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Abstract: This paper is devoted to the study of the well-posedness of a singular nonlinear fractional
pseudo-hyperbolic system with frictional damping terms. The fractional derivative is described in
Caputo sense. The equations are supplemented by classical and nonlocal boundary conditions. Upon
some a priori estimates and density arguments, we establish the existence and uniqueness of the
strongly generalized solution for the associated linear fractional system in some Sobolev fractional
spaces. On the basis of the obtained results for the linear fractional system, we apply an iterative
process in order to establish the well-posedness of the nonlinear fractional system. This mathematical
model of pseudo-hyperbolic systems arises mainly in the theory of longitudinal and lateral vibrations
of elastic bars (beams), and in some special case it is propounded in unsteady helical flows between
two infinite coaxial circular cylinders for some specific boundary conditions.
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1. Introduction

In the bounded domain Q = Q X [0,T] = {(x,f) : 0 < x < b,0 <t < T}, we are concerned with
the well posedness of a nonlinear singular fractional system with two frictional damping terms. More
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precisely, the model problem is presented in the form

€Ol u— L), — L2 (u), +z2v+u = f (U, v, Uy, v,

CORY =L, — 12 (xv), + U+ v = g (X, LU, v, Uy, V)

M(X, O) = Sol (-x)’ Mt(xa 0) = 902()(:), (1‘1)
V(x, 0) = lﬂl(X), vt(x’ O) = '7[/2(x)’
b

b
ue(b,t) =0, vi(b,H)=0, [xudx=0, [xvdx=0.
0 0

The functions f and g are L*(0, T; L2(Q) given Lipschitzian functions, that is there exist two positive
constants 6; and &, such that

lfCetuy, vi,wi, dy) — f(x,tu, va, wa, do)l < 01(luy — up| + [vi — val + [wy —wy| + |d) — dbl),

lgCx, t,uy, vi,wi, dy) — fx, tup, va, wo, do)l - < 02(lug — ua| + [vi — ol + [wi — wa| + |d) — dal),

for all (x,7) € Q. The functions ¢y, ¥, ¢, and ¥, are in Hll)(Q), and z;,z, are positive constants.
The operator C&gt denotes the left Caputo fractional derivative, defined in the second section, where
1<B, y<2.

In the past few decades, fractional order differential equations have emerged as a fundamental
tool in diverse scientific disciplines. Their applications span a wide array of fields, including biology
[3,6-8,10, 11, 14,25,27,37,52], chaotic dynamical systems control [5,9, 12, 15,17, 40, 48, 53], heat
transfer and diffusion processes [2,4,22,23,26,31,44,46,55], financial modeling [35,36,38,47,49,50],
thermoelasticity [24, 30, 39, 42, 43, 45, 54] and viscoelasticity [13, 18, 32]. These equations have
also significantly contributed to advancements in mechanics, engineering, and seismology. The
present mathematical model of fractional pseudo-hyperbolic equations arises mainly in the theory of
longitudinal and lateral vibrations of elastic bars (beams). Let us say that the fractional approach,
incorporating non-integer derivatives, allows for a more realistic description of memory and hereditary
properties in materials and processes. These systems are crucial in modeling complex behaviors in
fields such as viscoelasticity, where they capture the time-dependent strain response of materials,
and in wave propagation, particularly in heterogeneous or absorptive media. Additionally, they
find applications in signal processing and control theory, where the ability to model systems with
memory effects is essential. Comparatively, the non-fractional counterparts of these equations, namely
hyperbolic and pseudo-hyperbolic systems, have been extensively studied [16,19-21,28]. In [51], the
authors studied a model which is propounded in the investigation of the unsteady helical flows of a
generalized Oldroyd-B fluid with fractional calculus between two infinite coaxial circular cylinders
with initial conditions and Dirichlet boundary conditions

t 0 x

c 1 Ccan 1 _
A O v+ v — - (xvy), — A3 95,+ (xvy)y, = 0.

{/l‘f COfu + up — vy (), = A €00, (), = 0,

This model can be considered as a particular case of our model (1.1) withz; =0,z = 0, A = /lg =1,
n =1, f =g =0, and the Neumann and integral conditions were replaced by Dirichlet conditions.

We should mention that the primary distinction between linear and nonlinear fractional pseudo-
hyperbolic systems lies in their response to superposition. Linear systems adhere to the principle
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of superposition, where the response to a sum of inputs is the sum of the responses to each input
independently. This makes linear systems simpler to analyze and solve. In contrast, nonlinear systems
do not follow this principle, leading to more complex behaviors such as bifurcations, chaos and
amplitude dependence on the input frequency. Nonlinear systems are more representative of real-world
scenarios but pose significant analytical and numerical challenges, requiring sophisticated methods
for their investigation and solution. Despite the advancements in understanding fractional pseudo-
hyperbolic systems, several research gaps remain. One of the primary areas is the comprehensive
analysis of nonlinear systems. The complex dynamics introduced by nonlinearity in fractional systems
are not fully understood, especially in multi-dimensional and variable coefficient cases. Furthermore,
the development of robust numerical methods for solving these equations efficiently and accurately
is still an ongoing area of research. For establishing the well posedness of the nonlinear fractional
problem, we used an iterative process. The iterative process presents distinct advantages in solving
complex fractional pseudo-hyperbolic systems, especially in the context of nonlinear problems. Unlike
direct methods, which may be impractical for nonlinear systems due to their complexity, iterative
methods allow for a step by step approximation of the solution, improving accuracy with each iteration.
This approach is particularly beneficial in handling the intricacies of nonlinearity, where small changes
in input can lead to significant differences in output.

The organization of this paper is as follows: Section 2 lays the foundational groundwork by
introducing the requisite function spaces, establishing key inequalities and delineating essential
fractional calculus relations, which are pivotal for the subsequent analysis. Section 3 is dedicated
to reformulating the fractional linear system, which is intrinsically linked to the nonlinear problem
delineated in (1.1), into its operator form. Section 4 is pivotal, as it not only establishes the uniqueness
of the solution for the fractional linear system but also discusses the implications of the derived energy
estimate (4.1) for the solution. In Section 5, the focus shifts to demonstrating the solvability of the
associated linear problem, a critical step in the overall analysis. Finally, in Section 6, on the basis of
the results obtained in Sections 4 and 5, and on the use of an iterative process, we prove the existence
and uniqueness of the solution of the fractional nonlinear system (1.1).

