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Abstract: Following van Douwen, we call a soft topological space soft nodec if every soft nowhere
dense subset of it is soft closed. This paper considers soft nodec spaces, which contain soft submaximal
and soft door spaces. We investigate the basic properties and characterizations of soft nodec spaces.
More precisely, we show that a soft nodec space can be written as a union of two disjoint soft closed
soft dense (or soft open) soft nodec subspaces. Then, we study the behavior of soft nodec spaces
under various operations, including the following: taking soft subspaces, soft products, soft topological
sums, and images under specific soft functions with the support of appropriate counterexamples.
Additionally, we show that the Krull dimension of a soft nodec soft T0-space is less than or equal
to one. After that, we present some connections among soft nodec, soft strong nodec, and soft compact
spaces. Finally, we successfully determine a condition under which the soft one-point compactification
of a soft space is soft nodec if and only if the soft space is soft strong nodec.
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1. Introduction

Diverse mathematical tools have been proposed to transact with vagueness and suspicion existing
in practical difficulties in social science, medical science, engineering, and economics. Molodtsov [27]
developed a new model called a soft set, whose parameterizations are appropriate to solve suspicions
and are free from the inherent restrictions of previous tools. Molodtsov applied his theory to several
mathematical disciplines. After him, various scholars utilized his soft set theory to other areas of
mathematics.

One of these areas is soft topology, which particularly merges soft set theory with (general)
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topology. It is driven by the basic assumptions of classic topology and focuses on the set of all soft sets.
Soft topology was established by Shabir and Naz [35]. Several subclasses of soft topological spaces
were suggested, including soft separation axioms [17], soft separable [17], soft connected [25], soft
compact [15], soft Lindelof [5], soft paracompact [25] and soft extremally disconnected spaces [13].
Furthermore, different generalized soft (open) sets in soft topological spaces were also proposed, such
as soft sets of the first or second Baire category [10, 11].

The motivations for writing this paper are as follows. First, we anticipate that by creating a new
class of soft topological spaces, namely soft nodec, we will simplify the path for many future articles
on this topic. Second, by presenting a new framework that contains previous concepts such, as soft
submaximal and soft door spaces, and linking them to new concepts that may contribute to many
concepts developed in soft environments, substantial contributions can also be provided. Finally, it
reinforces the importance of the concept of soft topology as a strong tribute to other modern concepts.

The structure of this article is designed as follows. In Section 2, we recall the main ideas and
findings that make this work self-contained. In Section 3, we present the definition of a soft nodec
space, followed by some properties and operations. In Section 4, we establish some connections
between soft nodec spaces and other related known soft spaces; additionally, we state what it means to
be the Krull dimension of a soft space to characterize soft nodec spaces. Section 5 ends the work with
a short conclusion.

2. Preliminaries

This section presents definitions and results related to soft sets and soft topology, which help us
prove our results in the subsequent sections.

Definition 2.1. [27] Assume X andℜ are the initial universal set and a set of parameters, respectively.
Let K : R→ P(X) be a set-valued function, whereas R ⊆ ℜ andP(X) is the power set of X. An ordered
pair (K,R) = {(r,K(r)) : r ∈ R} is stated to be the soft set over X.

S S (XR) refers to the class of all soft sets over X linked with R.

Remark 2.2. We can extend a soft set (K,R) to the soft set (K,ℜ) by assuming K(r) = ∅ for any
r ∈ ℜ − R.

Definition 2.3. [30] The soft complement (K,R)c of a soft set (K,R) is a soft set (Kc,R) such that
Kc : R→ P(X) is a function that has the property Kc(r) = X − K(r) for all r ∈ R.

Definition 2.4. [7, 19] A soft set (K,R) over X is called the following:

1) A null soft set with respect to R, ΦR, if K(r) = ∅ for all r ∈ R.
2) An absolute soft set with respect to R, XR, if K(r) = X for all r ∈ R.
3) Finite (resp. countable) if K(r) is finite (resp. countable) for each r ∈ R. Otherwise, it is called

infinite (resp. uncountable).

Note that Φc
R = XR and Xc

R = ΦR.

Definition 2.5. [7, 26] For any index set I, let {(Ki,R) : i ∈ I} be a family of soft sets over X.
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1) For i ∈ I, the soft intersection of (Ki,R) is a soft set (K,R) such that K(r) =
⋂

i∈I Ki(r) for all r ∈ R
and is denoted by (K,R) =

⋂̃
i∈I(Ki,R);

2) For i ∈ I, the soft union of (Ki,R) is a soft set (K,R) such that K(r) =
⋃

i∈I Ki(r) for all r ∈ R and
is denoted by (K,R) =

⋃̃
i∈I(Ki,R).

Definition 2.6. [7, 8] Let (K,R), (L,R) ∈ S S (XR). Then, the soft set difference between (K,R) and
(L,R) is defined to be the soft set (H,R) = (K,R) − (L,R) such that H(r) = K(r) − L(r) for all r ∈ R.

