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Abstract: We studied Toeplitz operators acting on certain poly-Bergman-type spaces of the Siegel
domain D, c C2. Using continuous nilpotent symbols, we described the C*-algebras generated by
such Toeplitz operators. Bounded measurable functions of the form &) = c(ImZ;,Im& — |41%)
are called nilpotent symbols. In this work, we considered symbols of the form a({) = a(Im{;) and
b(¢) = b(Im &, — |1 ?), where both limits Slir(% b(s) and gl_lfio b(s) exist, and a belongs to the set of piece-

wise continuous functions on R = [—co, +c0] and with one-sided limits at 0. We described certain
C*-algebras generated by such Toeplitz operators that turned out to be isomorphic to subalgebras of
M, (C)® C(I), where I = R X R, and R, = [0, +o0].
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1. Introduction

In recent years, the theory of Toeplitz operators has been generalized from Bergman spaces of
square-integrable holomorphic functions to poly-Bergman spaces of square-integrable polyanalytic
functions [1, 2]. Bianalytic functions emerged in the mathematical theory of elasticity, but the
mathematical relevance of more general polyanalytic functions was soon realized [3].

Similar to the study of Toeplitz operators on spaces of analytic functions, we select a set of symbols
E c L* in such a way that the C*-algebra generated by Toeplitz operators with symbols in E can be
explicitly described up to isomorphism, that is, as an algebra of matrix-valued functions. For the unit
disk D and the Siegel domain D,, ¢ C", in [4—6] the authors considered the set Eg of symbols invariant
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under the action of a maximal Abelian subgroup G of biholomorphisms, they found that the C*-algebra
T ¢ generated by Toeplitz operators acting on the Bergman spaces with symbols in E¢ is commutative.
The authors also proved that 7 is isomorphic and isometric to a C*-subalgebra of continuous functions
on a locally compact Hausdorff space X. Of course, 7¢ is isomorphic to C(o (7)), where o(7) is
the spectrum of 7. Unfortunately, X is far away to be (7). In this sense, we can note that the full
description of a commutative C*-algebra depends on the spectrum of the algebra. It makes sense to
select a smaller class E C Eg in order to fully describe the C*-algebra 7 generated by the Toeplitz
operators with symbols in E. For the case of the Siegel domain D,, in [7] the authors choose a family
E of piece-wise continuous symbols invariant under a nilpotent group and prove that the spectrum of
the C*-algebra 7 is a compactification of the upper half-plane Il = {z = x + iy € C | y > 0}. In this
work, we extend the results in [7] by studying the noncommutative C*-algebra generated by Toeplitz
operators acting on two type-poly-Bergman spaces of the Siegel domain D,, where it is possible to
identify the space of all irreducible representation of such algebra. In general, the spectrum of a
commutative C*-algebra generated by Toeplitz operators is too large, and it is impossible to have a full
description of it. In [8—12], we can find outstanding contributions about the spectrum of commutative
algebras and the spectrum of operators acting on Hilbert spaces with reproducing kernel, where the
Berezin transform play a significant role.

In the case of the upper half-plane I, a vertical symbol is a bounded measurable function a(z)
depending only on y = Re z. Taking vertical symbols, in [13—15] the authors studied Toeplitz operators
acting on the true-poly-Bergman space ﬂ(zn)(l'[) from the point of view of wavelet spaces. Toeplitz
operators with vertical symbols acting on poly-Bergman-type spaces have also be studied. Taking
vertical symbols with limits at y = 0 and y = oo, in [13, 16] the authors described the C*-algebra
generated by all Toeplitz operators on the poly-Bergman space A2(I1); this algebra is isomorphic to
a subalgebra of M,(C) ® C[0, +co]. Similar research has studied Toeplitz operators on poly-Bergman
spaces with homogeneous symbols ( [17, 18]). Taking horizontal symbols having one-sided limits
at x = oo, in [19,20] the authors studied Toeplitz operators acting on poly-Fock spaces F;(C) and
they proved that the C*-algebra generated by such Toeplitz operators is isomorphic to a subalgebra of
M, (C) ® C[—o0, +0co]. In [21-24], the authors studied the decomposition of the von Neumann algebra
of radial operators acting on the poly-Fock spaces F ,%(C) and weighted poly-Bergman spaces A2(D).

In [4, 5], the authors found all classes of bounded measurable symbols associated to commutative
algebras generated by Toeplitz operators acting on the Bergman space of the Siegel domain D, C
C". In particular, they studied the C*-algebra 7, generated by all Toeplitz operators with bounded
nilpotent symbols, which are functions of the form &) = c(Imdy,...,Im¢,_1,Im ¢, — |’*), where
¢ = ({1, ..., {u—1). Furthermore, in [7] the authors studied Toeplitz operators on the true-poly-Bergman-
type space ﬂfL)(Dz), with nilpotent symbols of the form a({) = a(Im{;) and b(z) = b(Im & — |14 P).
In this paper, we consider two poly-Bergman-type spaces of the Siegel domain D, C C2, in which
Toeplitz operators with continuous nilpotent symbols are studied. The main purpose of this work is
to describe the C*-algebra generated by all the Toeplitz operators acting on the poly-Bergman-type
spaces A, (D) and A7, | (D,). We take nilpotent symbols of the form @({) = a(Im¢;) and b() =
b(Im &, — |41).

In Section 2, we introduce poly-Bergman-type spaces for the Siegel domain and discuss how
they are identified through a Bargmann-type transform. In Section 3, we define Toeplitz operators
acting on ﬂ%],n)(DZ) with nilpotent symbols; such Toeplitz operators are unitarily equivalent to
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multiplication operators.
In Section 3.1, we take symbols of the form b(¢) = b(Am ¢, — |4 ) for which both limits lir(r)l+ b(s)

and lim b(s) exist; the C*-algebra generated by all Toeplitz operators T}, is isomorphic to € = {M €

§—+00
M,(C) ® C[0, ] : M(0), M(+c0) € CI}. Let PC(R,{0}) denote the set of all functions continuous
on R \ {0} and having one-side limit values at 0, where R is the two-point compactification of R. In
Section 3.2, we take nilpotent symbols of the form a({) = a(Im{;), where a € PC (R, {0}); the C*-
algebra generated by all Toeplitz operators T, is isomorphic to C(IT), where IT = R x R,.

In Section 4, we introduce Toeplitz operators acting on &Z((zn,])(Dz) with nilpotent symbols ¢ and
we show that such Toeplitz operators are unitarily equivalent to multiplication operators y“/ acting on
L*(RXR,), where v¢ is a continuous matrix-valued function on I1. In this work, we take symbols of the
form a({) = a(Im¢;), where a € PC (R, {0}). In Section 4.1, we prove that the matrix-valued function
¥* can be continuously extended to IT under a change of variable, which is one of our main results.
In Section 4.3, we prove that the C*-algebra generated by all Toeplitz operators 7, is isomorphic to a
C*-subalgebra of M, (C) ® C(II), thus the spectrum of such algebra is fully described.

