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1. Introduction

The Atangana-Baleanu fractional differential operator (ABFDO) [1] has recently been used to
define fractional derivatives (see [2—4]). Additionally, fractional derivatives with nonsingular kernels
are crucial because some models of dissipation processes cannot be properly represented by the
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conventional fractional operators (see [5—7]). Applications are presented using ABFDO together
with different types of polynomials, such as the Chebyshev polynomial, B-spline polynomials and
Alexander polynomials [8—12].

For decades, classical fractional calculus based on the Riemann-Liouville fractional differential and
integral operators has been used to define many classes of fractional analytic functions in an open
unit disk. The recent work has demonstrated the ability to modify these classes and it has offered
a combination between the most important special functions, called the generalized Mittag-Leffler
function (the queen of special functions) and the formula for the fractional integral operator. This work
can be suggested to develop linear operators (convolution operators), as well as the integral formula
for the Bulboaca integral operator, Breaz integral operator and their generalizations. In addition, since
the ABFDO involves the Mittag-Leffler function, it can be extended to k-calculus and g-calculus.

In a recent effort, we have extended the ABFDO to a complex domain (an open unit disk)
to obtain the ABFDOs of a complex variable. To explore the geometric properties of the main
operators, we have acted the operators on a special type of class of analytic functions with the m-
fold symmetry characteristic in a bounded symmetric domain. This class of analytic functions is a
natural generalization of the normalized analytic functions, when m=1. The most discoveries in this
direction involve demonstrating that the operators are convex and have starlike shapes in the open unit
disk under some conditions. Moreover, the boundedness in the weighted Bergman and the convex
Bergman spaces associated with a bounded symmetric domain is investigated. Duality relations are
presented for these spaces. Our method is based on Young’s convolution inequality.

The paper is divided into the following sections. Section 2 deals with the definition of the m-fold
symmetric class of analytic functions and the formula that will be studied. Section 3 involves the
preliminaries that will be utilized in the proof of our results. Section 4 includes the extended ABFDO
and it contains the study of its geometrical characteristics. Sections 5 and 6 discuss the Bergman spaces
for a bounded symmetric domain with applications. Section 7 presents the conclusion of the results
and the future work.

2. m-fold symmetric class

In this section, we deduce the meaning of the m-fold symmetric class of analytic functions in the
open unit disk D := {{ € C : |{| < 1} (see [13]). In this investigation, we consider the class of m-fold
symmetric functions €, (see [14—16]), as follows:

Qom(g) = g + Z anm+1{nm+l, 4 € D.
n=1

Akgul [14] modified the class of m-fold symmetric functions in [13] to determine some coefficient
results and complex inequalities. Seker and Taymur [15] described two new subclasses of bivalent
functions, which are both m-fold symmetric analytic functions. In their study, they determined
the upper bounds for the coefficients. Hamzat [16] has analyzed various features of fractional
analytic functions belonging to two novel subclasses of m-fold symmetric starlike and convex
functions in an open unit disk. Furthermore, features of a new subclass of m-fold symmetric bi-
Bazilevic functions associated with modified sigmoid functions are addressed, as are numerous related
minor repercussions.
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Note that for m = 1, we have the normalized function (the class is denoted by Q)

[ee)

$)=C+ Y al", (eD.

n=2

Corresponding to ¢,,({), we have the following class of function denoted by 7 Q,,
en(() = ¢ - i @™, €D,
n=1
where 7 Q is a special class of 7Q,,,m = 1 with
o =(- i la,l", L eD.
n=2

Definition 2.1. Functions ¢,, € Q,, are considered to belong to the class of (k, m)-Janowski starlike
functions symbolized by (k,m) — ST (4,v), -1 < v < u < 1,k > 0, whenever the following
inequality is true

£ (@) {en(@)
~1 -1 ~1 -1
v )(%@)) R R )(som(g)) “
(v+1)(i921((§)))—(u+1) (v+1)(é:;0rig))—(u+l)

where R indicates the symbol of the real part.
Also, we have the following class of convex functions:

Definition 2.2. Functions ¢,, € Q,, are supposed to belong to the class of (k,m)-Janowski convex
functions symbolized by (x,m) — CT (u,v), -1 < v < u < 1,k > 0, whenever the following
inequality is true

(e, (D)) ) ((é’ @, () )
SN puLZALEI DR | (2 -
v-b ( G A R A W
e, (D) ) ((§ @, () )
=== 1- 1 Hn=——=1- 1
v )( PR N il I S W7o e B

When m = 1, we have the Noor-Malik class described in [17].
3. Lemmas

This section deals with the supplement results.

Lemma 3.1. ( [I8, Theorem 2.4] or [19, Theorem 11.2]) If o,¢,7 € C with R(o) > 0,R(g) >
0, R(1) > 0, then

l
fo X EZ (wx7dy = L°EZ, (w(7).
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Lemma 3.2. [20] For the function ({) = {+ Yisa, ", L €D, if Yo (n — @)layl” < 1 — q then ¢ is
starlike of order q. Moreover, if 3.,,"» n(n — g)la,|" < 1 — g then ¢ is convex of order q.