2. Function spaces and preliminaries

Let L2(0, T; L/%(Q)) be the space consisting of all measurable functions Q : [0,7] — L/Z)(Q) with
scalar product

T
@, Q*)LZ(O,T;L%(Q)) = f(Q, Q*)Lg(g)df, (2.1)
0

and with the associated finite norm

T
2 _ 2
0

and we denote by L*(0,T; H IP(Q)) the space of functions which are square integrable in the Bochner
sense, with the inner product
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T
Q, Q*)LZ(O,T;HIP(Q)) = f(Q(~,f),Q*(-,f)Hlp(g)df, (2.3)
0
and the associated norm is
T T
2 _ 2 2
0 0
We also introduce the fractional functional space ‘W4(Q) having the inner product
T T
(Qa Q*)(W}(Q) = f(Q(t)’ Q*(a t))Hlp(Q)dt + f( CaSIQ(" t)’ CaétQ*(" t))Hlp(Q)dt’ (25)
0 0
and with norm
2 2 Cal A2
||Q||-’W/{(Q) = ”Q”LZ(O,T,HIP(Q)) + || aOlQ”LZ(O,T,HIP(Q)). (2‘6)

We denote by C(0, T'; L*(Q)) the set of all continuous functions V*(.,7) : [0, T] — L*(Q) with the norm
IV 072200 = sup [IV°(. D72 q) < 0. 2.7)

We recall some definitions of fractional derivatives and fractional integral [41]. Let I'(-) denotes the
Gamma function. For any positive integer n where n — 1 < @ < n, the Caputo derivative and fractional
integral of order « are respectively defined by the left Caputo derivative

Coa 1 f V(1)
B0 =ty | Gomerdn V€T (2.8)
0

the right Caputo derivative

T
1\ (n)
=D O e vrelo.Tl, (2.9)

C aa _
6TV(I) - T(n- Q) (t— t)a—n+1 ’
t

and the fractional integral

T
I9v(1) = Dv(r) = F(la/) G _V(:))l_adr, Vi€ [0,T]. (2.10)

Lemma 2.1. [1] Let a nonnegative absolutely continuous function P(t) satisfy the inequality
€O P(r) < CP(t) + k(r), 0<B <1,

for almost all t € [0,T], where C is positive and k(t) is an integrable nonnegative function on [0, T].
Then
P(t) < PO)ER(CP) + T(B)Eps(CH)DFk(1),
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where
= X" = X"
Eg(x)= Y ———— and Ego(x)= Y ———
5(%) Z:;; T@n+1) ¢ 5P (x) Z:; TBn +a)

are the Mittag-Leffler functions.

Lemma 2.2. []] For any absolutely continuous function v(t) on [0, T], the following inequality holds:

v(t) CoLv(t) =

1
25 orvi(t), O<a<l.

We use the following Gronwall-Bellman lemma.

Lemma 2.3. [29] Let R(s) be nonnegative and absolutely continuous on [0, T], and suppose that for

almost all s € [0, T], the function R satisfies the inequality
R
d— < J(S)R(s) + I(s),
ds

where the functions J(s) and I(s) are summable and nonnegative on [0, T]. Then

R(s) < exp {f](t)dt} [R(O) + fl(t)dt].

0 0

We also use the following inequality [1]:

D 2 a 2

—a <

[1)3 ”f”sz(Q) - r(a) f”f”sz(Q)dT’
0

the Cauchy e-inequality

1
ab < gaz + %bz’ Ye > 0,

where a and b are positive numbers, and the Poincare type inequalities [33]

b3
2 2
”jx(é‘:u)”LZ(Q) < E”u(’ t)”L,%(Q)’

|72 Ew)|[; < Tt < Dt ol
x Q) S 9 x LXQ = 4 = N2y

where
X

x &
Tu(év) = f V(g DdE, TAE) = f f ——
0 0

0

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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3. Reformulation of the linear problem

We consider a fractional coupled system of the form

Liv) = “Ou— 1L ), — 21 ), +zv+u, = f(x1), 3.0)
Lo, v) = Gy —1(xv), — £1 (xv), + z0u + v, = g (x,1), '
supplemented by the initial conditions
{ Gu=u(x,0) = o1(x), Lu=u,(x,0) = (), (32)
Gy =v(x,0) = Y1 (x), L4 =vi(x,0) = Ya(x), '
and the Neumann and integral boundary conditions
b b
u(b,t) =0, vi(b,t) =0, fxudx =0, fxvdx =0. 3.3)
0 0

We assume that there exists a solution (u,v) € (Cz’z(é))2 consisting of the set of functions together
with their partial derivatives of order 2 in x and ¢, which are continuous on Q.

The solution of system (3.1)—(3.3) can be regarded as the solution of the operator equation XW = F,
where W, XW and ¥ are respectively the pairs W = (u,v), XW = (Lyu, L,v), F = (F1,F>), with

Liu = {Liu, Cu, buy, Ly ={Lov, (v, b},

and

ﬁ:{f’QDI’QDZ}a 7’-2={g"7”1,1ﬂ2}-

The operator X is considered from a space B into a space H, where B is a Banach space consisting of
2
all functions (u,v) € (LZ(O, T; Lg(Q))) satisfying conditions (3.3) and having the finite norm

2 _ 2 2 2 2
||W||B - ||u||(W[f(QT) + ||V||fW7(QT) + ||u||C(O,l,H1p(Q)) + ||v||C(O,l.,H1p(Q)),

and H = (LZ(QT))Z X (H}é(Q))4 is the Hilbert space consisting of vector-valued functions & =
({f, o1, ¥1}, {8, @2, ¥2}) with norm

2 _ 2 2 2 2 2 2
”S”H - ”f”LZ(O,T;L},(Q)) + ||g||Lz(0’T;L/2>(Q» + ||(’Dl||H/l(Q) + ||(’02||H‘1,(Q) + ||'701||H‘17(Q) + ”wzqul(Q) .

Let D(X) be the domain of definition of the operator X, defined by

2
(u.v) € (L3(0,T; L2(%)))" such that “dfu, v, u,,

2 .72
D(X) — Vx, uxxa vxxa utx’ vtx’ utxx’ vtxx € L (0’ T,pr(Q))’

b
(b, 1) =0, vi(b,)) =0, [xudx=0, [xvdx=0.
0 0
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4. Uniqueness of the solution

In this section, we prove the uniqueness result for the fractional system (3.1)—(3.3), that is we
establish an energy inequality for the operator X and we give some of its consequences.

Theorem 4.1. For any (u,v) € D(X), f, g € L*(0, T; LZP(Q)), and 1,1, 2, € Hlp(Q), the solution
of the problem (3.1)—(3.3) verifies the a priori bound

2 2 2 2
||u||(W'B(QT) + ||u||(WY(QT) + ”u”C(O,t.,H'p(Q) + ||V||C(0,I,H1p(Q)
< M{IAIE +lgll? +leill o + Wl o) + lleally o) + Wl 4.1)
= L2(0,T5L%,() L2(0,T:L2,() H(Q) H'(Q) H' Q) H,©Q )’
where M = YY" is a positive constant with

Y =max (1Y), ¥ = —L Y =)(*)(max(Tﬂ_1 E)

min(1, 5> T®)* Tk)
L —1 781 — ) wk DT
X =16~ 1)Eﬁ_1,ﬁ_1mf ) max {;;_m}’ x =D (14 D7), (4.2)

sk __ * ﬁ
D™ =D max{l’ 20 @RI T ]°

D*:Zmax{?) Ly b—4+§}.

