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Abstract: This project aimed to introduce the notion of supra soft §;-open sets in supra soft topological
spaces. Also, we declared the differences between the new concept and other old generalizations. We
presented new operators such as supra soft ¢;-interior, supra soft ;-closure, supra soft d;-boundary and
supra soft §;-cluster. We found out many deviations to our new operators; to name a few: If inz; (F, E) =
(F, E), then it doesn’t imply that (F, E) € S OS ,(X). Furthermore, we applied this notion to define new
kinds of mappings, like supra soft ¢;-continuous mappings, supra soft J;-irresolute mappings, supra
soft 9;-open mappings and supra soft ¢;-closed mappings. We studied their main properties in special
to distinguish between our new notions and the previous generalizations. It has been pointed out in this
work that many famous previous studies have been investigated here; in fact, I believe that this is an
extra justification for the work included in this manuscript.
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1. Introduction

Sometimes weaker conditions suffice to ensure some valid properties. Based on this rule, in 1983
Mashhour et al. [1] defined the notion of supra topological spaces as a generalization to the topological
spaces. In 2002, Alpers [2] showed that these spaces were easier in the application. In 2016, Kozae
et al. [3] applied these spaces in real-life problems. Al-shami and Alshammari [4] used these spaces to
present new rough set operators and models.

Also, El-Sheikh and Abd El-latif [5] in 2014 defined the notion of supra soft topological space
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as a wider collection of soft topological spaces [6]. This manuscript gained the attention of many
researchers. So, some basic notions related to supra soft topologies such as supra soft compactness [7],
supra soft connectedness [8—10], soft supra (strongly-regular) generalized closed sets [11-14] and
supra soft separation axioms [15-22] have been introduced and investigated.

Generalizations of open sets play an important role in topology through their use to improve on
some famous results or to open the way to reintroduce and generalize some of the topological notions,
such as separation axioms, connectedness, compactness and paracompactness. So, various types of
weaker forms of (supra) soft open sets [5, 15,23, 24] have been introduced. The combination between
supra soft topological space and a partial order relation was introduced in [25]. Recently, the notion
of soft i-open sets was discussed in [26] as a generalization to previous weaker forms of soft open
sets [27-29]. Recently, new classes of generalized soft open sets were presented in [30,31].

This paper is organized as follows: In the preliminaries section, we presented some basic definitions
and results, which makes the paper more easier for the reader. In Section 3, we go forward to provide
a weaker form of supra soft open set named the supra soft ¢;-open set and discuss its properties. The
relationships with other previous generalizations have been studied. In Section 4, we investigated
some operators like interior, closure, boundary and cluster by using the new class of weaker supra
soft subsets. In Section 5, we applied the new concepts to the soft continuity. We found out many
interested results and deviations on the other generalized notions. This deviation emphasized the
importance to our results, especially with the examples and counterexamples that were introduced
to support our claims. So, with these interested and important results, I expect that this paper will have
many extensions in the future.

2. Preliminaries

In this paper, we follow the notions and terminologies as mentioned in [5, 6,23,32-34]. Let (F, E)
be a soft set over X. We denote the family of all soft sets by S(X)g. Throughout this paper, soft
topological space will be denoted by STS and supra soft topological space will be denoted by SSTS.
Let (X, 7, E) be an STS, and we denote the set of all soft open (respectively, closed) sets over X by
OS (X) (respectively, CS(X)). Let (X, u, E) be an SSTS, and we denote the set of all supra soft open
(respectively, closed) sets over X by OS *(X) (respectively, CS *(X)). The collections of supra soft semi-
(respectively, regular-, 8-, a-, pre-, b-) open sets will denoted by S OS*(X) (respectively, ROS *(X),
LOS*(X), a0S*(X), POS*(X), BOS*(X)).

Definition 2.1. [33] Let X be an initial universe and E be a set of parameters. A pair (F, E) denoted

by Fg is called a soft set over X, and is a parameterized family of subsets of the universe X, i.e.,
Fg={F(e):ec€E, F:E — PX)}.

Definition 2.2. [6] Let T be a collection of soft sets over a universe X with a fixed set of parameters
E, then T C S (X)g is called a soft topology on X if:

1) X,per
(2) The soft union of any number of soft sets in T belongs to T.

(3) The soft intersection of any two soft sets in T belongs to 7.

The triplet (X, 7, E) is called an STS over X.
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Definition 2.3. [6] Let (X, 1, E) be an STS and (F, E) € S(X)g. The soft closure of (F, E), denoted by
cl(F, E), is the soft intersection of all soft closed super sets of (F, E).

Definition 2.4. [34] Let (X, 1, E) be an STS and (G, E) € S(X)g. The soft interior of (G, E), denoted
by int(G, E), is the soft union of all soft open subsets of (G, E).

Definition 2.5. [6, 35] The soft set (F,E) € S(X)g is called a soft point in X, denoted by x,, if there
exists x € X and e € E such that F(e) = {x} and F(¢’) = ¢ for each ¢’ € E — {e}. Also, x.€(G, E), if for
the element e € E, F(e) C G(e).

Definition 2.6. [26] Let (X, 7, E) be an STS and (H, E) € S (X)g, then (H, E) is called a soft i-open set
if there is a soft open set p # (G, E) # X such that (H, E)Ecl((H, E)N(G, E)).

Definition 2.7. [34] A soft function f,, : (X,71,A) — (Y, 712, B) is said to be:

(1) Soft continuous if f,,/(G,B) € 1, ¥ (G, B) € 1.

(2) Soft open if f,.(G,A) € T, ¥ (G,A) € 1y.

(3) Soft closed if f,.(G,A) € 75 ¥ (G,A) € 1.

