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1. Introduction

In this paper, we consider the non-autonomous discrete Hamiltonian system
A*u(n—1) = VF(n,u(n)), ne€Z, un)eR", (1.1)

where Au(n) = u(n+1)—u(n), A*u(n) = A(Au(n)). The gradient with respect to the second variable x of
F(n, x) is denoted by VF'(n, x). Z is the set of integers and R is the set of real numbers, R* = RN[0, +0c0).
For each a,b € Z with a < b, we define Z [a, b] := Z N [a,b]. We suppose the following condition
always holds for F(n, x).

(A) For any fixedn € Z, F (n,-) € C'(RY,R), and for any (n, x) € ZXRY, F(n+T, x) = F(n, x), where
T is a positive integer.

(1.1) is the discretization system of the second-order Hamiltonian system:

i(t) = VF(t,u(t)), ae.t<[0,T]. (1.2)
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In 1978, Rabinowitz [1] investigated the periodic solutions of system (1.2) with F(z,-) being
superquadratic at the origin and at infinity by establishing an appropriate variational structure.
Later, Rabinowitz et al. further developed a series of the critical point theories and introduced
the variational method in their celebrated work [2, 3]. Since then, a considerable effort has been
devoted to the study of system (1.2) based on various constraints on the nonlinear term, such as the
sublinear nonlinearity [4, 5], the subconvex condition [6-8], the superquadratic condition [9, 10], the
asymptotically linear condition [11], and the control function condition [12—14].

In 2003, such a powerful tool was firstly applied to discrete system (1.1) by Guo and Yu. Then, some
interesting existence results have also been obtained for discrete system (1.1) with different nonlinear
conditions (see [15-19]). In the case that VF(n, x) was bounded, Guo and Yu [16] succeeded to show
that system (1.1) had at least one periodic solution. Considering the case that VF(n, x) is unbounded,
specifically when VF(n, x) is a-sublinear, i.e.,

IVF(n, x)| < f(n) |x|* + g(n) VY (n,x) e Z[1,T] xR" (1.3)

where f,g : Z[1,T] - R" and a € [0, 1), Xue and Tang [18] established some solvability conditions
by using minimax techniques in critical point theory under the condition

T
lim x| ) F(n,x) =+ 1.4
Jim | Z (n, %) = +oo (1.4)
or
T
lim [x]7* » F(n,x) = —co. 1.5
Jim Z (n, x) = —oo (1.5)

When a = 1, inequality (1.3) becomes
IVE(n, )| < f(n) x| + g(n) (1.6)

where VF(n, x) is said to be linear. This case has been investigated by Tang and Zhang [19] with
condition (1.4) or (1.5) generalized to

T
liminf |x|2* Y F(n,x) > B 1.7
minf | Z; (n,%) > B, (17)
or
T
lim sup [x|>* > F(n,x) < =B, (1.8)
oo e

where B, and B, are two positive constants and « € [0, 1] here.
In 2010, for system (1.2), Zhang and Wang in [12, 13] developed a new technique to deal with such
a problem by establishing a class of control functions. By replacing |x|* in assumption (1.3) with a
control function % (|x|), they further generalized some previous results in [4-8]. Moreover, the idea,
which is an effective approach to unify cases a € [0, 1) and @ = 1, has recently been expanded in [14].
However, the nonlinear term with a control function condition for discrete system (1.1) is
considerably rare and it seems no similar results have been obtained for this case. Driven by
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references [12-14], in this paper, the main purpose is to develop some new existence results for
discrete system (1.1) with a generalized sublinear condition in the view of control functions. To this
end, we start below with establishing the class of control functions.

Definition 1.1. We define H to be the set of functions 42 € C(R*,R*) with the following properties:
(1) h(s) <h(t) VYs<t, s,teR";
(1) h(s+1) < C(h(s)+h()) Vs,t€R* C > 0isaconstant;

(iii) Y1_i>r+r(1>oh(s) = +00;

(iv) lim Q = K, K > 0 is a constant.

s—o+00 §

Remark 1.2. The fourth property here unifies both cases @ € [0,1) and @ = 1, avoiding the
inconvenience of discussing them separately.