Proof. The fractional partial differential equations in (3.1), and the following fractional integro-
differential operators:

Miu = Cégtu +u, — J2(éu,) and Myy = Cé’gtv + v, — T 1 (évy),

lead to

1 1
2( T, “f)Lé @ (0T (fuf))sz(m - (} (xt)s u’) 2@ * (} (), I (fu’))

L?(Q)

1 1
c c c c
+( ﬁgtu, aﬁtu) , == Gy (9§tu — = (xuy)y ('fétu
L P(Q) X L2 Q) X L2 (@)
P P
1 1
C Cav., Car Cay Cay
* ag’u’zlv)ﬁpm)Jr( %o aO’V)Lme)_(a_c (s ao’v)p <Q>_(; (¥ ao’v)p @
p p

1 1
+2(apv.v) o+ (T, 22u) P (; (XU » ut)Lz o + (; (xXt) s T (fuf))

12,(Q)

+ @y, )2 ) — (217, T2Ew,))

L2(Q)

—(Capy. TiEW))

12,(Q)

_ (1 (v, v,) + (l (), ,Jf(fvt)) - (1 (V) s vt) 43)
X 2@ \X 2@ \X 12,Q)

12,(Q)

1
= (; (V). Jf(fvt)) + (@t )2 ) = (220, THEW))

2
2@ 2,

2 2 2
+ ||Mt||L2p(.Q) + ||Vt||L2p(Q) - (ut’ jx (é:ut))

= (frt)pq — (£ THEw))

— (v T2EV))

+ (@ e — & TXEN @ + (£ )0 + (& Ty

L2,() L2,

L )Lﬁ(ﬂ) '
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Using boundary conditions (3.3), we evaluate the following terms on the LHS of (4.3) as follows:

= (O TEw) 2 o = (0 (T, TlEw) g (44)
! T
—(;(xux)x,ut b 2 il (4.5)
1
(— (xuty),., T2 (Er) = — (0 T2 g » (4.6)
X sz(Q)
1
_(; (xux)xzaut o = ”uxt”izp(g)» (47)
1
(_ (Xux)xtaj)%(é:ul) = _(uxt,jx(fut))ﬁp(g)a (4.8)
L2,(Q)
~ (e THEw),, o) = —u(THE), g (4.9)
(Copu. Ca‘iu)L = 1165, i} g, (4.10)
(u,,f(fu,))yﬁ( = 1Tz - (4.11)
(0 THE) 5 ) = ITHEDIagy (4.12)
( (xuy)y, © )Lz . = (9 un ux)sz(m, (4.13)
( (xux)xta )L2 @ = (Cagt_luxt, uxt)sz(Q)’ (414)
( (9gtu,z1v)L2p(Q) - (Cagt‘lut,zlv)sz(Q). (4.15)

In the same fashion, and by symmetry, we have the Eqs (4.4)—(4.15) with 8 replaced by vy, and u
replaced by v. Since 0 < 8 — 1 < 1, then by using Lemma 2.2, we have

2(Ca§,u,u,)sz(Q):2(Ca§;1u,,u,)y = 0 Ml o (4.16)
(O TaEw) . Toew) ., = (€85, (Jx(fuz)),Jx(fut))Lz(m > 2 O T}z (417)
(00w t0a) ) = 5 0l o (4.18)

Combination of (4.4)—(4.18) yields

_ _ 1 1
” Cagr 1”’”; (@) + ” Cagz 1"’”; (Q) + ) cag ””’”L2 () T 5 Ca(y) 1”Vf”LZ ()

1 1 1 0 1 0
+ 5 0 T EWI g, + 5 Oy 1||3;(§ Yl o) * 5 31l ) + 55 IV

e

1
C of5-1 2
+5 0 Nl ) + 5

-1 2
ag, vl g+ il + ||v,||L2p(Q> + ||:fx(§u,>||m> Tl
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IA

(f iz = (- T2EW) 1 g + (& Vi) = (& T2ED iz + (1> 1) 5
—1

+ (8’ Cagz_l"f)mm B ( o, u, Zl")Lz (@ ( Cagt_lv”zzu)ﬁ () ( Oy Mx)Lz ()
— (z1v, l/lt)LZ () + (uy, jx(‘fut))Lz 0(Q) + (U, jx(é:ut))Lz 0(€2) t2 (j (€V) ut)sz(Q)
— (2ou, Vt)L2p(Q) + (Vx, jx(fvt))sz(Q) + (Vs j"(fvt))sz(Q) o (jx (&w), V;) @19

L2,Q°

By applying Cauchy-e-inequality (2.14) and Poincare type inequalities (2.15) and (2.16) to the right-
hand side of (4.19), we obtain the inequalities

(e < %ufnizp(gﬁZimuutnizp(m, (4.20)

- (F.TEw) ) < zim||f||i2p(g)+"Z—bﬁuutnmm, (4.21)

2 e S T S IWIE g + Sl o (4.22)

e TE 0y < 3l g + ||Jx<fu,>||Lz o (4.23)

e T < Dl )+ ||jx<§ut)||Lz o (4.24)

2 4

(T )5 0 S W g+ G o (4.25)

(. € aﬁ;lut)L,z,(Q) < @” O il g + %u A7 q (4.26)

(g’ Cagflvr)Lg@) < %” Cag[—lvt||i2p(g)+%llgﬂizp(g), (4.27)

~ai (0 wev) o S T il )+ 2;3||v||L2 @ (4.28)

_(Cag;‘v,,u)sz(Q) < @” Cag;lv,||§2p(m+ﬁuuuim), (4.29)

(A ) o < F Ol 35—l (4.30)

(T v g < BT ,||L2p(m+%nvxn;p(m, (4.31)

@z < gl o + 5 o (4.32)

- (8. T2EW) . < zlmngnizp(gﬁ%mnv,nizp(m, (4.33)
; 8, 2

e S gl g+ I o, (4.34)

00 TEDiz 00 < Il g+ SUT VI (4.35)
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1
Vi Tx(EVD) 2 (Q) = 2 ”th”Lz (@ 2_]79||jx(§vt)”izp(9), (4.36)

+ Lo, o (4.37)

2
o (THEw,v), g < —|| ulifs o+

By inserting (4.20)—(4.37) into (4.19), and taklng M =m=m =05 =0 =07 =N =N1p =1,
Na =19 =111 =n12=n13=n14=n5=n=1/4, gives

C 1 C o5-1 2
O w1 + €O,

Cqr-1
L2,(Q) 9

Cqr- 2
L2(Q) +l 60 Vf”LZ (g) / ||Vt||sz(Q) + E”MxHsz(Q)

9 2 C 1 2 C
il - 71 2
+ at ||VX||L2p(Q) + agt ||jx(§ut)”L2p(Q) + aot Iljx(fvt)llep(Q)

C of-1 2 Cqr-1 2
+ a‘; ||utx>||Lz (Q)+ oy, ||vtx)||Lz @

+||vxt||L2p(Q) + ||jx(§ut)||L2p(Q) + ”jx(é‘:vt)”sz(Q) + ||f||L2p(Q) + ||g||L2p(Q)) ’ (4'38)
where ] s g
b> 3 +2)b" 5
D" = 2 max {3 =5 (ZlTZZ) + 5}. (4.39)

Replacing ¢ by T and integrating both sides of (4.38) with respect to 7 over [0, ¢], we obtain
c c 2
oy wll32 012 ) + 1 VillEa002 ey + Dl (llutlle ot ||jx<§ut>||sz(Q))

-2 2
+D3 (IWEs  + 1T €I )+ Tl g + 17 g+ Dy Ml g+ Dy il g

t t

< 0| [ (1l g+ 1T ) + [ (105 g #1000 g

0 0
! '
. f (Il g + 015 g ) s + f (1 g + 141 )
0 0
J t
£ 2 2 * 2 2
+ g 122 1T €I ) + D ||f||L2p(Q)ds+ eI, s
tz_yD* 9 5 t2 ﬂD* (9(’02
e (Wl T o)+ 5= gra s e
tz )’D* (91/12 8901 awl
(2 YIQ2 - 7)” 0x ”Lz @ (” ||L2 (Q)-l_|| ”L2 Q) (4.40)