Theorem 2.8. [32] For the soft function f,, : S(X)a — S(Y)g, the following statements hold:
@) f,.(G,B)) = (f,,(G,B)) ¥ (G,B) € S(Y)3.

(b) fpu(fp_ul((G, B))S(G,B) Y (G, B) € S(Y)p. If fyu is surjective, then the equality holds.
(c) (F, A)pr‘u1 (fou((F,A))) ¥ (F,A) € S(X)a. If fou is injective, then the equality holds.
(d) fpu(f()éff MAf fou is surjective, then the equality holds.

Definition 2.9. [5] The collection u C S (X)g is called SSTS on X if:

M X, pep

(2) The soft union of any number of soft sets in u belongs to p.

Definition 2.10. /5] Let (X, 1, E) be an STS and (X, u, E) be an SSTS. We say that, u is an SSTS
associated with T if T C p.

Definition 2.11. /5] Let (X, u, E) be an SSTS over X and (F, E) € S (X)g, then the supra soft interior of
(G, E), denoted by int*(G, E), is the soft union of all supra soft open subsets of (G, E). Also, the supra

soft closure of (F, E), denoted by cl’(F, E), is the soft intersection of all supra soft closed supersets of
(F,E).

3. Supra soft §;-open sets in supra soft topological spaces

Here, we introduce a new class of soft sets, named supra soft d;-open sets. We discuss its basic
properties. Also, we declare the differences between our concept and other generalizations. In special,
we found that it fails to be closed under soft union and soft intersection, in general. In addition,
the relationships between our concept and other previous generalized structures have been discussed.
Specifically, we found that it is a generalization to the notions of supra soft open sets, supra soft semi
open sets and supra soft a-open sets. In addition, we found that there is no priori relation between our
new collection S OS 5,(X) and the collections SOS *(X), POS*(X) and BOS*(X).
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Definition 3.1. Let (X, u, E) be an SSTS and (A, E) € S(X)g, then (A, E) is called a supra soft 5;-open
set if A a proper supra soft open set (G, E) such that (A, E)Ccl*((A, EYN(G, E)). The complement of a
supra soft 6;-open set is a supra soft 6;-closed. The collection of all supra soft 6;-open sets will denoted
by S OS 5,(X) and the collection of all supra soft 6;-closed sets will denoted by S CS 5.(X).

Proposition 3.2. Let (X, u, E) be an SSTS and (K, E) € S (X)g.
(1) If (K, E) € S OS 5,(X), then 3 a proper supra soft open set (G, E) such that (K, E)Ccl*(G, E).
(2) If (K,E) € SCS,(X), then 3 a proper supra soft closed set (H, E) such that int*(H, E)C(K, E).
Proof. (1) Direct from Definition 3.1.
(2) Assume that (K, E) € SCSs.(X), then (K%, E) € SOSs.(X). It follows that 7 a proper supra soft

open set (G, E) such that (K¢, E)Ccl*(G, E) from (1). Hence, int*(G%, E) = [cI*((G, E)]°C(K, E), (G*, E)
is a proper supra soft closed subset of X.

Remark 3.3. A finite soft intersection (respectively, union) of supra soft d;-open sets need not be supra
soft 9;-open, as shown in the following examples.

Examples 3.4. (1) Assume that U = {uj,us,us3}. Let D = {d,,d,} be the set of parameters. Let
(C1, D), (Cy, D) be soft sets over the universe U, where:

Ci(dy) ={u,u}, Ci(dr) = {u, u3},

Co(dy) = {uz, u3}, Caldr) = {uy, un},

then u = (U, o,(C1,E),(Cy, E)} defines an SSTS on U. Hence, the soft sets (A, D) and (B, D),
where:
A(dy) = {uy,us}, Aldy) = {uz, uz},

B(d,) = {uz,u3}, B(d>) = {uy, us}

are supra soft 6;-open sets on U, but their soft intersection is (A, D)N(B, D) = (M, D), where:
M(d,) = {us}, M(d,) = {us}, which is not supra soft 6;-open.

(2) Assume that U = {uy,us,uz}. Let D = {py, p»} be the set of parameters. Let (A, D), (B, D) be soft

sets over the universe U, where:

A(py) ={ur,us},  A(pr) = {uz, uz},

B(p1) = {uz, uz},  B(p>) = {u1, u3},

then u = {U,®,(C1, E),(Cy, E)} defines an SSTS on U. Hence, the soft sets (L, D) and (M, D),
where:

L(py) = {ui}, L(p2) = o,

M(p) =9, M(p2) = {u}
are supra soft 6;-open sets on U, but their soft union is (L, D)YO(M, D) = (N, D), where N(p;) =
{ur}, N(p2) = {u}, which is not supra soft 5;-open.
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Definition 3.5. /5, 13, 23] Let (X, u, E) be a supra soft topological space and (F,E) € S(X)g, then
(F,E) is said to be

(1) Supra soft pre open set if (F, E)Cint*(cl*(F, E)),

(2) Supra soft semi open set if (F, E)Ccl*(int*(F, E)),

(3) Supra soft a-open set if (F, E)Cint*(cl*(int*(F, E))),

(4) Supra soft B-open set if (F, E)Ccl’(int*(cl*(F, E))),

(5) Supra soft b-open set if (F, E)Ccl*(int*(F, E))Oint*(cl*(F, E)),
(6) Supra soft regular-open set if int’(cl’(F, E)) = (F, E).

The set of all supra soft pre- (respectively, regular, semi, a-, 5-, b-) open sets is denoted by POS *(X)
(respectively, ROS *(X), S OS*(X), a0S*(X), BOS *(X), BOS*(X)).

