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Keywords: moving average process; complete moment convergence; weighted sums; negatively
dependent random variables; sub-linear expectations
Mathematics Subject Classification: 60F05, 60F15

1. Introduction

Since Peng [1,2] initiated the concept of the sub-linear expectations space to study the uncertainty
in probability, many scholars try to investigate the limit theorems under sub-linear expectations.
Zhang [3-5] studied the famous exponential inequalities, Rosenthal’s inequalities, and Donsker’s
invariance principle under sub-linear expectations. Chen and Wu [6] investigated complete
convergence theorems for a moving average process generated by independent random variables
under sub-linear expectations. Under sub-linear expectations, Xu et al. [7], Xu and Kong [8] obtained
complete convergence and complete moment convergence of weighted sums of negatively dependent
random variables under sub-linear expectations. For more limit theorems under sub-linear
expectations, the readers could refer to Zhang [9], Xu and Zhang [10, 11], Wu and Jiang [12], Zhang
and Lin [13], Zhong and Wu [14], Hu et al. [15], Gao and Xu [16], Kuczmaszewska [17], Zhang [5],
Chen [18], Zhang [19], Chen and Wu [20], Xu and Cheng [21,22], Xu et al. [23], Xu [24, 25], and
references therein.

Guo et al. [26] studied the complete moment convergence of moving average processes under
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negative association assumptions. For more results about complete moment convergence of moving
average processes, the interested reader could refer to Hossenni and Nezakati [27] and references
therein. Motivated by the work of Guo et al. [26], Chen and Wu [6], and Xu et al. [23], we try to
prove complete moment convergence of moving average processes generated by negatively dependent
random variables under sub-linear expectations, complementing the corresponding results obtained in
Guo et al. [26]. The differences between the works of Xu et al. [7], Xu and Kong [8], Xu [24,25], and
the results in this article are that under sub-linear expectations the comlete convergence of weighted
sums of negatively dependent or extended negatively dependent random variables are studied in Xu et
al. [7], Xu and Kong [8], and Xu [25], the complete convergence of moving average processes
produced by negatively dependent random variables is studied in Xu [24], and the complete moment
convergence of moving average processes generated by negatively dependent random variables is
investigated here. The novelty here is that the results in this paper could imply those in Xu and
Kong [8] and Xu [24] in some sense, and the results here extend the corresponding ones in probability
space.

The rest of this paper is organized as follows. We present some necessary basic notions, concepts
and corresponding properties, and give necessary lemmas under sublinear expectations in the next
section. In Section 3, we present our results, Theorems 3.1-3.3, and the proofs of which are given in
Section 4.

2. Preliminary

Hereafter, we use notions similar to that in the works by Peng [2], Zhang [4]. Assume that (Q2, )
is a given measurable space. Suppose that H is a set of all random variables on (Q,¥) fulfilling
o(Xi,---,X,) € H for Xy,---,X, € H, and each ¢ € Cy1;,(R"), where C;1;,(R") is the set of ¢
fulfilling

le(x) — ()| < C(L + [x]" + [yI")(Ix — y]), ¥x,y € R"
for C > 0, m € N relying on ¢.

Definition 2.1. A sub-linear expectation E on H is a functional E : H +— R := [—oo, o] fulfilling the
following: for every X,Y € H,

(a) X > Y implies B[X] > E[Y];

(b) Elc] = ¢, Yc € R;

(c) E[AX] = AE[X], YA > 0;

(d) E[X + Y] < E[X] + E[Y] whenever E[X] + E[Y] is not of the form oo — o0 or —co + 0.

Definition 2.2. We say that {X,;n > 1} is stochastically dominated by a random variable X in

(Q,H,E), if there exists a constant C such that Yn > 1, for all non-negative h € Cy;p(R),
E(h(X,)) < CE(h(X)).

V:F — [0, 1] is named to be a capacity if

(@) V(0)=0,V() = 1;

AIMS Mathematics Volume 9, Issue 2, 3369-3385.



3371

(b) V(A) <V(B),ACB,A,BeF.
Furthermore, if V is continuous, then V obeys

(c) A, T Ayields V(A,) T V(A) .
(d) A, | Ayields V(A,) | V(A).