In this paper, we always assume that 4 € HH. The main results are stated below.

Theorem 1.3. Suppose F satisfies condition (A) and the following conditions:

(A)) There exist f,g : Z[1,T] = R* such that

IVEF(n,x)| < fm)h(x)+g(n) Vn,x)ezZ[l,T]x RN:

(r* I)CK

(Ay) Ry := Z f(n) >0, where f (n) is defined in (A,) and C, K are the constants defined

i
4
in Definition 1.1 for the Sfunction h € H;

(A3) There exist Ny > 0 and2m € C(R*R") with n,(s) — Rih*(s) — +oco as s — +oo, where
R := CZ(TZ D [Z f(n)) such that

T
DFmx)zm(x) V=N,

n=1
Then system (1.1) has at least one T-periodic solution.

Theorem 1.4. Suppose F satisfies conditions (A), (Ay), (Ay) and

(A4) There exist N, > 0 andn, € C (R*,R") with n, (s) — (i—(‘) + R1) h% (s) = +o00 as s — +oo, such that

T
D Fnx)<-m(x)  Vix =N

n=1
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Then system (1.1) has at least one T-periodic solution.

Remark 1.5. The remarks below are easy to obtain.
(1) As aresult, if K = 0, it is always the case that (A,) is true.
(2) Itis clear from (A3), (A4), and Definition 1.1 that both 77, (s) and 77, (s) — +00 as s — +oo.

(3) See Example 4.4 in Section 4, for instance, where the function F'(n, x) satisfies the conditions of
Theorem 1.3 but not the cases in [18, 19].

The following corollaries can be seen as special cases of Theorems 1.3 and 1.4.

Corollary 1.6. Suppose F satisfies conditions (A), ( I 3) with a € (0, 1), and
T2 - 1
(A3) lim minf | Z Fin,x)> ——~ (Z f(n)]

n=1
Then system (1.1) has at least one T-perlodle solution.

Corollary 1.7. Suppose F satisfies conditions (A), (1.6), (A3) with a = 1, and
T

(A7

n=1
Then system (1.1) has at least one T -periodic solution.

Corollary 1.8. Suppose F satisfies conditions (A), (1.3 ) with a € (0, 1), and

40 T2 - 1
(Z f(n)]

Then system (1.1) has at least one T—perlodlc solution.

(A%) limsup x|~ Z F(n,x) < —

[x]—+00 =1

Corollary 1.9. Suppose F satisfies conditions (A), (1.6), (A3), and

2
(Az*) lim sup |x|~ ZF(n x) < SRLT_D(Z f(n)],whereR2 =1+
n=1

|x|—+c0 3 e A0

Then system (1.1) has at least one T-periodic solution.

A straightforward calculation implies that Theorems 1.1-1.4 in [19] are covered by Corollaries
1.6-1.9, respectively, and the above results are improvements in some sense of those in [18, 19].

2. Preliminaries

Let
Hr = {u:Z—>RN|u(n+T) = u(n),nGZ},
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which is a Hilbert space with inner product

T
(u,v) = Z [(Au(n), Av(n)) + (u(n),v(n))] Yu,v € Hr
n=1

and norm 1

T 2

||l = (Z [IAu(n)I2 + Iu(n)lz] Yu € Hy
n=1

where (+,-) and |-| are the inner product and the norm defined in R". It is clear that Hy is a finite

dimensional space.
The functional ¢ on Hy defined by

1 & T
o) = 5 Zl lautm) + Zl F(n, u(n)) 2.1
is continuously differentiable according to assumption (A). Additionally, one has
T
© (1), v = Z [(au(n), av(n)) + (VF(n,u(n)),v(n))]  VYu,v € Hr. (2.2)
n=1

With analysis as in [18], we can infer

T T
- Z (Azu(n —1), v(n)) = Z(Au(n), Av(n)) Vu,v € Hy. (2.3)
n=1

n=1
Combining both (2.2) and (2.3), we find that (¢'(u), v) = 0 for all v € Hy, if and only if
Au(n—1) = VE(n,u(n)), neZ.
As aresult, a T-periodic solution of system (1.1) is a critical point of the functional ¢ in Hy.