In the next theorem, we introduce the relationships between our new notions and some special other
notions mentioned in [5,23].

Theorem 3.6. In an SSTS (X, u, E), the following statements hold:

(1) Every supra soft open (respectively, supra soft closed) set is a supra soft d;-open (respectively,
supra soft 6;-closed).

(2) Every supra soft semi open (respectively, supra soft semi closed) set is a supra soft o;-open
(respectively, supra soft d;-closed).

(3) Every supra soft a-open (respectively, supra soft a-closed) set is a supra soft 6;-open (respectively,
supra soft 6;-closed).

(4) Every supra soft regular-open (respectively, supra soft regular-closed) set is a supra soft 6;-open
(respectively, supra soft 6;-closed).

Proof. (1) Clear from Definition 3.1.

(2) Let (A, E) € S OS*(X), then 3 a supra soft open set (S, E) such that (S, E)Z(A, E)Ccl*(S, E), and
so (S, E)N(A,E) = (S, E). Hence, (A, E)Ccl*((A, E)A(S, E)). Therefore, (A, E) is a supra soft &;-open
set.

(3) Let (G, E) € aOS °(X), then

(G, E)Cint*(cl*(int’ (G, E)))Ccl’ (int* (G, E)) = cl’[(int’ (G, E))N(G, E)].

Thus, (G, E) is a supra soft ¢;-open set.
(4) Let (K, E) € ROS*(X), then int*(cl’(K, E)) = (K, E). It follows that

(K, E) = int*(cl’(K, E))N(K, E)Ccl'[int* (cl* (K, E))N(K, E)], int’(cl’(K, E)) € pu.

Hence, (G, E) is a supra soft §;-open set.

Remark 3.7. The following examples shall show that the converse of Theorem 3.6 is not true in
general.
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Examples 3.8. (1) In Examples 3.4 (1), the soft sets (A, D) and (B, D) are supra soft 6;-open sets, but
not supra soft open.

(2) Suppose that X = {hy,hy,h3}, and consider E = {e,e} is the set of parameters. Let
(F1,E),(Fy,E),(F3,E),(F4, E) be four soft sets over the common universe X, where:

Fi(e) = {1}, Fiez) = {hi, haol,
Fa(er) = {h1,hy}, Fa(ex) = {},
Fs(e1) = {h1, 2}, F3(ex) = {h, hol,
Fa(er) = {hy, h3}, Fa(ex) = {ho, hs},

then u = {X,p,(F\,E),(F», E),(Fs,E),(F4, E)} defines an SSTS on X. Hence, the soft set (G, E),
which is defined by G(ey) = {h,}, G(ey) = {hy, h3} is a supra soft 6;-open set, but it is not supra
soft semi-open.

(3) Suppose that X = {hy,hy,h3}, and consider E = {e|,e;} is two parameters.  Let
(F1,E),(Fy,E),(F3,E),(F4, E), (Fs, E) be five soft sets over the common universe X, where:

Fi(e1) = {1}, Fi(ex) = {h},
Fy(er) = {hi, h3}, Falez) = {hy, hal,
F3(er) = {hy, h3}, Fs(ez) = {h, hal,
Fyle1) = X, Fuer) = {hy, hsl,
Fs(er) = {hi,h3}, Fs(ez) = X,

then u = (X, @, (F1,E),(Fy,E),(F3,E),(F4,E), (Fs, E)} defines an SSTS on X. Hence, the soft set
(G, E), which is defined as follows: G(ey) = {hy, hy}, G(es) = {hy, h3} is a supra soft 6;-open set,
but it is not supra soft a-open.

(4) In (3), the soft set (G, E) is a supra soft ;-open set, but it is not supra soft regular-open.

Remark 3.9. There is no priori relation between our new collection S OS s.(X) and the collections
BOS*(X) (respectively, POS*(X), BOS*(X)), in general. The following examples shall support our
claim.

Examples 3.10. (1) In Examples 3.4 (1), the soft set (M, D), where: M(d,) = {us}, M(d,) = {us}, is
supra soft B-open, but it is not supra soft 6;-open.

(2) In Examples 3.8 (3), the soft set (S, E), which is defined as S (e\) = {h}, S(e;) = {hy}, is a supra
soft 6;-open set, but it is not supra soft 3-open.

(3) In Examples 3.4 (1), the soft set (M, D), where M(d,) = {us}, M(d,) = {us}, is supra soft pre-open,
but it is not supra soft 6;-open.

(4) In Example 3.8 (2), the soft set (T, E), which defined as T(ey) = {hs}, T(e2) = {hy, h3}, is a supra
soft 6;-open set, but it is not supra soft pre-open.

(8) In Example 3.8 (2), the soft set (Q, E), which defined as Q(e\) = {hy,h3}, Q(ex) = {hy,h3}, is a
supra soft b-open set, but it is not supra soft 6;-open.
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(6) Suppose that X = {hy,hy,h3} and consider E = {e,e,} is the set of parameters. Let
(F\,E),(Fy,E),(F3,E),(F4,E), (Fs, E) be five soft sets over X, where:

Fi(e1) = {1}, Fi(e2) = {hy, h3},
Fa(er) = {hy, h3}, Fa(ex) = {},
F3(er) = {hi, o}, Fs(ez) = {hy, hal,
Fyler) = {h1,hy}, Faler) = X,
Fs(er) =X, Fs(ez) = {h, ha},

then u = {X,p,(F\,E),(F»,E),(Fs,E),(Fs,E), (Fs, E)} defines an SSTS on X. Hence, the soft set
(G, E), which is defined by G(ey) = {hy, hy}, G(ey) = {h1}, is supra soft d;-open set, but it is not
supra soft b-open.