V is said to be sub-additive when V(A |JB) < V(A) + V(B), A,B€ F.
In (Q, H,E), set V(A) := inf{E[£] : I4 < &, € H), YA € F (cf. Zhang [3]). V is a sub-additive
capacity. Write
00 0
Cy(X) = f V(X > x)dx +f V(X > x) — 1)dx.
0 -

(%)

As in 4.3 of Zhang [3], throughout this paper, define an extension of E on the space of all random
variables by
E*(X) =inf{E[Y]: X <Y, Y € H}.

Then E* is a sublinear expectation on the space of all random variables, E[X] = E*[X], VX € H,
and V(A) = E*(1y), YA € F.

Suppose X = (X1, , X)), X; € Hand Y = (Y1,---,Y,), ¥; € H are two random vectors on
(Q,H,E). Y is named to be negatively dependent to X, if for ; on C;z;,(R™), ¥, on Cyp;p(R"),
Ely1(X)W2(Y)] < E[g1(X)]E[Y2(Y)] whenever ¢1(X) > 0, E[y2(Y)] = 0, E[ly1(X)p2(Y)|] < oo,
E[ly1(X)]] < oo, E[[2(Y)|] < oo, and either ¢, and ¢, are coordinatewise nondecreasing or ¢; and
Y, are coordinatewise nonincreasing (see Definition 2.3 of Zhang [3], Definition 1.5 of Zhang [4]).
(X} _ 1s said to be negatively dependent, if X, is negatively dependent to (X;, Xj+1, -+ , Xj+n-1) for
eachn > 1, —oo < [ < oo0.

Suppose X; and X, are two n-dimensional random vectors in (Q, H;,E;) and (Q,, H,, E,)
respectively. They are said to be identically distributed if for every ¢ € C;1;,(R"),

Ei[y(X)] = Eo [y (X2)].

{X,;n > 1} is called to be identically distributed if for every i > 1, X; and X are identically distributed.

Throughout this paper, we suppose that E is countably sub-additive, i.e., E(X) < }.7, E(X,,) could
be implied by X < > 77, X,,, X, X, € H,and X > 0, X, > 0,n = 1,2,.... Therefore E* is also countably
sub-additive. Moreover V is also countably sub-additive (cf. Zhang [3]). Let C denote a positive
constant which may change from line to line. I(A) or I, is the indicator function of A. The symbol
a, ~ b, means that there exists two positive constants Cy, C; fulfilling C,|b,| < |a,| < C;|b,|, x* stands
for max{x, 0}, x~ = (-x)*, for x € R, a \/ b = max{a, b}, for a,b € R.

As in Zhang [4], if X;,X,,...,X, are negatively dependent random variables and
fi(x), (%), ..., fu(x) € CiLip(R) are all non increasing ( or non decreasing) functions, then f(X)),
[(X2), ..., fu(X,) are negatively dependent random variables.

We cite the following under sub-linear expectations.

Lemma 2.1. (¢f Lemma 4.5 (iii) of Zhang [3]) If E is countably sub-additive under (Q,H,E), then
for X € H,
ElX| < Cv (IX]).

AIMS Mathematics Volume 9, Issue 2, 3369-3385.



3372

Lemma 2.2. (¢f. Theorem 2.1 in Zhang [4]) Write Sy = Y, +---+ Y, So = 0. Suppose that Y, is
negatively dependent to (Yy,...,Yy) for k = 1,2,...,n — 1, or Y, is negatively dependent to
Yis1s..-» Yo fork =0,...,n— 1 in sub-linear expectation space (Q, H,E). Then for p > 2,

n

n n p/2 p
rggxwp]sCP{ZEHYAPH(ZEHYM) +{Z[|E(Yk)|+|E(—Yk>|])}. 2.1)
- k=1 k=1

k=1

E

By Lemma 2.2 of Zhong and Wu [14], the following lemma holds.

