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Abstract: The main objective of this study is to establish error estimates of the new parameterized
quadrature rule similar to and covering the second Simpson formula. To do this, we start by introducing
a new parameterized identity involving the right and left Riemann-Liouville integral operators. On
the basis of this identity, we establish some fractional Simpson-type inequalities for functions whose
absolute value of the first derivatives are s-convex in the second sense. Also, we examine the special
cases m = 1/2 and m = 3/8, as well as the two cases s = 1 and @ = 1, which respectively represent
the classical convexity and the classical integration. By applying the definition of convexity, we derive
larger estimates that only used the extreme points. Finally, we provide applications to quadrature
formulas, special means, and random variables.
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1. Introduction

Over the last several decades, the study of error estimation of quadrature rules has grown in interest
and become an appealing and active subject of research. Numerous extensions and improvements have
been suggested for various categories of functions; for example, [1-5].

The 3/8-Simpson rule for four-times continuously differentiable functions, can be declared as
follows:

Y2=Y1 6480

Y2
P o) +3P(252) + 3P (1522) + P (1)) — f@(u)du < L@ (1.1)
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where ||P(4)||OO = sup |SD(4) (x)|.
XEY1,Y2
Numerous scholars have examined different Simpson-type disparities. The majority of research

has been done on convex function classes, which are significant in many scientific domains including
finance, economics, and optimization. Here, we recall the classical definition of the notion of convexity.

Definition 1.1. [6] A function P : I — R is said to be convex, if
P (ky; + (1 =) y2) &P (y) + (1 =) P(y2)

holds for all y,,y, € I and all k € [0, 1].

The idea of inequality and the aforementioned principle are closely related, and readers who
are interested in learning more about this topic are referred to a rich and diverse literature, see for
instance [7-12].

In [13], Laribi and Meftah proposed the following 3/8-Simpson inequalities for s-convex first
derivatives.

72
P o) +3P(242) + 3P (122) + P (1) - L fP(u)du

Y2—
Y1

< st ((2()7 +52) P oo+ P o)
(1 G @) 22) (P ()| 4 (22)

3
where s € (0, 1]. For s = 1, the above inequality reduces to:

)

72
PO +3P(242) + 3P (1122) + P (1)) - L fso (u) du
Vi

)

For functions whose absolute value of the first derivatives are s-convex, they established the following:

< TR (15747 0+ 1P O + 443 (| (242)

+ |p/ (71+3272)

72
P o) +3P(2422) + 3P (122) + P (7)) — fP(u)du

Y2=71
Y1
!
P "+P'(M) q
< (3p+1+5p+1 )p [P’ (y1)l -
B % 8ot s+1

9(p+1)

1 1

/2 4 / 2 4 q 4 2 4 4 q

P 2] ) gy (P2 o)
s+1 +( gr+l ) s+1

+

=

and
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P o) +3P(22) + 3P (122) + P (1) - L fso (u) du

71
> (o)’ ((5)1{ (((%)Y+2 oG 2)I?D’ 0l

IA
<
i
=
S

1

)y

. (%)Hz)é (P,(Z713$ q .
g)“é ((%)”2_'_ 5s+2)'p/ V1+3272)
52) (mrf)q),

where p, g > 1 with [—17 + é =1and s € (0,1].
Erden et al. [14], discussed the above inequality for absolutely continuous functions whose first
derivatives belong, to L? [y, 2], as well as Lipschitzian mappings with bounded variation.
Mahmoudi and Meftah [15] studied a more general form of Simpson’s second rule and developed
the following results:

p (22)

V2
75 (P o) + 0P (B52) + 0P (X52) + P (1)) - 2 fso () du
71
= 9(sy+21_)zsl+2) ((%S;fzeze + 2( ) )(WDI Yl + ¥ (7’2)|)
4 (395;—226;_4) 4 (%)Hl N 2(%26)”2) (|?, (w) " 'Pr (%272) ))’
o (PO + 0P (252) + 09 (122) + P () - 2L f P () du
Y1
1
_ R iy (P ooeHP (252 ) )
< 18()/1;1)/)1”+1 (3" 215(300)”21 1) [ S+1( )
(v | (2 |\ . and (P () o g
PR ey (FEEL ]
and
5 (P ) + 0P (252) + 0P (2522) + P (1)) -
1
< () (e e )IP' o
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(26-1)5+(26-4) 3 \5t2
+ ( 2420 +2 (Tze)

1
1 1 S—l q
+4—l (25 + (5) ) (
1-1 2
9+(29—1)2 q (20-1)s+(26—4) 3 s+
+ ( 8(1+6)? ) (( 2420 +2 (2+29)

s+2 é
F (34 2(35) )P 0or) )

1
q)q

P ()

p(22)

1
q)q

p(252)

q
+

P (a57)

q

where 6 is a positive number, s € (0, 1], and p,q > 1 with % + 611 = 1.