2. Poly-Bergman type spaces of the Siegel domain

In this section, we recall some results obtained in [25] that are needed in this paper. We recall
how the poly-Bergman-type spaces are defined and how they are identified with a tensor product of
L,-spaces. This allows us to study Toeplitz operators with nilpotent symbols through a Bargmann-type
transform. We clarify that if X is any positive-measure subset of a Euclidean space, then L*(X) refers
to L*(X, du), where du is Lebesgue measure restricted to X. We will study Toeplitz operators acting on
certain poly-Bergman-type subspaces of L?(D,), where D, is the two-dimensional Siegel domain

Dy ={{ = ({1,4) € C i lm — 14 > 0).

For each pair L = (j, k) € N?, the poly-Bergman-type space Az (D,) is the closed subspace of L*(D;)
consisting of all L-analytic functions, that is, all functions f € C*(D,) satisfying the equations

9 ERY ERY
T—zigf)f=0, (T]f=0-
(551 1352 a¢,

__ Note that AZ(D,) is just the Bergman space when L = (1,1). The anti-poly-Bergman type space
A(D,) is defined to be the complex conjugate of A7 (D). Now, true-poly-Bergman-type spaces are
defined as follows:

ﬂ(ZL)(DZ)

2
AL Dy) © (Z ﬂ%_em(m)] ,

m=1
2

ﬁi(ZL)(DZ)

F(Dy) e( ﬁ%_em(Dz)],

m=1

where e; = (1,0) and e, = (0,1). We assume that A;(D,) = {0} whenever L € Z* \ N2, The
Hilbert space L*(D-) is the direct sum of all the true-poly-Bergman-type spaces and the true-anti-poly-
Bergman-type spaces; see [25] for details. Let us briefly recall how the authors also constructed a
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unitary map from &1{ )(D ) to the tensor product L*(R) ® Hi® L*(R,) ® Ly, where H,, and L, are
the one- dlmensmnal spaces generated by the Hermite and Laguerre functions, respectively, which are
given by

1 :
ha(y) = ——————H,,(y)e™"?
o) NG e

and

€n(y) = (=1)"Ln(»)e™x 1 ()

form =0,1,2,... Asusual, R, = {x €e R: x > 0}, and y, denotes the indicator function of R,. The
Hermite and Laguerre polynomials are defined by the Rodrigues formulae as follows:

m

Hy(y) = (—1)mey2;%(e‘yz>, L(y) —eyi,j—m( Y.

It is well known that {A,}>_, and {{,,}~_, are orthonormal bases for L*(R) and L*(R,), respectively.
Finally, H,, = span{h,,} and £,, = span{(,,}.
Consider the flat domain 9 = C X II, where II = R X R, c C, then D can be identified with D,
under the mapping « : D — D, given by the rule
¢ = k(wi,wp) = (Wi, wy + iw1l?).
Thus we have the unitary operator Uy : L*>(D,) — L*(D) given by
(Uoh)(w) = h(k(w)).

Take w = (wy,wp) € C x 11, with w,, = u,, + iv,, and m = 1,2. We identify w = (u; + ivy, uy + ivy)
with (l/l] , Vi, U, Vz), then

LX(D) = L*(R,duy) @ L* (R, dvy) ® L*(R, duy) ® L*(R,, dv,).

Introduce the unitary operator U; = F® I® F ® I : L*(D) — L*(D), where F is the Fourier transform

acting on L*(R) by the rule
1 « -
(Fo0) = —= [ gtoeax
V27 J-eo

Consider now the following two mappings 1, ¥, : O — D defined by

Ui11,6) = L0+ lm)

and

(=x1 +y1), 221,

Ua(z1,22) = (\/@(Xl +y)+i
2 Vx|

where &, = t,, + is,, and z,, = x,, + iy,,. Both functions i and ¥, induce the unitary operators acting
on L*(D) by

1
(Vig)&) = 2 l)l/zg(%(f)) (V2)(@) = f(2(2)).
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Theorem 2.1. [25] The operator U = V,V,U,Uy is unitary and maps L*(D,) onto the space
L*(D) = L*(R, dx)) ® L*(R, dy1) ® L*(R, dx2) ® L*(R.., dy»).
For each L = (j, k) € N?, the operator U maps the true-Bergman-type space ﬂ(ZL)(Dz) onto the space
H) = L*(R)®Chj_ ® L*(R.) ® Cliy.

We will study Toeplitz operators with nilpotent symbols acting on Az(D,) in the cases L = (1,n)
and L = (n, 1). In both cases, the poly-Bergman-type space can be identified with (L>*(RxR,))" through
a Bargmann type transform [25]. Since ﬂ(zl’n)(Dz) = @Z:I A (D»), the operator U isometrically
maps A, (Dy) onto the space

H = L’(R) ® Chy ® L*(R,) ® span{{y, ..., £,-1}.

2
((1,6))

Analogously, the operator U restricted to ﬂ(zn’l)(Dz) 1s an isometric isomorphism onto the space

Hf, ) = L*(R) @ spanfh, ..., hy_1} ® L*(R,) ® Ct.

We introduce the following linear isometric embeddings
Roai.ny> Rog,y - (LZ(R xRy — LZ(D)
defined by

(Rot m@)(X1, Y1, X2, ¥2) = x+(x2) ho(yDIN(2)]" g(x1, x2),
(Roeu.n8)(X1, Y15 X2, ¥2) = x+(x2) CoO)[HY1)] g(x1, x2),
where g = (g1, ..., g2)" € (L>*(R x R,))" and

H1) = (ho(31)s weos Bue1 1)) @and N(v2) = (Co(y2)s oes Lac1 (32)"

Clearly, ‘H, and H ,, are the images of Ry, and Ro,1), respectively. Consequently, the
operators
R = Ré(l,n)U’ Ry = RS(n,l)U : LZ(Dz) — (LZ(R xR}))",
isometrically map the poly-Bergman-type spaces A; , (D2) and A (D) onto (L*(R x R,))".
Therefore,
RamR1m =1 = RanRi, 1)
RimRam =Bam  and  R; Ry = B,

where B, and B, are the orthogonal projections from L*(D,) onto A? .(D,) and A> .(D»),

(1,n) (1)
respectively. Thus, R, and R, |, play the role of the Segal-Bargmann transform for the poly-

Bergman-type spaces ﬂ%l w(D2) and ﬂ(zn,l)(Dz), where the adjoint operators Ry, , and Ry, |, are given
by

