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Abstract: Let A/(n) be the n-th normalized Fourier coefficient of f, which is a primitive holomorphic
cusp form of even integral weight k > 2 for the full modular group S L,(Z). Let also o(n) and ¢(n)
be the sum-of-divisors function and the Euler totient function, respectively. In this paper, we are able
to establish the asymptotic formula of the sum of the hybrid arithmetic function /léc(n)a'c(n)¢d (n) over

the sparse sequence {n : n = a* + b*}, namely, Y., /ljc(n)ac(n)qbd(n)rz(n) for 1 <1 < 8, where x
is a sufficiently large real number, the function r,(n) denotes the number of representations of n as
n=a*+b*ab,lec”Zandc,decR.
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1. Introduction

Let H; be the set of all normalized primitive holomorphic cusp form of even integral weight k > 2
for the full modular group S L,(7Z). The primitive holomorphic cusp form f € H; at the cusp z = oo
has the Fourier expansion

f@ =) 07 L me™™, m() >0,
n=1
where Af(n) is the n-th normalized Fourier coefficient. A4(n) is real-valued and has the following
multiplicative property
mn
/lf(m)/lf(n) = Z /1f (E)
d|(m,n)
with m, n € IN*. In number theory, the study of the Fourier coefficient A¢(n) is of great significance and
has attracted attention of many mathematicians. Let d(n) be the Dirichlet divisor function. In 1974,
Deligne [1] proved the Ramanujan-Petersson conjecture

()l < d(n).
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In 1927, Hecke [2] established that

Z As(n) < X1,

n<x

Subsequently, Hecke’s result was refined by many scholars and the best result now is

Z Ar(n) < X3 log” x,

n<x

where p = —0.118 - - -, proved by Wu [3]. In 1930, by their powerful method Rankin [4] and Selberg [5]
proved

Z /lff(n) =cx+ O(x%),
n<x
where c is a positive constant depending on f. Recently, the exponent % was improved to % — A with

A< ﬁ by Huang [6]. There is also a long history on higher powers sums ), /l;(n) with /[ > 3, and

here we refer to the references [7, 8] and the references therein for detailed historical descriptions.
Let a,b,l € Z. Let also r»(n) denote the number of representations of n as n = a*> + b?, i.e.,

r(n) = ﬁ{n =d*+b%(a,b) e Zz}. (1.1)

In 2013, Zhai [9] studied a related power sum over a sum of two squares and established the following
asymptotic formula

Z /liv(n)rz(n) = xP;(log X) + Of,g(xb’”g),

n<x

where P;(1), P4(t), Pg(t), Ps(t) are polynomials of degree 0, 1,4, 13, respectively,

P()=0
forl/=3,5,7, and
8 17 43 83 184 355 752
= — 0 = — = — = — 0 = — = —_— = —,
=17 =5y =35 5755 %157 U= 3580 %7 753

Later, Xu [8] refined and generalized the results of Zhai [9]. Recently, Liu [10] further improved Zhai
and Xu'’s results.

Let o(n) and ¢(n) be the sum-of-divisors function and the Euler totient function, respectively.
In 2015, Manski et al. [11] proved that

Z d* (n)a? (n)¢® (n) = X+ P,w_ (logx) + O (xb’ +C +rg+ g),

n<x

where @', b',c’ e R,2¥ e N, b’ + ¢’ > —ry, Py(f)is a polynomial in ¢ of degree m and r, takes specific
values as in [11, (2)].
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Let c,d € R. Many scholars also studied the mean values of the arithmetic function ﬂ;(n)o”(n)¢d (n)
and we refer to [12] for historical results. In detail, Wei and Lao [12] proved that

D Ao g (n) = x Py(log x) + O (x+40)

n<x
where P,(1), P4(t), Pg(t), Ps(t) are polynomials in ¢ of degree 0, 1, 4, 13, respectively, P;(¢) = 0, and
23 257 201 67 117
—, Oy=—, Og=—, 0= —, Og=—.
37" 7172990 °T 208" 7T 68 ° 118
In this paper, motivated by the above results we study the asymptotic behavior of the hybrid
arithmetic function ﬂ;(n)cr"(nmd(n) over the sparse sequence {n : n = a® + b*}. Define

Si(f:%) = ) Ao g’ (), (12)

where 1 < [ < 8, x is a sufficiently large real number, a,b,l € Z and ¢,d € R. By combining some
analytic methods with properties of some primitive automorphic L-functions we establish the following

0, =

theorem.