Because of its wide range of applications across several domains and its ability to give a better
description for evaluating the dynamics of complex systems, fractional calculus, also known as non-
integer calculus, has grown in popularity and appeal. This type of computation is often attributed
to Liouville, however there are other fractional operators in the literature. First, we review what the
Riemann-Liouville operator is.

Definition 1.2. [16] Let P € L'[y,,y,]. The Riemann-Liouville fractional integrals I;ﬂ? and I;’_P of
1 2
order a > 0 with vy, > 0 are defined by

I;II+ P(x)

ﬁf(x — ) Pw)dk, x> Y1
Y1

7
I%P(x) - F(la)f(’(_x)a_lp(’()dk, Vo> X

respectively, where I'(a) = f e”'1*7dt is the Gamma function and I&P(x) = Ig,‘P(x) = P(x).
0 1

For papers dealing with fractional integral inequalities, we refer readers to [17-25].
Recently, Ali et al. [7] established some fractional Newton type inequalities for functions whose
absolute value of the first derivative is convex by using the follow identity:

Lemma 1.1. For a differentiable function P : [y1,y2] — R over (y1,y,) with P € L[y, v,], the
following equality holds:

(1 ==V PO +P ) + =D (P(252) +P(2572))

— e (1P + 1P

(y2—y)*

1
- - f AWIP (1= 071 +ky2) = P (kyy + (1 =) 72)] di,
0

where A, u,v > 0 and

Ak)=4 k*—u, K€
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Motivated by the above cited results, in this paper, we first introduce a new parameterized
identity. Using this identity, we establish some new parameterized Simpson’s like type inequalities for
differentiable convex functions via Riemann-Liouville integral operators. The obtained results include
most of the existing studies. Several estimates are proposed, some of which are finer, and others are
larger. Indeed, our results refine those obtained in [7] for the particular case of 3/8-Simpson. It also
recovers the results given in [15] by setting m = %29 and @ = 1, in addition to the case m = ?‘1 and
a = 1. Some of the results obtained in [13] are recaptured by taking m = % Applications to composite
quadrature formula, special means, and random variables are provided. Note that, in this study, several

estimates are proposed, some of which are finer, and others larger.
2. Main results

In order to prove our results, we need the following definitions and lemmas.

Definition 2.1. [16] For any complex numbers y1,y, such that R (y;) > 0 and R (y,) > 0, the Beta

function is defined by
1

B(yi,72) = fﬂl—‘ (1 — k)" di = "ol

Cyi+y2)
0

where I (.) is the Euler Gamma function.

Definition 2.2. [16] The Hypergeometric function is defined for Rc > Rb > 0 and |z| < 1, as follows:

1
2Fi(a,b,c;2) = meb_l (1= )11 = z0) ™ di,
0

where ¢ > b > 0,|z| < 1 and B(.,.) is the beta function.

Lemma 2.1. Let o > 0,1 € (0,1] and p > 1. Then, we have

1

1
Pz B(L p+1 1=-0P* L F (2L 1,p+2;1-1
flk“—llpdkz - (;p+)+< Pl (5 Lp2il)

a(p+1)
0

Proof. We have

RI—

1 l

flk" — 1P dk

0

1
- kP dk + f(/(“ - )P dk

I
l 1

= éf(l—u)pu}fldu+éf(u—l)”ui_ldu

0 1
1 1-1

= lp;% f(l - I/t)p ué_ldu + (llf(l — l — u)l’ (1 _ u)é—l du

0 0

I
o%
~
~
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l“B( p+1 + LD f(1—u)f’(1—(1—1)u)a du

_ @B(a,p+1)+ a-n” 1,2F1 (%’1,p+2;1—1).

a a(p+l)
The proof is completed. O

Lemma 2.2. Let P : [y1,y2] — R be a differentiable function on [y, y,| with y, < vy, and P’ €
L' [y1,v2), then the following equality holds:

2mP(y, )+(3—2m)7)( Eadhai )+(3—2m)¢>( nn )+2m¢>(y2)

3910 (a+1)
6 = Ty Q172 P)

1
= u[j‘(/fl—m)?”((l - Ky +K—2713+72)d/<
1
f 1-x"-3 P’(( - K) 271+y2 + y’gzyz)dk
0

+f(/<“—(1—m))50’(( K) L2 4 iy, ) d |,

where m € [0, 1] and
Qy1,y2.P) =17 Ply) + 1}

(271+7 ) (271*'72)
3

P(222) 4 o (222),

Proof. Let
I=L-L+16, (21)
where
1
I, = f(K“ -m)P ((1 —K)y + K—zyl;”)dk,
0
1
L = f ((1=0" = )P (1 —0) 2522 4 (222 ) dk,
0
1
I, = f(K“ -(1-m)¥ (( - K) 7'+272 + Kyz)d
0

Integrating by parts /;, we obtain

L = W =m)P((1 =)y +22)

Y2 71 k=0

(2.2)