(R (X1, X2) = f S, y1, %2, y2)ho(y1))N(y2)dy»dyy,

R JR,
(R )(x1, x2) = f f S, y1, %2, y2)Co(y2)H(y1)dyady;,
R JR,

where (x1, x;) € R X R,.
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3. Toeplitz operators on the poly-Bergman space ﬂ(zl ,n)(DZ)

Toeplitz operators with nilpotent symbols acting on the poly-Bergman-type space ﬂ(Zl,n)(Dﬁ are
studied in this section. The Vasilevski’s techniques, as in [6], allow us to identify Toeplitz operators
with multiplication operators. Recall that ¢ € L*(D,, du) is said to be a nilpotent symbol if it has the
form &(£y,4,) = c(Im{y,Im &, — |411%), where ¢ : R X R, — C, then the Toeplitz operator acting on
A, (D7) with nilpotent symbol ¢ is defined by

(Tef)(&Q) = (Ban(€N),
where By, is the orthogonal projection from L*(D,) onto ﬂ(l n)(D2)~ If we define
M; 2 LX(Dy) — L*(D,)
g fsg

then 7. is equal to B, ,)M; restricted to ﬂ(l (D2).
The Bargmann-type operator R(;,,, identifies the space A
properly in the study of the Toeplitz operators 7%.

2 (D2) with (L*(R x R,))", and it fits

Theorem 3.1. Let ¢ be a nilpotent symbol, then the Toeplitz operator T, is unitary equivalent to the
multiplication operator M. and, in fact, Mye = Ra TR, where the matrix-valued function y*
R xR, — M,(C) is given by

‘ x| +
Yo(x1, %) = fR fR +c( 2‘ \/_y] P )(ho(yl)) NG2)ING) dysdy;. 3.1)
Proof. We have
RaunT R, RanBanM:R(
= Rq, n)R(l n)R(lJl)ME’R(l,n)

= R(l,n)MER(l,n)
= R(*)(l’n)VzvlUlUO(ME)U(}lUl‘lvl‘lvz‘lRo(Ln).

Recall that £ = k(w) = (W, wa +ilw1|?), where w = (Wi, w,) € D and w,, = u,, +iv,,. For f € L>(D),
(UoM:Uy" f)(w) = Exw)(Ug'" F)K(W)) = Ek(W)) f(W).
That is, UpM:U,"' = Mz, It is easy to see that U Mzo, U;' = Mz, Furthermore,
ViMzol Vi = Miogoy,

and
VaViMeol Vi'V5!' = Miocoyyou, -

Denote ¢ o k o ¢y oy, by C. It is easy see that

_ X1+ W
Cx)=c (2\/x_2 2|x2|) (3.2)
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where z = (x; + iy;, X, + iy2) € D. Finally, let g = (gq,...,8,)" € (L>(R x R,))" and A =
RamT R ,,8)(x1, X2), then

A = (RyqyMcRoin&)(x1, x2)

f f C(D)(Ro1,m8)(x1,¥1, X2, y2)ho(y1 )N (y2)dy,dy,
R JR,

f f C(@ho(y)INy2)1" g(x1, x2)ho(y1)N(y2)dyady,
R +

fR jl; C(2)(ho(y1))* N2)IN)1 g(x1, x2)dy»dy.

Thus, R(l’,,)TCRfl,n) = M,., where y°(x;, x;) is given in (3.1). O

Studying the full C*-algebra generated by all Toeplitz operators with nilpotent symbols is a difficult
task due to the fact that its spectrum is too large. For this reason, we study Toeplitz operators in special
cases. In particular, we consider two specific cases of nilpotent symbols. First, we study the Toeplitz
operators with symbols of the form E({ ) = b(Im &, — |£1[%), for which

»2

Y (x1, x%2) = Y (x2) = f b(—)N(yan(yz)]Tdyz. (3.3)

R, 2x;

Second, we analyze Toeplitz operators with symbols of the form a({) = a(Im ¢;), for which

Yi(x1, x2) = fR a(_gl—g)(hom»zdyﬂm. (3.4)

3.1. Toeplitz operators with symbols b(¢) = b(Am ¢, — |£1])

In this section, we study the C*-algebra generated by all Toeplitz operators 7, with symbols of the
form 15({ ) = b(Im &, —|£1|*), where b : R, — C has limits at 0 and +co. Under this continuity condition,
we will see that y” is continuous on I := R x R,, where R = [—o0, +00] and @Jr = [0, +o0] are the
two-point compactification of R = (—oo, +00) and R, = (0, +00), respectively. The spectral function
= (yf.k) : R xR, - M,(C) is continuous if all of its matrix entries are continuous. These matrix
entries are given by

Yilx, x) = f b(zy—z)@_l(yz)fk_l(mdyz, jk=1,.n, (3.5)
' R, X2
Let L;’S’ m}(RJr) denote the subspace of L™(R,) consisting of all functions having limit values at 0

and +o0. For b € Lf(‘;’m}(RJr), define
by := lim b(y), b := lim b(y).
y_>0+ y—+00

We sometimes think of )/?k as a function from R, to C, as it depends only on the variable x;.
The form of the matrix-valued function y” was obtained in [16] as the spectral function of a Toeplitz
operator acting on poly-Bergman spaces of the upper half-plane with vertical symbols, i.e., symbols
depending only on the imaginary part of z. Thus, we have at least two scenarios in which y? appears
as a spectral matrix-valued function.
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Lemma 3.2. [16] Let b € L,
continuous and satisfies

l(IRJ,), then the spectral matrix-valued function y* : R, — M,(C) is

{0,+00

bool = lim 1y P(x2), byl = lim Yo (x2).
x—0 Xp—>+00
Obviously, in this context, the spectral matrix-valued function yb is defined and continuous on ﬁ,
but it is constant along each horizontal straight line. Thus, 7 is identified with a continuous function
on R,.
Let M,(C([0, ])) = M,(C) ® C([0, c0]), where M,(C) is the algebra of all n X n matrices with
complex entries. Let € be the C*-subalgebra of M,(C([0, o0])) given by

C={M e M,(C([0,c0])) : M(0), M(+0) € CI}.

By Lemma 3.2 and Theorem 4.8 in [16], we have the following
Theorem 3.3. Forallb e Ly ,
€. Moreover, the C*-algebra generated by all the matrix-valued functions y* : I — M,(C), with

be Ly, R, isequal to €. That is, the C*-algebra generated by all the Toeplitz operators T), with

belLg,. (R+), is isomorphic to €, where the isomorphism is defined on the generators by

\(R.), the spectral matrix-valued function ¥’ belongs to the C*-algebra

T, — yb.