Lemma 3.3. [2]1] Letp, >0, p; >0, and w > 1/2. If f is starlike and g is convex then the integral
1/w
e e
0 T T

Lemma 3.4. [22] For some integer m > 1, let

is starlike of order Qw — 1)/2w.

() =1+ pul™ + Pir ™' +

be analytic in D with its nonpositive real part in D. Then, there exists a point {, € D with p({y) = i€
and Lop' (&) = 9, where 9 < —m(1 + £2)/2.

4. Fractional differential operator

Numerous mathematical, physical and engineering fields make use of the Mittag-Leffler function,
particularly in relation to fractional calculus, fractional differential equations and fractional order
systems. It appears in issues with anomalous diffusion, viscoelasticity and memory effects. Recursive
relations, integral representations and linkages to other special functions are only a few of the Mittag-
Leffler function’s intriguing characteristics. It is essential to fractional calculus and serves as a potent
tool for comprehending and resolving issues involving fractional derivatives and integrals.

A branch of fractional calculus, which is an extension of ordinary calculus, is the fractional operator
based on the Mittag-Leffler function. It has been applied to simulate a variety of physical events and is
especially helpful when representing non-local or memory effects-based systems. There are numerous
scientific and engineering domains for which the Mittag-Leffler function and the fractional operator it
defines are applied, including physics, biology, economics and signal processing. These methods offer
a more thorough framework for comprehending and examining intricate systems involving fractional
order dynamics. The advantages of using the Mittag-Leffler function include, but are not limited to the
following observations. It is simpler to deal with the Mittag-Leffler function in theoretical analysis and
modeling since it has good features. It makes the exploration of fractional operators more approachable
by allowing mathematicians and scientists to find closed-form solutions to fractional differential
equations. In order to ensure that numerical simulations and approximations are well-behaved and
accurately converge to the true solution, it gives stable solutions to fractional differential equations.
Regarding its relationship to practical applications, in numerous real-world applications, such as the
modeling of biological systems, financial mathematics, control systems, and diffusion operations in
porous media, fractional calculus with the Mittag-Leffler function has shown great potential.

In this section, we proceed to extend the ABFDO in D.
Definition 4.1. The generalized Mittag-Leffler function is defined by

(@), ¢
50 = ZF(Bn+y)n' (¢.@.B,y €C, Rep>0),

where (@), represents the Pochhammer symbol.
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We will employ double Mittage-Lefller functions in definition to display the modified ABFDOs of
a complex variable.

Definition 4.2. For ¢,, € Q,,, the extended fractional operators are given, as follows:

e
PN (D) = 1 fo @ MEso 11V E (=& = 1)) (4.1)
and ,
d
A = ;V (—V)vE 0 Om(QEy (=" )E (=, (¢ — m)")dn, 4.2)

where w indicates the power of £ in the power series of ¢,,({).

Example 4.3. Suppose that ¢,,({) = {. By Lemma 3.1, we have

ABCAV(D ( ) f E,(—u,n)E, (=, (¢ —1n)")dn

_ W(V) . w() 2"
= 1 WELCm@N) = 17— ({; T T 2)),

where (y), = y(y + 1)...(y + n — 1). And,

w(v) d

vdi Jo
= IV v (CE(-m(0") =

4
Ev(_ﬂvnv)Ev(_ﬂv(g - 77)V)77 d’7
( ) (

ABR V({)

CES(~p(D))).

As a result, we obtain the relation “*“A’() = “P*A’({). In general, we get

ABCAV({mn) ( W(V?/) gmn (E31+mn( :uv(é)v)) . n> 1’

ABRAV(é«mn) _ ( w(v) )

mn E2 —u, ") .
We have the following result:

w(v)
(1-v)

Proposition 4.4. Let ¢, € Q,, and b(v) := Then,

AP0
QI%L v " _ Qm
Ao = )

and
ABRAVS%(( )

bOVEZ, (1 0")

‘H%”R v (é«) _
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Proof. Let ¢, € Q,,. A calculation implies that

ABC V‘Pm ({) ~ é/—vn ABCAV(,Dm (é«)
bOVE, (—1,(0)) b E2, (-1,({)")
O (OIEL, (1)) £ B dumabO)m + 1) (E2,,,,, (<1A0) )
- b E2, (—p1,(L)”)

2 n -1, n #vn
g—vn (Zn lanm+lb(V)(l’lm+ 1)([2 ( ) ( H ) { ]) énm+1)

"“CTyn+mn+2) n!