1

- fk" 150 (1 —K) Vi +/<27'+72)d/<
0
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Similarly, we obtain

and

AIMS Mathematics

153

3({}—"1)?(2713‘*'72)4_ 3m P(')’l)

Y2V Y271
1

72 ” fk" 17) (1 —K) Y +K27'+72)d/<

0
3g-mp (2v1172 3m
7271 P( 3 ) + P ()
271+72
—a( a“ (u—y)* " P (u) du
¥a— 7| 1
Y1
3g=m e (2y1+y2 3m 3¢ 1N(a+1) ja
Y2 P( ) Y2 717)(7 ) 2= ! 1(271+b) 7)(71)

(=0 = )P (1 - 252 g e

k=0

Y2—Y1
1

n 3_a f(l _ K)a—l P((l —K) 2713+72 + K71+3272)dK

Y271
0
_ 3 (71+272) __ 3 (271+72)
2(y2-v1) 3 2(y2-71) 3
Y1272
3
1 a—1
3\ (71+272 _ )
+or (1) f 22— u) P (u)du
2y1+y2
3
_ 3 (71+272) __3 (271+72)
2(y2=y1) 3 2(y2=y1) 3
391 (@+1) 7o (71+2y2)
3

r2—y)**! (m%)

k=1

(= (L= m) P ((1 - 0) 22 + kyy)

1

K 1 +2

72 Y1 k=0

0
3d-m) Y1+2y>
7271() )’27P(3)
3a a—1 Y142y +272
v wf 5"((1 K) & +K’)/2)d
0
3m 3(1-m) Y1+2y2
Y2~ 717)(7) Y2=71 P( 3 )
Y2
3 a+1 Y1+2y2 a—1
()™ [ ) Pwa
7|+3272

Y2—Y1 Y2=71 (r2—7

a+l
3m P(,y) 3a m)p( 1+272) _3 F((;;ll).];rgp()’l‘gz)’z).

(2.3)

(2.4)
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Y271

Using (2.2)=(2.4) in (2.1), and then multiplying the resulting equality by =5, we get the desired
result. .

We are now ready to prove our main results. Note that, at the end of each result, we treat certain
particular cases which repeat or generalize certain inequalities already known in the literature.

Theorem 2.1. Let P : [y1,v2] — R be a differentiable function on [y, y,| with y1 < y, and P’ €
L' [y1,72]. If|P'| is convex, then we have

2P )+(3—2m)¢>( 2 )+(3—2m)¢>( 12 )+2m¢><y2)

6 - 36(;:(7?])62 (Y1, 72, 7))‘
< 25 (st e mte 2 = mt ) 1P (o)
(e (1) ) ) (242
(et (1) w2

- ((%)”3 + (-7 ) ) P (222)

—(em)a 2 /
(e 1w ) ).

Proof. From Lemma 2.2, properties of the modulus, and the convexity of |#’|, we have

2mP oy, )+(3—2m)7>( m )+(3—2m)70( 12 )+2m$"(72)

3% T (a+1)
6 o) Q(}’l,‘yz,P)‘
1
< B fIK“ —m| ‘P’ ((1 - Ky + K—Zy‘;”) dk
0
1
+f (1= 07 = 4 [P (1 = 0 252 4+ 2222
0
1
+ fw = (1= m)l P (1= 0 B2 + iy, )| ik
0
1
< &n fw —m] ((1 ~ QI ()l + & [P (2522) )dK
0

1

+f|(1 — k) - §|((1 — k) ‘50' (22

0

1
o [ -a-mifa- ol (22)
0

+K‘P(@)

3

)dK

e (72)|)dl<
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= 2l ol [ (-0 - e

1

1
fK|Ka—m|dK+f(1—K)|(1—K)a—%|dK
0

0

1
fK|(1—K)“—§|d;<+f(1—K)|K“—(1—m)|d/<
0 0

fp(252)

+ ‘p/ (71 +3272 )

+ 1P () f W = (1 = m)| dic
0

_ vy ({2=mla+D)(a+2) 1+l 20 _ 142 a ,
(( Ya+Diy TM g Tm a+2)|P (vl

2
8—(1+2m)(a+2) 1\!*a 1+2) o /(20147
it T ((5) +m )m) (T)

9
|
4 (4—(a+1)(a+2) 4+ 2=U=me+D@+d) | ((%)H}Y i (- m)”i) e

4(a+1)(a+2) 2(a+1)(a+2) a+l

_ (l)H% +(1- m)1+§) )‘P’ 71+272)
3 a+2 3
(B 1 (1 - ) )P ()

where we have used the fact that

1
2
f(l _ K) |Ka' _ mldK — 2-m(a+1)(a+2) + Z—le_'% _ Lml"'a

2(a+1)(a+2) a+1 a+2 ?
0

1
flea — m|dk = 2-m(a+2) + —m”*

2(a+2) a+2
0

2

f(l - K) |(1 - K) 2| dx = 44(&:—22)) ail (%)1+E ’

1
1
e 1 _ 4—(a+D@+2) |, 2a (1\'T@ o (1\1*2
fK|(1 — k)" = §|d’< = Haths2) T E(E) - m(z) ,
0

2(a+1)(a+2) a+l a+2

I+é _ ]+%
f(l _ K) |K(l _ (1 _ m)ldK — 2—(1—m)(a+l)(a'+2) + 2(1(1—"’1) _ a(l-m)

and
1

2—(1- 2 1
fK|KQ—(1—m)|dK=%+Q%(I—m)+
0

(2.5)

(2.6)

2.7)

(2.8)

(2.9

(2.10)
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The proof is completed.