3.2. Toeplitz operators with continuous symbols a(Im {;)

Our next stage is the study of the C*-algebra generated by all Toeplitz operators 7, acting on the
poly-Bergman space ?((21 (D2), with symbols of the form a({) = a(Im ;). Recall that y* is given by

Y(x1,x2) = f a (‘; 1\/;_2” ) (o)) 2dy1 Lysen
R

for all (x, x;) € I = R X R,. It is easy to see that y* is continuous on II.
Based on the results obtained in [7], we have the following theorem.

Theorem 3.4. The C*-algebra generated by all Toeplitz operators of the form T,, where a({) = a(Im ;)
with a € C(R), is isomorphic and isometric to the C*-algebra C(2), where the quotient space A =
I/ (R X {+oo}) is defined by the identification of R X {0} to a point. Furthermore, the C*-algebra
generated by all Toeplitz operators T, with a € PC(R,{0}) is isomorphic to the C*-algebra C(I),
where PC (R {0}) consists of all functions continuous on R \ {0} and have one-sided limits at 0.

Proof. Note that y* can be identified with the scalar function
n-=cCc
x| +
(x1,%2) > f ( : yl)(ho(yl» dy:.

This function was obtained in [7] as the spectral function of the Toeplitz operator acting on the Bergman
space A*(D,) with symbol @(0) = a(Im ;). Theorems 10 and 14 of [7] complete the proof. O
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4. Toeplitz operators on the poly-Bergman space ﬂ(zn,l)(Dz)

In this section, we study certain C*-algebras generated by Toeplitz operators with nilpotent symbols
acting on the poly-Bergman-type space ﬂ(zn’l)(Dz). We apply techniques as in Section 3. A Toeplitz
operator acting on ﬂfml)(Dz) with nilpotent symbol ¢({1, ) = c(Im {y, Im & — |4 [?) is defined by

(Tef)Q) = Bun@H)E),

where B, is the orthogonal projection from L*(D,) onto &Zl(zn’l)

R identifies the space &*’I(zn’l)(D2) with (L2 (R x R,))".

(D,). The Bargmann-type operator

Theorem 4.1. Let ¢ be a nilpotent symbol, then the Toeplitz operator T, is unitary equivalent to the

multiplication operator y°I = R\ TcRy, |\, where the matrix-valued function y* : R X R, — M,(C) is

given by
G xs) = fR fR + c(jl—\;_zyl ;-;2) (Co(y) 2 HODHG)T dysdyr. @.1)

Proof. We have

RunTR, 1, = RunBun(MoRg,
= RounR( 1 RanMeR, ;)
= RunM:R,
= Ry, V21U UoM:Uy U ViV Ry,
where
VaViU Uy(Ma) U UV VS = M,

z=(x; +iy;,x +1iy;) € D, and C is given in (3.2).
Finally, let g = (g1, ...,g,)" € (L’(RxR,))" and B = (R(n,l)Tch‘n’l)g)(xl, X), then

B = (Ry,1yMcRon18)(x1,x2)

ff C(2)(Rom,1n8)(x1, Y1, X2, y2)lo(y2) H(y1)dy-dy,
R JR,

ff C@)HON] g(x1, %) () H1)dyady,
R JR,

f f C@)(L() HoDIHG)] g(x1, x2)dy,dyy.
R JR,

Thus, R(n,l)TcREFn,l) = y°I, where y“(xy, x) is given in (4.1). |

As in Section 3, we consider two specific cases of nilpotent symbols. First, we will take Toeplitz
operators with symbols of the form b(¢) = b(Im ¢, — |£,), for which

Y = () = f b

Ry

(zy—z) (Lo(y2))2dy2Lux- (4.2)
X2

AIMS Mathematics Volume 9, Issue 3, 5269-5293.



5278

This spectral function can be identified with the scalar function
R, —>C
e [ o(22) o yan
R, X2

which was studied in [16]. Thus, the algebra generated by Toeplitz operators of the form T}, where
b e Ly ,.,(R,), has been completely described.

Second, we analyze Toeplitz operators with symbols of the form a({) = a(Im¢;); in this case, we
have

7’51(961,962)=‘[R ( e )H@l)[H(M) " dy. 4.3)

From this point on, we focus on describing the C*-algebra generated by matrix-valued functions of
this type.

4.1. Continuity of the spectral function y*

In order to describe the C*-algebra generated by Toeplitz operators acting on ?I(n 1y(D2) with
nilpotent symbols of the form a({) = a(Imd;), first we will analyze the continuous extension of
v = (4 k) to the compactification IT := R x R,. Make the change of variable y; > 2 VX1 + X
in the 1ntegral representation of ¥, then

Yalx1, x2) = 2\/x_2fa(yl)hj—1(2 Vxoy1 + X)) 2 VXoy1 + x1)dyy.
R

The function y;?k is continuous at each point (x;, x,) € II by the continuity of /;_1/_; and the
Lebesgue dominated convergence theorem. Next, we will prove that % has a one-sided limit at each
point of R X {0}. For a € L*(R), we introduce the notation

= lim a(y) and a, = lim a(y) 4.4)
y——00

y—+0oo
if such limits exist.

Lemma 4.2. Let a € L*(R) and suppose that a has limits at +oo, then for each xy € R, the spectral
matrix-valued function y* : I1 — M,(C) satisfies

X0
lim  y“(x),x) =a- f Hy)[HO)] dy,
(x1,%2)—(x0,0) —oo

B (4.5)
ta, f HODH) dy.

Proof. Let A denote the (j, k)-entry of the righthand side of (4.5). Take € > 0. We will prove that
there exists & > 0 such that [y“(x;, x,) — A| < € whenever |x; — xo] < 6 and 0 < x, < 6. Note that
la_|,la.| < llalle. Since Cj = f_O:o |hj—1(y1)hi-1(yDldy, > 0, there exists 6; > 0 such that

1+Xx0 €
lall f o O DIy < &

01+X0 5
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Then

I = pyix, x) — Al

) ’Ima(_;l—\/g)hj_l(yl)hk—1()’1)d)’1
_a_f ROy = ay f R DR (n)dy,

00 X0
—01+X0 —x1 +y1
< —— | —-a_||lhi_ Ny d
fw a( W ) a_|h;-1(yDh1()ldy
X0
+la_| A1 ()1 (Yoldy
—01+x0
1+X0
+la,| f s s )l
X0
1+Xx0
—X1 + )1
+ a\———|h;- (y)h_(y)‘dy
f_\:“—xo(z\/x—z)jllkll 1
“ —x1 +
+j;1+x0 a(ZI—\/x_zyl)_a+ |hj—1 (YD1 (y)Idyy
- 3
< Cy  max a( x1+y1)_a_l+_e

2% 5

(—X1 +)’1)
a —Cl+

2%

We have assumed that a converges at +oo. Thus, there exists N > 0 such that |a(y) — a_| < €/(5Cj)
and |a(y) —a.| < €/(5Cjy) for [y > N. Let ¢ = min{61/2,6f/(16N2)}, then we have =—=| — x; + y;| > N

