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1. Introduction

The classical prime number theorem asserts that
Z An) ~ x,
n<x

where A(n) is the von Mangoldt function. One can deduce from this (cf. [1, §VIL.2] for example) a
prime number theorem for short intervals:

Z log p = h + o(h), (1.1)

xX<p<x+h

where the sum ranges over prime numbers, provided that 4 is not too small. The proof of this result
relies on the zero-free region

c
1 —
(log T)*3(loglog T)'/3

s=oc+il, o> (1.2)

of the Riemann zeta-function {(s), and on the zero density estimate of the form

Ni(o,T) =#p=B+iy1{(p) =0, B=0, Y| < T} < T"""(log T)", (1.3)
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where ¢, A, B are positive constants.
Let r be a cuspidal automorphic representation of GL,,(Ag) with unitary central character, and 7 be
its contragredient. To generalize (1.1) to higher ranks, consider the Rankin-Selberg L-function

L(s,m X 7) = Z ”X”(n) n ﬁ ﬁ (1 - ”X”(P)P ) 1 ,

n p =l =l

which has an analytic continuation and a functional equation (see Section 2.1 for more details). Here,
a’}jf’ (p) depends on the Satake parameter a’; (p) and is equal to af’; ( p)a’;, (p) at unramified primes. We
define the generalized von Mangoldt function A,.z(n) by the Dirichlet series identity

’

_LZ(S,T( x 77[) — Z AﬂXfl’(n)’

nS

n

where Apz(p) = |4:(p)I*log p when p does not divide the conductor g, of #. Here, A,(p) is the
eigenvalue of the Hecke operator at p.
It is well known that we have a prime number theorem for L(s, 7 X ) in the form

D Awaln) ~ x,

n<x

following from standard Rankin-Selberg theory and the Wiener-lkehara Tauberian theorem (cf. [2,
Lemma 5.2]). It is reasonable to expect that

D Analn) ~ b, (1.4)

x<n<x+h

when /4 is not too small. For example, Motohashi [3] shows that, when 7 is the cuspidal automorphic
representation corresponding to a Hecke-Maass cusp form for SL(2, Z), there exist constants ¢, 6y > 0
such that uniformly for (log x)™'/? < 6 < 6,,

D, A= 1+ Oexp(-co/). b=
log x

x—h<p<x

for sufficiently large x. Unfortunately, a zero-free region for L(s, 7 X 7) of the shape (1.2) does not yet
exist for all , so it seems impossible to prove a generalization of (1.1) except in special situations.

In this paper, we study the case when r is the cuspidal automorphic representation of GL,(Ag)
corresponding to a dihedral Maass newform ¢; (see Section 2.2 for the definition). In Section 3.2 we
will show the following asymptotic formula.

Theorem 1.1. Let i be the automorphic representation of GL,(Aq) corresponding to the dihedral form
¢r. Then, for x sufficiently large, we have

D, Awaln) = h+ O(hexp(~(log x)''%)

x<n<x+h

for xB/"% exp (log x)*°) < h < x.

AIMS Mathematics Volume 9, Issue 2, 4896—4906.



4898

The key ingredient of the proof is the factorization of the Rankin-Selberg L-function

L(s, ¢ X ¢1) = L(s, xo)L(s, Sym® ¢) = L(5)L(s, x,)L(s, $),

where the ¢ is the level of ¢, and y, is the Dirichlet character defined by the Kronecker symbol (£).
This factorization is why the zero-free region and the zero density estimate are both good enough to
generalize (1.1): The L-function of ¢, coincides with that of a specific Hecke Grossencharacter, which
has a zero-free region of Korobov-Vinogradov type according to [4]; and the zero density estimate of
L(s, ¢y) is given by [5] and [6].

One can also write Theorem 1.1 as an estimate for sums of Hecke-Maass eigenvalues squared over
primes in short intervals.

Corollary 1.2. Let A4;(p) be the Hecke eigenvalue of the dihedral form ¢y. Then, for x sufficiently large
(in particular x > q), and for x*3/'® exp ((log x)*°) < h < x,

S apP = — (1 + 0<L>).
log x log x

x<p<x+h

As an application, we give a lower bound for the proportion of primes in a short interval at which
the Hecke eigenvalues of the dihedral form are greater than a given constant.