(2)11 (_,uv)n{m

N () =

:€+

b vn
(97t DI Ton+2)  nl ]
( )n (_/lv)n
m +1 nm+1
s Lot e (11 )([Z" “Ton+am+2) al )¢
B [Z (2)n (_,uv)n]
"0 T(yn + (nm +2)) n!
N (=)
v,2+mn nm+1
=0+ ) au (mn+l)(— o
Z} o E2, (—1,)
=0+ Z Anm1 {nmﬂ = ({ + Z Anm+1 4nm+1] [‘: + Z O-mn+1 an) = () * om(L),
n=1 n=1
Vi E3,2+mn (_lu") g . .
where o, := (nm + 1) T) , and the notation “x” indicates the convolution product. Thus,
—1,
we conclude that ***Ag,,({) € Q,,. Similarly, we have that ***Ag, () € Q. i

Note that the integral corresponding to *¥¢A”

‘JI%LJIVSD (5) — é« + Z.O: a 1( 2 (_luv) ]é/nm+1
" " ( n+ 1)Ev2+mn( lJV)

+¢m({) 18 given by the following series:

n=1
satisfying . . . ‘
B AL (0) = TN, () = D).

A modification of the ABFDO is given for the normalized univalent functions and quantum analytic
functions described in [23].

4.1. Properties of the operator

In this part, we shall investigate the most important geometric properties of the operator
YN on(L) € Q.

Theorem 4.5. The operator )IMAme({ ) € Q,, can be included in the class (k,m)— ST (u,v), =1 <v <
u <1,k >0, if it satisfies thefollowmg condition:

(o)

Z Qmn)k+ D) +|(mn+ Dv+1)—(1+u)) Ianm+]0'nm+1| <|v-—u. 4.3)

n=1
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Proof. We aim to show that

N (U LX) A TP
(A (0]

LA (DY .
(V - ) [‘ZI‘B(.AV (g)] — - )

— 1= -1]<1.
‘ oo [ TBOn) N I )
% u v —_— |-
A ()] NPRrSTl
A computation yields
(AL (DT (AL ()Y
v- A 0(0)] —w-1 . -1 A ()] — (-1 1
- (™M OF o 1 800 o
(v+ *HBEAV ({)] (Lt+ ) (v+ Q[%LAV (g)] (u+ )
LT A ()Y
R 7T
= (™A 0T
v+1) [QI%LAV o D] —(u+1)
2+ ) P AL0n(D)] = LT ALpn( )Y
=2(k
(v + DI ALpn( D)) = (1 + w)[*CALpn(L)]
< 2(K " 1)( Zn 1(mn)|anm+10-nm+1| )
v —ul = X0 [(em + DA +v) = (1 + w)|lapmer o) |
If the condition (4.3) is true, the last assertion is bounded by 1, which completes the proof. O

For a comparison with other works, we have the following observations:

—1anda'nm+] =1=[17];

m=1lLu=1 v——landanm+1—1:>[24];
m=1lu=1-2a,a€c(0,1),v=-lando” =1=[25];
m=1l,u=1-2a,a€[0,1),v=-1, K—OandO'm+1—1:>[2O].

In a similar proof of Theorem 4.5, we have the following result:

Theorem 4.6. The operator HBGAVgom(g ) € Q,, is included in the class (k,m) — CT (u,v), =1 <v<u<
1,k > 0, if it satisfies the followmg condition:

Z(mn + D QRmm)k+ 1)+ |(mn+ Dyv+1)—(1+u)) Ianm+10'nm+1| <|v-—u. “4.4)

n=1

Theorem 4.7. Let ¢, € Q,, be starlike of order ¢, ¢ € [0, 1) with non-positive coefficients (a1 < 0).

Moreover, let
o (1+nm—g
Z (W)a”’"+lo-nm+l <1

n=1

Then,

AIMS Mathematics Volume 9, Issue 2, 3810-3835.
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(1) [‘H%LAvcpm({ )] achieves the starlikeness under the order .
(2) It satlsﬁes the boundedness inequality

-9 1+ ABE 1 - 1+
—_ m< AV " < m
4 1+m_solfl Il 2em(O]l |é“|+ |§|

(3) Its derivative reaches the following maximum bound and minimum bound:

1 1 - g 1 1-
CrEZ 9 e < a1 < 14 S P

1= (1 +m—g) (1+m—g)

(4) The maximal function is given by the formula

q 1- ©
ZI%GAV " _ _ 1+m.
wonO1 =2 - | o)
(5) If 0,(0) and ¢,,(§) are starlike of order ¢, then [QI%LAVQD,,,({ )] is starlike of order q, where

1 +m— p?