—00<y1 <—01+X0

+Cjr  max
01 +x0<y1 <00

. G
if [x; — x| < 6,0 < x, < and |y, — x| = ;. Thus,
—X1 + i < €
max al|———|-a_
—00<y | <=01+Xp 2 \/x_z SCjk
and
ma —-X1 + )1 < €
X |lal———|-a —
§1+x0<y] <00 2%, + 5Ci
Finally, we conclude that |y?k(x1, Xy) — A| < e whenever |x; — xp] < dand 0 < x, < 6. O

In general, the matrix-valued function y* does not converge at the points (+oo, +0) € ﬁ; however,
v“ has limit values along the parabolas x, = oz(x% + 1), with @ > 0. For this reason, we introduce the
mapping @ : [T — II given by

x
D(x1, x2) = (Xl, 5 2 )
xp+1

We will prove that ¢¢ = y* o ®~!' : II — M,(C) has a continuous extension to IT = R x R, with the
usual topology. It is easy to see that ®~'(¢;,1,) = (1, (t] + 1)12). Concerning the spectral properties of
T,, the matrix-valued function ¢“ contains the same information as y“, but ¢ behaves much better than
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*, at least for a continuous on R. From now on, we take ¢ as the spectral matrix-valued function for
the Toeplitz operator 7,. A direct computation shows that

¢a(f1,fz)=fwa i H(s)[H(s1)]"ds;.
|9

Jo@+1)

Note that both ® and ®~! are continuous on R X [0, +c0). In addition, the spectral function ¢*
¥* o ®~! is continuous on R X [0, +c0) because y* is. Since ®~'(¢,,0) = (¢;,0), we have that ¢“(z,, 0)
v4(t1,0) for all 1; € C.

Theorem 4.3. Fora € C _(@), the spectral matrix-valued function ¢* : 11 — M,(C) can be extended
continuously to Il = R X R,. Furthermore, ¢* is constant along R X {+oo}.

Proof. The result follows from Lemmas 4.2 and 4.4—4.6 below. m|

Lemma 4.4. Let a € L™(R) and suppose that a converges at +oo, then ¢* = (¢;?k) satisfies

lim U(t1, 1) = a(—0)I.
(zl,z2)—>(+oo,0)¢ (t1, 1) = a(—o0)
That is, for € > 0, there exists 6 > 0 and N > 0 such that |¢;?k(t1, 1) =0 jxa(—o0)| < € whenever 0 < t, <96
and t; > N. Analogously,
li “(t1, 1) = a(+o0)l.
(llatz)g(rloo,o)qs (f1,12) = alroo)
Proof. Suppose that a(—c0) = 0. Let € > 0. Since hj_;(s1)hi-1(s1) € L*(R), there exists sy > 0 such
that
€

||a||oof 1hj—1 (sl (spldsy < 7
50

LetCy = f_o; |hj—1(s1)he-1(s)ldy, > 0, then we have

0 -t +s
f a — hj—l(sl)hk—l(sl)dsl

246+ 1)
fso -1+ 5

a —_—

| 240+ 1)

© —f + S
+f a| ———— hj_1(s)h-1(s1)|ds;
50

2\n(# +1)

=11 + 5 €
Cyp max |a| ————||+=.

—00< 81 <SS 2
| (24/0@+1)
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Since a converges to zero at —oo, there exists N; > 0 such that Cyla(s)| < €/2 for —s > N;. Take
06=1 /(16N2) then we have \F > 2N; for 0 < t, < 8. On the other hand, assume #; > sy and

—o0 < §1 < 8o, then
I — 8 I — So

> .
The righthand side of this inequality converges to 1 when #; tends to +oo, thus there exists N, > sy such
that (¢, — 50)/ \/t%T > 1/2 for t; > Ny. Consequently,

I =S I =8

2‘/5 1/(z2+1 2 o+ 1)

For0 <t < 6 and #; > N := max{sy, N,} we have

N, = 2N 15

- + 5
Cula| —0E0 | <

€
5
2@+ 1)

We define a(s) = a(s) — a, in the case a(—o0) # 0, where a, := a(—o00). Note that a converges to
zero at —oo and ¢ = ¢ + ¢* for any nilpotent symbols a; and a,, then

lim  ¢%(,0) = lim ¢a+a2(11 1)

(t1,12)—(+00,0) (t1,12)—(+00,0)

= lim  ¢%(1,0)

(t1,12)—>(+00,0)

+ ap f hj_1(s1)h-1(s1)ds,

= a(—00)0 jk.
Finally, the limit of ¢“ at (—co, 0) can be proved analogously. O

Lemma 4.5. Let 1) € R,. If a € L*(R) is continuous at —1/(2 \/ty), then the spectral matrix-valued
function ¢* satisfies

lim ¢a(tl,l2) = Cl(—

(t1,12) > (+00,1p)

2;5)1.

Analogously, if a is continuous at 1/(2 /ty), then

(t1,12)—>(—00,10)

1
lim ¢a(t1,[2) = 0(2%) 1.

Proof. Suppose that a converges to zero at —1/(2 v/fp). Let € > 0. Since h;_i(s1), hy—1(s1) € L*(R, ds)),
there exists s¢ > 0 such that

. .
||a||c>of |hj—i (s (s)ldsy < 3
4.6)
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0 €
||a||oof 1hj—1 (sl (spldsy < 3

50

Take into account Cj = f_ 0; |hj—1(s1)hi-1(s1)lds; > 0 in the following computation

—50 —f + S
f a| ———=— |11 (s (s1)ldsy

o0 20+ 1)

S0 —1 + 5
+f al —L 271 |hj—1 (sDh-1 (s)ld sy

0 |20+ 1)

00 —f +s
+f a| ———=— | 1hj_1 (s (s1)ldsy
S0

20 +1)

2e =11 + 5

< ?+Cjk max |a| ———
TSR 2 (B + 1)

Because of the continuity of a at —1/(2 /1), there exists 6; > 0 such that Cjyla(s)| < €/3 for

ls — %l < 0;. Let us estimate the value of the argument of a:

6%t )l <

I -1
I = |————(1
2 Jo@+ 1) 21

1 1 H 1 h
< |- + + 1-
2Vn 24 JE+1 2V 21
S1
+ | ——].
2,/z2(z$ +1)
t
Choose ¢ > 0 such that' 2( < 6,/3 for [t; — t| < 6. Pick Ny > O such that |1 - —\/;2? <
(2 1961)/3 whenever t; > N;. Now, assume that |t, — ty| < § and |s;| < s¢, then |2\F| <7 t+3 ‘5‘ . Thus,
|S1|

—— < 4/3

s1]
——L_ converges to 0 when ¢, tends to +oco. Therefore, there exists N > N; such that
g 1 ! 2 tz(t%+1)

24/n+1)

for t; > N. The additional condition #; > N implies

- + 5
< €/3.