Corollary 1.3. Under the assumption of Corollary 1.2, for x sufficiently large, there exists a prime
p € (x,x + h] such that |, (p)| > 1. In general, for any 0 < 6 < 1,
#Hx<p<x+h:|Wp)l =0} 3

>1-
#x < p < x+h} 4 — 62

+ o(1).

This paper is set up as follows. We begin by introducing our notation and defining the standard
L-functions, Rankin-Selberg L-functions and dihedral Maass forms in Section 2. In Section 3.1 we
recall some results on the zero density estimates, and in the rest of Section 3 we prove all the above
theorem and corollaries.

2. Priliminaries

2.1. L-functions and the generalized von Mangoldt functions

We consider the following general setup. Let F' be a number field, OF be its ring of integers and A g
the ring of adeles, and let 7 = ®] 7, be a cuspidal automorphic representation of GL,,(Ar). Assume
that 7 has a unitary central character. The local standard L-factor L(s,7,) at a prime ideal p C OF is
given by (cf. [7] or [8, §3.1] for example)

Lis.m) = [ ] (1-eionNe™) ", @1
j=1

where a(p), ..., a} (p) are the Satake parameters, and Np = Ng/gp := #Op/p is the absolute norm of
p. Denote by 7 the contragredient of 7. Then they have the same conductor q, = qz, and for each
P 1 g, we have a/’; (p) = 0/} (p) (up to rearrangement of the parameters).
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The global standard L-function L(s, rr) attached to x is defined by
L(s,m) = > A()Nn"* = [ | Lis,my), Re(s) > 1,
n p

where the sum runs over the non-zero integral ideals of F', the product runs over the prime ideals of F,
and Nn := #Op /1 is the absolute norm of n. It has an analytic continuation apart from a simple pole at
s = 1 when r is trivial, and it satisfies the functional equation A(s, ) = e(mr)A(1 — s,7) forall s € C
and for some complex number £(rr) with |e(r)| = 1. Here, the complete L-function A(s, r) is defined
by L(s, ) times the infinite L-factors given by some Gamma functions, times a term depending on the
conductor q,. See [8, §3.1] for more details.

In particular, when n = 2 and F = Q, each Hecke-Maass form ¢ corresponds to a cuspidal
automorphic representation m, of GL,(Ag). See, for instance, [9, §1.4] for the detailed description
of the local representations (7,), and Satake parameters for each place v. By comparing the local L-
factors, we notice that they have the same L-function L(s,¢) = L(s,ns), where the Hecke L-function
of ¢ (with Hecke eigenvalues A4(n) and nebentypus x) is defined by (cf. [10, §5.11])

Lis,$) = ) A~ = | (1= 25(p)p™ + x(p)p™)™".
p

n>1

From now on, we consider the case when F' = Q. The Rankin-Selberg L-function L(s, X ) can be
defined by (cf. [11, §3.9] or [8, §3.2] for example)

L(s,mx7) = Z Apz(m)n™ = 1—[ L(s,mt, X 7t)),
n p

where the local L-factors are given by

m m

~ TOXTT —s -1
L(s, 7, X 7t,) = (1 — a7 (p)p ) :
L

=17

For example o/ﬁ,’?(p) = a’}(p)m when p 1 q,. (See [12, §5.2] or [13, §A.1] for the definition

of Satake parameters «/;"(p) at ramified primes.) The above Dirichlet series and Euler product of

L(s,m x ) both converge absolutely when Re(s) > 1, and the Rankin-Selberg L-function L(s, 7 X 7)

also has an analytic continuation and functional equation, and has simple poles at s = 0 and s = 1.
The generalized von Mangoldt function A,4z(n) is defined by the logarithmic derivative

—%(s, 7X ) = Z Amr(mn™ = 3" i Aw(PP™, Re(s) > 1.

p r=1
By [14, Lemma a] we know that A,4z(n) > 0, and one can check that
> ¥ a(pylogp ifn=p,
Apz(n) = {j=tj=1 (2.2)
0 otherwise.
In particular, we have
Awxa(P) = Aexz(p) 10g p = |2:(p)I log p,

where the last identity holds when p 1 q.
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2.2. Dihedral Maass forms

Let K = Q(+/g) with fundamental discriminant g, where g > 0 is squarefree and ¢ = 1 (mod 4).
Let y, be the quadratic character modulo g associated to the extension K/Q via class field theory, i.e.,
the Dirichlet character defined by the Kronecker symbol (2).