Theorem 1.1. Let f € H; and As(n) be the n-th normalized Fourier coefficient of f. Under the
notations above, for any € > 0, we have

Sl(f, X) — xc+d+1Al(10g X) + Of,a (xc+d+91+£) , (13)
where
At)=0
forl=1,3,5,7, Ay(t), As(2), Ae(2), Ag(t) are polynomials in t of degree 0, 1, 4, 13, respectively, and
1 12 17
6, =-=0.5, 6, =— =0.7058---, 6; = — =0.85,
) 77 3720
5209 83 6487
6, =——=09254---, 6;=— =09651---, 6 = —— =0.9818---,
* 7 5629 > 86 °~ 6607
353 48857
;= —=09915---, 6Hg=—==0.9957---.
77 356 57 49067

For a random variable X defined on a countable sample space V, let E(X) denote the mathematical
expectation of X. With the help of Theorem 1.1, we can obtain the asymptotic mathematical

expectation, denoted by E (/l}(n)a’“(n)fpd(n)rz(n)) o of /ljc(n)cr"(n)qﬁd (n) over the sample space

1<n

l<n<x, n=d+b".
Theorem 1.2. Under the same notations as in Theorem 1.1, we have
E (A ma ' (mrm), = ax A log x) + 0y, (x4,

In the following Section 2, we give some preliminary lemmas. In Sections 3 and 4, we complete
the proofs of Theorems 1.1 and 1.2, respectively.

Notation. Throughout this paper, we apply the letter & to represent a sufficiently small positive
constant, whose value may change from statement to statement. The constants, both explicit and
implicit, in Vinogradov symbols may depend on € and f.
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2. Preliminary lemmas

We first introduce some L-functions and then give some necessary lemmas. As usual, we define
Riemann zeta function {(s) and Dirichlet L-function L(s, ) as

(o8]

1 (o]
(=Y - and Lis) =y X
n=1

n

2.1)

n=1

for Re(s) > 1, respectively. For the n-th normalized Fourier coefficient A4(n), Deligne [1] showed that
for any prime p there are two complex numbers a¢(p) and B(p) satisfying

Ar(p) = ap(p) + Br(p), lay(p)l = 1Br(p)| = arp)Bs(p) = 1. (2.2)

Thus, the Hecke L-function associated to f € H] can be represented as
L(s. f) = i O 0= a0 =B ppy s Re(s) > 1 (2.3)
’ £ ns ) ’

Then, the j-th symmetric power L-function with f € H; can be defined as, for Re(s) > 1,

J
Lis.sym'f):=[ [[ (1 - " pBop~) "

p m=0 (2.4)
_ i Asym,-f(n).
n=1 n*
Note that
L(s,sym’f) = £(s)
and

L(s,sym'f) = L(s. ).
For Re(s) > 1, the j-th symmetric power L-function twisted by the Dirichlet character y is defined as

j . —_
Lssymlf ) =[] (1- " oBronmp™)
pom=0 (2.5)
_ i /lsym/'f(n)/\/(n)
B n=1 n’ .

Recall (1.1). It was showed by Iwaniec [13] that
ran) =4 ) x(d),

din

where y(d) is the non-trivial Dirichlet character modulo 4. Let r(n) denote ry(n)/4. Since y(n) is
completely multiplicative, one has

Hp) = ) x(d)=1+x(p).

dlp
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Therefore, we can write

Sif;0) = ) Ao e’ rn) = 4 Y Amam¢ (mrmn.

n<x n<x

Now, we turn to give some necessary lemmas. From the recent deep results of Newton and
Thorne [14, 15], we know that all sym/f with j € IN* are automorphic cuspidal representations of
GLj,. That is, the j-th symmetric power L-function with L(s,sym/f) with j € IN* has analytic
continuation as an entire function in the whole plane and certain functional equations. Thus,
L(s,sym’ f) with j € IN* are general L-functions in sense of Perelli [16].