Remark 2.1. Theorem 2.1 will be reduced to Corollary 2.3 from [15], if we take a = 1 and m = 5.

Corollary 2.1. In Theorem 2.1, if we take m = % we obtain

O B R e G S
E 3 (a+1)
8 )" Qyi,y2,P)

)" - () ) o
)l 5

9
1 1

32-9(a+1)(a+2) 1\ta s\1+3\ 24

( 16(a+1)(a+2) + ((E) + (§) a+l

16(a+1)(a+2)

+

< »m ((16—3(a+1)(a+2) +(

2
18-7a “E 4
To@+2) T

+

1+—
’ 71+272
) +2)'P 3 )

(3)7 )P o).

+ 16(a+2) 8

Corollary 2.2. In Theorem 2.1, if we take m = %, we obtain

2y + +2
PO 2P )00 i
6 2=yD)"

) - (1)) o

Q (71’ Y2, P)'

< o ([4(e+rDe+2) L(
Ha+1)(a+2) 1

2
4—(a+1)(a+2) +

+ 2(a+1)(a+2) (

9
+ (2(2sz) + (%)

1 2
@ 20 _ (1\o o ||p(1t2r2
) a+1 (2) a+2)’P ( 3 )

+ (4(2sz) +.5 (%) i)lp (72)|)

a 1P ol +

- n+z

Corollary 2.3. In Theorem 2.1, if we use the convexity of |P’|, ie. ‘7” (%)
w2 [P (r2)l, we get

l’l+Z

zmp(yl)+(3_2m)p(hl%)+(3—2m)7’(%)+2m9°(72) 3a*11"(a+1)Q(,y1 Y p)‘

6 I
y2=v1 [ 16a+36—(5+8m)(a+1)(a+2) 1 1+1 _onI+i) _2a
< 755 ( 12(a+D(a+2) +((2) +3m e + (1 —m) )3(a+1)
H((1) - mt - - [P (o)
i) 71
1
36+20a—(13-8m)(a+1)(a+2) 1\ ta 1+1) 40
+( 2@+ D)(@+2) + ((E) +(1—m) ) 3a+)

o (' e - (%)‘*)ﬁ)w ).
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Corollary 2.4. In Corollary 2.3, if we take m = % we obtain

Py )+3¢>(2”% )+3¢>(@ )+90(y2)

31 (a+1)
g = o 07, P)‘

+1 +1 1+1
v2—y1 [ 16a+36— 8(a/+1)((1+2) 1 @ @ 5 a 2a
< ( 12(a+1)(a+2) ((2) + 3( ) + (8) ) 3(a+D)
;

9
+«§”%?+— ﬂmmwm»
(

§

8
36+200-10(@+D(@+2) | +$ da
2(a+D)(@+2) 3a+])

+

6 -0 o

Corollary 2.5. In Corollary 2.3, if we take m = 5, we obtain

2’

P(y1)+2p(”{#)+2p(%)+sv(n)

_ 3¢ I(e+1)
5 o @72, P)'

1 142
Y2—Y1 4—(a+D)(a+2) a 1\a a 1 a ,

< 5 (( HarD@r2) T a+l (5) ) (2) )lP (yol
a [ 2y1+y2
(2(a+2) 2 _2)’P ( 3 )
1 2

4— (a+l)(a/+2) 1\o 2« 1\ « v [ Y1+2y2

+( 2a+1)(a+2) (5) a+l (E) m)’P ( 3 )

e o).

1+
a l

4( a+2) t e E)

Corollary 2.6. In Corollary 2.3, if we take @ = 1, then we get

72

2m7)()/1)+(3—2m)7>(72713+ 72 )+(3—2m)7>(771+3272 )+2m7)(y2) T P
6 T nn () du
71
5-8m+8m~ )(y2—y1)
< O (1 () + P ().
Corollary 2.7. In Corollary 2.6, if we take m = % then we get
Py )+37>( i )+3¢>( nem )+7>(y2) 7
— - f P (u) du
Y2=71
Y1

< B2 (197 ()] + [P (1))

Corollary 2.8. In Corollary 2.6, if we take m = % then we get

Y2
LIRS S S SR Py
- u)au

Y2—Y1

6
Y1

IA

(1P (ol + 1P () -
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Corollary 2.9. In Theorem 2.1, if we take a = 1, then we get

2y1+y Y1+272 72
2m7)()/1)+(3—2m)7)(f)+(3—2m)7>(f)+2m7)(72) |
c ~ 5 P (u)du

1

P’ (27134-72 )

< 72;)’1 (1—3111+66m2—2m3 |P/ (71)' + 11—122121+8m3

11-12m+8m3
24

+

P’ (71 +3272 )

_ 2 5,3
+ 1 3m+66m 2m |Pl (72)')

Remark 2.2. Corollary 2.9 recaptures the second inequality of Corollary 2.5 from [15] if we take
3

m:Z.