Ciila| ——=
2\t +1)

Hence, |¢jfk(t1, )| <eif|t, —tgl <dand t; > N.
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If a does not converge to zero at —ﬁ%, then take the function a(s) = a(s) — a, and proceed as in the

proof of Lemma 4.4, where a, = a (—#70)
Finally, the justification of the limit of ¢“ at (-0, #j) can be done analogously. O

Lemma 4.6. Let a € L¥(R) be continuous at 0 € R. For ty € R, the spectral matrix-valued function ¢
satisfies
lim  ¢%(t;, ) = a(0)l.

(t1,12)—(to,+00)
Actually, we have uniform convergence of ¢“(t1,t,) at (ty, +00), that is, for € > 0, there exists N > 0
such that |¢‘;k(t1, 1) —a(0)| < e forallt, > N and for all t; € R.

Proof. Suppose that a(0) = 0. Let € > 0, and choose sy > 0 such that Eq (4.6) holds. Let Cj =
[ i (s)hca(spldsy > 0, then

a 50 -1 + 5
¢ (t1, )] < a| ————=||1hj-1(sDm-1(s1)ld s
= |2 Jn@+ 1)

50 —1 +s
+f a| ———=— |71 (s 1 (s1)ldsy

0 |26+ 1)

o -t +s
N f a| ———— | Ihj=1 (s)lu1(s1)ldlsy
ol 240@+1)

€ -1 +s
< 3 +Cy max |a 1o
TSR 2 (@B + 1)

By the continuity of a at 0, there exists 6; > 0 such that |a(s)] < €/(3Cy) for [s| < 6;. For
-850 < 51 < 89, We have

- + 5 1 hH |51 1
< + < (1 + s9).
2 @+ 2VR|| fee1] Jee1) 2VR

Take N = (1 + 50)*/(467). The inequality 7, > N implies ﬁg < (lf—lso)’ Thus, if , > N, t; € R and
—50 < 851 < Sg, then

=1+ 5

2n@+1)

Consequently, |¢;¥k(t1, L) <eforallt, > Nandt € R.

Finally, in the case a(0) # 0, the proof can be carried out by considering the symbol a(s) = a(s) —
a(0). O

<(51.
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For each nilpotent symbol a € C(R), the spectral function ¢“ is continuous on IT and is constant
along R X {+co}. In order to obtain a larger algebra, we now consider symbols a € PC (R, {0}), where
PC(R, {0}) is the set of continuous functions on R with one-sided limits at 0.

Consider the indicator function y; = [0+, for which

¢X+(l‘1,l2):f H(s)[H(s)]"ds;. 4.7)

Theorem 4.7. Let a € PC(R,{0}), then the spectral matrix-valued function ¢° can be extended
continuously to T1.

Proof. For a € PC(R, {0}), we have

a(s) = a(s) + [a(0,) — a(0-) ]y (s),

where ﬁ(O_) and a(0,) are the one-side limits of a at 0, and a(s) = a(s) + [a(0-) — a(0,)]y+(s). Since
a € C(R), the spectral function ¢" is continuous on I1. According to (4.7), ¢** is obviously continuous
on II. |

The spectral matrix-valued function ¢*+ depends only the real variable #;; thus, it can be identified
with the one-variable function

ot (1) = f H(s)[H(s)]" ds. (4.8)
t
Lemma 4.8. The matrix-valued function ¢* = (qﬁ}rk) satisfies:

(1) ¢7(=00) = I and ¢*(+00) = 0.

(2) For each t € R, ¢*(¢t) is symmetric positive definite and ||¢p*(¢)|| < 1, where || - || is the uniform
norm. B

(3) There exists E € M,(C) such that for all t € R, one has that ¢*(t) = EM,E", where E € M,(C)
and

M,:f e_SZSSTds, S :(l,s,...,s”_l)T.
t

(4) For eacht € R and A € C, det(Al — ¢*(¢)) = 0 if, and only if, det(AM_., — M,) = O.

Proof. Part (1) follows since {h j}jio is an orthonormal basis for L,(R). The matrix ¢*(¢) is symmetric
for all ¢ because H(s)H(s) is symmetric for all s. Let v € C" be a unit vector, then

(@*(Ov,v) = f KH(s), v)[ds, 4.9)
where eSZI(H (s5), v)|? is a nonzero polynomial, thus (¢*(¢)v, v) > 0. Now, we note that
(" ()v,v) < f KH(s), v)PPds = (¢*(=c0)v,v) = (Iv,v) = 1,

hence, ||¢*(?)|| < 1. This proves (2).
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The Hermite function is given by

[k/2] 1 (_1)mk!2k—2m

hi(s) = € Y di 877, g =
mzzo \/m m!(k —2m)!

k

2
=5 E Cim ™.

m=0
Define
Coo 0 0
C10 Ci1 0
E = ) ,
Cn-10 Cn-11 - Cp-1n-1

then H(s) = (ho(s), ..., h,_1(s))] = e*"/2ES and
H(s)H(s) = e “ES(ES) = e ESSTE".

Therefore, ¢*(1) = EM,E”. Also, det E # 0 since E is a lower triangular matrix and the scalars c;; are
nonzero. This proves (3).
Finally, let A € C. We have I = ¢*(—oc0) = EM_E", then

Al —¢*(t) = AEM_E" —EM,ET
= E(M_. — M)E".

Thus, det(1 — EM,E") = 0 if, and only if, det(AM_., — M,) = 0. O

4.2. The algebra generated by the Toeplitz operator T+

The C*-algebra generated by T',+ is isomorphic to the C*-algebra generated by ¢*. Let O, be C*-
algebra generated by I and ¢*, which is a subalgebra of M,(C) ® C(R), where the metric is given by
1M = max, = [M(0)].

According to Lemma 4.8, the matrix ¢*(¢) is diagonalizable for each ¢ € R and its spectrum o (¢*(t))
lies in [0, 1]. The eigenvalues are given by the equation det(AM_.,—M,) = 0. There exists an orthogonal
matrix B(t) such that

D(t) := B(t)" ¢*())B(t) = diag {A,(1), ..., (D)},

that is, if B(t) = [vi(?) - - - v,(?)], then ¢*(H)v;(t) = A;(t)v;(¢) for j = 1,...,n. We may assume that B and
A; are continuous on R, and A,(r) < A,(f) < --- < A,(t). We have Aj(=o0) = 1 and A ;(+o0) = 0.