Boundary integral conditions allow us to use the Poincare inequalities
2 2

||u||L2(Q) — 4 ”ux”LZ(Q) b ||v||L2(Q) —= 4 ”Vx”LZ(Q) ’ (4'41)

to get rid of the fourth integral term on the right-hand side of (4.40), and in the mean time, we use
Poincare type inequality (2.15), we then have
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Cqy C 2 Cqy 2
|| 6 v” || aglux”LZ(o,[;sz(Q)) + || aOtvx”LZ(O,[;Lzﬂ(Q))

Cc
83 u||L2(OtL2 () L2(0,5,L%,(Q))

— -2 2 2 -2 2
+D0 (00l g + DT €I ) + D3y (W g + IT €I ) + Dfy Ml

-2 2 2 2
+Dgt ||ul‘X||L2p(Q) + ”ux”sz(Q) + ”vx”sz(Q)
t t
< D f (s g + 1T €I ) s + f (14122 0 + T @00 )
0 0

t

2 2 ok 2 2 2
+ f (102 g+ 502z ) 5+ D (118 ey + 181y * i
0

2 2 2

where

(4.43)

b4 T2—,8 T2—y
D™ :D*max{l, }

27 2-Br2-p)’ 2-yr2-y)
If we leave only the last two terms on the left-hand side in inequality (4.42), and use the Gronwall-
Bellman Lemma 2.3, with

t

R() = f (12 g + 04l ) . REO) =0
0
OR(?) 5 )
7 = ”ux”sz(Q) + ”Vx”sz(Q)’

we obtain

t

R < DT f (||us|| o+ T, (Q))ds+ f (||vs|| o + LTI (Q))
0

0

Now by keeping only the fifth and sixth terms on the left-hand side of (4.42), and by taking into account
the inequality (4.44), we have

2 2 2 -2 2 2
D (1l g + TGS ) + D2y (Il g + TS )

t t

< x f (1 g + 1T €IE: ) s + f (1112 o + DT €0 )

0 0
2 2 2 2 2 2
+||f||L2(O,I;L2p(Q)) + ”g”Lz(OJ;sz(Q)) + ||‘101||H1p(9) + ||l//l||H1p(Q) +||()02||Hlp(g) + ||w2||H1p(Q)) b} (445)

where
Y= D** (1 + D**eD**T) ) (446)
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By Lemma 2.1, with

t

P1(0) = [ (Il o) + LTI, s P1(0) =0

0

Ca‘gt | = DB (Iluzlle o7 ||jx(f“’)”L2 (Q)) (4.47)

Pot) = [ (IBa g + TR ) ds. P2(0) =0
0

O P = Dl (MR, g, + T @I, o ).
we see from (4.45), that

P1(1) +502(t)

where

6!
X = F(,B—I)Eﬁ_l,ﬂ_l(,ytﬁ_])max{l, }

B-DrEe-1)
y-! 1 L 4.49)
+1“(y—1)E_,_(Xt‘)max{, } 4.
o (y— DIy - 1)

Owing to the inequalities

we deduce from inequalities (4.42), (4.44) and (4.48) that

c | € 2 c
% ””Lz(om2 @ T % ottllzo0 2 e+l 2 V||L2(0zL2 @)
+|| Caz)/tvx”LZ(O,t;LZ (Q)) + ||MX||L2 (Q) + ”vx”LZ (Q)

S (“f”L2(OtL2 (Q)) + ||g||L2(Ol‘L2 (Q)) + ||QDI||H1 (Q) + ||wl||H1 (Q) + ||¢2||H1 (Q) + ||¢2||H1 (Q)) (4'51)

where - |
TP 17"
Y =x"y max (—, ) (4.52)
') I'(y)
By virtue of Poincare inequalities (4.41), and equivalence of norms, the inequality (4.51) takes the form
C C
% 2 2 2 2
where y
Y= —— (4.54)

min(l, %2)

AIMS Mathematics Volume 9, Issue 2, 2964-2992.



2976

. . 2 2 .
Now by adding the quantity ||u|| 1201, (@) + [|vl| 1201 (@) to both sides of (4.53), we have
c 2 2 2 Cq7v 112
|| 651‘””1/2(0’[;1_11‘0(9)) + ||u||L2(0,l‘;H1p(Q)) + ||u||H1p(Q) + || GOtVHLZ(O,t;Hlp(Q))
2 2
+[vl + vl

L2(0.6:H',(Q) H',(©)

2 2 2 2 2
S Ly** (”f”Lz(O,Z,sz(Q)) + ”g”Lz(o,t;sz(Q)) + ||901||H1p(g) + ||(//1||H]p(g) + ||"02||H1p(Q)
+Hlall7 o + Ny + I (4.55)
2y @) 12(0,1:H', () 20:H,@) ) '

where
Y =max (1,Y7%). (4.56)

Application of Gronwall’s lemma to (4.55) gives the inequality
2 2 2 2
”u”(Wﬁ(Q,) + ”V”(WV(Q,) + ”u”Hlp(Q) + ”v”Hlp(Q)
sx TY** 2 2 2 2
S y e (”fHLz(O,T,sz(Q)) + ”g”Lz(O’T’sz(Q)) + ||‘101 ||Hlp(Q) + ||l7[/1 ||H1p(Q)
2 2
+ el o+ Wl ). .57)

The independence of the right-hand side on ¢ in (4.57), gives

2 2 2 2
lellsyeco,) + Netllagriory + i 7m0y + Mlcor.an @
< M{IIfI; + lgll? +leilzy o + lll;
= 2.2, T 18z raz @) T P ) T IV )
2 2
FllgalEyy o + 2 ) (4.58)
where M = Y™V,
It can be proved in a standard way that the operator X : B — H is closable. Let X be its closure.
Proposition 4.1. The operator X : B — H has a closure.

Proof. The proof can be established in a similar way as in [34].
These are some consequences of Theorem 4.1.

Corollary 4.1. There exists a positive constant C such that
IWlls < ClIXWIly, YW € DX), (4.59)

where C = \/C;.
The inequality (4.59) means that inequality (4.1) can be extended to strong solutions after passing
to limit.

We can deduce from inequality (4.59) that a strong solution of the system (3.1)—(3.3) is unique and
depends continuously on ¥ = (¥, %) € H, where F| = {f, ¢1,¢,} and F, = {g,¥1,¥»}, and that the
image R(X) of X is closed in H and R(X) = R(X). So in order to prove that the system (3.1)—(3.3) has
a strong solution for arbitrary (77, %3) € H, it is sufficient to prove that the range of X is dense in H,
that is R(X) = H.
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5. Existence of the solution of the linear system

Proposition 5.1. If for some function: Y*(x,t) = (y;(x,1),y;(x,1)) € ( L*(0,T;Ly(Q)))*, and for all
W(x, 1) = (u(x, 1), v(x, 1)) € Do(X) = {W/W e D(X) : €iu=0,6u=0,6Hv=0,~Ev =0} we have

(LW, Y") L2(0,T;LA(Q) = (Liu, YT)LZ(O,T;Lg(Q)) + (Lo, y;)LZ(O,T;L%(Q)) =0, 5.1
then Y™ vanishes a.e in the domain Q.