We first introduce two lemmas which will be used in the proofs.

Lemma 2.1. (Lemma 2.1 in [19]) Suppose u € Hy and Z,{zl u(n) =0, then

T 1 T
2 P < —=m D lautm)f

n=1 T n=1

and

2
llulls, <

T2~ ] «
lau(n)l*,
o

where ||ull,, := maX,ezp1 1) |u(n)|. The first inequality is known as the discrete Wirtinger’s inequality,
and the second inequality is known as the discrete Sobolev’s inequality.
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Foru e Hy, letu=(1/T) Zle u(n) and ii(n) = u(n) — . Then we obtain

Z i) <

n=1 n=1

T

(2.4)

and

72 -1 ¢
Il <~ D lautmP. (2.5)
n=1

Lemma 2.2. (Theorem 4.6 in [2]) Suppose Y is a real Banach space with Y =Y, ® Y,, where Y| C Y
is finite-dimensional. Let ¢ € C'(Y,R) satisfy the (PS) condition, if

(i) There exist 6 € R and a bounded neighborhood Q. C Y, of the origin such that ¢ |3o< 0.
(ii) There exists A € R with A > ¢ such that ¢ |y,> A

Then ¢ has a critical value b > A. Additionally, b can be described as

b = inf max ¢(g(u)) (2.6)
g€l ue

where
F:{geC(Q,Y)Ig:idonaQ}.

3. Proofs of theorems
Let C;(i = 1,2,3...) denote various positive constants.

Proof of Theorem 1.3. It follows from (A,), (2.5), the Young inequality, and the properties of A(s) that

T
D IF(, u(m) = F(n, )]
n=1

T 1
SZ:; fo IVF(n, i + sii(n))| |ii(n)| ds

T 1 T 1
sZ f f(n)h<|a+sa<n>|>|a(n>|ds+2 f g(n) la(n)| ds

J@)Clh(|al) + h(jam)D] |a(n)] + ||l Z g(n)

M’ﬂ

S
Il
—_

<Clh(lal) + h()lidll )] 1] Z F) + Nitllos Z g(n)

<C + Ch(lall,) Il Z )

3T 20(T* - 1) 5
sca = Il —[Zf( )) (|
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r :
+Cy [Z |Au(n>|2)

n=1
2

a4 2CX(T? - 1
> laum)? + ¥ [Z f(n)) R (i) + C(K |lll., + Co) il Z fn)

n=1

1
4

1

+Cy [Z |Au(n>|2)
d 2c2(T2 -1 (T* - DCK < L
> laum) + =———— [Z f(n)) () + ;f(n) Zl |Au(n)P

A
4 n=1
+Cs [Z |Au<n>|2)
n=1
1 1)CK o :
= (Z + # Z fin )) Z; |au(m) + C [Zl |Au<n>|2] + R, (3.1)

Integrating (2.1) and (3.1), then for any u € Hy, we infer

T
() =% Z |aum)P + Z [F(n, u(n)) = F(n, )] + Z F(n, )
IR 1 (T*-1)CK + o . :
22 D lbutnl - (Z PR Z}] f(n)J Z} [sumP - Cs [Z} |Au(n>|2]

n

T
= RiR(lil) + > F(n, )

b
+ ) Fn, ) = Ryl

n=1

T T
=Ry ) lau(m)P - Cs [Z |Au(n>|2)
n=1 n=1
I

I
3.2)

=1 + b,.

We continue the proof with the following three cases.

T
Case 1. Z |Au(n)|2 — 400 and || is bounded. From (3.2), (A,), and assumption (A), one has
n=1

T
I, > +00 as Z |au(n)|* — +oo, and

n=1

b, is bounded.
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T
Case 2. Z |Au(n)|2 is bounded and |if] — +oc0. With the assistance of (A3), we obtain

n=1

1, is bounded, and
L > ny (i) — Ry k(i) — +c0 as if] — +oo.