Lemma 2.1. For any
<o <1 and || 21,
we have
Lo+ if) < (1 + |-,
L(o +it, f) < (1 + [)30-%,
L(o + it,sym*f) < (1 + |t|)§(1—<f)+s’
L(o +it,sym’ f) < (1 + )’z (-o+e =345,

Proof. The former three results can be found in the works [17, Theorem 5], [9, Lemma 2.3] and [18,
Corollary 1.2], respectively. The last result follows from [16, Theorem 4] and [19, Proposition 1]
plainly. O

Lemma 2.2. Let y be the non-trivial Dirichlet character modulo 4. For any
<oc<landlt| 21,
one has
Lo + it, ) < (1 + ey B1-*,
Lo +it, f X ) < (1 + [t)30-%,
Lo + it, sym*f X x) < (1 + [a)30-*2,
Lo +it,sym/f x ) < (1 + ) TO0% j=3,4,5,....

Proof. Since y is the non-trivial Dirichlet character modulo 4, twisting by the character y does not
affect subconvexity bounds and convexity bounds of L-functions in the #’s aspect. O

Lemma 2.3. Let f € H; and x be the non-trivial Dirichlet character modulo 4. Then, for any € > 0,
je Nt andltl > 1, we have

2T 5
f |L (0’ + it, symlf)‘ dt < |T|(]+l)(]—0—)+8
T
and

2T
, 2 .
f |L(0' + it, sym’ f x )()' dt < |T|UDi-orre,
T
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Proof. The first result is in [16, Lemma 13]. The second result follows from the first result by the same
reason as in Lemma 2.2. O

Lemma 2.4. For any U > Uy, where U, is a sufficiently large constant, there exists T* € (U,2U), such
that

max|{(o + iT")| < exp (C(loglog U)*),

0'>—

where C > 0 is an absolute constant.

Proof. This result is proved by Ramachandra and Sankaranarayanan [20, Lemma 2]. O

Lemma 2.5. For any € > 0, we have

12

" .(5
f g(— + it) dr < T",
0 7
uniformly for T > 1.
Proof. This result was established by Ivi¢ [21, Theorem 8.4 and (8.87)]. |
Lemma 2.6. Let
ap
8= ) —
n

n>1

be a Dirichlet series with a finite abscissa of absolute convergence o,. Suppose there exists a real
number a > 0 such that

(i)
Dlan™ < (o=,

n>1

where o, < 0 < 0, + 1, and that B is a non-decreasing function satisfying

(ii)
la,| < B(n),
wheren > 1.
Then, for
x=>2, T>2, and o < oy,
1
K=0,—0+——
log x’
we have
P B A logx)* BQ2 log T
Za—:— ‘J;(s+w)—dw+0( - {og ) + (x)(1+x0g ))
~n 2mi T X7 T
Proof. This is the well-known Perron’s formula, which can be found in [22, Corollary 2.4]. ]
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Lemma 2.7. Let
© A (n)o“(n)¢?(n)r(n)

Fi(s) = )~

n=1

Then, forl=1,---,8, we have
Fi(s) = Gi(s — c = d)H\(s),

where

G1(s) =L(s, fIL(s, f X x),
Ga(s) =($)L(s, x)L(s,sym’ f)L(s, sym’ f X x),
Gs(s) =L*(s, /)L*(s, f X x)L(s, sym® f)L(s, sym’ f X x),
Gu(s) =L ()L (5, x)L* (s, sym® f)L* (s, sym’ f X x)L(s, sym® f)L(s, sym" f X x),
Gs(s) =L’(s, /)L (s, f X Y)L*(s, sym® f)L*(s, sym’ f X x)L(s, sym’ f) X L(s,sym’ f X y),
Go(s) =L ()L (5, )L (s, sym® f)L° (s, sym’ f X x)L*(s, sym® f)L’(s, sym* f X x)
X L(s, sym6f)L(s, symef X X),
Go(s) =L" (s, /L' (s, f X )L™ (s, sym® L' (s, sym’ f X x)LO(s, sym’ f)
X L6(s, symsf X ¥)L(s, sym7f)L(s, sym7f X X),
Gs(s) =0 ()L™ (s, x)L* (s, sym® f)L?* (s, sym® f X x)L*(s, sym” f)
X L2O(s, sym4f ><)()L7(s, syme)L7(s, syméf X x)L(s, symgf) X L(s, symgf X X),

where y is the non-trivial Dirichlet character modulo 4 and H/(s) is absolutely convergent for
1
Re(s)20+d+§.