Corollary 3.11. The following implications hold from Theorem 3.6 and [23, Corollary 4.1] for an
SSTS (X, u, E). These implications are not reversible.

ROS*(X) — O§°(X) — aO0S*(X) — SOS°(X) — SOSs(X) «» BOS*(X)

l N ) /
POS*(X) — BOS*(X)

4. Supra ¢;-interior and supra ¢;-closure operators

In this section we introduce new operators named supra soft ;-interior, supra soft d;-closure, supra
soft 9;-boundary and supra soft ;-cluster. We found out many deviations to our new operators, such
as if int; (F, E) = (F, E), then it doesn’t imply (F, E) € SOS5,(X). Also, if clj (F, E) = (F, E), then it
doesn’timply (F, E) € S CS 5,(X). We gave many examples and counterexamples to support our claims.

Definition 4.1. Let (X, u, E) be an SSTS, (F,E) € S(X)g and x, € S (X)g, then

(1) x, is called a supra soft ¢;-interior point of (F,E) if 3 (G,E) € SOSs/(X) such that x, €
(G,E)C(F,E). The set of all supra soft 6;-interior points of (F,E) is called the supra soft §;-
interior of (F, E) and is denoted by intgi(F, E)).

(2) x, is called a supra soft 6;-closure point of (F,E) if (F,E)YNH,E) # ¥ (H,E) € SOS ;,(X) and
X, € (H,E). The set of all supra soft 6;-closure points of (F, E) is called supra soft 6;-closure of
(F, E) and is denoted by clgi(F, E).

The proof of the following two propositions follows directly from Definition 4.1.
Proposition 4.2. Let (X, u, E) be an SSTS and (F,E) € S(X)g, then
(1) int (F,E)) = UG, E) : (G,E)&(F,E), (G,E) € SOS 5(X)}.
(2) ¢l (F,E)) = N{(H,E) : (F,E)2(H,E), (H,E) € SCS 5(X)}.
Proposition 4.3. Let (X, u, E) be an SSTS and (F, E) € S (X)g, then
(@)) intgi(f() =X and intgi(gﬁ) = .
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2) int;l_(F, E) is the largest supra soft d;-open set contained in (F, E).
A3) intgi(intg[(F, E)) = int; (F, E).
4) intg [(F, E)A(G, E)]Cintgl_(F, E)ﬁintgi(G, E).

In the next proposition, we illustrate the deviation between the supra soft J;-interior operator
ints (F, E)) and its corresponding in previous studies.

Proposition 4.4. Let (X, u, E) be an SSTS and (F, E) € S(X)g, then

(1) If (F,E) € SOS 5/(X), then int; (F, E) = (F, E).

2) inty (F, E)C(F,E).

(3) If (F,E)2(G, E), then inty (F, E)Qintg[(G, E).

(4) int (F, E)Ointgi(G, E)Qintgl_[(F, E)U(G, E)].

Proof. Immediate.

Remark 4.5. The inclusion relations in Proposition 4.4 are proper, as shown in the following examples.
Examples 4.6. (1) In Examples 3.4 (2), intgi(N, D) = (N, D), whereas (N, D) ¢ S OS s5,(X).

(2) In Examples 3.4 (2), for the soft set (R, D) where: R(p1) = {u, u2}, R(p2) = {u,}, we have

(R, D)Zint; (R, D) = {(p1, {u1}), (pa2. {u2})}.

(3) In Examples 3.4 (2), for the soft set (R,D) where: R(p1) = {ui,uz}, R(p2) = {up}, we have
(R, D)Z(A, D), whereas

{(p1. (1), (P2, {ux))} = inty (R, D)Cinty (A, D) = {(p1, {ur, u3}), (p2, {uz, us})}.
(4) In Examples 3.4 (2), for the soft sets (R, E) and (Q, E), where:

R(p1) = {u1,u2}, R(p>) = {uz},
O(p1) = {uz}, O(p>) = {uy, u3},

we have

in} (R, E)Qint3 (Q, E) = {(e1, {u1, u3}), (€2, X)}int; [(R, E)O(Q, E)] = X.
In the next proposition, we illustrate the deviation to the supra soft §;-closure operator clj (F, E)) and
its corresponding in previous studies.
Proposition 4.7. Let (X, u, E) be an SSTS and (F,E) € S(X)g, then
(1) If (F,E) € SCS5,(X), then cly (F,E) = (F, E).
(2) (F, E)chgi(F, E).
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(3) if (F,E)Z(G, E), then cli (F, E)Ccls (G, E).
4) cly [(F, E)N(G, E)]chgi(F, E)ﬁcl;i(G, E).
Remark 4.8. The inclusion relations in Proposition 4.7 are proper, as shown in the following examples.

Examples 4.9. (1) In Examples 3.4 (2), for the soft set (Y, D) where:
Y(p1) = {ua, uz}, Y(p2) = {uz, us},
we have clfs[_(Y, D) = (Y, D), whereas (Y, D) ¢ SCS 5,(X).
(2) In Examples 3.4 (2), for the soft set (C, D) where:
C(p1) = {us}, C(p2) = {ur, us},
we have {(py, {uz, us}), (p2, {ur, us))} = ¢l (C, E)E(C, E).
(3) In Examples 3.4 (2), for the soft sets (V, D), (Z, E) where:
Vip1) = {us}, V(p2) = {ur, us},

Z(p1) = {ua}, Z(p2) = {u1},
we have (Z, D)Z(V, D), whereas

{(pr, {u2}), (p2, D} = cl5 (Z, D)Ccl; (V, D) = {(p1, {ua, us}), (p2, {ur, us})}.
(4) In Examples 3.4 (2), for the soft sets (M, E) and (N, E) where:
M(py) ={us}, M(p2) = {u1, us},
N(p1) = {ur, uz}, N(p2) = {ua},
we have clj (M, E)ﬁcl;’_(N, E) = {(p1, {uz}, (p2, go)};i_clfsi[(M, E)A(N,E)] = .
Proposition 4.10. Let (X, u, E) be an SSTS and (F,E) € S (X)g, then
(1) cli (X) = X and cl3 () = ¢.
2) clgl_(F, E) is the smallest supra soft 6;-closed set contains (F, E).
(3) cly (cl5 (F, E)) = ¢l (F, E).
@) clj (F, E)Ocly (G, E)Scly [(F, E)J(G, E)].
Proof. Immediate.