Up to isomorphism, the C*-algebra D, is equal to the C*-algebra generated by D, that is, each
element ¢ € D, is a uniform limit of polynomials on D:

e(t) = rlgrgo diag {p,n(A1(D)), ..., pm(A,(D))}.
Therefore, we conclude
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Theorem 4.9. Let C,(R) be the C*-subalgebra of (C(R))" that consists of all n-tuples f = (fi, ..., fn)
such that

Ji(® = filx)

when A(t) = /lk(x)_. We can identify f with diag{f, ..., f,}, then the C*-algebra D,, generated by ¢* is
isomorphic to C,(R), where the isomorphism is given by

¢ — BT¢B.

4.3. The algebra generated by the Toeplitz operators with symbols a € PC(R, {0})

In this section, we describe the C*-algebra generated by all the Toeplitz operators 7, or, equivalently,
the C*-algebra generated by the matrix-valued functions ¢“ : Il » C witha € PC(R, {0}). Let B be
the C*-algebra generated by all the matrix-valued functions ¢* with a € PC(R, {0}), and let 7~ be the
C*-subalgebra of M,(C(ID)) = M,(C) ® C(II) consisting of all M such that M(+co, t,) € CI for each
€ Rr and

B"M(-,0)B, B"M(-, +0)B € C,(R).

We will prove that B = 7 by using a Stone-Weierstrass theorem for C*-algebras. Recall that a
C*-algebra A is said to be a CCR algebra if for every non-cero irreducible representation (H, ) of A
we have n(A) ¢ K(H), where K(H) is the ideal of all compact operators acting on the Hilbert space H.

Theorem 4.10. [26] Let A and B be C*-algebras such that 8 ¢ A. If A is a CCR algebra and B
separates the pure state space of A, then B = A.

Our main result of this section is the following:

Theorem 4.11. The C*-algebra generated by all matrix-valued functions ¢°, with a € PC(R,{0}),
equals T. That is, the C*-algebra generated by all Toeplitz operators T, is isomorphic and isometric
to the algebra T, where the isomorphism is defined on the generators by the rule

T, ¢°.

Proof. B =T follows from Theorem 4.10. That is, B separates the pure state space of 7~ according to
Lemmas 4.12-4.15,4.17, and 4.19. O

It is easy to see that B is contained in 7. Let (-, -) denote the usual inner product on C". Now, the
pure state space of the C*-algebra 7 consists of all functionals having the form:

D) firy (M) = {(M(xy, x2)v,v) for (xy, x,) € I, v € C" a unit vector,
2) frecor)(M) = A4y, for 0 < f, < +00, where A1 = M(%c0, 1),
3) St ro0),j(M) = (M(t;, £00)vi(t1),vj(t;)) fort; e Rand j =, ..., n,

where M € 7 is arbitrary. The remainder of this section is devoted to separate all the pure states of 7.

Lemma 4.12. Let 1,7, € R,. We have Jcoou) (@) # frocor)(@¥). If ta # To, then there exists a € CR)
such that fiic1,)(¢%) # fiacor)(@?).
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Proof. The pure states fiwos,) and fiwr, are separated by ¢+ since ¢*+(—oo,+00) = [ and
¥+ (+00,+00) = 0. If a € C(R), then ¢*(x00,8,) = a(F1/(2 )1 for t, € R+, ¢*(x00,0) = a(Feo)l,
and ¢*(£00, +00) = a(0)I. Thus, taking a(s) = s/ Vs + 1, we have

1
00,12 ( == .
Foms(9 T+4n,
Therefore, the pure states fiieos,) and fier,) are separated by ¢ when t, # 75. O

We shall continue separating the rest of pure states using continuous functions on R and the indicator
function y,.
Let v € C" be a unit vector. Consider the function h,(s) = |(H(s),v)]>. This can be written as
h,(s) = qv(s)e‘sz, where
qy(5) = vodoHo() + - - - + Vuo1dyot Hyor ()P

is a polynomial of degree at most 2n — 2 taking nonnegative values.

Lemma 4.13. Let v € C" be a unit vector and (00, 1,), (X1, Xp) be points with x; € R and x,,t, € R,,
then there exists a symbol a € PC(R, {0}) such that

ﬁim,tg)(¢a) * ﬁxl ,xz),v((ba)'

Proof. For x; € Rand x; € R,, we have

Jes (@) = f KH(s),v)Pds = f gu(s)e™" ds.

X1 X1

Since g, is not zero and nonnegative, fiy, ) (#**) > 0. On the other hand, f e (¢¥*) =
x+(=1/(24/12)) = 0 for t, € [0, +o0]. Hence,

ﬁ+oo,t2)(¢/\/+) * f(xl ,xz),v(¢X+)'

We now take y_ = 1 — y,, then

X1 29

fows@) = [ KOs = [ g >0

—o0 —00

AISO, fi-cos( @) = ¥-(1/(2 V7)) = 0, then
ﬁ—oo,tz)(qy\/i) * f(xl,xz),v((b)(i)'
O

Lemma 4.14. Let v,w € C" be unit vectors. Take (t1,0), (x1,x;) € I, witht;, € R, x; € R and
0 < xp < +09, then there exists a symbol a € C(R) such that

ﬁtl ,0),w(¢a) * ﬁxl ,xz),v(¢a)'
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Proof. Consider a(s) = 1/(s> + 1) for which a(—c0) = 0 = a(+00), then

Jior0m(9Y) = a(—OO)f KH(s), w)lds + a(+00)f KH(s), w)ds = 0.

Since a(s) > 0 for all s € R, and ¢,(s) = 0 at most at finite number of values of s, we have that
a(s)qv(s)e‘s2 > ( almost everywhere, then

—X1+S

24 lxg(x% +1)
Moreover, ¢“(x;,+00) = a(0)] = 1-1. Thus, fi, +00)(¢?) = 1. We have proved that f, o).,(¢%) #

ﬁxl,xg),v(¢a)' a

Lemma 4.15_. Let v,w € C" be unit vectors, (x1,x,) € I, and (t;,+00) € I with 1 € R, then there
exists a € C(R) such that

ﬁxl,xz),v(¢a) = f a qv(S)e_szdS >0 if Xy € R.

f(xl ,Xz),V(qba) # ﬁtl ,+oo),w(¢a)-

Proof. Let a(s) = |s|/(s*> + 1) so that a(0) = 0 and St 400y w(@*) = a(0) = 0. Since g,(s) = 0 at most at
finite number of points,

—X1+S

24 /xz(x% +1)

Next, we will separate the pure states associated to the points (¢, #;) € Il using continuous symbols
indexed by @ > 0 and r € R. We introduce

f(xl,xz),v((pa) = f a qv(S)e_szdS > 0.

O

1
4,(0) = —ally = rl/a)

where
0 if y¢[-1,1]

ay)=35 1+y if ye[-1,0]

1-y if yelO,1].