Proof. We first set

W = (u,v) = (T2(P1), TH(p2), (5.2)
V(0 = 056 0,555, 1) = (Tdp) = T2 ET(p1) . Tdp2) = T2 ET(p2),  (5.3)

where

t

Tipo) = f pix, $)ds, TAp) = f f piCx, 2)dzds,
0 0

0
x & t

TZET(p) fffnp,ns)dsdndg i=1,2.
0 0

We suppose that the functions p;(x, f) satisfy conditions (3.3) and such that
Pis Pivs TP, T7PD)s XT7 i)y T2 ETp)) s “ypin “Oppi € LX(Q), i=1,2.
Now by replacing (5.2) and (5.3) in the relation (5.1), we obtain

(05, (T20) - Tip0) 1 0 = (H(T2P10), - TiPD) gy~ ((T2P10)), - i)

TP TAPD) 5 o) = (0, (T20D) T2 €TI0
+H(x (P 0), T2 €T g + ((T7P1),, - T2 €T p1Y)
~ (TP, TLET ), ) + (O (T2(P2) . Tup2))
=
(
-(7,

L?(Q) L2(Q)

L2(Q)

o o~ (F(T2@20)), T) .

(2 (T2P29)),, - TiP2) s + (TEWD.TP2) 1, o = (T, (T2, T2 ETiP2))
+((x(T7P20)) . T? (fﬂ?(pz)))y(g)+((x(53(pzx)))xt,j§ ETP) 0
Ko TIET D) 1 g = (54)
Since
2 2 T2 2
KTZ Pl ) < S IKTPDIGs e £ = 1.2
then, using conditions (3.3), and computation of each term of (5.4), gives
1

(00 (T7@0). Tw) 1 o = (0 TP, Tp)) 2 5 O TP (55)
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~((r(FFP)), Tip)) 0 = %%uf(mng(g),

~((x (TP @), - TP) o gy = ITHPLII: g

L2(Q)

1 1
(TP TiP)) ) < ST 0 + ST POIE g

12,(Q)

IA

T? 1
TIT I ) + SITPOIE: o

= (€05, (T2 (P0) . T2 ETp1))) = (" Tp). T ET(p1)

L2,() IAN()

(€05, (T ET P T+ ETp)))

1

= 8T, (fjt(pl))”in(Q)’

L2(Q)

v

(x(2p10)). . T2 €Tip1))

~(T7 P10, T €T(p1))

L2(Q) L2,(Q)

1 T?
ST PN g, + T ETPOIE g

IA

IA

1 T?
Elljt(plx)llizp(g) + 7 I (fjt(pl))”izp(g),

(x(T7 @) - T ETP) . = (TP T ETP 2 )

LX)

IA

1 1
51T t(plx)”izp(g) + 51T €T, t(pl))”izp(g)a

1 1
(T2(p2). T2 ETp1)) < SITF@II g + S ITET PO

12,
< T{njt(pz)n;pm) " %6||J,<p1)||izp(g).
Combination of (5.5)—(5.12) and (5.4) yields
O (ITPOIE: ) + 1T ET PO o) + gtnjﬂpu)nizp(g)

_ 0
+ O (LTI + T €T ) + 5 T2 P20,

< M, (||J,(p1>||§zp(g) T ET PN o + IT P g + 1T (55,(p2>>||izp(m),

where . )
max{Tz, 1+, 1+ %}

min{l,%}

M]Z

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)
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After integration, we entail from (5.13) that

DG NI PO o + Db T ETUPON: o) + KTE PN o
+ Dy NI ) + Dy 1T ETdpIN: ) + KTE (P21

t

M, f (KT, g + 1T €T )
0

+ f (K212 ) + 1T ET PR g ). (5.14)
0

If we drop the last four terms on the left-hand side of (5.14), apply Lemma 2.1, and use
inequality (2.13), we have

t

f (KT, g + 1T €T DI )

0
< erw—1>Eﬁ_1,ﬂ_1<M1Tﬁ—1>Dgf(||fff<p2>||i2p(m+||jx<fjf<pz>)||§zp@)). (5.15)

Application of inequality (2.13), reduces (5.15) to

t

f (KT g + 1T (€T )

0

< M, ( f (T2 g + 1T (f&(pz))nizp(g))dr], (5.16)

0

where
T5-1

M, = MiT(B - 1)Eﬁ_1,ﬁ_1(M1Tﬁ—1)r(B).

(5.17)
We infer from inequalities (5.16) and (5.14) that

Dy KT APl ) + Dy 1T« €T o) + ITF(P20I: o

D4 1T PN o + D ITx ETU PN ) + WTF (PN

(5.18)

< M [ f (T2 g + 1T €TI0 ) .

0
where

M5 = Mi(1 + M,).
If we now discard the last four terms in the left-hand side of (5.18), and apply Lemma 2.1, we get

t

f (T2 g + 1T €T ) dr < My (D (@) = 0

0
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with M4 = F(’)/ - 1)Ey_1’y_](M3Ty_1).
Hence, we deduce that Y*(x, 1) = (y],y;) = (0,0) almost everywhere in the domain Q.
Theorem 5.1. For any (f,g) € (L}g(Q))2 and any (@1, Y1), (@2, ¥2) € (H;(Q))z, there exists a unique
strong solution W = X_lf = XIF of the system (3.1)—(3.3), where ¥ = (F1,F>) € H, ¥ =
{f,o1,0}, Fo={g.¥1.¥a}, W=(u,v)and
IWllz < ClIXW]|g,

for a positive constant C, independent of W.

Proof. We show the validity of R(X) = H. Since H is a Hilbert space, the equality R(X) = H holds if

(L1 (u, v), Lao(u, )} Y1, Y2 Dy

{(Li(u, v), Cru, Gu) , (Lo(u, v), &, €)Y A1, Y2, 93) s V4, Y5, Y6) D

(Li(u, V),yl)Lz(o,T;Lg(Q)) + (C1u, )’2)1-1‘1](9) + (Gou, )’S)H[g(g) + (La(u, v)’y4)L2(()’T;L%(Q))

+ (63, )’S)H‘g(g) + (Cyv, Y6)HA(Q)

=0 (5.19)

(LW, Y)y

implies that y; = y, = y3 = y4 = y5 = y¢ = 0 almost everywhere in the domain Q, where

({)’1,)’2,)73} ,{)’4,)’5,)’6}) € R(X)J_
By putting W € Dy(X) in (5.19), we have

(Ll (l/l, V), Y1 )LZ(O,T;L%(Q)) + (.52(1/!, V), y4)L2(0,T;L%(Q)) = O, (520)

hence Proposition 5.1 implies that y; = y, = 0. Thus (5.19) implies

(tyu, yz)ng(g) + (Cou, yS)Hll)(Q) + (G, )’S)H[L(g) + (G, yﬁ)Hg(g) =0, YW e Dy(X). (5.21)

The four sets ¢ u, u, {3v and €4v are independent, and the images of the trace operator ¢;, ¢, {3
and ¢4 are respectively everywhere dense in the Hilbert spaces H, :) (€2), then it follows from (5.21), that
Y2 = y3 = ys5 = ¥ = 0 almost everywhere in Q.