Definition 2.7. [26, 30] Let R1,R2 ⊆ ℜ. It is said that (K1,R1) is a soft subset of (K2,R2) (denoted by
(K1,R1)⊆̃(K2,R2)) if R1 ⊆ R2 and K1(r) ⊆ K2(r) for all r ∈ R1. Additionally, (K1,R1) is soft equal to
(K2,R2), written by (K1,R1) = (K2,R2), if (K1,R1)⊆̃(K2,R2) and (K2,R2)⊆̃(K1,R1).

Definition 2.8. [37] A soft point is a soft set (K,R) over X, denoted by xr, provided that K(r) = {x} for
some r ∈ R and K(s) = ∅ for all s ∈ R with r , s, where r ∈ R and x ∈ X. By a statement xr ∈ (K,R),
we mean x ∈ K(r). By S P(XR), we denote the set of all soft points over X along with R.

In the following sections, by two different soft points xr, ys, we intend either x , y or r , s, and by
two disjoint soft sets (K,R), (L,R) over X, we mean (K,R)∩̃(L,R) = ΦR.

Definition 2.9. [35] A soft topology on X is a subfamily F ⊆ S S (XR) containingΦR, XR and satisfying
the condition that the soft union of the arbitrary and the soft intersection of a finite number of soft sets
in F is a part of F .

Remark 2.10. 1) The triplet (X,F ,R) is called a soft topological space on X, where the members of
F are called soft open sets; and
2) A soft closed set in (X,F ,R) is the soft complement of a soft open set. The set of all soft closed sets
is denoted by F c.

Definition 2.11. [18] A (countable) soft base for a soft topology F is a (countable) subfamily L ⊆ F
such that members of F are unions of members of L.

Definition 2.12. [6] Let C ⊆ S S (XR). The soft intersection of all soft topologies on X containing C is
called the soft topology generated by C.

Definition 2.13. [35] Let (Y,R) , ΦR be a soft subset of (X,F ,R). Then, F(Y,R) = {(L,R)∩̃(Y,R) :
(L,R) ∈ F } is called a relative soft topology over Y and (Y,F(Y,R),R) is a soft subspace of (X,F ,R).

Lemma 2.14. [35] Let (Y,F(Y,R),R) be a soft subspace of (Y,F ,R) and let (K,R)⊆̃(Y,R) ∈ F . Then,
(K,R) ∈ F(Y,R) if and only if (K,R) ∈ F .

Definition 2.15. [28] Let (L,R)⊆̃(X,F ,R). Then, (L,R) is called a soft neighborhood of xr ∈ S P(XR)
if there exists (W,R) ∈ F (xr) such that xr ∈ (W,R)⊆̃(L,R), where F (xr) is the family of all elements of
F that contains xr.

Definition 2.16. [35] Let (K,R)⊆̃(X,F ,R).

1) The soft closure of (K,R), denoted by clX(K,R) (simply cl(K,R)), is the smallest soft closed set
containing (K,R); and

2) The soft interior of (K,R), denoted by intX(K,R) (simply int(K,R)), is the largest soft open set
that is contained in (K,R).
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Lemma 2.17. [22] Let (K,R)⊆̃(X,F ,R). Then

int((K,R)c) = (cl(K,R))c and cl((K,R)c) = (int(K,R))c.

Definition 2.18. [16, 22] Let (K,R)⊆̃(X,F ,R). The soft boundary of (K,R) is given by b(K,R) =
cl(K,R) − int(K,R).

Definition 2.19. [18] Let (L,R)⊆̃(X,F ,R). A soft point xr ∈ S P(XR) is called a soft limit point of
(L,R) if (K,R)∩̃(L,R) − {xr} , ΦR for all (K,R) ∈ F (xr). The family of all soft limit points of (L,R) is
denoted byD(L,R).

Then, cl(K,R) = (K,R)∪̃D(K,R) (see [28]).

Definition 2.20. [34] Let (X,F ,R) be a soft topology space on X and xr, ys ∈ S P(XR) such that
xr , ys.

1) If there exists at least one soft open set, either (K,R) or (L,R) such that xr ∈ (K,R), ys < (K,R),
or xr < (L,R), ys ∈ (L,R), then (X,F ,R) is called a soft T0-space;

2) If there exists at least one soft open set, either (K,R) or (L,R) such that xr ∈ (K,R), ys < (K,R),
and xr < (L,R), ys ∈ (L,R), then (X,F ,R) is called a soft T1-space.

Definition 2.21. Let (K,R), (L,R)⊆̃(X,F ,R). Then, (K,R) is called the following:

1) soft regular open [38] if int(cl(K,R)) = (K,R);
2) soft dense in (L,R) [12, 31] if (L,R)⊆̃cl(K,R);
3) soft codense [12] if int(K,R) = ΦR;
4) soft α-open set [4] if (K,R)⊆̃int(cl(int(K,R))); and
5) soft nowhere dense [11, 31] if int(cl(K,R)) = ΦR.