T
Case 3. Z |Au(n)? — +o0 and |ia] — +oo. Considering the analysis of the previous two situations,
.n:I
one can infer
T
I} > +c0 as Z |Au(n)|? = +o0, and
n=1

L, — +00 as || — +oo.

1

As ||u|| = +oo if and only if (|ﬁ|2 + Zle |Au(n)|2)2 — +o00. Then, inequality (3.2) and Cases 1-3 imply
o(u) — +oo as ||u|| = +oo.

Since Hr is a finite dimensional space, by applying the least action principle to the functional ¢(u)
on Hy, we come to the conclusion that system (1.1) has at least one 7T-periodic solution which is the
minimizer of the functional ¢(u) on the space Hy. O

Proof of Theorem 1.4. We first verify that the (PS) condition holds. Under the assumption that the (PS)
sequence {u) C Hr satisfies ¢ () — 0 as k — +o0 and {¢(u;)} is bounded, as in (3.1), we have for
all k that

T
D (VE(,u(n)), ()

n=1

1

1 (T*=1)CK & r L ’
=l f(n)) 3 laum + ¢y (Z‘ |Auk(n)|2] FRITD.  (33)

n=1

IA

n=1

This implies that
liall > (' (e, i)

T T
= > lawm)P + > (VF(n, u(m), ig(n))
n=1 n=1

. 1 (T*-1)CK + -
> ) laumP - (Z T e 2 10| 3 st
: %
-G [Z |Auk<n>|2) — RiP (Il
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3 (T?-1CK « a
= [4_1 B Z f(”)] ; |au ()|

n=

[y

T
-G [Z |Auk<n>|2) — RiP (Il (3.4)

n=1

for all large k. (2.4) implies that

||ak||s( - E) [ka(nn] (35
T

Combining (3.4) and (3.5), we get for all large k that

3 1)CK S -
Ry () > (Z - % Z f(n)) D lauml - Cy (Z |Auk(n)|2]

1

n=1 n=1
1 (T2-1)CK 4 , 1w )
=l f(n)) |Au(n)|” + = |Aug(n)|
T 3
e (Z |Auk(n)|2]
. n=1
>Ry Y lau(m) - Cs, (3.6)

where .
Cs = max {—Es2 + C4s}.

s€[0,+00)

It is clear that Cs > 0. It follows from (3.6) that

T
D sl < —h2<|uk|> +Co (3.7)

n=1

for all large k.
If {|it;|} is unbounded, one may assume that |i;| — +oco as k — +o0. Given (3.1), (3.7), and (A,), as
well as the fact that h(s) — 400 as s — +oo for large k we can obtain

T
(ue) =% Zl AP + Zl [F(n, ug(n)) = F(n, )] + Z F(n, i)

T %
% MZ]‘(;@)]Z |Auk(n)| + C3(n:1 |Auk(n)|2)

n=1 n=1

+ R (lie]) + Z F(n, i)
n=1
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3 (T2 = 1)CK <& R R 2
< (é_l + % ; f(n)] (IT;hz(Wkl) + C6) + C3 (IT;h2(|ﬁk|) + Cs)
+ Ry I (i) — 12 (i)

R
< (1?1 * Rl)’ﬂ(lukn — 112 (ligl) + Cg — =00, as k — +oo, (3.8)
0

This contradicts the fact that ¢(u;) is bounded. Therefore, by (3.7), {u} is bounded. As a result, the
(PS) condition can be verified since Hr is finite-dimensional.
The following are the only requirements for using the saddle point theorem.

(a) Foru € RN C Hy, it has ¢(u) — —o0 as |u| — +o0 ;
(b) For u € Hy := {u € Hrlii = 0}, it has @(u) — +00 as |ju|| — +oo.