Theorem 4.11. Let (X,p, D) be an SSTS and (H, D) € S(X)g, then x, € clj(H, D) if, and only if, ¥
supra soft 6;-open set (G, D) contains x,., (H, D)N(G, D) # &.
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Proof. Assume conversely, whereas x, € clgl_(H, D) 1 a supra soft ¢;-open set (G, D) contains x, such
that (H, D)N(G, D) = @, which follows (H, D)S(G*, D). From Preposition 4.7 (1), clj (H, D)2(G®, D).
Therefore, x, ¢ cl;i(H, D), which is a contradiction.

For the reverse inclusion, conversely assume that x, ¢ clg,_(H, D). This means 1 a supra soft ¢;-closed
set (K, D) with x, ¢ (K, D) and (H, D)Z(K, D). This follows that x, € (K¢, D), (K¢, D)N\(H, D) = ¢ and
K¢, D) is a supra soft §;-open set, which is a contradiction.

Theorem 4.12. Let (X, u, E) be an SSTS and (F, E) € S (X)g, then the following hold:
(1) cl3 (F%, E) = [int},(F, E)I’.
(2) int}, (F°, E) = [cl} (F, E)I'.
Proof. (1) First, we prove that clj (F¢, E)C[int; (F, E)I°. Assume that x, ¢ [int} (F, E)]°, then x, €
intg’_(F, E); hence, 3 (G, E) € S OS5,(X) such that x, € (G, E)Z(F, E). It follows that (F¢, EYN(G, E) =
@, thus x, ¢ clj (F°, E) from Theorem 4.11.

Now, we prove the other inclusion, assuming that x, ¢ clgi(F ¢,E). From Theorem 4.11, 3 (G, E) €
S 0S 5.(X) containing x, such that (F°, EYA(G, E) = &, which means x, € (G, E)Z(F, E); therefore,

X, € intgi(F, E); hence, x, ¢ [intgi(F, E)]°. This completes the proof.
(2) By a similar way to (1).

Definition 4.13. Let (X, u, E) be an SSTS and (F,E) € S (X)g, then x, € S(X)g is called a supra soft
6;-boundary point of (F, E) if x € [cl; (F, E) — int (F, E)]. The set of all supra soft 6;-boundary points
of (F, E) is called supra soft 6;-boundary set of (F, E) and denoted by b;i(F, E).

Theorem 4.14. Let (X, u, E) be an SSTS and (F, E) € S(X)g, then
(1) b (F, E) = clj (F, E)Alint; (F, E)° = [int} (F, E)Ointgi(FE,E)]E.
(2) by (F.E) = bgi(FE, E).

() clj (F, E) = int; (F, E)Ob; (F, E).

(4) inty (F,E) = (F,E) — by (F, E).

Proof. (1)

lint; (F, E)Qint; (F¢, E)I° = [int} (F, E)I‘Dlint} (F¢, E)]°
= cls (F, E)ﬁ[intgi(F, E)]® from Theorem 4.12 (1)
= cl} (F,E) — int} (F, E)
= b (F,E).

(2) Clear from Definition 4.13.
3)

R.H.

inty (F, E)Ob, (F, E) = int} (F, E)O[cly (F, EYM[int; (F, E)]] from (1)
lint} (F, E)Ocl; (F, E)]A[int3 (F, E)Olint; (F, E)]]
= cly (F,E)AX = cl5(F,E) = L.H.S.
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4)
(F,E) — b} (F, E) = (F, E)A\[cls (F, E)N[int} (F, E)I'°

= (F, E)A[[cL; (F, E))Olinty (F, E)]]
= [(F, E)A[cly (F, E)I'10[(F, E)int; (F, E)]
= @Uint; (F, E)
= int} (F, E).

Proposition 4.15. Let (X, u, E) be an SSTS and (F, E) € S (X)g, then

(1) b lint; (F, E)ICb; (F, E).

(2) b; [cl} (F, E)ICh; (F, E).

(3) If int; (F, E) = (F,E), then b} (F, E)A\(F, E) = &.

(4) If cl; (F, E) = (F, E), then b} (F, E)S(F, E).

(5) inty (F,E) = (F,E) = cl; (F,E) & b (F,E) = §.

Proof. Follows from Theorem 4.14.

Definition 4.16. Let (X, u, E) be an SSTS, (F,E) € S(X)g and x, € S(X)g, then x, is called a supra
soft 8;-cluster point of (F,E) if [(H,E) — x,J\(F,E) + ¥ (H,E) € SOSs/(X) and x, € (H,E). The
set of all supra soft 8;-cluster points of (F, E) is called supra soft 6;-derived of (F, E) and is denoted by
d; (F, E)).