The collection of all soft nowhere dense sets in (X,F ,R) is denoted by N(F ).

Definition 2.22. [24,39] Let S S (XR1), S S (YR2) be collections of soft sets, and let p : X → Y, q : R1 →

R2 be functions. The image of a soft set (F,R1) ∈ S S (XR1) under h : S S (XR1) → S S (YR2) is a soft set
h(F,R1) = (h(F), q(R1)) in S S (YR2), which is given by the following:

h(F)(r2) =


⋃

r1∈q−1(r2)∩R1

p (F(r1)) , q−1(r2) ∩ A , ∅;

∅, otherwise,

for each r2 ∈ R2.
The inverse image of a soft set (G,R2) ∈ S S (YR2) under h is a soft subset h−1(G,R2) =

(h−1(G), q−1(R2)), such that

(h−1(G)(r1) =

p−1 (G(q(r1))) , q(r1) ∈ R2;
∅, otherwise,

for each r1 ∈ R1.
The soft function h is injective (resp. surjective, bijective) if both p and q are injective (resp.

surjective, bijective).
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Definition 2.23. A soft function h : (X,F1,R1)→ (Y,F2,R2) is said to be the following:

1) soft continuous [39] if h−1(K,R2) ∈ F1 for each (K,R2) ∈ F2;
2) soft N-open [12] if h−1(K,R2) ∈ N(F1) for every (K,R2) ∈ N(F2);
3) soft open [39] if h(K,R1) ∈ F2 for each (K,R1) ∈ F1; and
4) soft closed [39] if h(K,R1) ∈ F c

2 for each (K,R1) ∈ F c
1 .

Lemma 2.24. [15] The soft projection function πi : (
∏

Xi,
∏
Fi,R)i∈I → (Xi,Fi,R) is soft open for

each i.

Definition 2.25. [15] Let {(Xi,Fi,R) : i ∈ I} be a family of soft topological spaces with a fixed
parametric set R. The product soft topologyF on X =

∏
i∈I Xi is the initial soft topology on X generated

by the family {πi : i ∈ I}, where πi is the soft projection function from (X,F ,R) to (Xi,Fi,R) for each
i ∈ I.

Definition 2.26. [29] Let {(Xi,Fi,R) : i ∈ I} be a family of soft topological spaces such that
Xi∩̃X j = ΦR for each i , j. The soft topology F on

⋃̃
i∈I(Xi,R) generated by the soft base

A = {(K,R)⊆̃
⋃̃

i∈I(Xi,R) : (K,R) ∈ Fi for some i} is called the sum of soft topological spaces and
denoted by (

⊕
i∈I Xi,F ,R).

Definition 2.27. [14] A soft topological space (X,F ,R) is called soft compact if every cover of XR by
the soft open sets has a finite subcover.

Theorem 2.28. [14] A soft closed set of a soft compact topological space is soft compact.

Definition 2.29. [32] Let (X,F ,R) be a soft non-compact topological space and let yr < S P(XR). A
soft topology F ∗ on X∗ = X ∪ {y} is defined by

F ∗ = F ∪̃{(K,R) ∈ S S (X∗R) : yr ∈ (K,R), (K,R)c ∈ CCF (XR)}, (2.1)

where CCF (XR) is the collection of all soft closed and soft compact subsets of (X,F ,R). Then,
(X∗,F ∗,R) is either called an Alexandroff soft compactification or a soft one-point compactification
of (X,F ,R).

3. Soft nodec spaces

In this section, we introduce the concept of soft nodec spaces, followed by their essential
characterizations and properties. Moreover, the fundamental operations on soft nodec spaces are
discussed.

Definition 3.1. A soft topological space (X,F ,R) is called soft nodec if each soft nowhere dense subset
of (X,F ,R) is soft closed.

Notice that the definition of nodec spaces in classical topology was given by van Douwen [36].

Theorem 3.2. For a soft topological space (X,F ,R), the following conditions are equivalent:

1) (X,F ,R) is a soft nodec space;
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2) Every soft nowhere dense subset of (X,F ,R) is both soft closed and soft discrete; and
3) Every soft subset of (X,F ,R) containing a soft dense soft open set is soft open.

Proof. (1 =⇒ 2) Let (X,F ,R) be a soft nodec space and xr ∈ S P(XR). Let (K,R)⊆̃(X,F ,R) be a
soft nowhere dense set. By soft nodecness of (X,F ,R), (K,R) is soft closed. Since (K,R) − {xr}

is a soft nowhere dense subset of (X,F ,R), (K,R) − {xr} is a soft closed subset of (X,F ,R). Then,
(XR − (K,R))∪̃{xr} is soft open in (X,F ,R); hence, {xr} is a relatively soft open subset of (K,R). Thus,
(K,R) is soft discrete.