In fact, by (A4) and Remark 1.5(2), we conclude that

o) = " F(n.u) < ~na(lul) — ~co in EV.

n=1

Thus, (a) is confirmed.
For condition (b) above, arguing as in (3.1), we get

T
Z [F(n,u(m) = F(n, 0)]

r r !
— > f(n)) D laum)P + G [Z |Au(n)|2) +Cy (3.9)

n=1

IA

for all u € Hy. (3.9) implies that

~

() %Z |Aum)P + Z [F(n, u(n)) - F(n,0)] + ZF(n 0)

n=1

1 T2—1CKT
= e

— ), f(n)] > laum)P - G [Z |au(m)| ]
n=1

n=1

+ Z F(n,0) - Co. (3.10)
n=1

By (2.4), in Hy, one has

1

T 2
llu]] = +00 & (Z |Au(n)|2] — oo,
n=1

Therefore, by (A;) and (3.10), we get p(u) — +oo as |[ul| — +oo in Hr, that is, (b) also holds.
Consequently, by using the saddle point theorem (Lemma 2.2), we come to the conclusion that
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system (1.1) has at least one 7T-periodic solution. O
We will now provide a thorough proof for Corollaries 1.6—1.9.
Proof of Corollary 1.6. For the application of Theorem 1.3, we should define the control function A.

Let
his)=s% a€(0,1),C=2, K=0,

8(T2-1) (& ?
Ry = 411, R, :%[Zf(n)) )
n=1

It is easy to check that both (A) and (A») hold. For condition (A3), one can derive from (A3) that there
exist Ny > 0, & > 0 such that

T
Z F(n,x) > (R, +e) X Vx| =N,.

Now, one can take 17,(s) = (R; + £;) s*® in (A3), and Corollary 1.6 is verified through Theorem 1.3. O

Proof of Corollary 1.7. Let
h(s)=s5,C=2, K=1,

2 _ T2—1
Ro=7- IZf(n) Ri=—— [Zf(n))

In this case (A;) is (A3), and (A3) implies (A3), which is shown in the proof of Corollary 1.6. Therefore,
all conditions of Theorem 1.3 hold and Corollary 1.7 is verified. O

Proof of Corollary 1.8. Similar to the above, let

h(s)=s% a€(0,1), C=2, K=0,

2
1 (R 40T - 1) (v
RO—Z’ _(E+R1)——3—T(;f(”)] .

From (A}), there exist N, > 0, & > 0 such that

ZF(n X) < — [(—+R )+g2

Take 7,(s) = [(% + Rl) + 82] 5%?, then Corollary 1.8 can be verified through Theorem 1.4. O

X Vx| > N,.

Proof of Corollary 1.9. Let

h(s)=s5,C=2, K =1, Ro_

AIMS Mathematics Volume 9, Issue 2, 3303-3319.
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2

R, 1 (T2 - 1) [ )

=2 irl==1 )
(R0+ 1) [ == z,f:lf(n)] 3T [;f(")

Similar to the process in Corollary 1.8, we can show that both (A,) and (A,4) are true, so Corollary 1.9
can be verified through Theorem 1.4. O
4. Examples

In this section, we will illustrate our findings by providing some concrete examples.

Example 4.1. (VF(n, x) is a-sublinear, a € (0, 1)). Here, we consider the function
F(n,x) = (n—T)|x["* + (h(n),x) YxeRN, neZ[l,T]
where h : Z[1,T] — RY satisfies h(n + T) = h(n)Vn € Z. It is easy to obtain
VEG 01 < =Tl + o)

implying that VF(n, x) is a-sublinear with @ = 3/4. Next, we verify that Theorem 1.4 can be used here.
Actually, let

7
C=2.K=0, fn=7ln~Tl,

; T(T - 1 -
W) = st ms) = Y '
n=1

then
1 8(T? - 1) = ’
Rh=->0, Ry = —= E
and for all T > 1, there exists N, > 0 such that

ZT:F(n x) = Z(n T)x"* + Z(h(n) x)

n=1 n=1
T(T -
( TEZD Z|h(n)| |x|]

=—m(xl) Ylxl = No.

In addition, we have

T(T -

R 1 4
m(s) — (IT(I) + Rl)hz(S) = 5 )s7/4 - Z |h(n)| s — SR, 5°* = +00 as s — +oo.

These show that the three conditions of Theorem 1.4 are achieved.

