR, ) | < o)

n=1

equipped with its natural norm given by

o0
Coalln = D Il
n=1

Let us fix ¢ such that ‘51 +1 < <d+ 1. It follows that (k_TH||6V<pk7q||H%(r))k belongs to £'.

Let r := (r;) be the sequence defined by r; = k_TZ(, k > 1. We introduce the Banach space

£ HAD) 7 = (g = (801 € HED), and (rilgal,y € )

equipped with the norm:
18l ey = D el 3

k>1

Furthermore, let u = (u;) be the sequence of eigenvalues of Ay (which corresponds to A, with g = 0).
As a consequence of the min-max formula (e.g., [14]), we have

kg — pel < Mlgllzo), k=1

which implies that ||, —ulle~ < |Igllz=~@), Where A, := (A 4)r, and £ denotes the standard Banach space
of bounded real-valued sequences. In other words, 4, belongs to the affine space > = p+ 6. We
equip £~ with the distance function:

de(B1,82) = 1B — 1) = (B2 = Wlle= = 1181 = Balle=, B € E°, j=1,2. (2.6)
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Let us define N, := [a(d + 2)] + 1 and E as the set

()Z:E if Nazl,

= . - 27
S = {g € HV(0, T H(0Q)): 9/g(-.0) = 0, j=0,....Ny— 1}, if Ny 22, @7)

where Z is the set defined by (1.2).

Instead of considering H,,, directly as an operator from = to C([0, T']; L*(0Q)), we will focus on
its restriction, denoted by H,,, to the subspace =, of Z. Furthermore, we denote [[|H,, . — Hy,olll,
as the norm of the operator H,, , — H,, » in the space L (HN“ O, T;H 3 (0Q)); L*(0, T; H? (89))). Here,
H"e represents the L?-based Sobolev space of order N,, and L*(0, T; H?(0X2)) represents the space of
square integrable maps from the interval (0, 7] to H?(0Q2). With these notations established, we are
now able to state the main result.

Theorem 2.1. Let g; € L*(QQ) and let there be a constant M such that ||qi|l.~<y < M, i = 1,2, then
there exists a constant C such that

”l?-{qw - qu,amp <C(o+ 69),

where 6 = dw(A4,, Ag,) + 10y, —
and d, is defined in (2.6).

0Pl gt oy Pa = Otorgds 1= 1,2,0€(0,1),0<p <3,

3. Proof of Theorem 2.1

This section aims to establish the stability of the DN map H,, with respect to the spectrum
(Akg» Prg)k of the operator A,. The proof of Theorem 2.1 relies on two key propositions:
Propositions 3.1 and 3.2. Proposition 3.1 extends the results from [7,9, 13] to the fractional case
(@ € (0, 1)), which originally dealt with the classical case @ = 2. The extension is made possible by
leveraging the properties of the Mittag-Leffler function [15,16]. Proposition 3.2 establishes the stability
of the term By under small perturbations of the potential g in L*(€2). The norm of the difference
between By, and By, is bounded by a constant times the value of 6. This proposition is an essential
component in the proof of Theorem 2.1, as it ensures the stability of the additional term By in the
representation of the operator H,,. The following lemmas, whose proofs can be found in [7, 13], are
instrumental in the proof. Alessandrini et al. in [7] used these Lemmas to give an explicit representation
of the DN map for the wave equation, which was used in [7, 9, 13] to establish estimates for the DN
map and to give stability results for the inverse problem of identifying the potential g according to
these estimations. We adapt this technique to establish a spectral stability estimate to the DN map for
the fractional diffusion equation.

Lemma 3.1. ( [13], Proposition 2.30, p. 64)
(1) For A € p(A,), we set R, () := (A, — )\, For h € L*(Q), we have

1
R, (Dh = h
/(D) Z@rf”W%’

k>1

where (-, -) represents the inner product in L*(Q).
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(2) For A € p(A,), there exists 6y and C such that

IR, + ) = Ry() = R (D iz iy < Clul’, Y € C, Jul < o
In particular; A € p(A,) — R, () € LIL*(Q), H*(Q)) is a holomorphic function.
Lemma 3.2. [7,13] Let g € L*(Q), m > d fe H> (0Q), and A € p(A,), and we have

d"
d/lmA ) f =-m! Z m(f s 0y01,0)0y P glors

k>1

where {-,-) represents the inner product in L*(0Q).

Lemma 3.3. [7, 13] For nonnegative integer N and q1,;q> € L*(Q) with 0 < q1,;q9> < M. There

exists a positive constant C, depending only on Q and M, such that

d’ C
|Iﬁ(Aql(/l) - Ay, (D, < MVT’ A<0and0< j<N,

3 1
where || - ||, denotes the norm in L(H2(0Q2), H?(0Q2)), 0 < p < >
Lemma 3.4. [9,13] Let F(1) := Ay, (1) — Ay, (). We have

IF DI, < C.

In particular, for 0 < j < d,
IFPO)]], < €&,

where 6 € (0, 1).