For each integer k # 0, a dihedral Maass newform ¢; is the automorphic induction of a Hecke
Grossencharacter = of K for which Z; does not factor through the norm map Ng,q. We consider the
characters E; with conductor Ok, which satisfy

Eel(@) = lafa’ [V e

for any principal ideal (@) C Ok, where a — « is the nontrivial automorphism in Gal(K/Q). Let K,(z)
be the modified Bessel function. Then the dihedral Maass newform ¢, is given by

du(x + iy) = pp(1)y"? Z (K, o 2N y)(e(Nx) + e(~Nn)),

T[COK
n#{0}

where e(¢) := €™, €, > 0 is the fundamental unit of K, Nn is the absolute norm of n, and pi(1) is the

positive real number such that ¢ is L>-normalized. It is well known (cf. [15], [16, §2], and [17, §1.1]

for example) that ¢ is a Hecke-Maass cusp form on I'y(g). It has level q4, = g, weight 0, nebentypus
km

. 1 2
Xq» and eigenvalue 7 + (@) .

The Hecke eigenvalue of ¢; at any n can be calculated by Ai(n) = Y nu=n Zk(). The Satake

parameters a‘fk, ag" of ¢ at a prime p are related to the Hecke eigenvalue A,(p) and nebentypus y,(p)

via
@ (p) + a5 (p) = Ap), @ (P (P) = xy(p). (2.3)

Moreover, they are described in detail by the following fact.
Fact 2.1 ([18, §A.1]). The relationship between the Satake parameters a‘f", af‘;k of ¢ at a prime p and
the values of the Hecke Grossencharacter E; on prime ideals p | pOx is as follows:

(i) If xo(p) = 1, i.e., p splits in K with pOk = py’, then the Satake parameters are

@l (p) = Ex(), @S (p) = Ex(®) = Eu(n).
(ii) If xo(p) = =1, i.e., p isinert in K with pOk = p, then
at(p) =1, af(p)=-L.
(iti) If x4(p) = 0, i.e., p | g, p ramifies in K with pOg = v?, then
' (p) = E(p). a5 (p) = 0.

A direct corollary of the above fact is that the Hecke eigenvalue A;(p) is real. One can also see this
from that ¢; = ¢ is real by definition.

By comparing the local L-factors we have that: the Hecke L-function L(s, Z;) coincides with the
classical L-function L(s, ¢;) for Maass forms; moreover, the Rankin-Selberg L-function satisfies the
following factorization (cf. [10, §5.12] for example)

L(s, ¢ X dx) = L(s, xg)L(s, Sym® 1) = L(5)L(s, X L(5, po1) 2.4)

(in particular, we mention that L,(s, ¢x X ¢) = (1 — p~)~> when p | ¢ by the the explicit descriptions
in [12, §5.2]).
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3. Proof of the main theorem

3.1. Zero density estimates

Let y be any Dirichlet character modulo g and ¢ be any Hecke-Maass newform. For 0 < o < 1 and
T > 2, we define

Ni(ooT) =#p=B+iy|l(p) =0, c <B <1, and |y| < T},
N(oT) =#p=B+iy| Lip,x) =0, c < <1, and |y| < T},
Ny(o, T) =#Hp=B+iy| Lp,¢) =0, c <B <1, and |y| < T}.

In other words, N.(o, T) is the number of zeros of the corresponding L-function (or zeta-function) in
the rectangle [Imp| < T, o0 < Rep < 1. The GRH predicts that the non-trivial zeros of an L-function all
lie on the critical line Re(s) = 1/2, therefore N.(o, T) = 0 for o > 1/2; and the zero-density conjecture
states N,(o, T) < T*1=(log T)? for some B, > 0.