6. The nonlinear system

We are now in a position to solve the nonlinear system (1.1). Relying on the results obtained
previously, we apply an iterative process to establish the existence and uniqueness of the weak solution
of the nonlinear system (1.1). If (u,v) is a solution of system (1.1) and (¥, ¢) is a solution of the
homogeneous system

Py —L ), - L), +ud+y, =0,
€O~ (xp), — L (x¢),, + 220 + ¢, = 0,
w(-xa O) = ‘)01 (X), l//t(x’ 0) = SOZ(X)’ (61)
$(x,0) = Y1 (x), ¢(x,0) = Y(x),
b b

Uu(b,)) =0, ¢u(b,)=0, [xpdx=0, [xpdx=0,
0 0
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then (U, V) = (u — ¥, v — ¢) is a solution of the system

CagtU - )lc (-XUx)x - )lc (-XUx)x[ + ZlV + Ut = F (-x9 ta U9 ‘/’ Ux9 Vx) 5
Ca())’[v - i (xvx)x - i (-xvx)xt + ZZU + Vt = G (-x? t’ U, ‘/’ Ux’ Vx) s
Ux,00=0, U(x,0)=0, V(x,0)=0, Vi(x,0)=0,

b b
[xUdx =0, [xVdx=0, Uub,n)=0, Vib,1)=0,
0 0

where
F(X,I,U,V,UX,VX) :f(-xat,U+l//vV+¢,Ux+lr//vax+¢x),

and
Gx,t,U VU, V)=gx,t, U+ ¢y, V+d, U+, Vi + ).

The functions F and G are Lipschitzian functions
|F(x,t,uy,vi,wy,dy) — F(x,t,up, vy, wa, ds)|
< O01(lup — up| + |vi = ol + [wi —wo| + |dy — da),
G(x,t,uy,vi,wi,dy) — G(x,t,ur, vo, wa, dp)|
< 0luy — up| + [vi = va| + w1 — wal| + |dy — dal),

for all (x,t) € Q.

(6.2)

(6.3)

(6.4)

According to Theorem 5.1, system (6.1) has a unique solution that depends continuously on

4
(1,02, 01,10) € (H)Q)) -
We must prove that the system (6.2) admits a unique solution.
Suppose that w, U, V € C*(Q), such that

b
wx,T)=0, wi(x,T)=0, fxw(x, Hdx = 0.
0

Consider the identity

(LU, V), jx(fw))LZ(o,T;Lg(Q)) +(Lo(U, V), jx(fw))LZ(o,T;Lg(Q))
= (F, jx(fw))y(o,T;Lg(Q)) + (G, jx(fw))L2(o,T;Lg(Q)) .

In light of the above assumptions, we obtain

(€95U. TuEw)) = (U9} (T(6w)))

L2O0.T:L2(Q) L20.T:L3(Q)

1
- (; (XUx)x ’ jx(é:w)) = (Ux’ XW)LZ(O,T;L?,(Q)) )

L2(0.T:L3(Q)

1
- (; (-XUx)x[ , jx(fw)) =—-(U,, XWz)LZ(o,T;Lg(Q)) ,

L2(0,T;L2(Y)
(z1V, jx(fw))Lz(o,T;Lg(g)) = =21 (J(&V), W)LZ(O,T;Lg(g)) ;
(U TEWD20 1120 = = (U TEWD) 20112001
(F.JLEWN 20120y = = TEF) W20 1120 -

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)
(6.11)
(6.12)
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Using the symmetry in the system, and inserting equations (6.7)—(6.12) into (6.6), yields

(0.8 (T(ew)) V.3 (T (W)
+(Vy, XW)LZ(O,T;L},(Q)) - (U,, XWz)Lz(o,T;Lg(Q)) - (Vy, XWt)LZ(o,T;L},(Q)) -1 (. x(f V), W)Lz(o,T;Lg(g))
-2 (J(&U), W)LZ(O,T;Lg(Q)) -, jx(fwt))y(o,T;Lg(Q)) -V jx(fwz))Lz(O,T;Lﬁ(Q))

= (F, jx(fw))LZ(o,T;Lg(Q)) + (G, jx(é:w))LZ(o,T;Lg(Q)) . (6.13)

+ (U, XW)LZ(O,T;Lg(Q))

L2(0,T;L3(Q)) + ( L2(0,T;L3())

We write (6.13) in the form

Aw, U, V) =(w, jx(fF))LZ(o,T;Lg(Q)) + (w, jx(é:G))LZ(O,T;L,%(Q)) > (6.14)

where A (w, U, V) denotes the left-hand side of (6.13).

Definition 6.1. A function (U,V) € (L*(0,T; H 1P(Q)))2 is called a weak solution of problem (6.2)
if (6.14) and conditions U (b,t) = 0, V (b, t) = 0 hold.

We now consider the iterated system

CopU™ + -1 (xU) = L(xUL) +2V® + U = F(x,1, 00D, veb g, v,
X Xi
1 ) 1 - - -1) y,(n-1
oy v+ =L (xvy" ) -1 (foC"’)xt + 22U + VP = G (x,t, U, voh, gt v,

U™(x,0)=0, U™(x0)=0, V?(x,0) =0, V”x,0) =0, (6.15)

b b
[xU™dx =0, [xV®dx=0, U"((b,0)=0, V(b1 =0,
0 0

where the iterated sequence {U ), V(")} is constructed in the following way: Given (U O V(O)) =

(0,0) and the element (U (n=1), V("‘”), then for n = 1,2,..., we solve the problem (6.15). According to
Theorem 5.1, for fixed n, each problem (6.15) has a unique solution (U () V(”)) )

If we set (w<">(x, 1), VO (x, z)) = (U<"+1>(x, H— UM (x,1), VW D(x, 1) — VO (x, r)), then we have the
new problem

CORU + — (") = (W) + 2V + U = B (),
VD + =L (V) — (V) + U+ V= HY ™D (x,1),
UD(x,0) =0, U"(x,0)=0, V?x,0)=0, V"(x0)=0, (6.16)

b b
[xUPdx =0, [xV"dx=0, U (b,1)=0, Vb, =0,
0 0

where
H'™ (0,1 = F (x,6, U, UD, VO, V®) = F (x,1, U, u0D, yod, ye-b), 6.17)
HY™" (6,0) = G (x,t, U™, UL, VO, V) = G (x, 1, U0, U000, v, yih). (6.18)
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Lemma 6.1. Assume that conditions (6.3) and (6.4) hold, then for the fractional linearized
system (6.16), we have the a priori estimate

U™ + [V <K (II(LI‘"‘”II2 + VDI ) (6.19)

L2(0,T;H', () L2(0,T;H' (@) — L2(0,T;H', () L2(0,T;H",(©))
where K* is a positive constant given by
* sk TY*™ 2 2
K =4Y"e™ T (57 +683). (6.20)

Proof. The consideration of the inner products in Lﬁ (Q) of the PDEs in (6.16) and the fractional
integro-differential operators

MU = FU + U - TAEU),
MyV® = CF VD 4 YW — UV,

respectively, gives the equation

n n 1 n n n n
( Ca‘gtq/l(n)’ Cagt(L[(n) + q/{t( ) j}%(é:(l/{t( )))sz(g) _ (;C (X(L[)(C ))x , Cﬁgtw( ) + q/[t( ) ji(é‘;q/[t( )))

L2 (Q)
1 n n n n n n
%ﬂﬂmuf%%””w-f@wﬁ # @V, R U+ U - TiEU)
12,(Q)

+(CapV®, RV + V- TUEV))

2,

L2,(Q) L?(Q)

(xV2),» TV + VP - Jﬁ(&(VE")))

12,(Q)