These lemmas, with the two following propositions, provide the necessary tools to establish the

stability result presented in Theorem 2.1.

Proposition 3.1. For each f € &, we have

d+1
qaf Z [__(Aq(/l):| (_a;l)Jf + Bgf’

lda/ =0
where
Baf__z 1 t<(_aa)d+2f8 _ a—lE -2 — 5 dslo
qJ — d+2 s > v‘pn,q>(t S) a,a( n,q(t S) ) s V‘Pn,q,
n=1 /1”4/ 0
and
b k
<
E, 5(2) := —— 7€C, u>0, BeR

is the Mittag-Leffler function.

3.1)

(3.2)
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d+1
Proof. We setu = Z u’ + h as the solution of the problem (1.1), where, for a fixed ¢t > 0, u® = ul(, 1)
=0
is the solution of
Al + q(x)uo =0, in Q,
{ u = f on X (3-3)
and for j=1,...,d + 1, u/ is the solution of
A/ + g(x)uw = —0§’uf‘], in Q,
{ w =0, on X, (3-4)
0'h — Ayh + q(x)h = —a;*ud“, in Qr,
h(x,0) =0, in Q, 3.5

h=0, on Xr.

Note that each u/ has zero initial values. In fact, we remark that for any g € Z, lin(} 07g(-,t) = 0. Indeed,
11—
using integration by parts, we obtain

1
T - )

!
0
d;/g(, 1) = f(t - s)_“a—i(-, s)ds, t > 0.
0

Since the function s — %(-, s) is continuous on [0, T'], then it is bounded on [0, T'], and there exists
m, M € R such that

mf(t —85)%ds < f(t - s)_“a—g(-, 5)ds < Mft(t —-85)%ds
0 0 s 0

which implies that
m tl
Ir2-a

and since | —a > 0, lir% 07g(-,1) =0.
—

M
- aa/ 1) < tl—a’
< 0;8(1) rl—a

Taking t = 0 in Eq (3.3), and since f(-,0) = 0, we deduce that u°(-,0) = 0; and from the previous
remark, 92u°(-,0) = 0. In the same way, we prove that u/(-,0) =0 for j=1,...,d + 1.

In the following, we show that d,u’ = —%%(Aq(ﬂ)uzo[(—ﬁf)j f1. Indeed, for j = 0, we have
o’ = Ayf. For j=1,...,d + 1, let w be the solution of

{ —Aw + g(x)w — Aw = =%, in Qr, (3.6)

w =0, on Xr,
then u/ is the solution of (3.6) for 4 = 0. We have
Aq(/l)uzouj = —8§’uj_1

which implies that

w = Ry(Dpco(=071™") = ... = Ry(D)_o[(=07)u’].
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From Lemma 3.1, we have

R (/l) Z/lkq—/l( ‘qu) 2%

which implies that

o 1
R, = ———(, Prg) Pk
4 ; (/lk,q_/l)j Ph,q) Prq
and
S 1 , .
W= ) (O org) rg = Lnd 1. G

k=1 kg

(—=02)u’ and ¢, are, respectively, the solutions of

—A(=0)u° + g(x)(-07)'u’ = 0, in Qr, (3.8)
(=00 u’ = (-0 f, on Xy '
and '
_Ax()ok,q + q(x)gpk,q = /lk,q()ok,q’ in Q, (3 9)
Yrq =0, on 0Q. :

Applying Green’s identity to (3.8) and (3.9),

[ @10 g = 1000 M) d= [ (10300 g = (V) Bupi) d (3.10)
Q

0Q

When one obtains

. 1 _
(=07, prg) = GO Dpra), (3.11)
q
then 1
uj =~ Z /lj+1 <(_6?)jf’ av¢k,q> Ph,q
=1 g
and

. 1 ;
Ol = = 3 (V. Du1) Dt

k=1 Mg

Then, using Lemma 3.2, we deduce
oy’ = L A2 0%y 3.12
vl _'ﬁ( q( )u:o[(— ;)f]- (3.12)

Now, we will show that

Oh = - Z Y (f (02 F.00png)(t = ) Eaa(=dng(t = )°) d“) o

nl”‘f

From Theorem 2.2 [17], the solution 4 of (3.5) is given by
h = Z(f( aa d+]a‘pnq)(t_s)a lEaa( /lnq(t S) )ds)‘an (313)
n=1
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Using (3.7) for j = d + 1, we obtain

[ee] 1 N
W= 3 (=D, i) g
k=1 )'k,q

which implies that

(o8]

1
(=au™ = Y — (=0, gy G-

d+1
k=1 /1k,q

Using the same way for the proof of (3.11), we have
1
((_67)d+2u09 ‘Pk,q) = —/1—<(—6?)d+2f, aV‘pk,q>
k.q

and

(9]

1
(0P == )~ O L 0 iy

k=1 “"kygq
Substituting (3.15) into (3.13), we obtain

(9] 1 t
h=-> (=0 f, 0010t = )" Eal=Aig(t = %) ds | @ug
0

d+2
n=1 /lﬂ,q

which implies that

(o)

1

t
Bgf = avh = - Z d+2 (f ((—5§l)d+2f, av()Dk,q)(t - s)a_lEa,oz(_/lk,q(t - S)a) ds) av(pn,q.
0

n=1 "9

d+1 d+1

Since u = Z w +h,0u= Z d,u’ + 0,h and from Eqgs (3.12) and (3.16), we obtain (3.1).