Proof. Here, we give the detailed proof for [ = 7 as an example, since the remaining cases can be
proven by following a similar argument.
For [ =7, due to the multiplicative property of A,(n), o(n), ¢(n) and r(n), we have

()

— & AP (P (pr(ph)
Fis) =[]~ _

p k=0 p

— ( Py (pe’(pyr(p) ()T (PP (pP)r(p?) ]
= 1+ S + 7 + ...

p I P~
_T (1 . (@ (p) +Br(p) (p+ D(p — Dr(p)

P p’

3(,)_R3 7
(%) (P* +p+ 1) (p* = p)'ri(p)
+ ..
P> )
7
ag(p) +Br(p)) (1+x(p))

= 1—[ [l + ( / ;S_C?d + 0<p2(c+d—0') + pc+d(rl)] .

p
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Further, by the binomial theorem, (2.2) and (2.4) we have

Fos) = [ 1+ (r) + Br0) (4xp) p 4+ 0 (p0-0 4 prvieet)

p

-1 (1 +(}(p) + Taj(p) + 21a}(p) + 35a4(p) + 35B,(p) + 218,(p) + TB}(p)
p

+B}(p))p D + (a(p) + Ta(p) + 21a(p) + 35a,(p) + 358/(p) + 21B3(p)
+TB3p) + B1(P)p D (p) + O (per 4 it
=L(s—c—d, sym7f)L(s —c—d, sym7f X X)

X ]—[ (1 + (63(p) + 20a3(p) + 34a(p) + 34B,(p) + 2083(p) + 653(p))
p

X p~ D+ (6a7(p) + 20a3(p) + 34ay(p) + 34B,(p) + 2083(p) + 683(p))
X Dy () + 0(p2(c+d—o') 4 pc+d+1+0'))
=L(s—c—d, sym7f)L(s —-c—d, sym7f X Y)LS(s — ¢ — d, symsf)

X LO(s — ¢ —d,sym’f X x) ]_[ (1 + (14a;(p) +28a(p) + 28B(p)
p

+1485(p))p 0 + (14a(p) +28a,(p) + 288,(p) + 148)(p))p ™"

X)((P) + 0(p2(c+d—0') + pc+d—0'—l))
=L(s —c—d,sym’ f)L(s — c —d,sym’ f X Y)L(s — ¢ — d, sym’ f)
X LS(s —c—d,sym’f X y)L"(s — ¢ —d, sym® /)L'*(s — ¢ — d, sym’ f X y)

X [T (1 + (14050 + 148,)p + (1 () + 148 () )p
p

X x(p) + 0(p2(c+d—0') 4 pc+d—0'—1))
=L(s —c—d,sym’ f)L(s — ¢ —d,sym’ f X Y)L(s — ¢ — d, sym’ f)
X LS(s —c—d,sym’f X y)L"(s — ¢ = d, sym® /)L'*(s — ¢ — d, sym> f X y)

« L14(s, f)L14(s,f X x) n (1 n O(pl(c+d—0') + pc+d—(r—1))
p

=G7(s — ¢ = d)H;(s),

where H;(s) converges absolutely and uniformly for Re(s) > ¢ +d + % O

3. Proof of Theorem 1.1

In this section, we shall give the proof of Theorem 1.1. Here, we shall give the detailed proofs for
the cases [ = 7, 8. For the cases [ = 1, 3,5, the proofs are similar to the proof of [ = 7. For the cases
[ =2,4,6, the proofs are similar to the proof of [ = 8.