(2 =⇒ 3) Let (K,R) be a soft subset of (X,F ,R) containing a soft dense soft open (L,R). Since
(L,R) = int(L,R)⊆̃int(K,R), then

XR = cl(L,R)⊆̃cl(int(K,R));

hence,

cl(int(K,R)) = XR ⇒ XR − cl(int(K,R)) = ΦR

⇒ int[XR − int(K,R)] = ΦR

⇒ int[cl(XR − (K,R))] = ΦR.

This means that XR − (K,R) is soft nowhere dense, and since every nowhere dense is soft closed,
XR − (K,R) is soft closed. Thus, (K,R) is soft open.

(3 =⇒ 1) Let (K,R) be a soft nowhere dense subset of (X,F ,R). Then,

int(cl(K,R)) = ΦR ⇒ XR − int(cl(K,R)) = XR

⇒ cl[XR − cl(K,R)] = XR

⇒ cl[int(XR − (K,R))] = XR.

This means that int(XR − (K,R)) is a soft dense soft open set, and

int(XR − (K,R))⊆̃XR − (K,R);

hence, XR − (K,R) is soft open. Thus, (K,R) is soft closed. Therefore, (X,F ,R) is soft nodec. □

Theorem 3.3. For a soft topological space (X,F ,R), the following conditions are equivalent:

1) (X,F ,R) is a soft nodec space;
2) D(K,R)⊆̃cl(int(cl(K,R))) for each (K,R)⊆̃(X,F ,R); and
3) cl(K,R) = (K,R)∪̃cl(int(cl(K,R))) for each (K,R)⊆̃(X,F ,R).

Proof. (1 =⇒ 2) Let (K,R)⊆̃(X,F ,R). Since

int(cl[(K,R) − int(cl(K,R))]) = int(cl[(K,R)∩̃(int(cl(K,R)))c])
= int(cl[(K,R)∩̃cl(int((K,R)c))])
⊆̃ int[cl(K,R)∩̃cl(int((K,R)c))]
= int(cl(K,R))∩̃int(cl(int((K,R)c)))

AIMS Mathematics Volume 9, Issue 2, 3289–3302.



3295

= int(cl(K,R))∩̃(cl(int(cl(K,R))))c

= int(cl(K,R)) − (cl(int(cl(K,R))))
= ΦR,

we have that (K,R) − cl(int(cl(K,R))) is a soft nowhere dense set, and by Theorem 3.2, (K,R) −
cl(int(cl(K,R))) is both soft closed and soft discrete. Thus, D((K,R) − cl(int(cl(K,R)))) = ΦR, and
asD(K,R)⊆̃cl(int(cl(K,R))) andD(K,R)−D(L,R)⊆̃D((K,R)− (L,R)) (from Lemma 6 part 5 in [16]),
we have that

D(K,R) − cl(int(cl(K,R))) ⊆̃ D(K,R) −D(int(cl(K,R)))
⊆̃ D((K,R) − (int(cl(K,R))))
= ΦR.

It follows thatD(K,R)⊆̃cl(int(cl(K,R))).
(2 =⇒ 3) For (K,R), since cl(int(cl(K,R)))⊆̃cl(K,R), we have that

(K,R)∪̃cl(int(cl(K,R)))⊆̃cl(K,R).

Conversely, cl(K,R) = (K,R)∪̃D(K,R)⊆̃(K,R)∪̃cl(int(cl(K,R))). Thus, the equality obtained.
(3 =⇒ 1) If (K,R)⊆̃(X,F ,R) is soft nowhere dense, then

cl(K,R) = (K,R)∪̃cl(int(cl(K,R)))
= (K,R)∪̃ΦR

= (K,R).

Therefore, (K,R) is soft closed. □

Theorem 3.4. For a soft topological space (X,F ,R), the following conditions are equivalent:

1) (X,F ,R) is a soft nodec space;
2) For every (K,R)⊆̃(X,F ,R), if (K,R) is a soft α-open set, then (K,R) is soft open;
3) For every (K,R)⊆̃(X,F ,R), if cl(int(cl(K,R)))⊆̃(K,R), then (K,R) is soft closed; and
4) int(K,R) = (K,R)∩̃int(cl(int(K,R))) for every (K,R)⊆̃(X,F ,R).