Lemma 2.3. Suppose Y € H, r > 0, p > 0, and I(x) is a slowly varying function. (i) Then for any
c>0,

Co YTINYI)) < 00 & Zn’/”‘ll(n)V(lYl > en'lr) < o,
n=1

(ii) Suppose Cy {|Y|"l(|Y|P)} < co. Then for any 0 > 1 and ¢ > 0,

i N (|Y| > cek/l’) < oo.

k=1
3. Main results

o0

Theorem 3.1. Assume that X, = }.;2_ QinYi, n = 1, where {a;,—c0 < i < oo} is a sequence of

real numbers fulfilling 3>  la;| < oo, {Y;,—00 < i < oo} is a sequence of negatively dependent
random variables, and {Y;, —co < i < oo} is stochastically dominated by Y in sub-linear expectation
space (Q,H,E). Let I(x) be a slowly varying function and 1 < p < 2, r > 1 + p/2. Suppose that

E(Y;) = E(-Y:) =0 for all —oo < i < oo, and Cy (|Y|"(1 \/ I(|Y|?))) < oo. Then

- k 1/t +
Z nr/PZl/(Pt)l(n)CV{ max in _ Enl/(pt)] } < oo, foralle >0andt> 1, (3.1)
n=1 e
and
- X 1/t +
Z nr/pzl(n)CV{ sup (k7P Y X | - e} } < oo, forall e > 0andt > % (3.2)
n=1 k=n i=1

[

Theorem 3.2. Suppose that X, = }..~_. aisnYi, n > 1, where {a;, —c0 < i < oo} is a sequence of real
numbers fulfilling ¥.°_ la;| < oo, {Y;,—o0 < i < oo} is a sequence of negatively dependent random
variables, and {Y;,—c0 < i < oo} is stochastically dominated by Y in sub-linear expectation space
(Q, H,E). Let [(x) be a non-decreasing and slowly varying function. Assume 1 < p <2, r> 1+ p/2.

Suppose that BE(Y;) = B(=Y;) = 0, for all —c0 < i < oo and Cy (IYI”t(l \/ l(IYlf’))) < o0o. Then

- X 1/t +
Z n’/PZI/(P’)l(n)CV{ 1ml?x Z X)| —en'/®) } < oo, forall e >0 andt < %, (3.3)
n=1 =
and
- X 1/t +
Z n’/pzl(n)Cv{ sup [k~/7 Z X - e} } < oo, foralle >0andt < % (3.4)
=1 k>n i=1

AIMS Mathematics Volume 9, Issue 2, 3369-3385.



3373

[ee)

Theorem 3.3. Assume that X, = }\,~_, aisnYi, n > 1, where {a;,—co < i < oo} is a sequence of real
numbers fulfilling ¥.°_ la;| < oo, {Y;,—oc0 < i < oo} is a sequence of negatively dependent random
variables, and {Y;,—c0 < i < oo} is stochastically dominated by Y in sub-linear expectation space
(Q,H,E). Assume that I(x) is a slowly varying function and 1 < p < 2. Suppose E(Y;) = E(-Y;) =0
for —oo < i < ooand Cy (|YIP(1\/ I(]Y|?))) < co. Then

ZX

As in Remark 2.3 of Guo et al. [26] and Remark 1.2 of Li and Zhang [28], by Theorems 3.1, 3.2,
we could obtain the following corollaries.

o /t

) Cy {

max — en'/P)

<<n

n=1

+
} < oo, forall e > 0andt > zla' 3.5

Corollary 3.1. Under the assumptions of Theorem 3.1, and assume that Cy (|Y|"(1 \/ I(|Y|?))) < oo.
Then

k

2%
i=1

=

Z P2V {]m]flx

n=1

> enl/”} < oo for € > 0;

kP Zk: X;

i=1

Z n"P72l(n)V {sup > e} < oo for € > 0.