AIMS Mathematics Volume 9, Issue 2, 4830-4843.
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We first handle the case / = 7. Using Lemma 2.6 to ), ﬂ?(n)o"’(n)¢d(n)r(n), we get

n<x

c+d+1+&+iT s
Z Ao (m)e* (n)r(n) :i, f Gi(s —c — d)H7(s)x?ds + 0 (xrdrtrert),

n<x 27 +d+1+e—-iT

Since, from Lemma 2.7, G7(s — ¢ — d)H7(s)xf has no poles in the range

1
c+d+§+s$0'Sc+d+l+8

and |[f| < T, by Cauchy’s Residue Theorem we obtain

D o (g (myr(n)

n<x

1 c+d+1+e+iT c+d+}+e+iT c+d+%+e—iT X
— f - f - f Gi(s = ¢ = d)Hr(s)—ds + O (x**1*°77!)
C C C

2mi +d+1+e+iT +d+1+e—iT +d+1+e—iT

1
1= —(Iyy + Iy + Iy) + O (x4 17e7 ),
2mi

For the horizontal segments, since H,(s) is absolutely convergent in Re(s) > ¢ +d + 3, by Lemmas 2.1
and 2.2, we have

l+&
I, + I3 < f 1G7($)x T N dor

|
3+

I+e
< x f |G7(5)x" T~ |dor
1+e

< xSt max xo-T(%><14+%><14+%><6+%)><(1—a-)><2—1

ft+e<o<l+te

o
353 X
< X% max T3( 356)
1

s+e<o<l+e T3

- 1 175
< xc+d+l+sT 1 + xc+d+2+sT 3 (31)

Then, for the vertical segment, by Lemmas 2.1-2.3 and Cauchy’s inequality, we have

T
|17, < f
!

T
. 1 . 1
<<xc+d+2+s+xc+d+2+sf
1

1
xc+d+7+8

dt

1
G7(—+8+it) ; -
2 c+d+5+e+it

dt

G1+ +'t1
"\2 1

< xCHd+ 1+e

1 1
+ X2 og T max —( max
IST<T Ty \ Ty

1 1
><L14(§+8+it,f><)()Ll4(§+8+it,sym3f)

1
L14 (5 + &+ it, f)
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1 1
><L14(§+8+it,sym3f><)()L6(§+8+it,sym5f)
6 1 . 5 n 1 . 7
X L §+g+lt,symf></\/) . L§+s+zt,symf
1
2
T, 2 2
x[fT L(§+8+it,sym7fx/\/) dt)
1
2

2 4 6 1 11
<<xc+d+%+8 1 Xc+d+%+8 max T—1+(§><14+§><14+§><6)><7><2+8><7><§><2
1
1<T<T

1 1 175
<<xc+d+2+a + xc+d+2+eT 3

2 \3
dt)

< xR (3.2)
Thus, according to (3.1) and (3.2), we get

Z ﬂ}(n)vc(nwd(n)r(n) = 0(x6+d+1+sT—1 + xc+d+%+gT%).
Taking

3

T = x53%,
we have

S(f;x) = 0<xc+d+%+s).

Then, we turn to the case [ = 8. Using Lemma 2.6 to Y, ﬂji(n)o-"(n)qbd (n)r(n), we get

n<x

1 c+d+1+e+iT x°
> B e (myrn) =-— f Gs(s — ¢ = d)Hy(s)—ds + O (x*+T7").
o 2ri |, s

+d+1+e—iT

Since, from Lemma 2.7, Gg(s — ¢ — d)Hg(S)x?j only has one pole at s = ¢ +d + 1 of order 14 in the range

1
c+d+§+s$0'§c+d+1+g

and || < T, by Cauchy’s Residue Theorem again we obtain

> B e (yrn)

n<x

% 1 c+d+1+e+iT ct+d+3 +e+iT ct+d+3 +e—iT
= Res (Fg(s)—p+— + +
s=c+d+1 s 2ni c+d+3+e+iT c c