As follows from Proposition 4.7, the reader can prove the following properties.
Proposition 4.17. Let (X, u, E) be an SSTS and (F,E) € S (X)g, then
(1) If (F,E) € SCS 5,(X), then dj (F, E)C(F,E).
(2) If (F,E)S(G, E), then d; (F, E)Qd;l_(G, E).
() If (F, E) is a soft superset to any soft set (A, E), then dgi(A, E)édgi(F, E).
@) d; [(F, EYNG, E)ICd; (F, E)Nd; (G, E).
(5) dj (F, E)Odgl_(G, E)ngl_[(F, E)JU(G, E)].

5. Applications of supra soft ¢,-open sets in soft continuity

In this section, we apply the concept of supra soft d;-open sets to supra soft continuity. In more
detail, we use the notion of supra soft ¢;-open sets to introduce the notion of supra soft d;-continuous
functions, which is a generalization to such soft continuity discussed in previous studies. We support
our discussion with many counterexamples to declare the relationships between our new notion and
the old one. Also, we introduced the notions of supra soft ¢;-irresolute, supra soft d;-open and supra
soft 9;-closed functions. We studied the main properties in special that differ from our new notion on
the other ones.
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Definition 5.1. A soft function f,, : (X,71,A) — (Y, 72, B) with u, as an associated SSTS with 7, is
said to be a supra soft 5;-continuous (briefly, SS-6;-cts ) iffp‘u1 (G,B) e SOSs(X)V (G,B) € 1y.

Theorem 5.2. Let f,, : (X,71,A) — (Y,72,B) be an §S-6;-cts with y, an associated SSTS with 7,
then the following are equivalent:

() int; (f5)(H,B)) = f,/(H,B) Y (H,B) € 7.
(2) cl3 (f,/ (H,B)) = f,,(H,B)V (H,B) € 75,
(3) I3 (f,, (H, BNC ) (cI(H, B)) V (H, B)CY.
@) foulcly (G, ANECL( f,(G,A) ¥ (G, A)EX.
5) fl;ul(int(H, B))Qintg’,( fp‘u1 (H,B)) Y (H,B)ZY.

Proof.
(1) = (2) Let (H, B) € 73, then (H°, B) € 1, and int; (f,, (H", B)) = f,,(H, B) from (1). It follows
that
[f; (H, BT = [int; (f,,/(H', B)".
Thus,

clgi(f,;}(H, B)) = fp‘ul (H, B) from Theorem 4.12 (1).

(2) = (3) Let (H, B)ZY. From (2),

cly [ fo [cl(H, B)] = fy) [cI(H, B).
Hence,
L5, (fou (Hs B)ECl; (£, Tel(H, B)D) = f,,, (cl(H, B)).

(3) = (4) Let (G,A)CX. From Theorem 2.8 (c),
(G, A [ (fpulG, A)).

From Proposition 4.7 (3),
cl3 (G, ACcl; [ fod (fu(GL A))].
From (3),
el (G, AECL [ fr (fpu(GL ANIE S, (U fru(H, B))).

Therefore,
Foul el (G, AN froul £ (U fu(H, B)IECH f(H, B)), from Theorem 2.8 (b,c).
(4) = (5) Let (H, B)ICY. Applying (4) for f;,'(H?, B)ICX,
Soulely Ul (HE  B)EC(fpul f (HS, B)IECI(HS, B), from Theorem 2.8 (b).
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Hence,
Lint3 (f,, (H, B = ¢l [f,, (H, B)]
E fou Ul Lt (HE, BIDIE £, [cI(H®, B)], from (4)
= [int(f,, (H, B))], from Theorem 4.12.
Thus,

int(f,,/(H, B))Cint; (f,, (H, B)).
(5) = (1) Let (H, B) € 7, then
int(H, B) = (H, B) and f,,(int(H, B)) = f,|((H, B)Cint} (f,, (H, B)), from (5).
However, we have
it} (fo (H, B)C S, (H, B),

which means that,
int} (f,,.(H,B)) = f,,/(H,B).

Theorem 5.3. A soft function f,, : (X,71,A) — (Y,72, B) with u; as an associated SSTS with T, is an
SS-6;-cts if, and only if, fp‘ul (H,B)) € SCSs(X) V¥ (H,B) € 75.

Proof. Let (H, B) € 75, then (H®, B) € 1. Since f,,, is SS-6;-cts,
fou (H . B) = [ £,/ (H, B)] € § OS 4(X).

Thus,
fou (H, B)) € SCS5,(X).

Conversely, let (H, B) € 15, then (H®, B) € 75. From the condition,
fou (H®, B) € SCS 5,(X).

Therefore,
£ (H,B) € S 0S 5,(X).

Thus, f,, is an SS-6;-cts.

Definition 5.4. [5,23] A soft function f,, : (X,71,A) — (Y, 72, B) with y; as an associated SSTS with
T 1s said to be:

(1) Supra soft continuous (briefly, SS-cts) iffp‘ul(G, B)eu VY (G,B) € 1,.

(2) Supra soft pre-continuous (briefly, SS-pre-cts ) iffp‘ul(G, B) € POS*(X) VY (G, B) € 15.
(3) Supra soft semi-continuous (briefly, SS-semi-cts) if fp‘u1 (G,B)eSOS*(X) VY (G,B) € 1,.
(4) Supra soft a-continuous (briefly, SS-a-cts) if fp‘u1 (G,B) € aOS*(X) VY (G,B) € 5.

(5) Supra soft B-continuous (briefly, SS-B-cts) if fp‘u1 (G,B) e BOS*(X) VY (G, B) € 5.
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(6) Supra soft B-continuous (briefly, SS-b-cts) iffp‘u1 (G,B) e BOS*(X) Y (G,B) € 1.
Proposition 5.5. Every SS- (respectively, SS-semi-, SS-a-) cts function is an SS-6;-cts.

Proof. Immediate from Theorem 3.6.