=1 k=n

Corollary 3.2. Under the assumptions of Theorem 3.3, and assume that Cy (|Y|P(1\/ [(]Y]P))) < oo.
Then

Remark 3.1. In Theorems 3.1, 3.2, 3.3, Corollaries 3.1, 3.2, we all assume that BE(Y;) = E(-Y;) =0
Vj > 1. Readers may wonder what the intrinsic difference between the sub-linear expectation and
linear expectation in probability space is? The following example heuristically implies the diffenrence
in some extent. Suppose that Y, is G-normally distributed, i.e., for a,b > 0, aY; + bY, and Va® + b?Y,
are identically distributed, where Y, and Y, are independent and identically distributed (cf.
Definition 2.2.8 and Remark 2.2.9 of Peng [2]). We know that E(Y,) = E(-Y;) = 0 (¢f. Remark 2.2.5
of Peng [2]). Assume that E(le) =1> —E(—le) > 0. Then by the Remarks 3 and 14 of Hu [29], we
know that E(YIZ””) = E(—Y]Z”“) > 0, Yn > 1. Hence, for any n > 2, E(Y?) # —E(=Y]) (cf.
Proposition 2.2.15 of Peng [2]).

-1
Z )V {g&x

n=1

> enl/”} < oo for e > 0.

4. Proofs of the main results

Hereafter, as in Chen and Wu [6], we define some useful functions. Assume that 27!/7 < u <1,
g8(y) € C11ip(R) is a decreasing function fory > 0,0 < g(y) < 1 forall yand g(y) = Lif [y| < u, g(y) =
if [y| > 1. We see that

Iyl <w) <glyD <I(yl< 1), I(yl>1D < 1-glyD) < I(yl > w). 4.1)

AIMS Mathematics Volume 9, Issue 2, 3369-3385.



3374

Define g;(y) € Crip(R), j = 1suchthat 0 < g;(y) < 1 forall yand g; (3;) = 1if 20-D/ < [y < 2777,

g (k) = 0if [yl < p2U7V/% or |y > (1 + )27/, We see that

- . Y|
1(20 Dr <1y < zf/p) <g; (21/17) < 1(ﬂ2<f DIp <y < (1 + u)zﬂp), (4.2)

Y| ( ) 1+Z|Y| (2J/P) Ya > 0, (4.3)
|Y|"(1— (zk—/p)) Z| g (W) Va > 0. (4.4)

Proof of Theorem 3.1. Here we adopt some ideas from the proofs of Theorem 2.1 in Guo et al. [26].
Write Y\ = YiI(Y)| < x) — xI(Y; < —x) + xI(Y; > x), Y = v, = Y, v{¥ = YI(|Y] < x) — xI(Y <

xi °

—x)+xI(Y>x) Y(z) Y- Y(l)foranyx>0and —o0 < [ < oo. Note that

00 i—-1
ZXI«—ZZM - ZazZm— PIEPRE
k=1 i=—c0 —0co i=—c0  j=i-n
We see that
00 k 1/t *
Z n' P21 )y 4 | max Z X, 1/(pt)
I<ken | £ '

n=1

_ Z r/p—2- 1/(pt)l(n) V { max
enl/(p0) 1<k<n

_ Z r/p—2— 1/(pt)l(n) V{max
nlip 1<k<n

i=1

=) 3 €
< CZ rIp=2=1PD [(y) x%_IV max Z a; Y| > x=bdx
allp I<ksn | £ M 2
i=—00 j=i—k
00 00 o i—1
1
+CZ nP=2 1P () X771V { max Z a; Z YOl > x—bdx
ulip I<ksn | yapn 2
n=1 i=—oc0  j=i—k
=1+ 1. 4.5)

For I, observe that r/p—1—1/(pt) > —1 and Cy (|Y|"l(]Y]")) < oo, by Lemmas 2.2 and 2.3, Markov
inequality under sub-linear expectations, (4.1), (4.4), we get

I < cznf/P-z-W)l(n) f xR
o nl/p

< CZ r/p=2=1/PD 1) x% 2 max E

1/], —00<[<00

Z a; Z Y(Z)

2t (' e
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xt
/p

r/p=2-1/(pt)
CZ I(n) ’

12

max E

—00<I<00

il
X

dx

)

Sl

j=i-n

r/p=1-1/(pt) 1-2 _
CZ p- Pl(n)Zf] X E(IYI(I g(x)))dx
CZ r/p=1- 1/<pr>l(n)zk1/<pr> 1/p- ‘E(|Y|(1 - ( ¥l