In the proof of Theorem 1.1, we use the following uniform bounds for N.(o, T') in the range 1/2 <
o< 1.

Lemma 3.1. Let y be any (fixed) Dirichlet character modulo q and ¢ be any (fixed) Hecke-Maass
newform. For 1/2 < o < 1, we have

Ni(o, T) < TS0 (log T)™,
Ny(o,T) <, T3 (log T)",
Ny(o, T) <, T3 (log T)".

B

Proof. These uniform bounds come from the following results of zero-density estimates: for « = 1, y
or ¢ we have N, (o, T) < T~ (log T)B with

Aq(o) = % Bi=5 fori<o<3 ([19]),
Aqy(0) = 30% Bi=44 fori<o<1 ([20])
A(o) = % B, =13 fori<o<i ([21]),
Ao) = ; B, =13 fori<o<1 ([21].

For any (fixed) Hecke-Maass newform ¢, one can follow the proofs in [5] and [6] to show that

4
- (1-0) 26 1 1 :
T3 (logT) f0r2+logT <o <

—B7=3 (1-0) 57 3
T ~202+60-3 (logT) for 750< 1.

b

NI

N0, T) <, {

O
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3.2. Proof of Theorem 1.1

For any cuspidal automorphic representation  of GL,,(Ag) whose central character is unitary, [8,
(6.2)] shows the following explicit formula

2
ZAnxfr(n):x— Z x_p+0(%)’

n<x 0<p<1
T

where p = 8 + iy denotes the nontrivial zeros of L(s, w X 7). It follows that, for 2 < h < x, we have

_ 2
> Anan == Y, CE xp+o(x(l‘\’/g;) )

x<n<x+h 0<B<1
yI<T

To estimate the sum over p, we observe that

e x+h x+h
w = f L dr Sf 7V dr < hP!,
p X X
Hence,
x(log x)?
Z Awa(n) =1+ 0] - Z &+ 3.1)
x<n<x+h O<,8<1 \/_
yI<T
Furthermore,
B
Z K= Z (logxf X du+1) Nxz(0, T) + log x Z f X“F(u, B) du,
0<p<1 0<B<1 0 0<p<1
yI<T yI<T lyl<T

where N,yz(u, T) is the number of nontrivial zeros p of L(s,n X &) in the rectangle Imp| < T, u <
Rep < 1, and
if0<u<p,

1 <us<
Fwp) = {0 ifg<u<l.

> F@,f) = Npa(u, T),

By definition, we have that

0<B<1
VT
and hence,
1
Z ¥ = Npz(0, T) + log x f XNz, T) du. (3.2)
0<p<1 0
yI<T

If 0 < u < 1/2, then we use the trivial bound (cf. [10, Theorem 5.8])
Nz, T) < Npyz(0,T) <, T logT.

AIMS Mathematics Volume 9, Issue 2, 4896-4906.
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Assume that N, (u, T) < T4 (log T)? if 1/2 < u < 1, for some constants A > 2 and B > 0. In fact,
when 7 is the automorphic representation of GL,(Aq) corresponding to the dihedral form ¢, one can
take A = 8/3 and B = 57, by Lemma 3.1 and the factorization (2.4).

Recall that there exists a constant ¢ = ¢(q) > 0 such that

c
(log T)*3(loglog T)'/3

Ni(o,T) = Ny (0,T) = Ny (0, T) =0 ifo>1-

for sufficiently large T (cf. [22, §9.5] and [4, Theorem 2] for example, recall that L(s, ¢;) = L(s, Z)
for the Hecke Grossencharacter Z;). Assume x > e - T with e the base of natural logarithms, and let
6(T) = c(log T)™**(loglog T)"'/3. Again by the factorization (2.4) we have Nyz(0, T) < Ny(o, T) +
Ny, (0,T) + Ny, (0, T) = 0 for o > 1 — 6(T). Then, we obtain the estimate for (3.2):

1/2 1-6(T)
Z ¥ <TlogT + logxf x"TlogT du + log xf T4 (1og T)® du
0

0<B<1 1/2
yI<T

< x'*Tlog T + (xT™" D T4(log T)® log x.