1= i 2-29

Proof. By the positivity of the connections, ¢, can be represented by the power series

(Pm({) = é - Z Anm+1 fmnH, { S D, m e N,
n=1

In addition, since g, is starlike of order g, where ¢ € [0, 1) and the following inequality is satisfied:

(1 +nm—g
2 (W)amnﬂ%mﬂ <1,

n=1
then, according to Lemma 3.2, we get the starlikeness of [%“AV
Using the leader component, we can obtain

l+m—yg (1 +nm—g N
( 1 - %) )Zam’”'lo-nmﬂ < Z(W)amnﬂff,ﬁﬁl <1,

n=1 n=1

©m(£)] under the order .

which yields

Consequently, we get

ABE 1+m 1 pl4m 1_—5/‘)
M MO 2 121 = 121 Zamnm,,mﬂ 11 =1¢] (Hm_p)

n=1
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and

(o)

S 4 " - ; 1 " 80
KON < K1+ 17" Y i < 1+ ().

n=1

We get the second portion by combining the two inequalities above.
Using the information below,

p(l-9) A +m)(l-gp)

(o)
o
Z(nm + Dampio,, S 1—9+

" l+m—-¢p  l+m—-gp
we have
ABE A v ’ m N v, I-p)1+m) .
| AV () | = S T4 ;(1 + M)Ay T 2 1 = mm
and
ABE v : "\ . 1-p)d+m)
AL (O] < 1+ ;u #1001 =

We get the third item when we combine the above inequalities. The maximal function obtained from a
direct calculation is as follows:

ABE A v . [ 1-9 1+m
[N, ()] = ¢ (Hm_p){ ,

which completes part four.
Using the definition of the convolution product, we get

BN Pu(L) = (T @) (D),

where o, and ¢, are starlike of order p. To prove the starlikeness of ***A¢,,(¢), it is sufficient to
show that '

Since

and

AIMS Mathematics Volume 9, Issue 2, 3810-3835.
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the Cauchy-Schwarz inequality implies that

(1 +nm—gp V’
Z(W) \/amnﬂ‘fml:m <1,

n=1

[ l-¢
Vi
D1 T s = l+nm—g

-9 <(1+nm—g{))(l—q)‘
l+nmm—-9p = (1-9)1+nm—-gq)

where

But,

or, equivalently,
(1 +nm—9)* = (1 + nm)(1 — p)?
I T T mm—pr - (-9
But the above fraction is an increasing function; thus, by letting n = 1, the inequality of the above
conclusion yields

I+ m- o?
1= v m—2p
Hence, according to Lemma 3.2, we have that [QIMAggom({ )] is starlike of order g. O

Theorem 4.8. Assume the convexity of ¢, € €, with order 9,9 € [0,1) and non-positive
coefficients (a,, < 0). Moreover, suppose that

i ((mn + D1 +nm - )

V.M
1— 0 )amn+10-mn+1 <1l

n=1
Then,

(1) [MGAZgom({ )] achieves convexity under order .
(2) It satisfies the boundedness inequality

—§
T+mA+m-—gp)

— 9

1+m
(1+m)(1+m- p)lél '

1 -

1" < M A1l < 121+

(3) Its derivative admits the following boundedness inequality:

1-¢ ABE , -9
_ ¥ < A . <1 — ¥
T < 8@V < 1+ e
(4) The maximal function is given by the formula
; 1-9)
ZI%GAV — 7 ( 1+m.
AV O] = ¢ ((1 e g 1

(5) If o), and @, are convex of order @, then [**° A

(em(Q)] is convex of order 9, where

C(+m= P =2(1 +m)(1 - p)?
T A+m=pP-2(1-p)
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Proof. Assume that

‘;Dm(g) = { - Z Aymn+1 évmn+l’ { € D,
n=1

satisfies the inequality

> ((1 1 -
Z(( +mn)( + mn p))amM]O‘;’,ﬁ‘mSl.

n=1

And in view of Lemma 3.2 (the second part), we have that [“HMAV

order .
As a consequence of the above conclusion, we get

1l+m(A+m-—g) 1+mn-—
(( )1 —9 i )Zamnﬂo-nm_H < Z(l + mn) (l—so)amn+10-nm+1,

¢m({)] admits a convexity under

n=1

<1
which yields

S i =9
£y S T A +m=g)

Moreover, we have

[

mn+ nm 1
Zn < + (1+m-g)

Thus, we are left with the second and third sections, respectively. Clearly, the formula gives the greatest
sharp function, as follows:

(1-9)
m—g)(1+m)

‘2[23(, v _ _ 1+m
Arpn( D] = ¢ ((1+ 'S

A convolution property implies that

P ALon(D] = () * eu(0),

ABE Av

where o, and ¢,, are convex of order ¢. To obtain that [ P (0)] 1s convex of order g, we obtain that

S 1 +mn— y
Z(l + mn) (1—q) T A B

n=1

Since

- 1 +mn—
>a +mn)(—m” g’)am,m <1
-9

n=1

AIMS Mathematics Volume 9, Issue 2, 3810-3835.
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and
l+mn-gp
Z(1+mn)( ) ot <1,

the Cauchy-Schwarz inequality yields

1+ [ i
Z(l + nm) (ln—mgogt)) anm+10-nm+1 <1,

n=1
where :
. -9
L prapn G e &
But,
-y . U+mm-p)i-g)

(I+mm)(1+mn—-9) =~ (1 +mn)(1 -1+ @mm-q)
or, equivalently, we have the increasing inequality

< (1 +mn—9)> =21 + mn)(1 — p)*
- (1+mn—-9)?-2(1 —p)?