-WM%%wmwmw)ww“wmwﬂmm

2
12,(Q) Lo

n ((Vgn), c 83,(\/(”) n (Vtm) _ jf ( f(VE")))

L2,(Q)

_ ( Hin—l), c éﬁ,ﬂ(’” + ﬂt(n) _ jf ( f(ut(n)))Lg(Q) 4 ( Hén—l)’ c 831(‘/(”) + (Vin) _ jf( f(VSn)))Lg(Q) . (6.21)
As in the proof of Theorem 4.1, we obtain
U sy + IV Ry + U o + 1V
T T
< YY" f HY P17 o dT + f 1HS 17 o dT |- (6.22)
0 0
By dropping the first two terms on the left hand side of (6.22), to get
T T

UG o + IVOUG o < Y™ f HY P17 o dT + f IHY P17 odT |- (6.23)

0 0
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According to conditions (6.3) and (6.4), we estimate the right-hand side of (6.23) to obtain

Hence, inequality (6.23) becomes

() (n) o TY* (2 | 2 (n-1) (n—1)
IUO o + IV ) < A7 (84 83) (I By y + IV B, ) 6:25)
By integrating both sides of (6.25) with respect to ¢ over the interval [0, 7], we obtain
)12 (n)112 (n—1))12 (n—1)12

where K™ is given by (6.20). This achieves the proof of Lemma 6.1.

Theorem 6.1. Suppose that conditions (6.3) and (6.4) hold, and K* < 1/4, then the nonlinear
fractional system (6.2) admits a weak solution in L*(0,T; H ; ().

Proof. From (6.26), we conclude that the series Y»° U™ and Y2, V™ converge if K* < 1/4.
Indeed, inequality (6.26) implies

1/2
1 1
U N 2070100 < VK (”(u(n MWz zamyan * 1V Mz rian (Q))) ’ (6.27)
1/2
VK 1 1
||(V(n)||L2(O,T;H1p(Q)) S (”7/{(” )”LZ(OTH] Q) + ||(V(n )||L2(0 T: Hl (Q))) . (6'28)
It follows from (6.27) and (6.28) that
n) \/ (n—1) (n—1) 12
U 2078100 + [V Nz, @) < 2 (”(un “LZ(OTH‘ @ HIV" ||L2(0TH‘ (Q))) - (629)
Now since
||(u(n) + (V(n)”LZ(O,T;Hlp(Q)) < ”q/l(n)”Lz(O,T;Hlp(Q)) + ”(V(n)”LZ(O,T;Hlp(Q))» (6-30)
then, we infer from (6.29) and (6.30) that
(n) (1) \/ (n—1) (n—1) 12
||q/[ " + (V " ||L2(0,T;H1/)(Q)) < 2 (”7/1 " ||L2(0 T Hl (Q)) + ||(V " ||L2(0 T Hl (Q)))
1/2
(n—1) (n—1)
< 2VE (16 + VO o)
N -1 -1
= 2 K ||q/{(n ) + (V(n )”LZ(O,T;HIP(Q))' (6.31)

Inequality (6.31) shows that the series Y-, ((L{(”) + (V(”)) =32 U + 3 V@ converges if K* <
1/4. Since ((LI(") (”)) (U — g, yeth — ym) then it follows that the sequence (U (), V(”))

neN
with U™ and V™ defined by
n—1 -1
U™(x, 1) = qu(")(x, 1)+ U, 1) = Z U<k“> U<k> + U910, n=1,2,.., (6.32)
k=0 k=0
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and
n—1 n—1
VO (x, £) = Z VO (x, ) + VO(x, 1) = Z (vien - V(")) + VO, n=1,2,.., (6.33)
k=0 k=0

2

converge to an element (U, V) € (LZ(O, T:H ‘p(Q))) , which must be proved that it is a solution of

problem (6.2). In other words, (U, V) must satisfy (6.14) and the Neumann boundary conditions.
From the iterated system (6.15), we have

A (W, U('l)’ V(n)) — (W, jx («fF (é':, ‘ U(n—l), Ué"—l)’ V(n_l), Vé‘n_l))))

L2(0,T5L3(Q)

+(w. T (G (£, UD, U0, VoD, vih))) (6.34)

L20.T;:L2(Q)
We infer from (6.34) that
A (w, U® - UV®-V)+Aw,U,V)
= (W, I+ (§F (g, 1, U™, Ué"_l)’ yo-D, Vén_l))) -9, (§F (g, t,U UV, Vf)))mo,r;Lg(gz»
+ (0T (66 (.0, U0 U VI V) - T (€6 (61U Us V. V)
+ (. T (6F (6.1, U. Vs, V. Vo)) + (. T (6 (&1, U Us V. V)

L2(0,T3L5()

(6.35)

L2(0.T;L2(Q) L20.TL2(Q)

Now from the FPDEs in (6.15), we obtain

A (w, U™ -y, v — V)

e 2 o))
(W’ &gtjx (U )))LZ(O,T;L},(Q)) ( jx( f(é S(U U) L2(0,T3LA()

(€
el g T D
L2(0,T:L5(Q))

v )Lz(o,T;Lg(Q)) * (w, Cagtjx (‘f(V(H) B )))Lz(o,T;Lf,(Q))

0

s}

0§ ( ) L2(0.T:L3(Q)

(5 (ﬁ [0 )., b0 - 0)
Tor\oe \" g vorgey LT

+([w, —jx (e(v - V))) . (6.36)

L2(0,T5L3()

Conditions on functions w, U, V, and integration of each term on the right-hand side of (6.36), yield

A (w, u® - U v -v)

0
L w c _ (n _
= (U U, sz X (‘fw))LZ(O,T;Lﬁ(Q)) ((9)6 (U U) ’ XW)Lz(o T;L2(Q)
»4obp
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0
+|— U(”) , XW; -7 (V(") -V,.9. (§w))
b4 2 .72
Ox L2(0,T;L2(Y) LAO.ILE

+(U" - U7, fw,)) +(V = V. T @w)
a

L2(0,T;LA(Q) L2(0,T;L3 ()

9 (V(") V),xw)

(n) Cay
Vv -V, “o; X(gw))LQ(O,T;Lﬁ(Q)) (8x

L2(0,T;L3(Q))

+ (% (V(") — V) , xw,) -2 (U(") -U Y (fW))

g2 *
L2(0,T;L2(Q)) L2(0,T;L3(Q))

(6.37)

Application of the Cauchy-Schwarz inequality, to the terms on the right-hand side of (6.37) gives

— (U™ -U, T Ew)

L2(0,T;L3(Q)
0 0
- (6_ (U('” - U) , XW <b||— (U(") - U) ||W||L2(o,T;Lg(Q)) .
X [2(0,T5L2(Q) X L2(0.T:L2(2))
0 0
+ (0_ (U(") U , XW; ‘ P (U(") - U) ||Wz||L2(o,T;Lg(Q)) 5
X L2(0.T; Lz(g)) X L2(0.T:L3(%)

() _
L200.T3L2(Q) Sz ”V V||L2(0,T;L2(Q)) IVE (fw)”Lz(O,T;LE(Q)) ’

=2 (V™ = V.. éw))
)

_ (n) _ Cqy (n) _ C
(V v, atT x (fW) L2(0,T:L2(Q)) < ||V V||L2(O,T;L2(Q)) || alT x (é:w)”LZ(O,T;Lz(Q)) ’