2)
o)

A Z nr/p—l—l/(pt)l(n)
n=1
Y|
({1 -(3e))
(IYI(1 -8
Y|

1Y
on/p

(k+1)1/P

Y|

IA

/p

IA

IA

C Z K/p-1/p-1g

k=1

IA

C Z kP11 R

k=1

S~—

0 2n+|_1

C Z Z kPP (OR
n=0 k=2"

C Z nrlp=1/p) (MR, (|Y| (1 - g(

c Z 2P P2 E? (Z Ylg; (

C Z on(r/p= 1/p)l(2n) Z E* (|Y|g] (
CZ (|Y| 1(21/17))

C Z 0PIy {|Y| > qu(j—l)/p} < oo,

J=1

)

kl/p

)

)
)

Z 2n(r/P—1/p)l(2n)

n=1

IA

1Y
2Jlp

IA

Y|
2ilp

IA

IA

(4.6)

Next we establish /,. By Lemma 2.2, Markov’s inequality under sub-linear expectations, Holder
inequality, we see that for g > 2,

) i-1 q
1
L < CZ r/p=2=1PD () x7_1x_qE* max Z a; Z Yf{l‘) dx
nl/p 1<k<n K o 7
i=—00 Jj=i—k
) o ) 1 q
1 y
< CZn’/p_z_l/(’”)l(n)f x7"'9E* | max Z}(Ial1 Yay(la;| ) Z YOl |dx
— nl/p I<k<n = farm}
00 i-1 4q
< CZ r/p=2=1PD 1) xi1-4 Z |a| Z |a;|E* | max Z YOl [|dx
nl/p K 1<k<n — *J
j=—00 i=—00 Jj=i—k
o0 - q
1
< CZn’/”_z_l/(p’)l(n)f x4 max E|max Z YWl ldx
—~ nllp —00<i<oo 1<k<n et xJ
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IA

o0 00 i—1
1 q
CZn’/p_Z_”(p’)l(n)f x4 max Z E chl.) dx
o nl/p —00<i<00 J

i-1 q/2
+CZ rp=2=1e0 () x%—‘ ~¢ max [ E(Y“.) 2)] dx

1/1, —00<[<00

- q
+CZ vty [ giiea glaxm[zl HE(Y;;>)‘+\E(—Y§;))H] dx

nl/p

= 121 + 122 + 123.

For I, take g > max{r,2}, by Lemma 2.3, (4.1), (4.2) and (4.3), and Vx > O, f(:) := |- |9I(| - | <
x) + x(| - | > x) € Cyip(R), we see that

bos O [ s
1/p

Y Y
CZ ==l () T [qu(l —g(u))+E(|Y|qg(‘M))] dx
nl/p X X
Ip=1-1/(pt) e | Y]
= C r/p=1-1/(pn el - d
Zln (n>;fmw x ( (x)) N
N /p—1-1/(pt) S AR - Y|
+C r/p=1=1/(p0) ] i1~ag [y}
O M A

CZ r/p=1- 1/(”’)l(n)2mm |Y| >,um”1’}

1y Y|
+C nr/p—l—l/(Pt)l(n) mir 1 Q/PE(lng(L))
nZ:; ;:n (m+ /r

i ms~ 1m)V {|Y] > pm'/7)
m=1

e Y] C L
+C mi PR (|y|qg (,u— n'/P1 1/(1”)1(11)
; (m+ )/r Z

n=1

oo 2k+l1_1
Y mi q/Pz(m)E(|Y|‘1 (( ’;‘rlll)l/p))

k=0 m=2k

N f—kq/p k ,UlYl
Z 12 )E(IYI" (ZM/,,

k=

IA

IA

IA

IA

IA

[

Z —kq/Pl(Zk)E[l + Z [Y|7g (2(]‘[’1Y)|/p)]

k=1
Ko/p-alp) ok “halry(2k A
CZZ - qpl(2)+CZ2 ’”’l(2)z (|Y|q (2(]+1)/17))
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IA