By assuming that n = 1, computation yields

(I +m= 9P =2(1 +m)(1 - p)?
C (+m-pP-2(1-p)?

l[%(CAv

Hence, [ 7¢m({)] addresses the convexity under order g.

Theorem 4.9. Consider the operator [***A%p,,({)]. Then,

WUBCAY P1 0 1w _
AL, ()] € S = [é«w—lf ([ 42 (T)]) (gm(‘r)) dr) . S*(2a;w 1)’
0

T T

where g, is a convex univalent function, w > 1/2, p; > 0 and p, > 0.

Moreover; if

gm(() = , P2 = I,

¢
[

then

[‘ZIB(‘IAV (T)] lw _
¢ (r)] dTJ es*(z“’ 1),

(1 — 7m)len 2w

(" Apn() € S™ = [{““1 f (
0
where g is a convex univalent function and p; > 0 and p, > 0.
Proof. Let
gm(é/) ={+ ngn+l§nm+]'
n=1

AIMS Mathematics Volume 9, Issue 2, 3810-3835.
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¢ ([UBEAY ) lw
((“"1 f [[ i (T)]) (g’"(T))p df] cQ,. 4.5)
0 T T

By the definition of [QIBLA on(O)], we have

‘JI‘B(,AV ) Hw
IF.GLD = [gw_l f ([ ()Om(T)]] (gm(T))P dr)
0 T T

P P 1/w
| sw-1 ¢ T+ Zn 1 Anm+l7-mn+1 YT+ Zn 1gmn+17-nm+1 ’
=\ dr
0

First, we must show that

T T

) 01 0 02 1w
= g“"l f(l + Z Anm+1Tan (1 + ngn+17'"m] dr)
0

n=1

4 0 00 1/w
=zt f (1 + P Z AT+ ][1 ) Z Lo T+ ] dT)
0

n=1

00 1/w
(1 + o1 Z Anmﬂrnm] + ] d‘[‘] )

As a consequence, we obtain (4.5). By the convexity of g,,, we attain that it is in the class S*(1/2).
Since the multiplication of starlike functions implies starlikeness, I[F, G],,({) admits starlikeness of
order 2w — 1)/2w (see Lemma 3.3). The second part of the theorem is valid when g,,({) = /(1 — ™)
and p, = 1. |

We have the following outcome for some geometric inequalities:

Theorem 4.10. Consider the operator [‘H%“A"‘pm({ ). If

A1

S S
A (O |7 2
then
(N LonOT) 1
) %( A2 )] ]< 7
2 ivalent] G —1]<1
(2) or, equivalently, %GAVQD O < 1.
» Note that R LT N (O 1. valent o R [P A%pn(0)] 1 Based on th
roof. Note tha [\H%LAV(,D O] < 3 is equivalent to {[Q[MAZQDm(()] > 7 ased on the

above inequality, we define the following function:

2 ‘EI%LAV(Pm(é)]
TN OV

p) =

AIMS Mathematics Volume 9, Issue 2, 3810-3835.
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Then one can write the formula series p(0) = 1 + pud™ + Pme1 ™ + ... by using

PN en (D) 1= p() - 20/

[ AL (O L+ p(0)

Assume that p({) does not have a positive real component. Lemma 3.4 states that a point ¢, belongs
to D, where p(£y) = i€ and (o) = ¥, where ¥ < —m(1 + £2)/2. Direct computation yields

LA (D)) _A-0P+& (A 4m1+E)27+& L
AL, (DY 1ve - 1+& YT
This leads to the assertion made by this theorem. O

Not that, when m = 1 and O'ZZ .1 = 1, we obtain the result presented in [26], and when ol =1, we
have the result presented in [13]. Moreover, Theorem 4.10 can be considered for the integral operators
in Theorem 4.9 and the fractional operator corresponds to [H%LA"gom(gV )].

Theorem 4.11. Consider the operator [‘H%“Av‘pm({ ). If

[‘JI*BGAV(pm(é«)]N
AL on(D];

m2—1

b

dm

fork eZ, and

" AYom(Olk =

k—1 QI%GAV m n
i [ 90 (w é/) ] 4 wn[ﬂ%GAZ(pm(wnZ)]’ w = eXp(Zﬂ'i/k),

2k

n=0

then

{[QI%(QAZ()Dm(wn()]/ N
AL, (@D

Proof. By the assumption of the theorem, we have

1 k—1 ‘ _
(MOl = 57 D ([ Npn(@"O1) + Ay (@ )Y
n=0

and

‘ =L ’ _
ALY = ﬁ;(["BLAzwmm%n) + AL (@ D))

Direct computation yields

[mwm(wkm" _m-l

WA 0], 4m
and
(o AL (@O m? -1
AL (DI, 4dm
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Combining the above inequalities, we obtain