Proof. (1 =⇒ 2) Let (X,F ,R) be a soft nodec space and let (K,R)⊆̃(X,F ,R) be a soft α-open set.
By [9, Lemma 13], if (K,R) is a soft α-open set, then (K,R) = (L,R) − (N,R), where (L,R) ∈ F and
(N,R) ∈ N(F ). Hence,

int(K,R) = int[(L,R) − (N,R)]
= int[(L,R)∩̃(N,R)c]
= int(L,R)∩̃int((N,R)c)
= (L,R)∩̃(cl((N,R)))c

= (L,R)∩̃(N,R)c

= (L,R) − (N,R) = (K,R).
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Therefore, (K,R) is soft open.
(2⇐⇒ 3) Is obvious.
(2 =⇒ 4) Let (K,R)⊆̃(X,F ,R) be a soft α-open set. Then, (K,R)⊆̃int(cl(int(K,R))). Since (K,R) is

soft open, then int(K,R)⊆̃int(cl(int(K,R))). Hence, int(K,R) = (K,R)∩̃ int(cl(int(K,R))).
(4 =⇒ 1) Let (K,R)⊆̃(X,F ,R) be a soft nowhere dense set. Since int(K,R) = (K,R)∩̃

int(cl(int(K,R))), then int((K,R)c) = (K,R)c∩̃int(cl(int((K,R)c))), and is equivalent to cl(K,R) =
(K,R)∪̃cl(int(cl(K,R))); hence,

cl(K,R) = (K,R)∪̃cl(int(cl(K,R)))
= (K,R)∪̃ΦR

= (K,R).

Therefore, (K,R) is soft closed. □

Theorem 3.5. Soft nodecness is hereditary.

Proof. Let (Y,FY ,R) be a soft subspace of a soft nodec space (X,F ,R). Let (K,R) be a soft nowhere
dense subset of (Y,FY ,R). Then, intY(clY(K,R)) = ΦR; hence, intX(clX(K,R)) = ΦR, and by nodecness
of (X,F ,R), (K,R) is soft closed in (X,F ,R). Thus, (K,R) is soft closed in (Y,FY ,R). Therefore,
(Y,F(Y,R),R) is a soft nodec space. □

Theorem 3.6. Let (X,F ,R) be a soft space and XR = (K,R)∪̃(L,R), where (K,R)∩̃(L,R) = ΦR and
(K,R), (L,R) are soft closed soft dense soft nodec subspaces. Then, (X,F ,R) is soft nodec.

Proof. Let (H,R) be a soft nowhere dense subset of (X,F ,R). If (H,R)⊆̃(K,R) or (H,R)⊆̃(L,R), then
by soft density of (K,R) and (L,R), we have that (H,R) is soft nowhere dense in (K,R) or (L,R); by
the soft nodecness of (K,R) and (L,R), then (H,R) is soft closed in (K,R) or (L,R). Since (K,R)
and (L,R) are soft closed, then (H,R) is soft closed in (X,F ,R). Suppose that (H,R)∩̃(K,R) , ΦR

and (H,R)∩̃(L,R) , ΦR. Then, (H,R)∩̃(K,R) and (H,R)∩̃(L,R) are nowhere dense in (K,R) and
(L,R), respectively, and by the soft nodecness of (K,R) and (L,R), we have (H,R)∩̃(K,R) and
(H,R)∩̃(L,R) are soft closed in (K,R) and (L,R), respectively. Since (K,R) and (L,R) are soft
closed, then (H,R)∩̃(K,R) and (H,R)∩̃(L,R) are soft closed subsets of (X,F ,R). Hence, (H,R) =
((H,R)∩̃(K,R))∪̃((H,R)∩̃(L,R)) is soft closed in (X,F ,R). □

Theorem 3.7. Let (X,F ,R) be a soft space and XR = (K,R)∪̃(L,R), where (K,R)∩̃(L,R) = ΦR and
(K,R), (L,R) are soft closed soft open soft nodec subspaces. Then, (X,F ,R) is soft nodec.

Proof. Use the same proof of Theorem 3.6. □

Theorem 3.8. The soft nodecness is additive.

Proof. Let (K,R) be a soft nowhere dense subset of
⋃̃

i∈I(Xi,R). Then, (K,R)∩̃(Xi,R) is soft nowhere
dense of (Xi,R) for each i. Since (Xi,Fi,R) is soft nodec for each i, then (K,R)∩̃(Xi,R) is soft
closed for each i, which implies that (K,R)∩̃(Xi,R) is soft closed in

⋃̃
i∈I(Xi,R). Hence, (K,R) =⋃̃

i∈I[(K,R)∩̃(Xi,R)] is a soft closed set in
⋃̃

i∈I(Xi,R). Therefore, (
⊕

i∈I Xi,F ,R) is a soft nodec
space. □

Theorem 3.9. If (
⊕

i∈I Xi,F ,R) is a soft nodec space, then (Xi,Fi,R) is soft nodec for each i.
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Proof. Follows from Theorem 3.5. □

Theorem 3.10. The soft N-open soft closed surjective image of a soft nodec space is soft nodec.

Proof. Let h : (X,F ,R) → (Y,F ′,R′) be a soft N-open soft closed surjection and (X,F ,R) be a
soft nodec space. Let (K,R′) be a soft nowhere dense subset of (Y,F ′,R′). By the N-openness of h,
h−1(K,R′) is a soft nowhere dense subset of (X,F ,R). Since (X,F ,R) is soft nodec, h−1(K,R′) is a soft
closed subset of (X,F ,R). By the soft closedness and surjectivity of h, we have that h(h−1(K,R′)) =
(K,R′) is soft closed in (Y,F ′,R′); thus, (Y,F ′,R′) is a soft nodec space. □

As an immediate consequence of the above result, we have the following corollary.