Corollary 2.10. In Corollary 2.9, if we take m = %, then we get

V2
P(y.)+3¢(”{#)+3@(”f#)+@(yz> 1
g v P (u) du

Y1
[ Y1+272
r52)

/ / 2
p— (y1)|+443‘70 (%m) +443
= 7 1536

+157|¢>'(m|]

Remark 2.3. The same results were obtained in Corollary 2.1 from [13].
Corollary 2.11. In Corollary 2.9, if we take m = %, then we get
vz

Py )+2P( Ll; 2 )+27D(771 2272 )+7>(72) | f
- P (u)du

6 Y2=71

Y1

< )/27__2)/1 (|?' (Yol +2 ‘P’ (27‘3&) +2 ‘P’ (3%2)/2)

P ).

Theorem 2.2. Let P : [y1,v2] — R be a differentiable function on [yi,y,] with y, < y, and P’ €
L' [y1,y2]. IfIP'|? is convex where g > 1 with % + é = 1, then we have

2Py )+ G-2mP(Z522 Js G-amP( T2 J2mP o) i)
I3 - (,}/2_71)01 Q()’l, '}’2’ P)

1
1 , (2 \[1\ ¢
T e R Y G e A 0 )
- 9 a + a(p+1) 2

1
1 21\ o (717222 \[ \ 2

Br) | ar(spa o (P P (52
+ + €

o 2r+la(p+1)

(1‘)
2

1
+ ((1—m)p+rer({ll,p+l) + mp+1.2F1("‘;1,1,p+2;m))p

¢ v\
+P ()l
o3 a(p+1) ’

where B and ,F are Beta and Hypergeometric functions, respectively.
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Proof. From Lemma 2.2, properties of the modulus, Holder’s inequality, and the convexity of |P’|?, we
have

2mPy) )+(3—2m)70(2”% )+(3—2m)5"( nin )+2m7>(yz) 30-1Ta+1)
6 T e

Q1,72 5")‘

1

72;71 flka —m| 'f’ ((1 — )y + K2713+72) dx
0

IA

1
+f|(1—/<)"—%|‘P’((1—K)2”%+K”+3ﬁ) di + f|;<“—(1—m)| [P (1= ) 2222 4 )| di
0

1
1 q

1
1 P
on flk“ —ml|? dk f‘?’ ((1 —K)y + K271+72) dk
9
0

0

IA

1
P 1

i
+ f|(1—/<)”—%|pd/< f‘?"(( — k) 2 7‘2272)q
0

0

==

dk

<=
_ =

1 1
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0 0

1

L , 2y1+y2 Y]
_ my (m”*rer(clk,pH) " (l—m)p+1-2F|(";1,1,p+2;l—m))P {l@ oI+ 50,( 3 ) )
- 2

9 a a(p+1)

1

| ]q

1
= S+ \|7 , q
" ((l—m)”*tItB((ly,[Hl) " m”“.zFl("‘(Yl,l,p+2;m))p 'P( 3 ) +P (72)|q]
b
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v 1472 || Y1*2y2

/ /

P (f +|P a=r

1
+(B L)) zFl((r;l,l,pn;;))p[

2’”50 2p+1(l(p+l)

a a(p+1) 2

where we have used Lemma 1.1 with [ = m, 2, and 1 — m, respectively. The proof is completed. m]
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Remark 2.4. Theorem 2.2 will be reduced to Corollary 2.7 from [15] if we take & = 1 and m = 5>

242"
Corollary 2.12. In Theorem 2.2, if we take m = %, we obtain
PoO+3R( 252 Je3p( 22 PO e
3 3 (a+1)
3 = oo Q072 P)

1
1 , (212 \[1\ @
< 2 (o)) SR (EhLpe2d) | IP(71)|‘1+5"( ’ )
< 5 T 8P La(p+1) 2

2]”%61/ 2’7+|(1’(p+1) 2

1
L (2140 o (it2v2 \| T\ @
+(B($,P+1) + 2F1(%,1,p+2;%))zf (|7) (%) +|7) (%) )

Y1+2v
P(52)

8r+ly 8r+la(p+1)

1
1 q 7
1 , 7
N (5p+é3(i,p+1) N 3p+1.2F1(”al,1,P+2;§))1} ( +P (VZ)IQ]