PPN O1 | m2 -1
AL (O | = 4m
(T AL ()Y (T ALY
We proceed to show that R( [T A Lo ) > 0. Let p({) = [m“Ag Ol . Then, by the formula
series p(&) = 1 + pl™ + P ™' + ... can be applied
4 [mGAysom({)]” (A pm( Ok ‘0 -o0l1 ¢ AL,
8@, aen@r )\ PO a0

Assume that p({) does not have a positive real component. Lemma 3.4 states that , belongs to D
with p(£y) = i€ and £op(lp) = ¥, where ¢ < —m(1 + £%)/2. Direct computation yields

[{ [?I%GA Qom(gO)]k 1)

Q"™ Agon@)V’| O W U
@], : -2
JmL+&)2 18 m’ ~
= 2 - 4m

O

(PN pu(@ Y ]
A om(@ Ok

The above theorem is valid for the integrals in Theorem 4.9 and the integral corresponds to
‘ZIB(,AV"Om (wné«)]

This contradicts the assertion made by this theorem. Hence, R [

Example 4.12. Consider the fractional differential equation

(N ("))
A, ()]

Equation (4.6) has the following expression:

" A (@" ] = ¢,

(4.6)

which satisfies

4 [mLA em(@" ] >0

= > 5
(A (@)

thus, it is starlike. Let

gm(g) gé/,n P2 = 1,

then, according to Theorem 4.9,

¢ 1 proo\le 2w—1
w—1
(é fo (—(I_Tm)l/pl) dr) est (2,

where g,, is a convex univalent function, p; > 0 and p, > 0.
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5. Bergman spaces for a bounded symmetric domain

In this part, we study the boundedness of the operator ***Alg,,(¢) in some well-known spaces.
We shall use the Bergman space of analytic functions in D (bounded symmetric domain). The
weighted Bergman space is a modification of the Bergman space in which functions are not only
square integrable, but they also have integrability that can be quantified in terms of a specific weight
function. The space of functions that are square-integrable with respect to this weight is affected by this
weight function, which imposes varying weights on various places in the bounded symmetric domain.
Weighted Bergman spaces have been utilized to investigate diverse analytic function qualities for
certain domains and particular actions selected by the weight function. Alongside other mathematical
disciplines these spaces have uses in complex analysis, potential theory,and harmonic analysis. The
characteristics of the related weighted Bergman space might be very different for a given domain and
weight function. Understanding how analytic functions behave in relation to the domain’s underlying
geometry and weight distribution can be accomplished by looking at the properties of functions in these
spaces. These realizations may then contribute to a deeper comprehension of sophisticated analysis and
associated mathematical ideas.

The weighted Bergman space is a set of all analytic functions in D (bounded symmetric domain)
with the norm [27]

1/p
Ille = ((1 +8) f (1-1zP) |¢<§>|”dA<§>) <o, (B>-1,pe(0,0)).
D

The convex structure is formulated when y € (0, 1/2], as follows:

1-2y

1/p
—7) IZI2 ! |¢(§)I"d1\(§)) <oo, (y€(0,1/2], p€(0,00)),

Il = (

where dA = d{/n is the area measure. Note that, when S = "% we obtain the weighted space. In

addition, the non-normal weighted logarithmic Bergman space is deﬁned as follows [28]:

I/p
dA({)
1Bl = [f (log |§|2) BN — |§|2] <o, (B>1, pe(0,0)).

The two parameter normal weighted logarithmic Bergman space is defined as follows [29]:

1 B 1/p
Il = ( fD (1og = a) (1= |¢(§)|”dA(§)) <eo, (B<0,y> -1, pe(0,00)).

Finally, the general weighted Bergman spaces have the following structure:

1/p
llllsr = ( |¢({)|”w(§)d1\({)) < oo,w e L'(D).
D

Alternatively, they have the following parametric structure [30]:
1/p
Illr, = ( |¢(§)|Pwﬁ(§)dA<§>) < 0,0"(¢) = W)@ € L'(D), @ € R.
w D
We have the following result of this section:
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Theorem S5.1. Consider the operator HBLA"Q@,,,({ ), where ¢, € Q,,. Then,

() llgnllyy & IMAygnllyg, B> ~1;

(2) llgnllay & I Alipulley. v € (0.1/2;

(3) llgullys, ||‘”B¢AV¢m||%p B>1;

) lgnllsy, & I Npulyy - B<0.y> -1

(5) llenllag, & 1™ Alpullyy, @ € L'(D);

(6) ligulls, < e eullsr s () = WD) € LI(D), a e R.