IA

C i 2Jalpyy {|y| > 2j/p} i 2kr/p=alp)j(2k)

=1 k=)
C Z 2112V (Y] > 2777} < o, 4.7)
j=1

For I,,, we study the following two cases. If r < 2, we take ¢ > 2. Note thatr/p—(r/p—1)q/2 < 1
andr/p—2—-1/(pt)+q/2 > —1. We get

I

<

IA

IA

<

CZ r/p=2—- 1/(pz)+q/2l(n) x§_1_q (E|Yf€1)|2)q/2d

nl/p

CZ rIp=2-1/(+al2 () x%—l—qx@—r)q/z (E|chl)|r)q/2d

nl/p

C Z pIP=rlp=Da2=2 (g y|ry/2

n=1

C Z p'1P=rlp=Dal2=2 (C (|Y|r))q/2 < oo, (4.8)

n=1

If r > 2, we take g > max {2p(r/p -1)/2-p), t‘l}, then r/p — q/p + q/2 < 1. Note that E(Y?) <
Cv(Y?) < CCy (JYI'I(]Y|P)) < oo in this case. Therefore, we get

00

L, < Can/p_z_l/(p’“q/zl(n) xi1=9dy

nl/p

< C Z nIP=2-alP+a2 () < oo, (4.9)

n=1

Combining (4.8) and (4.9) results in I, < oo.
For I3, we take g > 2. Observe that r > 1 + p/2 > p. By E(Y,) = E(-Y;) = 0, Proposition 1.3.7 of
Peng (2019), and Lemma 2.1, we see that

(k+1)‘/1’ i-1 4
Ly < CZ rip=2- ”U”)l(n)Zf 170 max {Z[ Yill.)—Yj|+]E'—YE.)+YJ-‘] dx
1 —00<I<00 | 4= K

IA

IA

IA

IA

k=1

AIMS Mathematics

p
J=i—n

(k+1)”” il !
CZ rIp-2-11n Z “1-¢ max Z YW — Y-‘ dx
( ) A —00<[<00 xj /

Ip
Jj=i-n

(k+1)1/1’ Y| q
CZ rIp=2- 1/(p’)+”l(n)2f 1=l (ElYl(l —g(—))) dx
1 X

Ip

q k
CZk#‘l‘q/P (ElYl(l _ (kl/p))) Z 1P 210
k=1

n=1

C Z K1/(pH-1-a/p (E|Y|rl(|Y|p)/ (k(r—l)/pl(k)))q kV/P—l—l/(pt)+ql(k)
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< €Y KD G (YY) < oo, (4.10)

Hence, by (4.5) and (4.6)—(4.10), we establish (3.1).
Now we prove (3.2). By r/p > 1 and the countable sub-additivity of V, we obtain

Z nP21(n)Cy { }

n=1

- Z n"'">21(n) \Y {sup

1/t

sup
k>n

o 2711 . P
- Z Z n'P21(n) f V {sup |k ””ZXi > xpdx
=0 p=2i € k>n =1

<C Z 2iel=Dyiy |y {sup

1/
|1 > x} dx

1/t

0 00 o0 k
< C Y 2P D2 f V< sup X;| > x29w dx
JZ:(; {Z:_j € 20<k<2t+! Zl
k 1/t
<cszWP D125 f { sup X,- >x2f/<l”>} dx
2[<k<2”1 =1

Xi

1<k<n

< CZ r/p= Zl(n)f {sup

11
> xn”(”’)} dx (letting € = €271/(P)

1/t
> x} dx

k

< CZ rip=2-11n () V{sup Z
& nl/pn)

1<k<n -1

Xi

00 k /t +
r/p=2-1/(p1) 2 1/(pt)
SCZ(;n l(n)CV{ max Z —én }<oo. (4.11)
Hence (3.2) is proved. O

Proof of Theorem 3.2. As in the proof of Theorem 3.1, it is sufficient to prove that I} < oo, I; < oo,
I < 00, I3 < co. Indeed, observe that r/p — 1 — 1/(pt) < —1 yields Yoo, n'/P~1=1/#) < oo, Therefore,
by the proofs of (4.6) and (4.4), and Lemma 2.3, we get