0

Note that the family of functions a, := a,

L'(R), we have pointwise convergence in

is an approximate identity in L'(R,du). Since h;hy €

lim(a, * h;h) () = (hih))

because /;hy is continuous.
Since @ : IT — II is a homeomorphism and ¢¢ = y* o ®~!, we consider the matrix-valued function
v? in order to carry out the separation of pure states associated to the points in I1.
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Lemma 4.16. Let (x1,x;) € lland a,, = a” . , witha > 0 and r € R, then the matrix-valued function

VR
v satisfies
lim (31, ) = 2V H(x1 + 2 VBHNH 1 +2 V5] (4.10)
Further,
(11/11}—(1) f‘()q ,xz),v(yarl ,,y,yurzyﬂ) = 4.X,'2 [H(Bl )]TH([)’Z) <H(Bl )’ V)(V, H(ﬁ2)>a (41 1)

where 3; = x| + 2\/xyr; fori = 1,2.

Proof. Take into account that {a,} is an approximate identity and a,(y — x) = a,(x—y) for any x,y € R.
Calculate the entries of y“-:

Im Qro (_;1—\/:_2);) (hj- 1D (y)dy

ol _ 2
= 2\/)6_2] &a(y (x1+ \/x_zr))(hj—lhk—l)(y)dy

a.
yj]:a(xla-XZ)

a

N f au(y — (51 + 2Ny b))y

= 2 \/X_zfoo a,((x1 +2x,r) - V(hj_ih-))dy
= 2Vx((hjo i) * aqg)(x) + 2 Vxor).
Since a, is an approximate identity, we have that
(llig(l)z VX2 ((hjihy—y) * ag)(x1 + 2 y/x7)
2 \/x_2(llig(1)((hj—lhk—l) % o) (X1 + 2x,r)
2\xa(hjoy oy )(xy + 2 \xar).
This completes the proof of (4.10). Finally,

Ar.a

(lyli% Y ik (x1, x2)

= 1in(1)<y“’l’“ (1, X2)y 2 (X1, X2)v, V)
a—>

= dx(HB)IHB)) HB2)H(B)] v, v)
= 4xy [HBDI"H(B2) (HPB1), vY{v, H(B)).

For v and w unit vectors in C" and (¢, 1) # (x1, x2) € 11, the following result says that the pure states
S0 and fiy, 1), can be separated by B.

Lemma 4.17. Let v, w € C" be unit vectors, (t1,t,), (x1,x2) € I, and a,4,, = a" . , with a > 0 and

on
reR.If
S 2) = fa () Ya>0,reR, (4.12)

then (t,, 1) = (x1, X2).
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Proof. 1t is easy to see that
Vi e x2) = 280 ((hjoi i) * age ) (xn+ 2yx0r)

and

Vi (. 12) = 280 ((hjthiey) * a s )+ 2Vor).
Since Eq (4.12) holds for all @ > 0, we can take the limit in both sides of it when @ — 0; then for

all » € R, we have

I fog o (Y772) = 1M fo (752,
2VBH +2V5n), W = 2VGKH@E + 236, wi,
Ve VR g (4 2yIr) = Ve PV g (1 + 2 VD),

where ¢, and ¢g,, are polynomials of degree at most 2n — 2. Thus, there is a constant C € R such that

g a VBRI 2 C Yy e R, (4.13)
Therefore, (4.13) holds if, and only if, x; = #; and x, = 1. ]

For the separation of pure states attached to the same fiber, we will use the following lemma.
Lemma 4.18. [19] Let yy, ..., y, be real numbers different from each other, then {H(y,), ..., H(y,)} is a
basis for C".

Lemma 4.19. Let w,v € C" be unit vectors and (x,, x,) € Il. Take the matrix-valued functions vy~
and vy with symbols as defined in Lemma 4.16, where ri,r, € R and a > 0. Suppose that

f(x1,xz),w(’yarlﬂyar2ﬂ) = f(x|,xz),v(7urlﬂyar2ﬂ) Ya > 0,r,rn €R. 4.14)
Then w = Av, where A is a uni-modular complex number; that is, fi, x)w = foox)w

Proof. Define B; = 2+/xyr; + x; for i = 1,2. The real number [H(B))]" H($3,) could be zero only for
a finite number of values of 8; and 5,. We also have x, > 0. By continuity and (4.11), the following
equality
}lig(l) S ama(Yreytee) = (lllf(l) S (Yrey )
is reduced to
(H(B1), wXw, H(32)) = (H(B1), vv, H(B2)).

Without loss of generality, we can assume that x; = 0 and x, = 1/4, then

(w, H(ri)Xw, H(r2)) = (v, H(r))(v, H(r»)).

This equality holds for all ; and r,. In particular, take r = r, = ry; thus, Kw, H(r))| = (v, H(r))| for
all . We can write (w, H(r)) = (v, H(r))e™” with 6(r) € R, then

(v, H(ro)Xv, H(ry))e' ™™™ = (v, H(r)Xv, H(ry)).

Thus, 2= = 1 for all r|, r,, which means that (w, H(y)) = e*®(v, H(y)) for all y € R and some
constant §y. Take u = w — ¢®v, then (u, H(y)) = 0. According to Lemma 4.18, the set {Hoywl,_, 1s a
basis for C" and

(u,Hyx)) =0, k=1,..,n.

Therefore, u must be the zero vector. O
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5. Conclusions

Recall that a nilpotent symbol for the Siegel domain D, has the form c¢(Im £, Im £, —|£1|?). Certainly
each Toeplitz operator 7. : A2(D,) — A2(D,) can be unitarily identified with a multiplication operator
v“1, but the C*-algebra generated by all of them is large enough to fully describe its space of irreducible
representations. The problem arises because y“ admits a continuous extension to the spectrum of
the algebra and such spectrum is uknown in general. For this reason, we confine ourselves to two
subclasses of nilpotent symbols in two particular cases of poly-Bergman-type spaces.

In the case of the poly-Bergman-type space ﬂ(21,n)(D2)’ in Theorem 3.3 we described the C*-
algebra generated by all Toeplitz operators with symbols of the form b(0) = b(Im¢ — |47,
whereas in Theorem 3.4 we used symbols of the form a(Im ¢;). Concerning the poly-Bergman-type
space ﬂ(zn’l)(Dz), Theorem 4.11 is our main result, where we described the C*-algebra generated by
all Toeplitz operators with symbols of the form a(Im{;) using the Stone-Weierstrass theorem for
noncommutative C*-algebras [26]. The C*-algebra generated by all Toeplitz operators with symbols of
the form b(0) = b(Im &, — |1?) was studied in [16]. The description of the C*-algebra generated by all
Toeplitz operators with nilpotent symbols without restrictions is still an open problem.
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