5
Proof. Let ¢,, € B),. Assume that

1/p
Z,(B,p) = sup ((1+B) f (1—|§|2)ﬁ|am<§>|PdA<§)) < oo,
D

B.p).I1=r
Then, for p > 1, Young’s inequality of the convoluted functions implies that

ABVC
I Av‘pm I B’B

I/p
=1 +p) f ~ IZP) WNMMPdA(())

1/p
=|a+p) fD (1-12PY |som(§)*crm(§>|PdA<§>)

1/p

1/p
<[ +p) f (1-12P) Iwm({)l”dA(é)) ((1+ B) f (1-12P) IO'm(g“)lpdA({))
D D
< Zn(B, Plllpmllgs < 0o

Thus, QI%“A"gom € 5Bﬁ Conversely, let

1/p
AB,p) = sup ((1+ﬁ> f (1—|§|2)B|gm<§>|f’dA<§>) < oo
B.p).lgl=r D

and assume that |[*Z¢A” (,Dm”%ﬁ < ©co. Analogous to o,(s), define the function ¢,({) as follows (see

Figures 1 and 2):
4

m, {GD

T Q) =L+ Y o =
n=1
Then, Young’s inequality yields
Imleg

1/p
- ((1 +P) f (1-1gP) |som<4>|PdA<§>)
D

2\8 ¢ 1
— _ % p
—(<1+/3>fD(1 1) lem(@) (1_@)' dA({))
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1/p
=1+ fD (1 =12P) pn(©) * (@0 * 6D |PdA(§>)

1/p
=((1+p) fD (1—|§|2)ﬁ|(<pm<§>wm@»*gm(gnpdzx({))

1/p 1/p
<(1+p fD (1= 1P) 1 onl@) * 0ul0)) |PdA(§)) ((1+,8) fD (1- 1Py |gm(§)|PdA<§))

< AB, P Al < oo

Thus, ¢,, € 8.
The process is similar for the other above listed cases.

TT/2

-T2

=IT

Figure 1. 3D plots of the m-fold symmetric function /(1 — ™) when m = 1,2,3,4
respectively (the graph was plotted by using Mathematica 13.3).
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-mi2

Figure 2. 3D plot of the m-fold symmetric function /(1 — {™) when m = 10, 20, 50, 100
respectively (the graph was plotted by using Mathematica 13.3).

O

Remark 5.2. Figures 1 and 2 present the m-symmetrical behavior of the Koebe function, which is the
extreme function of the convexity in an open unit disk. The Koebe function is an extreme function in a
number of univalent function problems. The m-symmetric Koebe function is a useful mathematical
tool for complex analysis and conformal mapping theory. It helps mathematicians and scientists
to understand and work with conformal mappings, which have numerous applications in physics
and engineering. While it lacks a direct physical interpretation, the characteristics and theorems it
references can be used to solve real-world problems involving complicated shapes and locations.

In the same manner of Theorem 5.1, we have the following result regarding the operator
AL,

Theorem 5.3. Consider the operator ‘umA?pm({ ), where ¢, € Q,,. Then, consider the following:
(1) llemllgs < A @ullys, B> =1
(2) llgullsy & I AYpullyy. v € (0,1/2];
(3) leulleg, & " Blpullys o B> 1
(4) ||90m||%i,’lyog = ”QISBERAZ’()OMH%;;ZIVO{%, B<0,y>-1;
(5) llpulley, © M Apllyy, @ € L'(D);
(6) llgullyr, < ”QISBERAZQDm”%Zua W) = w(w*() € L'(D), @ € R.

AIMS Mathematics Volume 9, Issue 2, 3810-3835.



3829

6. Applications

Numerous mathematical disciplines, such as complex analysis, functional analysis, harmonic
analysis, operator theory and others, all make use of the Bergman space. It is an invaluable instrument
for comprehending and resolving issues in these sectors because of its adaptability and connections to
diverse mathematical disciplines. A symmetric function is one that does not change when its variables
are permuted. An m-fold symmetric function is a special form of symmetric function in which the
variables are permuted by separating them into m distinct subgroups and permuting the variables within
each subset. The physical meaning of an m-fold symmetric function is determined by the situation.
Here are a handful of samples to demonstrate its significance in many fields:

e In physics, m-fold symmetric functions can describe the action of material properties that maintain
some kind of symmetry when seen from multiple locations or orientations inside the crystal
lattice, particularly in the study of solid-state materials and crystals. When investigating the
electronic band structure of crystals, for example, m-fold symmetric functions can help scholars to
describe the energy levels and wave functions of electrons in the crystal while taking the crystal’s
symmetry into account (see [31]).

e In chemistry, symmetry is important for the classification of molecular structures and their
spectroscopic properties. The symmetry of molecular vibrations, electronic states and other
features can be described by using m-fold symmetric functions. For instance, when evaluating
a molecule’s vibration modes, m-fold symmetric functions can aid in the determination of
which modes are Raman-active or infrared-active, as predicated on their symmetry-related
features (see [32]).

e In engineering, m-fold symmetric functions can be utilized to examine signals or systems
that display specified symmetries, particularly in signal processing and control theory. By
taking advantage of the underlying symmetries, this may simplify system analysis and
implementation (see [33]). Other applications are discussed in [34-37].

In this part, we study the estimate of the fractional equation

("™ AYen) () = u(d). 6.1)

when

1/p
||<Pm||sz%iu = (fD Isom({)lpwﬁ({)d/\(é“)) < 0.