Corollary 2.13. In Theorem 2.2, if we take m = %, we obtain

P+ 2P 252 2P (W2 1P (r))  qacipyyg
( )6 ( ) _ (a+ )Q(’}’l»)’z,@)

2=y

= 18 e 2a(p+1)

1
_ L (i (a4 /M)" 4
< () z',l,p+z;;))p('¢’<m'+¢’( ;
1 2

20

1
1 21\ Lo (1222 \[ \ @
() e\ (P ()
L 2a(p+1) 2

+
2% 2a(p+1) 2

1

. 1

(B((ly,p+l) + QF]((Y;I,l,p+2;m))Il’ [‘P(Wszyz) +|¢”(72)|")q
1

< PO+

n+z n+z

Corollary 2.14. In Theorem 2.2, if we use the convexity of |P'|’, i.e. |50' (tzm)*

= P (I, we get

n+z

2y1+yp Y1+2y2
2mP(y1)+(B-2mP| —=5= F@B-2m)P| 5= |+2mP(y2) 301141
( )6 ( ) - ias )Q (’)’b Y2, 7))

2=y

1
2 1 a— P l
< o |(mEB(pt]) | (omaR (o Lps2itom) | (5|5P'(71)|q+|7"(72)lq)q
- 9 a a(p+1) 6

1

a— . D , , 1

+ B(y.p+1) | 2Fi(5 . Lp+2:5) P(|P<y1>|‘f+|¢><yz>|‘f)q
o 2r+la(p+1) 2

1
1 '
4 (G BGeptl) | o F (S Lpe2m) | (lfo'(m|‘1+5|7>'<yz>l‘1)é
a a(p+1) 6

Corollary 2.15. In Corollary 2.14, if we take m = % we obtain
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POOBP( G2 3P W22 hPon)  sacipyy
( )8 ( ) _ (at+ )Q()’],')’Z,SD)

(y2=y1)"

1
1 — P 1
< (3”*03(31’1’“) + 5"”~2F1("J,1,p+2:§))”(5|¢>/<71)|"+|P/(yz>|")q
- 9

Qg 87+ la(p+1) 6

1
_ = 1
4 (BGpt) | 2P (e Lpe2ig) Y (|7>'(y1>|"+|7>'(y2>|")a
ZIH%(I 2/’+1(I(p+l) 2
1
1 _ 7 1
sPraB(g.p+l) | 3R (S Lp2im) |7 2 SR ()l \
+ 1 + p+1
8P o 8r*tla(p+1) 6

Corollary 2.16. In Corollary 2.14, if we take m = %, we obtain

2y1+yp Y1+2y2
Py1)+2P -3 +2P -3 +P(y2) 3e-1 1
( )6 ol LT \Q(y1,72.P)

(y2=y1)"

_ 1 1
< v ((BGrt) | 2F(fELp25) 7 (S lHP o) \a
- 9 +1 2r+la(p+1) 6

2ty o 4

1

_ = 1

4 (BGpt) | 2Fi(eh1pe2is) "(|7>'<y1>|‘1+|7>'<y2>|q)5
) 1 20+l a(p+1) 2

Pra o

1
B(3p+1) | 2Fi(FhLp23) \P (PSP )l \ s

+ ( ile T 2 TatprD ( 6 )').
Corollary 2.17. In Corollary 2.14, if we take a = 1, then we get

2y1+y2 Y1+2y2 72
2m50()/1)+(3—2m)7’(T)+(3—2m)7’(_f)+2m7)(72) 1 f@( Y
— u) du

6 Y2=Y1
71

1 1
< 2N 1(#)7’ (If"/(m)lq+l7’/()'z)lq)5
= 9 \2\p+l 2

1
" (ml’+1+(1—m)f”+l )5 ((5|¢”(71)Iq+l¢”(72)lq)f11 + (IP’(71)I"+5|?’/(72)|")zlz))

p+1 6 6

Corollary 2.18. In Corollary 2.17, if we take m = % then we get

Y2
P(y.)+3p(m%)+3p(%)+sv(yz) |
3 s P (u) du

Y1

1 1
< (L)E l(l¢”(71)l"+l¢”(n)l")5
= 9 \p+l 2 2

L (st B (5P QI+ )l \ 7 L (PSP g i
8p+1 6 6 )

Remark 2.5. The same result was obtained in Corollary 3.5 from [12].