From this and (3.1) we have that when 7 is the automorphic representation of GL,(Ag) corresponding
to ¢,

1 TlogT 74\"D 5 x(log x)*
Z Z Anxﬁ(”):1+0( 2 )+0((7) (IOgT) logx + 0 W)

x<n<x+h

If we set
T = xexp(—(logx)*) forsome2/3 <a <1,

then we have that, for any
h> = exp((log x)*),

the remainder term is O(exp(—(log x)“‘%‘g)): more precisely,

TlogT
—?i =x'/A eXp(—%(lOg x)?) - %(logx — (log x)*) - x™'/2
X

< xi71 < exp(—(log x)');

AN\ OT)
(7) (log T)" log x = exp(—(log x)*6(T)) - (+(log x — (log x)*))” log x

2/3 B+1

< exp (- (log x)? - c(log x)™**(loglog x)™'/*) - (log x)

< exp(—(log x)*723);

x(log x)?

T < x(log x)? - x4 exp(55 (log x)*) - x7 ! exp(—(log x)*)

< exp(— (1 - 55)(log x)* %) < exp(—(log x)*~°).

At last, we take A = 8/3 and @ = 4/5 to complete the proof of Theorem 1.1.
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3.3. Proof of Corollary 1.2

Let 7 be the automorphic representation of GL,(Aq) corresponding to the dihedral form ¢;. Recall
(cf. (2.3) and Fact 2.1) that Ia/’}(p)l < 1 and |4x(p)| < 2 for any prime p, which depend on the value
= (p) of the Hecke Grossencharacter Z; at the prime ideals p | pOx. Moreover, we have |a’;,>]f,’~’ (<1
because of the factorization (2.4). Therefore by the definition (2.2),

Z Anz(p) < Z Z 4logp < Z 4log x < 4x'*log x.

prsx, r22 PSVX 1<re s p<x
="=logp

By Theorem 1.1 we have, for x > g and x'*/'® exp ((log x)*°) < h < x,

D A(pPlogp= > Apa(n)+ O(x"logx) = h(1 + O(exp(—(log v"/'%)). (3.3)

x<p<x+h x<n<x+h

Here A,(p) is real via Fact 2.1. Note that in this short interval p € (x, x+h] we have that log x < log p <
log 2x, therefore log p = log x + O(1). Hence,

h(1+ O(exp(~(log x)'/1°
> Ay = 1+ Olexp-log0"™) _ (1+0( 1 )).

x<pex+h logx(l + 0(@)) ~ logx log x

3.4. Proof of Corollary 1.3

We have
D Allogp<| > A+ D Ap)|log(x + h)
x<p<x+h x<p<x+h xX<p<x+h (34)
[k (p)l<d <A (p)I=2
< (6°Njs + 4N = Nys)) log(x + h),
with

Ns =#x<p<x+h:|4p)<d},

h
N::#{x<pr+h}:@(l+0(l)).

Combining (3.3) and (3.4), we get

N h(1 + o(1))
4-H= <4 ——— 2 = 1
( 5)N< N log(x + h) 3 +o(l),
i.e.,
Ns
W<4_62+0(1).

This implies Corollary 1.3.
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4. Conclusions

In this paper, we study the prime number theorem in short intervals for L-functions of higher ranks.
It is not easy to prove a prime number theorem in short intervals of the form (1.4) for the Rankin-
Selberg L-function L(s, X 7t) when 7 is any cuspidal automorphic representation of GL,(Ag). But if
n corresponds to a dihedral Maass newform ¢, the L-function L(s, ¢; X ¢;) has a factorization (2.4)
which leads to a nice zero-free region and a zero density estimate. Theorem 1.1 and Corollary 1.2 give
two equivalent asymptotic formulas for the prime number theorem in short intervals for dihedral Maass
newforms. As an application, in Corollary 1.3 we show a lower bound for the proportion of primes in
a short interval at which the Hecke eigenvalues of the dihedral form are greater than a given constant.
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