Corollary 3.11. The soft continuous soft open bijective image of a soft nodec space is soft nodec.

Theorem 3.12. If the product soft space (
∏

Xi,
∏
Fi,R)i∈I is a soft nodec space for each i, then

(Xi,Fi,R) is a soft nodec space for each i.

Proof. The proof can be followed from Theorem 3.5. □

The converse of Theorem 3.12 is not true.

Example 3.13. Let X = {x, y} and let R be any set parameters. Define a soft topology on X by F =
{ΦR, XR, ({x},R)}. The soft nodecness of (X,F ,R) can be easily followed but not of (X × X,F × F ,R).

4. Comparisons and connections

This section studies some relationships between soft nodec spaces and some other known soft spaces
from the literature and gives some equivalent statements for such soft spaces.

Definition 4.1. [2, 23] A soft topological space (X,F ,R) is called soft submaximal if every soft dense
subset of (X,F ,R) is soft open.

Theorem 4.2. Every soft submaximal space is soft nodec.

Proof. Let (X,F ,R) be a soft submaximal space. Let (K,R) ∈ N(F ). If (K,R) is soft closed, we are
done. Suppose that (K,R) is not soft closed. Then, (K,R)c is not soft open and, by soft submaximality
of (X,F ,R), (K,R)c is not soft dense in (X,F ,R). Therefore, cl((K,R)c) , XR. This implies that there
exists xr ∈ S P(XR) such that xr < cl((K,R)c); moreover, there exists a soft open set (L,R) that contains
xr and (L,R)∩̃(K,R)c = ΦR. Hence, (L,R)⊆̃(K,R), which means int(K,R) , ΦR. This contradicts
the assumption that (K,R) ∈ N(F ). Thus, (K,R) must be soft closed. Therefore, (X,F ,R) is soft
nodec. □

In general, the converse of Theorem 4.2 is not true, as shown in the following example.

Example 4.3. Let X = {x} and R = {r1, r2}. Consider the soft indiscrete topology F = {XR,ΦR} on X.
Then (X,F ,R) is a soft nodec space, but not soft submaximal.

Definition 4.4. [33] A soft topological space (X,F ,R) is called soft door if every soft subset of
(X,F ,R) is either soft open or soft closed.

From the aforementioned results, the following diagram is obtained:
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soft door space =⇒ soft submaximal space =⇒ soft nodec space.

None of these implications are reversible, as can be concluded from Examples 4.3 and [3, Example
48].

Definition 4.5. Let (X,F ,R) be a soft T0-space, xr, ys ∈ S P(XR), and ≤F be an ordering defined on
S P(XR) by the following:

xr ≤F ys if and only if ys ∈ cl({xr}). (4.1)

The order ≤F will be called F -ordering induced by the soft topology F . By a chain of soft points
of (X,F ,R), we mean a chain of the following form:

x1
r ≤F x2

s ≤F x3
t ≤F ... ≤F xn

u. (4.2)

The positive integer n is called the length of the chain, and the Krull dimension of the soft space
(X,F ,R) is the supremum of the lengths and is denoted by K-dim(X,F ,R).

Remark 4.6. In [3], it is proven that if a soft T0-space (X,F ,R) is soft submaximal, then K-
dim(X,F ,R) ≤ 1.

Nevertheless, we improve the result stated in the previous remark as follows.

Theorem 4.7. Let (X,F ,R) be a soft nodec soft T0-space. Then, K-dim(X,F ,R) ≤ 1.

Proof. Let (X,F ,R) be a soft nodec soft T0-space and xr1 , yr2 ∈ S P(XR). If yr2 ∈ cl({xr1}) − {xr1},

then {yr2} is a soft nowhere dense subset of (X,F ,R). Hence, {yr2} is soft closed. Thus, {yr2} is a
maximal soft point (for the soft order induced by the soft topology F ) of (X,F ,R). Therefore, K-
dim(X,F ,R) ≤ 1. □

The following example justifies that Theorem 4.7 is a natural extension of the result mentioned in
Remark 4.6.

Example 4.8. Let X = Z, where Z is the set of all integers, and R be a set of parameters. Let F be the
soft topology on X defined by F = {(K,R) ∈ S S (XR) : 0r ∈ (K,R) and XR − (K,R) is finite}∪̃{ΦR}. We
can easily check that (X,F ,R) is a soft nodec space with K-dim(X,F ,R) = 1, since every soft nowhere
dense set is finite and consequently is soft closed. Furthermore, for any soft point xs ∈ S P(XR) with
xs , 0r, XR−{xs} is a soft open set containing 0r, though not xs implies that (X,F ,R) is a soft T0-space.
On the other hand, (X,F ,R) is not soft submaximal, since {0r} is a soft dense set, but not soft open.