Corollary 2.19. In Corollary 2.17, if we take m = % then we get
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72
P )+2¢)(271% )+27>( wln )+‘P(yz) '
g — 5 | Pwdu

Y1
1 1
< 2 (L)E (IP’(7|)|q+I7”(yz)lq)E
- 18 p+1 2

1 1
SIPQOI+HP G \i (G5 Gl Y
+ 6 )+ ( 6 ) )

Corollary 2.20. In Theorem 2.2, if we take a = 1, then we get

2y1+y2 Y1+2y) 72
2P+ G-2mP( 2 e 3-2mp( P2 romp ) P d
6 T nn () du

Y1

1
' (2 \[1\ @
o e | ey b (P02
= T3 ( el ) 2

q

1
. p,(2*/13+72) +P,(7|+3272)q q
1 \»
(p+l) 2

1

(2 \| o 4

mP 4 (1=m)P*! % 7)(71)’%) HP ool |
+( p+1 ) 2

_l_

=

Corollary 2.21. In Corollary 2.20, if we take m = %, then we get

P )+%7>( in )+37>( nin )+7’(72) 72
AN ~ 1
g ~ 5o f?’(u) du
7

q

1
gL
. 1 % 1 Pl(2713+72) +5D,(71+3272) q
< Yn(_1_ 1
) (p+l) 2 2

1
N
et gy & | (P00 (2522) )
+( 3pe ) 3 +

Corollary 2.22. In Corollary 2.20, if we take m = %, then we get

1
\ 1
P12 ) o)
2

V2

1
= [P
Y1
q 1

’ (27172 q
R (L)zl P o+ (2522
= % b 2

1

+ ['7),(271;72)”1;'7),(712272)”’)‘; + [P/(mfm)zq+lP’(yz)lq)q

Py )+2P( Eadher) )+27D(771 222 )+7>(72)
- -
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Corollary 2.23. In Corollary 2.17, using the discrete power mean inequality we get

2714y Y1+2y 7
2P+ G-2mP( 2522 e (3-2m)P( 122 |+ 2mP(y)

1
< r— f@(u)du
Y1
1 1 1
Y2=v 1 \»r mP L (1—m)?* \ P | (1P DI HP o)l \ g
< () sy )

2

Corollary 2.24. In Corollary 2.23, if we take m = g we get

Py )+31>(—2”3+ ) )+37>( nn )

Y2
P2 1 (pund
8 T nn () du

Y1

1 1 1
v (_1\r 3p+1+5n+1); (|P'<y.)|q+|¢>'<yz)|q)a
S 5 (p+1) (2"'( 8 ) :

2

Corollary 2.25. In Corollary 2.23, if we take m = % then we get

Y2
Py )+2¢’( Eadhal )+27>( nin )+7’(72)

c - yziyl f@(u) du

71
1 1
< N (L)E(IP’(71)|q+I¢”(72)I[’)§
= 6 \p+l 2 :

Theorem 2.3. Let P : [y1,v2] — R be a differentiable function on [yi,y,] with y, < y, and P’ €
L' [y1,v2]. IfIP'|? is convex where q > 1, then we have

2mPyy )+(3—2m)¢>( Mm )+(3—2m)so( nem )+2m7>(y2)

_ 3 (e+1)
6 2" Q(Vl’”’@)|
1
von [(1=me+) | 20, 1+1\!7% ((2—m(a+l)(a+2) 2a 141
s 5 (( o w1 ) YNatD@r2) T axl

_ a 1+2\ q , (2-m@+2) | a 1+§) /(271+72)
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3
1
1+1\173 1+2
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+ (2(a+1) * o (E) ) ((4(a+2) + (_) )

1
Q)q

/[ 2y1+y2 |9
a2 2 P (22)
4@iD@+d) | 20 (1NF5 o (15 )| (120 a\7
+ d(a+1)(a+2) + ﬁ(i) - m(z) P ( 3 )
_1 1
me+D-a | 20 (1 _ o\ 1+0\ TG ([ 2=0mm) e D@D | 200-m)' @
+( et o (L-—m) ) (( 2a+1)a+2) arl

_a(-m)*E P’ (71+2n)
a+2 3

1
1 2—(1-m)(a+2) a 1+2 , g\
+ (PR A =m0l

Proof. From Lemma 2.2, properties of the modulus, the power mean inequality, and the convexity of
|P’|7, we have
AIMS Mathematics
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2m7>(y1>+(3—2m)7>(27{#)+(3—2m)¢>(@)+2m¢><yz)

3 3%~ (a+1)
6 - (72—71;:’ Q()’],)’z,?’)'
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Q=

1
‘[ma—a—w@(ﬂ—xﬁ@%ﬂ%ﬁf+«ﬂYWﬁ@dK
0

1-1 i
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- ot () (Bmend g e (1 - )+ P ()
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where we have used (2.5)—(2.10). The proof is achieved. O
Remark 2.6. Theorem 2.3 will be reduced to Corollary 2.11 from [15] if we take @« = 1 and m = ﬁ.
Corollary 2.26. In Theorem 2.3, if we take m = s’ we obtain
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Corollary 2.27. In Theorem 2.3, if we take m = % we obtain
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Hm @ (2z)
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Corollary 2.28. In Theorem 2.3, if we use the convex
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Corollary 2.29. In Corollary 2.28, if we take m = 3, we obtain
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1
1 1
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Corollary 2.30. In Corollary 2.28, if we take m = % we obtain
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Corollary 2.31. In Corollary 2.28, if we take a = 1, then we get
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Corollary 2.32. In Corollary 2.31, if we take m = % then we get
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Corollary 2.33. In Corollary 2.31, if we take m = %, then we get
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Corollary 2.34. In Theorem 2.3, if we take a = 1, then we get
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Remark 2.7. Corollary 2.34 recaptures the second inequality of Corollary 2.13 from [15] if we take

_3
I’I’Z—4.