0 k
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gyl

n=0 k=2"

= Y
< CZzn(l/(!’t)—l/P)E [|Y|(1 _ g(2|n/|p) ]
n=1
n NEN Y] Y "
< sz(l/m /Pg ngj(m SCZE Ylg; 21/1’ Zza/(pz) 1/p)
n=1 j=n j=1
Jil(pn) Y] Jl(pn) (G-D/p
< CZ;Z ]E[g (2j/p) <c22 V{IY] > 2097} < .
=

For I, I3, we take g > max{t™',2(r — p)/(2 — p),2 + 2(1/t — r)/ p}. By the proofs of (4.8), (4.9)
and (4.10), we can obtain I, < oo, I3 < oo,
For I, take ¢ > max{2,¢"'}, by the proof of (4.7), and (4.3), we see that

1 alp-1 g MYl 11
Iy < c;m E[m g((m+ N Zln ()
co 2K+l | |
< C ml/(pt)—q/p—lE [|y|q ( H )]
kzz(; mzzzlk (m+ DHl/p
N k(1/(p1)~q/p) g, [ MY
< ckz_;z E[lYl g(z(kH)/p
N : ulY|
k(1/(pt)=q/ p) q
< cZz E 1+Z|Y| (ZUHW)
k=1 j=1
0 k
K(1/(pH-q/ p) k(1/(pt)=g/p) g, (Y]
= J:
< C 2jq/pV {|Y| > 2j/p} 2k(1/(pt)=q/p)
< €Y 2V {y> 2" < oo

=1

Proof of Theorem 3.3. By the proof of (4.5), we get

ey {

k

>
i=1

=

max
1<k<n

n=1

1/t +
_ Enl/(pf)} }
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~1-1/(pr) 1o
+CZ I(n) Wx V{max

i—1

XN

j=—00 j=i—k

1<k<n

=J1 + )h.

(4.12)

Observe that pt > 1 and Cy (|Y|1/ (Y |P)) < oo, by Markov’s inequality under sub-linear expectations
and Lemmas 2.2, 2.3, (4.4), we have
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/p

(k+1)1/P Y]
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- Y S -
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C i 21NV {|Y] > 277277} < oo

J=1

For J,, as in the proof of I,, choose ¢ = 2, by (2.1), we get

>

IA
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By Lemma 2.3, (4.1), (4.3), we conclude that

J21
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Y Y
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By E(-Y;) = E(Y;) = 0, Proposition 1.3.7 of Peng (2019), (4.1), and Lemma 2.1, we see that

2
~1-1/(p1) 13 _ (Y
CZ I(n) ,,l/px [n]EIYI(l g(x d
(k+1)'/P Y] 2
1-1/(pt) (1/)-3 — -
CZ p l(”)Zfl x [E|Y|(1 g(kl/p))] dx

/p

Jn

IA

AIMS Mathematics Volume 9, Issue 2, 3369-3385.



3382

S YIN . YW
« cgmnfonl-o() e S male prr-<(2))
=1 =1
< Y Kriw[cy (i (11> k7))
k=1
i~ Lk P . 2
< CZkl‘z/Pl(k) f V(1] > pk'/7) dy + f V(Y] > y)dy}
k=1 0 uk'/p
o) 0o 00 2
< C ) K[V > ukl/”}]2+CZk1‘2/”l(k)[ f VY| > y}dy]
=1 =1 HkP
< Cf xl(x)V2{|Y|>,ux1/p}dx
1
00 00 y
+Cf xl_z/pl(x)dxf V{|Y|>y}dyf V{|Y| > z}dz
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1
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Hence, (3.5) is proved. O
5. Conclusions
We have obtained new results about complete moment convergence for maximal partial sums of
moving average processes produced by negatively dependent random variables under sub-linear
expectations. Results obtained in our article generalize those for negatively dependent random
variables in probability space, and Theorems 3.1-3.3 complement the results of Xu et al. [7,23], Xu
and Kong [8], and Xu [24] in some sense.
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