Remark 5.6. The converse of Proposition 5.5 is not true in general, as shown in the following
examples.

Examples 5.7. (1) Let X = {x;, x2, x3}, Y = {y1, 2,3}, A = {a1, a»} and B = {b,, b,}.
Defineu: X — Yand p : A — B as follows:
u(xy) = y3, u(x) =y, u(xz) =y», play) = by, play) = b,.

Lett) ={X,%,(S1,A) bean STS over X and u; = {X,$,(S1,A), (S2,A)} be an associated SSTS
with T, where:
Si(a) = {x1, x2},  Si(a) = {x2, x3}.

Sa(ar) = {x2, x3}, Sa(az) = {x1, x2}.

Let o = {Y, o, (L,B)ybean STS over Y, where:
J(by) = {y2y3}, J(b2) = {y1,y2},

then
fou (1, B)) = {(ar,{x1, x3}), (a2, {x2, x3})}

is a supra soft 6;-open set, but it is not supra soft open. Hence, f,, is an $S-6;-cts function, but it
is not SS-cts.

(2) Let X = {al9a29 0/3}’ Y = {ﬁlaﬁ2’ﬁ3}, A= {ab aZ} al’ldB = {blabZ}'
Defineu: X — Y and p : A — B as follows:
u(ay) = B, u(aa) = B3, u(as) =B, plar) = by, p(az) = by.

Let T = {X’ (Z)a (H27A)} bean STS over X Cmdﬂl = {Xa QZ}’ (HhA)’ (HZ’A)’ (H3’A)’ (H4’ A)} be an
associated SSTS with t,, where:

Hi(a)) ={a}, Hi(a) = {a1, @2}
Hy(ay) = {a1, az},  Ha(az) = {a1}.
Hi(ay) ={a, a2},  Hi(ap) = {a1, az}.
Hy(ay) ={aa, a3}, Ha(ar) = {2, as}.
Lett, ={Y,»,(M,B)} be an STS over Y, where:
M(Dy) = 1{Bs}, M(b2) = {B1, B},

then
fon (M, B) = {(a1, {a2}), (a2, {e1, a3})},

is a supra soft 6;-open set, but it is not supra soft semi-open. Hence, f,, is a SS-0;-cts function,
but it is not SS-semi-cts.
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(3) Let X = {s1, 82,83}, Y = {t1,1r,13}, A = {a;,a} and B = {b,, b,}.
Defineu: X — Y and p : A — B as follows:

u(sy) = 13, u(sy) = ty, u(s3) = ty, pla1) = by, plaz) = b;.
Let 1) = {X,3,(K3,A)} be an STS over X and
M = {X7 ()ba (KI’A)’ (KZaA)a (K3’A)’ (K43A)a (K5’A)}
be an associated SSTS with T1, where:
Ki(a)) ={s1}, Ki(az) ={s1}.
Ky(ay) = {s1,83}, Ka(az) = {52, s3}.
Ki(ay) = {s2, 83}, Ks(az) = {s1, s3}.
Ki(a)) = X, Kilao) = {s1, s3}.
Ks(ay) = {s1, 83}, Ks(ar) =X.
Lett, ={Y,%,(Q,B)} be an STS over Y, where:

O = 1,5}, Ob) = {0, 1},
then
[ ((Q, B) = {(a1, {51, 52}), (a2, {52, s3]},

is a supra soft 6;-open set, but it is not supra soft a-open. Hence, f,, is an SS-6;-cts function, but
it is not SS-a-cts.

Remark 5.8. There is no priori relation between our new collection SS-0;-cts functions and the
collections of SS-B- (respectively, pre-, b-) cts functions discussed in [5,23] in general. The following
examples shall support our claim.

Examples 5.9. (1) In Examples 5.7 (1), consider T, = {Y,,(J,B)} as an STS over Y, where:

J(by) = {2}, J(b2) = {y2},

then
fou (1. B)) = {(a1,{x3}), (a2, {x3})}

is a supra soft B- (respectively, pre-, b-) open, but it is not supra soft 6;-open. Hence, f,, is an
SS-B- (respectively, pre-, b-) cts function, but it is not SS-6;-cts.

(2) In Examples 5.7 (3), consider T, = {7, o,(W,B)}asan STS over Y, where:
W(by) = {3}, W(by) = {2},
then

St (W, B)) = {(ar, {s1)), (a2, {52])}

is a supra soft 6;-open set, but it is not supra soft B-open. Hence, f,, is an SS-6;-cts, but it is not
SS-B-cts.
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(3) In Examples 5.7 (2), consider 7, = {Y,$,(L, B)} as an STS over Y, where:

L(by) = {B1}, L(by) = {B1,Bs},

then
[l (L, B)) = {(ay, {@3)), (a2, {a2, a3))}

is a supra soft 6;-open set, but it is not supra soft pre-open. Hence, f,, is an SS-0;-cts, but it is not
SS-pre-cts.

(4) Let X = {g1, 82,83}, Y = {n1,mp,n3}, A = {a, a2} and B = {by, by }.
Defineu : X — Y and p : A — B as follows:
u(g1) = na, u(g2) = n3, u(gs) = ni, pla) = by, plaz) = by.
Let t; = {X,3,(Cs, A)} be an STS over X and
1 =1{X,$,(C1,A),(C2,A),(C3,A),(C4,A), (Cs, A)}

be an associated SSTS with |, where:

Ci(a) ={g1}, Ci(az) = 1{g2, 83}
Cala)) = {g2, 83}, Cala) ={gi}.
Ci(a1) = 1{g1, 8}, Cs(az) = {g1, 8}
Ciyla)) =1{g1,8), Cila) =X
Cs(a)) =X,  Cs(ay) = {g1, &}

Let T, = {Y, o, (U,B)} be an STS over Y, where:
U(by) = {na,n3},  U(by) = {ny},

then
[on (U, B)) = {(a1,{g1. 82)), (a2, {g1))}

is a supra soft 6;-open set, but it is not supra soft b-open. Hence, f,, is an §S-6;-cts function, but
it is not SS-b-cts.