0 0

(a V(n) V W (V(”) - V) Wl 20,720 »
% [2(0.T; L2(Q)) X L2(0,T:L2(%)
0 0

( 3 (V(") V) , XW; < b‘ p (V(") - V) ||Wz||L2(o,T;L},(Q)) ,
X L20.T:L3() * LAOT:LH ()

—5 (U - U, J. (éw) < [[U = Ul| g sz 155 @Iz .30 -

L2(0,T;L3()

< ”U(n) - U”Lz(o,T;Lf,(Q)) 1T x (fwf)”Lz(O,T;L,%(Q)),

VO — V. T () < [V =V ooz 1T EwDlliz 70300 -

Combination of equality (6.37) and inequalities (6.38)—(6.47), leads to

L2(0,T;L3(Q))

(U™ - U. T, Ew))
(

L2(0,T;L2(Q)

A (w, U™ -y, v - v)

(n) _
L (”U U”LZ(O,T;H},(Q)))
X( 05T E 20 0200 + TEW 207220 + IW20.7:22000) )

+ 1T« ('fwt)”LZ(o,T;Lg(Q)), + ||Wt||L2(0,T;L2(Q))

+1 (||V(") - V“Lz(o,T;H,',(Q»)

17T E 20 1120 + T EWl0.7:2200) + W20 722000 )
+ 1T« (th)”LZ(o,T;Lg(Q)), + Wil 20,7:0200)) '

= ”U(n) - U”U(O,T;Lf,(g)) ” Caij x (gw)”LZ(O,T;L,Z,(Q)) ’

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)
(6.46)

(6.47)

(6.48)
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with
Ly =L =max(1,b,21,22) .

On the other side, we have

(W’ I (5 F (f U, Ugﬂ)’ Ve, V-;Enfl))) ~Jx (§F (g, LU, Us V. Ve )))L2<0,T;L2(n))

01b

< % Wllz20,7:1202) (”U(") -U ||L2(0,T;H}>(Q)) +|[v v 2O le(g))), (6.49)
(W, P (é’G (f, t, U(”_l), Uén—l), V(n—l), Vé"—l))) -9, (fG (f, t,U, Ug, V, V"c)))LZ(O,T;LZ(Q))
o-b

< % Wl 200,7:22 () (”U(") - U“Lz(o,T;H),(g)) + ||V(") - V||L2(O’T;H;(Q))). (6.50)

As n — oo, it follows from (6.48)—(6.50) and (6.35) that

Aw, U, V) = (w, jx({fF))LZ(o,T;LZ(Q)) + (w, jx(fG))LZ(o,T;I}(Q)) .
To conclude that problem (6.2) admits a weak solution, we must show that conditions U,(b,t) = 0,
2
Vi(b.1) = 0in (6.2) hold. Since (U, V) € (L*(0,T; H' (Q))) , then

t t

f U, (x, s)ds, f V.(x, s)ds € C(Q),

0 0

from which we conclude that: U,(b,1) =0, V.(b,t) =0, a.e.
It remains now to prove the uniqueness of solution of system (6.2).

Theorem 6.2. If hypotheses (6.3) and (6.4) are satisfied, then the system (6.2) has only one solution.
2
Proof.  Suppose that (U, Vy),(U,, V,) € (LZ(O, T:H ;(Q))) are two different solutions of the
2
system (6.2), then (U, V) = (U, — U,,V, - V) € (LZ(O, T;Hlp(Q))) verifies
CHU-LGU) ~ LUy +V + U, = H (x,1),

OV -1(xV), -1V, +U+V, = H(x,0),
Ux,0)=0, Ux,00=0, V(x,00=0, V,(x,0)=0, (6.51)

b b
[xUdx =0, [xVdx=0. Ub,1)=0, V.(b,1)=0,
0 0

where
Hl (X, t) =F (-x7 t’ Ula (Ul)x ) Vl’ (Vl)x) -F (-xa t’ U2a (UZ)x ) VZ’ (V2)x) ) (652)

Hy (x,t) = G (x,, Uy, (U1),, Vi, (VD) — G(x,1, Uz, (Uz),, V2, (V2),). (6.53)
We now consider the scalar product in the space L*(0,T;L*(Q)) of the PDEs in (6.51) and the

differential operators M;U = Ca‘g;u + U, — THEU), MV = €V +V, — THEV,), and follow
the same computations as in Lemma 6.1, we obtain

217 +1VI;

L2(0.T;:H',(Q) L

oo < K (1412 VI | R GR)

L2(0,T:H',(Q)) L2(0.T:H',(Q)
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where K* is the same constant as in Lemma 6.1. Since K* < 1/4, we deduce from (6.54) that

(1-K") (||fu||2 VI ) -0, (6.55)

L2(0,T;H' () L2(0.T;:H' ()
which implies that (U, V) = (U, — U,, V; — V,) = (0,0), and hence
Uy =U, € L*0,T; H\(Q)) and V; = V, € L*(0,T; H',()).

This achieves the proof of Theorem 6.2.

Example 6.1. We consider the following example with b = 1, 8 = %, v =
and g =u—v:

3

CAa2 1 19 _ .22

6§tu—;(xux)x—;;(xux)x+v+u,—u -V,
3 1 19

Copv— 1 (v, =18 (xv), +u+v, =u—v,

u(x,0) = @y(x) = 2 = Zx+ 1,

u(x,0) = pa(x) = %x3 - ]5_8)2"‘ 1, (6.56)
v(x,0) = ¥(x) = cosmx + =,
Vi(x,0) = Pa(x) = =025 _ (L 4 Ty cosmx — x,

b

b
ueb,t) =0, vi(b,)=0, [xudx=0, [xvdx=0.
0 0

We can easily verify that the functions ¢y, ¢,, ¥ and ¥, satisfy the compatibility conditions

b b

0
0, fxgoldx =0, i) =0, fx(pzdx =0,
ox x=1
=0,

x=1

dp1
ax x=1

0

9 A d

N f _og W

x|, 0, xydx =0, Ep
0

and belong to H}(Q). We also see that f = u® — v* and ¢ = u — v are Lipschitz functions for all
(x,1) € (0,1) X [0, T]. All conditons are satisfied, problem (6.56) admits a unique solution.

Xrdx = 0,

o (=)
S

7. Conclusions

A Caputo fractional nonlinear pseudohyperbolic system supplemented by a classical and a nonlocal
boundary condition of integral type is investigated. More precisely, in this research work, we search
for a function u(x, ) verifying (1.1). The associated fractional linear problem is reformulated, and the
uniqueness and existence of the strong solutions are proved in a fractional Sobolev space. A priori
bound for the solution is obtained from which the uniqueness of the solution follows. By using some
density arguments, the solvability of the linear problem is established. To tackle the well posedness of
the fractional nonlinear problem, we relied on the obtained results for the linear fractional system, by
applying a certain iterative process. This process is particularly beneficial in handling the intricacies
of nonlinearity, where small changes in input can lead to significant differences in output. Our study
improves and develops some few existence results for the fractional initial boundary value problems

AIMS Mathematics Volume 9, Issue 2, 2964-2992.
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when using the method of functional analysis, the so called energy inequality method. We would
like to mention that the application of the used method is a little complicated while dealing with the
posed problem in the presence of the nonlinear source terms, the fractional terms, the appearance of
the singularity and the nonlocal integral conditions.
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