AIMS Mathematics Volume 9, Issue 2, 3303-3319.
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Example 4.2. (VF(n,x) is weak linear, i.e., VF(n, x) grows less than |x| at infinity but more than
|x|*, @ €[0,1)). Here, we give the function

K

Fi.x)= (T —n)———
.0 =1 n)ln(100+|x|2)

VxeRY, nez[l,T].

We can obtain

x2
2 |x| 1n(1oo + |x|2) +2 x| W
In* (100 + |x’)

|x]
In (100 + |x|2)

|VE(n, x)| <|T —n|
<4|T —n|

for all large x € R". The weak linearity of VF(n, x) is evident, and the results of [18, 19] cannot be
used to solve problem (1.1) with the function F(n, x) in this example. We confirm that this case can be
handled by Theorem 1.3. In fact, take

C=2K=0, f(n)=4|T —nl,

S (T -1) 5
h(s) = ————— -
)= oor 2y MW 2 In(100 + 52)
then
1 8(T2 a4
Ry=7>0.R = [Z;f )
T 2 T 2
T(T -1

ZF(H x) = LZ(T—;@): ( ) il >m(x) VxeRY

g In (100 + [x*) 2 1n(100 + |xP)
and ) ,

T(T - 1
ni(s) — Rk (s) = ( ) a -R a — 400 as § — +oo.

2 (100+s2) 'In?(100 + 52)

Therefore, all the conditions of Theorem 1.3 are achieved.

Example 4.3. (VF(n, x) is linear). Here, we give the function

T -
F(n,x) = 100 |x| VxeRN, neZ[l,T].
It is clear to see that Tl
-n

VF <

IVE®, 0 < —5— x|
which suggests that VF(n, x) is linear. Choosing

[T —nl
C = 2, K = l, = )
fo = —
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T(T —1
h(s) = 5, mi(s) = %ﬁ

then if T € {2, 3}, we have

Moreover, we have

T T
T-n TT-1
_ 2 _ 2 N
Z‘ F(n.x) = |x] Z 0 = g P Emal) VaeR",
TT-1)
200
These show that the three conditions of Theorem 1.3 hold.

n1(s) — R K (s) = s> =R s* > +00 as s — +oo.

Example 4.4. (F(n, x) does not satisfy (A}) ). Here, we give the function

T+1
F(n,x) = ( - n) "+ @T =) I +In(1+ ) YxeRY, neZ[1,T].
One may easily confirm that
7 3 2
IVF(n,x)| <= T + 1 =2n||x’"* + Z 2T — n||x'/* + le
8 2 1+ |x]

7 973
<= (T+1-2n+8) |+ = +1
8 g2

where € > 0. As can be shown from the above inequality, VF(n, x) is a-sublinear with @ = 3/4. Let
7
C=2, K=0, f(n = §(|T+1—2n|+6),

T 3T -1
h(s) = s°"*, pi(s) = %fﬂ + Tln(l + sz)

then Ry = 1/4 > 0 and we can choose & > 0 such that

8(T2 1) (I : _
LT R

n=1

Additionally, one has

T
T(3T -1
Z F(n,x) = (T) W2+ Tn(1+ 1) 2 i (xf)  Vx e RY,
n=1
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ni(s) — R (s) =

:Tln(l + sz) — +00 as § — +oo.

T@3T-1)
——s $2 4 T1n(1 +s ) R, s

Therefore, by Theorem 1.3, system (1.1) has at least one solution that is 7-periodic. However, since
F(n,x) does not satisfy (A3), for

T 3T ~1
lim inf |2 Z F(n, rer-n

[x]—>+e0
[18,19] can not be applied in this case.

5. Conclusions

This paper is concerned with the existence of periodic solutions for a class of non-autonomous
discrete Hamiltonian systems. In general, the study of non-autonomous Hamiltonian systems on
discrete cases is less carried out than the analogous analysis on continuous cases. The main feature
of our problem is that two main theorems and several corollaries for a non-autonomous discrete
Hamiltonian systems. Here, using a kind of control function argument together with the least action
principle and the saddle point theorem, we show that the problem admits at least one T-periodic
solution. We also point out that our hypotheses here are more general under sublinear conditions.
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