Definition 5.10. A soft function f,, : (X,71,A) — (Y,72,B) with u;,u, associated supra soft
topologies with 11,7, respectively, is said to be supra soft d;-irresolute (briefly, SS-0;-irresolute) if
fp‘ul(G, B) e SOSs(X)V (G,B) € SOS ().

Proposition 5.11. Let f,, : (X,71,A) — (Y, 72, B) be an SS-6;-irresolute with p,, p1, associated supra
soft topologies with Ty, T,, respectively, then the following are equivalent:

(1) int, (f,) (H. B)) = f5!(H,B) ¥ (H, B) € S OS 5,(Y).
(2) 3 (f,/(H,B)) = f,)(H,B) ¥ (H,B) € SCS5(Y).

AIMS Mathematics Volume 9, Issue 2, 3076-3096.



3092

(3) cly (f,. (H, B)C S} (cl; (H,B) ¥ (H, B)CY.
@) foulcly (G, ANEcL (fru(G, A) Y (G, A)EX.
(5) [, Gint; (H, B))Cint; (f,)(H, B)) ¥ (H, B)CY.

Proof. Follows from Theorem 5.2.

Theorem 5.12. Let f,, : (X,71,A) — (Y,72,B) be an SS-0;-irresolute with i, u, associated supra
soft topologies with T\, Ty, respectively, and g,, : (Y,72,B) — (Z,73,C) be an S§S-6;-cts with p, an
associated SSTS with 75, then the composition g,,0f,, : (X,71,A) — (Z,73,C) is $§-0;-cts.

Proof. Let (K,C) € 3. Since g,, is SS-6;-cts, g;,i(K, C) € SOS,(Y). Since fp,, is SS-6;-irresolute,
[gpuofpu]‘l(l(, C) = fp‘l[g;;(l(, C)] € SOS 5,(X). Hence, g,,0f,u is SS-6;-cts.

u

Corollary 5.13. The composition of two SS-6;-irresolute functions is also SS-6;-irresolute.

Proof. Follows from Theorem 5.12.

Proposition 5.14. Every §S-0;-irresolute function is an SS-0;-cts.

Proof. Obvious.

Remark 5.15. The converse of Proposition 5.14 is not true in general, as shown in the following
example.

Example 5.16. In Examples 5.7 (1), consider u, = {X,,(Ji,A), (2, A), (J5,A)} as an associated
SSTS with o, where:
Ji(by) = {y2, 33}, J1(b2) = {y1, y2}.

D(ay) ={y3}, J(a2) = {y1, )y}
J3(ar) = {y2},  J3(az) = {y2}.

Thus, fp, is an SS-6;-cts.
On the other hand, (J3, B) € SOS s,(Y), but fp‘ul((J3, B)) = {(ai1,{x3}), (a2, {x3})} ¢ S OS 5.(X).
Hence, f,, is not SS-6;-irresolute.

Corollary 5.17. The following implications hold from Theorem 5.5 and [23, Corollary 6.1] for an
SSTS (X, u, E). These implications are not reversible.

SS-cts — SS-a-cts — SS-semi-cts — SS-0;-cts «» SS-B-cts

N N ) /
SS-pre-cts — SS-b-cts

Definition 5.18. A soft function f,, : (X,11,A) — (Y,72, B) with u, as an associated SSTS with 7, is
called:

(1) A supra soft 6;-open if f,,(G,A) € SOSs(Y)V (G,A) € 1.
(2) A supra soft 6;-closed if f,,(H,A) € SCSs(Y) VY (H,A) € 11.
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Proposition 5.19. Let f,, : (X,71,A) — (¥, 712, B) be a soft function with p, be an associated SSTS
with T, and (G, A)CX, then

(1) If fpu is supra soft 6;-open, then fpu(int(G,A))éintgi[fpu(G,A)].

(2) If fyu is supra soft 0;-closed, then clgi( oG, ANC fru(cl(G, A)).
Proof. (1) Let f,,, be a supra soft 6;-open, then f,,(int(G,A)) € S OS 5,(Y) and it follows that
Fulint(G, A)) = int} [ fuint(G, ANICint} [ fu(G, A)].

(2) By a similar way to (1).

Proposition 5.20. Let f,, : (X,7,A) — (Y, 72, B) be a bijective soft function with u, as an associated
SSTS with 5, then f,, is supra soft 6;-open if, and only if, it is supra soft 6;-closed.

Proof. Clear.

6. Conclusions

In this paper, we introduced a new generalization to some kinds of supra soft open sets. Specifically,
we defined the concept of supra soft §;-open sets and discussed their basic properties. A diagram
described the relationships between the new concept and other weaker forms of supra soft open sets
is introduced. Furthermore, we used this concept to investigate some new operators. With more
dissections, we found out that our notions differ on such previous notions. To ensure our results,
many counterexamples were studied. Finally, as an expected application to such important results, we
introduced the supra soft ¢;-continuous mappings. The relations with other kinds of soft continuity
have been studied. In the future, we will use these new concepts with the view of [30] to introduce
more topological properties such as soft compactness, soft connectedness and soft separation axioms
by using the soft ideal notion [29]. Moreover, we will apply these notions to develop the accuracy
measures of subsets in information systems to investigate such notions [36].
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