It is well known that the 8(.) = oa(—gdz equation has many applications in different fields, including
mathematical physics and fluids.

Theorem 6.1. Consider the Eq (6.1). Then, it admits a solution satisfying the finite inequality
fD |(=aze.) @[ (@) dn < ¢, fD 6n @ ()" @A, 62)
where w is the decreasing weight. Furthermore,
P | (" aye) | (F0) " < €2 supl en(€) ()" @), 63)

where Cy, C, are positive constants.
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Proof. It is enough to prove that

fD n@F ()" @ (@)dA < o.

Define an analytic function on the disk D(ry), where
ro = w(&) <r<l,

as follows:
¥ = w@ ' € eDrn).
Let y, be a partition covering the disk D(r,,), r, < r < 1 with |y,(£)| < 1. Suppose that

Em(Exn(§)
(O =Y n (£ _ WL
Folgn)(©) = (&) fD €-O¥E,)

According to the Cauchy-Pompeiu formula, we get

dA(¢).

OF (o)) = o Oxn(O), n=1,2,....

Then, it can be extended by the power series

Fen)) = ) Falem)().
n=1

Thus, we obtain

IF(n)) = ) OFs(@m) D) = D emlOXn(0) = @ul0) D Xn(0) = o).
n=1 n=1 n=1

Assume that

(@) i i MO 6.4

- [ oty ror o T2 oy
and

b4

Ilf @2[ FOIPAAQ) < @@, £ D). ©5)

We aim to show that
f IFen()IP [ 17PdA() < f len(QIP[W*) @ (dAQ).
D D

According to Holder’s inequality, we obtain

W)\ yoo i i -
[ Z((f m,(fn) OF PO (n@1H@)]'7)

p
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IA

I

i( Y& ) G e (idte) K

lom(@©1M2@)|" [W(é-‘)]”‘ldA@))

LI\ (€~ DY)
00 17_1
P (&)xn(§) Hoen1—1/27, 4 1/2 dA(€)
g fmz(@ W) )[ OF O 2
Y(Z)xn(6) # —-1/27, 4 1/2 #11/2|P P=1gA ]
<[ Z((§ 5)\1«@) O PLAOI [en©l [m@VdAE) |

Now, in view of Fubini’s theorem, and by using the inequalities (6.4) and (6.5), we have

p

N ( P(&xn(©) AAQ)

& - DY)

)w”(f)]‘”z[w”(g“)]”z (en(©1f 1) @)

(en@lF@1" 2)1” ! (f)dA(f)) dA Q)

( F(&n)xn(&)

Been1=1/21, He 1172
- é)‘P(fn) (9] I (ZU (9]

N ( P& xn (&)

[l
B eny1/2 -1
< fD (som@[w ') @ (é-’)[ D v
L
2

) [ (O] P ()]

dA\(& )) dA(&)

(O < ( ¥
Y& &-2

[wh(&)]"? (‘P({n)
Y& Jo\€-9)

I
N ¥
<2 (en@ak @) @) )
D(ry)
I

(en@lb @) @) [ )l [w”({)]”sz@] Wn(E)A(E)

)| [w‘*@)]mdA({)) len(EIAE)

(en®laf@)'"

SN—

o) (

N—

HO1Y2dA )dA
e-o [w* (D] Q) |dA)
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YE&)
and y,(¢) is considered for D(r,),r, < 1 with |y,(¢)] < 1. Then, we obtain (6.2). Since ¢,, € FBZ "
Theorem 5.1 yields (6.3).

The proof is completed. m|

maxg

7. Conclusions

Working on a specific kind of class of analytic functions with the m-fold symmetry feature
in a complex domain, we expanded the fractional differential operator. We have illustrated a
set of geometric properties of this operator including the uniform starlike and uniform convex
shapes (Theorem 4.5). Sufficient conditions on this operator are presented to be starlike in terms
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of double (kx, m)-symmetric-conjugate points (Theorems 4.10 and 4.11). Under some conditions, the
operator preserves some integral formulas (Theorem 4.9). Sharpness for some geometric properties has
been indicated. Applications in the field of fractional differential equations are presented to determine
the geometric behavior of the solutions in an open unit disk (Example 4.12). The final aim of this
work was to study the symmetry of fractional differential operator in Bergman spaces for a symmetric
domain. We suggest that the applications can to find the solution of the g-equation whenever ¢,, € EBZ N
To summarize, the use of fractional derivatives of complex variables is a particular mathematical
technique that involves applying fractional calculus to complex functions. They are applied in a
variety of scientific and technical disciplines whereby complex systems or events must be investigated
and simulated. A fractional derivative in the complex plane can be converted to a fractional Laplacian
operator in some instances, which is a generalization of the Laplacian operator for real variables. Other
properties can be considered in the future by using different classes of analytic functions, including the
class of meromorphic functions, multi-valent functions and harmonic functions.
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