J=1 J=1

(3.14)

(3.15)

(3.16)

Proposition 3.2. For any q,, g, € L*(Q) such that g~y < M for i = 1,2. There exists a constant C

such that
1B, - B |ll, < C6,
where ¢ is defined in Theorem 2.1 and ||| - |||, represents the norm in the corresponding function space.
Proof.
(B;jl - sz)f =Ji+J+ I3+ Js,
where

= 1
Ji=) [

k=1 ""kaq k.q2

d+2
/lk,qz

J2 = Z [av(pk,ql - av()ok,qz] f (t - S)a_lEa,a(_/lk,m(t - S)a)ck,ql(s) dS,
k=1 0

[Se]

1 ' - ' o3
T =) i f (t = )" (Eaa(=Aiq, (t = $)") = Ena(~Aigst = ) rg, ds,
0

k=1 ""k,q2

AIMS Mathematics
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[ee)

1 !
Ji= ) — 0 f (t = )" Eqo(= gyt = )€, (5) = Crp(9)) ds
0

k=1 k.o

and ¢y 4, (5) = (=02 £, 0vpr g, i = 1,2.
We have the following estimates:

1
Willzormron < doo(/l(ﬂ,/lqz)”f”EOZ )
=1 ko a
< Cdoo(Ag,, AN f Iz,

1
IV2llz20.7;m700) + Mallzormreey < Cliflls, Z kz(Tz)”av(pk,ql - Oy, q2||H7(aQ)
k=1 K 4
< Clifllgll0veq, — 6v‘p42”€1(1_]%(ag) o

The estimation of ”JS”LZ(O,T;HV((')Q)):
First, we set £ := E, o(=Aiq, (t = 5)¥) — Eq o(=Ai g, (t — 5)?), and from (3.2) we have

S (1) = )

E A=A
— [(an + @) Wegr = Age)
oo n—1
3 (=D — )™ J oan=1—j
= (kg — Aign) L4 T(an+a) JZ:;‘ gt

From (2.3), there exists two constants C; and C, such that

Ci ki< a1 < ¢y ki
- 542

which implies that

-1
. D= 9" A
Cragn<——— > ¥ 17 <Cyapp,
"= Tan+a) Li'ta ke "

j=0
(="t - s)‘”‘n K30
I'lan + @)
Using the definition of the Mittag-Leffler function, we can prove easily that

where ay, =

n b n 1 -1
nx— = nx— = _Eaa—l(x) - a/—Eaa(x)a
lan+a) & Tlant+a) a & a ’

M

1l
—_

n

then
= 1
Zakn - —[ Evant (=t = $)°KD) = T Eq o ~(t = 9)"kD)].
From [16] (Theorem 1.6, p. 35), there exists a constant C > 0 such that
|Eq5(2)| < ¢ €C, y<arg(z) <nm
. Z = T Z 9 —_ Z —_ 9

then
IEl <= k Mklﬂ /lkxlzl'

d

(3.17)

(3.18)

(3.19)

(3.20)

AIMS Mathematics Volume 9, Issue 3, 5394-5406.
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Using (2.3)—(2.5), we obtain
I3llzr@a0) < Cdeo(Ag,, AN fllz,- (3.21)

From the estimations (3.17), (3.18), and (3.21), we conclude that for all f € =,

(B, = By,) fllurae) < Collfllz,,

and then
|||BZ1 - Bgzlllp < Co. (3.22)
Proof of Theorem 2.1. We have
d+1
”l'}(ql,a - qu,(k|||p < Z ”F(/)(O)”p + ”lBZl - BZZmp-
j=0

From the estimation (3.22) and Lemma 3.4, we obtain
|||7_{q1,a - qu,a”lp < C(6 + 69)

Therefore,
|||7'{q1,a - ﬂqz,a”lp < C69

for o sufficiently small.
4. Conclusions

This paper presented a spectral stability estimate for the DN map associated with the fractional
diffusion equation. The estimate was formulated in terms of the Dirichlet eigenvalues and normal
derivatives of the eigenfunctions of the operator A, : —A + q. The obtained stability result was of
Holder type. The result is novel and interesting, and it has significant implications for the inverse
problems of finding the coefficient g in a bounded domain. In future work, the stability estimate will
be used as a crucial tool to prove logarithmic stability for this inverse problem, and numerical results
will be presented. Overall, this paper contributes to the understanding of the spectral properties and
stability analysis of the fractional diffusion equation, paving the way for further investigations in the
field of inverse problems and coefficient identification.
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