+d+3 +e—iT +d+1+&—iT

Gi(s — ¢ — d)Hy(s)=ds + O (x**1+77)
s
: 1
= xc+d+1A’]3(lOg X) + %(181 + 182 + 183) +0 (xc+d+l+8T_l) s
where A’,(7) is a polynomial in 7 of degree 13.
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For the horizontal segments, since Hg(s) is absolutely convergent in
5
Re(s)>c+d+§,

by Lemmas 2.1, 2.2 and 2.4, we have

l+e
g + Ig3| < f G ($)xH T do

5
7te

1+e
< x<td f IGs($)x T do

5
7+e

< xCHTE max O T B XU-0)X14+(§X28+3X20+ I xT+ )X(1-0)x2-1

%+£SO'S 1+

a

. 3428 X

< X max TS =
Ste<o<l+e BE)

15

_ 5 6781
< xc+d+1+aT 1 + xc+d+7+aT 05

Then, for the vertical segment, by Lemmas 2.1-2.3 and 2.5, we have

T 5 xc+d+%+s
|755] <<f Ggl=+e+it S —|dt
1 7 ctd+s+e+it

dt

{2(§+8+it)

T
. S . 5
<<xc+d+7+s+xc+d+7+af
1

GS+ +‘t1
*\7 1

s s 1
< xHTYE 4 x4 |00 T max —( max
ISTi<T Th\ Ty

5
XL Z +e+ it,X)L28 (5 +e+it, symzf)

5
X L®(= + &+ it, sym’f XX)LZO (5 +e+it, sym4f)

% L20

N e Q] D

5
+s+it,sym4f><)()L7(§ +a+it,sym6f)

5 5
><L7(§+s+it,sym6f><)()L(?+8+it,sym8f)

T\ 12
5 5
X L ?+s+lt,symf><)( {?+8+ll dt

T
2

<<xc+d+%+8 + xc+d+%+8 max T—1+%x%><16+(g><28+%x20+%><7+%)><%><2+1

1<T<T
<<xc+d+%+s " xc+d+§+sT%

5 48332
<<xc+d+ Z +eT 735

Thus, according to (3.3) and (3.4), we get

Z ﬂ?(n)(rc(n)qbd(n)r(n) — xc+d+1All3(10g X) + 0(xc+d+l+sT—l + xc+d+%+sT%) )

n<x

(3.3)

(3.4)
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Taking
210
T = x®067

we have
. . 48857
Sg(f, X) — xc+d+1Al3(10gx) + 0(xe+d+W+s) )

4. Proof of Theorem 1.2

For the Gauss circle problem, we have the following famous result

Z 1:ﬂx+0(x%),

n<x
n=a2+b?

where a, b € Z.. This result can be found in [13, Corollary 4.9]. Then, by the definition of mathematical
expectation and Theorem 1.1, for/ = 1,2,--- , 8, one has
2 s ﬂ}(n)cfc(nwd(n)
l c d _ n=a*+b?
n=a*+b

X°'+d+1Az(10g X) + 0 (xc+d+9/+s)

X+ O(x%)
:ﬂ_—lxc+dAl(10g x) + 0 (xc+d+91—1+8) ,

where the notations of A;(log x) and 6, are the same as ones in Theorem 1.1. Thus, we complete the
proof of Theorem 1.2.

5. Conclusions

In this paper, we establish the asymptotic formula of the sum of the hybrid arithmetic function
/l;(n)ac(n)¢d(n) over the sparse sequence {n : n = a*+b*},i.€., X<, /l;(n)ac(n)¢d(n)r2(n) for1 <1<8,
where x is a sufficiently large real number, A;(n) is the n-th normalized Fourier coeflicient of the
primitive holomorphic cusp form f of even integral weight k > 2 for S L,(Z), o(n) and ¢(n) are the
sum-of-divisors function and the Euler totient function, r,(n) denotes the number of representations of
nasn=a’+b* a,b,l € Z and c,d € R. In addition, we also study the mathematical expectation of this
hybrid arithmetic function. With the help of Theorems 1.1 and 1.2, we can understand the asymptotic
behaviors of the hybrid arithmetic function /l;(n)(f“(n)qﬁd(n) over the sparse sequence {n : n = a* + b*}
more precisely.
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