Theorem 4.9. Let (X,F ,R) be a soft nodec space and (K,R) ∈ S S (XR). If (K,R) is a soft compact soft
nowhere dense set, then (K,R) is finite.

Proof. Since (K,R) is a soft nowhere dense subset of a soft nodec space, then (K,R) is soft discrete by
Theorem 3.2. Thus, (K,R) is finite, since (K,R)) is soft compact. □

We are in need of the following definition to characterize soft nodec spaces with respect to soft
compact spaces.
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Definition 4.10. A soft topological space (X,F ,R) is called strongly soft nodec if each soft nowhere
dense set (K,R)⊆̃(X,F ,R) is finite and soft closed.

Theorem 4.11. Let (X,F ,R) be a soft compact space. Then, the following statements are equivalent:

1) (X,F ,R) is a soft nodec space; and
2) (X,F ,R) is a strongly soft nodec space.

Proof. (1 =⇒ 2) Let (K,R)⊆̃(X,F ,R) be a soft nowhere dense set. Since (X,F ,R) is a soft nodec
space, then (K,R) is soft closed; thus, (K,R) is soft compact. From Theorem 4.9, (K,R) is finite.
Therefore, (X,F ,R) is a strongly soft nodec space.

(2 =⇒ 1) Straightforward. □

Theorem 4.12. Let (X,F ,R) be a non-soft compact space. If (X∗,F ∗,R) is a soft nodec space, then
(X,F ,R) is strongly soft nodec.

Proof. Let (K,R) ∈ N(F ) and let yr be a soft point not in XR and X∗R = XR∪̃{yr}. Then, intX(clX(K,R)) =
ΦR. Let (L,R) ∈ F ∗ such that (L,R)⊆̃clX∗(K,R). Hence, ((L,R)∩̃XR)⊆̃ (clX∗(K,R)∩̃XR). Since
clX(K,R) = clX∗(K,R)∩̃XR, (L,R)∩̃XR = ΦR; so (L,R) = ΦR. Thus, (K,R) is a soft nowhere dense
subset of (X∗,F ∗,R). Since (X∗,F ∗,R) is soft nodec and soft compact, then (K,R) is finite. Therefore,
(X,F ,R) is strongly soft nodec. □

Theorem 4.13. Let (X,F ,R) be a non-soft compact strongly soft nodec space. Then, (X∗,F ∗,R) is soft
nodec.

Proof. Let (K,R) ∈ N(F ∗). If (K,R) = {xr}, then clearly (K,R) is soft closed and we are done.
On the other hand, if (K,R)∩̃XR , ΦR, then (K,R)∩̃XR is a soft nowhere dense subset of (X,F ,R).
Since (X,F ,R) is strongly soft nodec, (K,R)∩̃XR is a finite soft closed subset of (X,F ,R); therefore,
(K,R)∩̃XR is a soft compact soft closed subset of (X,F ,R). Hence, (K,R)∩̃XR is a soft closed set in
(X∗,F ∗,R). Since (K,R) is equal to either (K,R)∩̃XR or ((K,R)∩̃XR)∪̃{xr}, both cases imply that (K,R)
is a soft closed subset of (X∗,F ∗,R). Therefore, (X∗,F ∗,R) is soft nodec. □

From the above two theorems, we have the following:

Corollary 4.14. Let (X,F ,R) be a non-soft compact space. Then, the following statements are
equivalent:

1) (X∗,F ∗,R) is a soft nodec space; and
2) (X,F ,R) is a strongly soft nodec space.

We present an example of a soft nodec space in such a way that its a soft one-point compactification
is not soft nodec.

Example 4.15. Let X = Z∪{y}, y < Z, and R be a set of parameters, where Z is the set of integers. LetF
be the soft topology on X defined by F = {(K,R) ∈ S S (XR) : yr ∈ (K,R)}∪̃{ΦR}, where yr ∈ S P(XR). We
claim that (X,F ,R) is a soft nodec space; however, the soft one-point compactification (X∗,F ∗,R) of
(X,F ,R) is not soft nodec. All (L,R) ∈ S S (XR) with yr < (L,R) are soft nowhere dense sets, which are
evidently soft closed in (X,F ,R). On the other hand, since (Z,R) is soft nowhere dense in (X∗,F ∗,R),
which is not finite; thus, according to Theorem 4.11, (X∗,F ∗,R) cannot be a soft nodec space.
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5. Conclusions

In recent years, several kinds of soft topological spaces have been analyzed, such as soft compact,
soft one-point compactification, soft paracompact, soft connected, soft separable, soft separation
axioms, and so on. We have continued working in the same direction by studying the class of soft
nodec spaces, which is a wide class that contains soft submaximal spaces as well as soft door spaces.
We have investigated the basic properties of nodec spaces and shown that a soft nodec space can be
represented in terms of soft closed soft dense (or soft open) soft nodec sets as subspaces. The soft
product of two soft nodec spaces need not be soft nodec. The soft sum of any collection of soft
nodec spaces is a soft nodec space. The soft nodec spaces are preserved under surjective soft open
soft continuous functions. Furthermore, we have proved that the Krull dimension of a soft nodec soft
T0-space is less than or equal to one. Finally, we have introduced some relationships between soft
nodec, soft strong nodec and soft compact spaces. Then, we succeeded in establishing a criterion that
determines the equivalence of the soft strong nodecness of a soft space and the soft nodecness of its
soft one-point compactification.