Corollary 2.35. In Corollary 2.34, if we take m = %, then we get
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Remark 2.8. The same result was obtained in Corollary 2.3 from [15].
Corollary 2.36. In Corollary 2.34, if we take m = % then we get
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Y1

1 1
N\g 'p,(zylgvz)a'p(ylng)q q
+ 2

90/(271;72)
2

- 36

|

Corollary 2.37. In Corollary 2.31, using the discrete power mean inequality, we get

P (yol'+
< Y2—Y1 (

Y1+2y
P’( l3 2)

‘“ i
P (yz)l"]

2y1 +y2 Y1 +2y2 72
ZmP(yl)+(3—2m)?(f)+(3—2m)P(f)+2mP(y2) | P d
6 T v (u) du

Y1

- (5-8m+8m2)(yz—y1>(|¢>'(y1)|‘1+\¢>'(yz)|‘1)%
= 36 2 )

Corollary 2.38. In Corollary 2.37, if we take m = %, then we get

Y2
Py, )+3P(2”%)+3P(%)+P(n) L (pnd
8 T e () du

Y1

IA

25(2=y1) ( [P I +IP (o)l )é
288 2 :

Corollary 2.39. In Corollary 2.37, if we take m = %, then we get

P(y1)+2¢>(m)+2p(w)+ﬂyz) l
3 3 _ 1
c rv— fSD (u)du

Y1

1
2=y (1P DEHP )l 4
s B ( 2 ) :
3. Applications

3.1. Application to composite quadrature formula

Let Q be the partition of the interval [L;, £,] such that £, = uy < u; < ... < u,, = L, and take the
quadrature formula into consideration.

L
fﬁ‘)(u)du =QP,Q+EP,Q),
L
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where

[2m7>(u,)+(3 2m)¢>(M)+(3 2m)¢>(”l*2”’+1)+2m7>(u,-+1))
6 9

n-1
QULP.Q = ) (i1 —u)
i=0

with m € [0, 1] and where & (P, Q) denotes the associated approximation error.

Proposition 3.1. Let P be as in Theorem 2.1. Then, for m € [0, 1], we have
n—1
& (P, Q)| < 2B 8"“8'”2 (ir1 — 1;)* (1P W)l + 1P (uzs1)]) -
i=0
Proof. When we apply Corollary 2.6 to the partition Q of the subintervals [u;, u;11] i =0,1,....,n— 1),
we obtain

Uit+]

2mP () +(3— 2m)90(2“ i) )+(3 2m)¢>(“ 422 ] )+2m70(ui+1) | ffD ) di

6 Uir1—U

Uuj

(5-8m+8m* ) (i1 —uy)

< il (P @] + 1P (i)

We reach the necessary result by multiplying both sides of the aforementioned inequality by (u;,; — u;),
summing the generated inequalities for all i = 0, 1, ...,n — 1 and applying the triangular inequality. O

3.2. Application to special means

For arbitrary real numbers o1, 0, we have:

The generalized arithmetic mean: A (01, 0,) = 222,

2
1 1
o) ol

1
The p-logarithmic mean: L, (01,02) = (m)p, 01,02 > 0,0, # 0> and p € R\ {-1,0}.

Proposition 3.2. Let 01,0, € R with 0 < 0, < 0,. Then, we have

3(92 o1) (

‘A (o1.03) + A% (o1,01,02) + A% (01,02, 02) - 3L3 (Ql,Qz)' o1 +03).

Proof. Applying Corollary 2.8 to the function P (1) = u® leads to this conclusion. O

3.3. Application to probability

Proposition 3.3. Let X be a random variable, and let P be its probability density function that takes
values in the finite interval [y,,7v,] i.e., P : [y1,y2] — [0, 1] with the cumulative distribution function

F(x) =Pr(X < x) = [P (u)du. Then, we have

7
Rk )r(MT) )
6 Y271
< 52 (P ol+2]p(252) + 2 [P (222)] + P ).
Proof. Replace $ = F in Corollary 2.11 and take into account that F (y;) =0, F (y;) = 1, and E [X] =
yfzkﬂ" (k) dk =y, F (y2) = viF (y1) = 7sz (k) dk =y, - 7sz (k) dk. O

71 71 Y1
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4. Conclusions

In this work, we established new a parameterized identity involving the Riemann-Liouville integral
operator, thus leading to the construction some fractional 3/8-Simpson type integral inequalities
for functions whose absolute value of the first derivatives are convex. We succeeded in obtaining
refinements as well as generalizations of certain known results. Moreover, we presented some
applications in numerical integration, special means, and random variables.
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