One of the limitations of this topic is that we were not able to find a nice relationship between
soft nodec spaces and ordinary nodec spaces. However, one can generate a soft nodec space from a
collection of non-nodec spaces.

As a piece of future work, one can study this topic in different topological structures, such as fuzzy
topology, rough topology, nano-topology, and so on. It is worth noting that these structures have
applications in real-life problems (see, [1, 20, 21]).

Use of AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Conflict of interest

The authors declare that they have no conflicts of interest.

References

1. R. Abu-Gdairi, A. A. El-Atik, M. K. El-Bably, Topological visualization and graph analysis of
rough sets via neighborhoods: A medical application using human heart data, AIMS Mathematics,
8 (2023), 26945–26967. https://doi.org/10.3934/math.20231379

2. S. Al Ghour, Z. A. Ameen, On soft submaximal spaces, Heliyon, 8 (2022), E10574.
https://doi.org/10.1016/j.heliyon.2022.e10574

3. M. H. Alqahtani, Z. A. Ameen, On soft door and soft submaximal spaces, submitted for
publication.

4. M. Aktas, A. Ozkan, Soft α-open sets and soft α-continuous functions, Abstr. Appl. Anal., 2014
(2014), 891341. https://doi.org/10.1155/2014/891341

5. S. Al Ghour, Soft-openness and soft-Lindelofness, Int. J. Fuzzy Log. Inte., 23 (2023), 181–191.
https://doi.org/10.5391/IJFIS.2023.23.2.181

AIMS Mathematics Volume 9, Issue 2, 3289–3302.

http://dx.doi.org/https://doi.org/10.3934/math.20231379
http://dx.doi.org/https://doi.org/10.1016/j.heliyon.2022.e10574
http://dx.doi.org/https://doi.org/10.1155/2014/891341
http://dx.doi.org/https://doi.org/10.5391/IJFIS.2023.23.2.181


3301

6. S. Al Ghour, Z. A. Ameen, Maximal soft compact and maximal soft connected topologies, Appl.
Comput. Intell. S., 2022 (2022), 9860015. https://doi.org/10.1155/2022/9860015

7. M. I. Ali, F. Feng, X. Liu, W. K. Min, M. Shabir, On some new operations in soft set theory,
Comput. Math. Appl., 57 (2009), 1547–1553. https://doi.org/10.1016/j.camwa.2008.11.009

8. Z. A. Ameen, S. Al Ghour, Cluster soft sets and cluster soft topologies, Comp. Appl. Math., 42
(2023), 337. https://doi.org/10.1007/s40314-023-02476-7

9. Z. A. Ameen, M. H. Alqahtani, Some classes of soft functions defined by soft open sets modulo soft
sets of the first category, Mathematics, 11 (2023), 4368. https://doi.org/10.3390/math11204368

10. Z. A. Ameen, M. H. Alqahtani, Baire category soft sets and their symmetric local properties,
Symmetry, 15 (2023), 1810. https://doi.org/10.3390/sym15101810

11. Z. A. Ameen, M. H. Alqahtani, Congruence representations via soft ideals in soft topological
spaces, Axioms, 12 (2023), 1015. https://doi.org/10.3390/axioms12111015

12. Z. A. Ameen, A. B. Khalaf, The invariance of soft Baire spaces under soft weak functions, J.
Interdiscip. Math., 25 (2022), 1295–1306. https://doi.org/10.1080/09720502.2021.1978999

13. B. A. Asaad, Results on soft extremally disconnectedness of soft topological spaces, J. Math.
Comput. Sci., 17 (2017), 448–464. http://doi.org/10.22436/jmcs.017.04.02

14. S. Atmaca, Compactification of soft topological spaces, Journal of New Theory, 12 (2016), 23–28.

15. A. Aygünoglu, H. Aygün, Some notes on soft topological spaces, Neural Comput. Applic., 21
(2012), 113–119. https://doi.org/10.1007/s00521-011-0722-3

16. A. A. Azzam, Z. A. Ameen, T. M. Al-shami, M. E. El-Shafei, Generating soft topologies via soft
set operators, Symmetry, 14 (2022), 914. https://doi.org/10.3390/sym14050914

17. S. Bayramov, C. G. Aras, A new approach to separability and compactness in soft topological
spaces, TWMS J. Pure Appl. Math., 9 (2018), 82–93.
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