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1. Introduction

Let I be a strongly regular graph with v vertices and parameters k, A and u. Then I is defined as
follows: (1) For any two adjacent vertices x and y, there are exactly A vertices adjacent to both x and y;
(2) for any two nonadjacent vertices x and y, there are exactly u vertices adjacent to both x and y. For
a more detailed introduction on strongly regular graphs, please refer to [1,2].

Cayley graphs are an effective tool constructing strongly regular graphs. Let (G, +) be a finite
abelian group and S be a subset of G \ {0} such that § = —S, where O is the identity of G. The Cayley
graph Cay(G, S) is defined as the graph I'(G, E) where two vertices a and b are adjacent if and only
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ifa—beS. Let G be the character group of G consisting of all characters of G. The eigenvalues of
Cay(G, S) are given by ¢(S) = 2,5 #(x), where ¢ € G. It is well known that Cay(G, §) is strongly
regular if and only if ¢(S) with ¢ € G\ {1 ¢} take exactly two values, where 1z is the identity of G.
By the determination of Cayley graphs in the additive groups of finite fields, strongly regular cayley
graphs were proposed in [3-6].

It should be noted that strongly regular graphs are related to some combinational objects, such
as linear codes, two-intersection sets and partial difference set [7, 8]. For these connections, we are
inspired to construct asymptotically optimal codebooks by using the connection set S of Cay(G,S).
An (N, K) codebook C is defined to be a set {ci}ﬁi 61 of N units norm 1 X K complex vectors ¢;, and
¢; (0 <i <N —1) are called codewords of the codebook C. As an important measure of performance
of a codebook C in code-division multiple access system, the maximum correlation amplitudes 7, (C)
is defined by

H
Imax(C) = max |cicj |’
0<i#j<N-1

where cf denotes the conjugate transpose of a complex vector ¢;.

Minimizing I,,(C) is a meaningful problem as it can optimize some performance metrics such as
average signal-to-noise ratio and outage probability. Hence, for a given K, it is desirable to construct
codebooks with N as large as possible and 7,,,(C) as small as possible simultaneously. Unfortunately,
there is a tradeoff among the parameters N, K and I,,(C). Let I,(C) = V(N - K)/ (N - 1K),
we know I,,x(C) > I,(C) [9]. If C achieves the Welch bound, that is, I,,,,(C) = I,,(C), then C is
referred to as a Welch-bound-equality codebook. In ordinary circumstance, it is extremely difficult to
construct codebooks achieving the Welch bound. As a consequence, researchers attempt to construct
codebooks asymptotically meeting the Welch bound, that is, /,,.x(C) is slightly higher than I,,(C), but
limy 0 Imax(C)/1,,(C) = 1 [10-12].

This paper is organized as follows. Some interesting mathematical foundations will be introduced in
Section II. Based on these related character sums, a class of strongly regular graphs and nearly optimal
codebooks are presented in Section III. In addition, these constructed codebooks have new parameters.

For convenience, we use the following notations in the following sequel.

e m, s are positive integers and n = ms.
e pis an odd prime and g = p".
e Tr, denotes the trace function from F . to F .

e (3 is a primitive element of IF .
e [, =e 7 isa p-thprimitive root of complex unity.

e 1, and 7,, denote the quadratic characters of IF,» and F,, separately.
e x» and y,, denote the canonical additive characters of F,. and IF,», separately.
e 1, denotes an additive character of F,. for a € F .

2. Preliminaries

In this section, we start with characters of finite fields. To prove the main results of this letter, we
need a number of results on exponential sums that are derived for the proofs.
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For an odd prime p, let ¢ = p”" and F, denote the finite field with g elements. Then Tr), is defined by

n/m—1

W= 3, @

J=0

and Tr), is called the trace function from F . to Fn.
An additive character of F,. is a homomorphism y from the additive group of F,. to the
multiplicative group of complex numbers of absolute value 1. The function

Tr' (x)
Xn(X) =4, x €Fpp,

defines an additive character of F,» and y, is called the canonical additive character of F,.. Fora € F .,
define

Tr'" (ax)
Ha(X) = xplax) =4, 7, x €Fp.

Obviously, y, is also an additive character of F,.. And every additive character of F,» can be obtained
in this way [13]. Its orthogonality relation is given by

3 _Jp", ifa=0,
Z #a(x) - Z Xn(ax) - { 0’ lfa € F;"

xeF p xeF pr

Let 8 be a primitive element of F,. For a fixed integer j, 0 < j < g — 2, the function

, 2nV=1ji
Xj(ﬂl)ze -1 k) i:()al"” ,q_za
defines a multiplicative character of F,. In this paper, we use 7, to denote the quadratic character
X-1/2 of F,. And the quadratic character 7, is extended by letting 7,(0) = 0. The orthogonality
relation for quadratic characters is given by
D mx) =0,

xeF
Pk

where 7 is the quadratic character of IF,x and k is a positive integer.
The Gauss sum G(17,,, xm) over F,» is defined by [13]

G(nmaXm) = Z T]m(X))(m(X),

xEJF;m

where 7,, and y,, are the quadratic and canonical additive characters of F,», respectively.
The Gauss sum G(7,,, ¥'n) can be evaluated explicitly and the result on G(1,,, ;) 1S given in the
following lemma.

Lemma 1. [13, Theorem 5.15] Let F,» be the finite field with p™ element, where p is an odd prime.
Then

G xm) = (=1)"'(p")%,
where p* = (%)p.
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Hence, we shall abbreviate G(1,,, x,n) to G,. The following lemma establishes a relationship

between the quadratic character 7,, and the canonical additive character y,, of F».
Lemma 2. [13, p. 195] With symbols and notations above, we have

1
'm = —_ Gunm(— m .
() = 5 ) Gulln(=a)n(ax)

acF pm

Let f(x) be a function from FF, to F,. The Walsh transform of f is defined by

x)+Tr (Bx
(Wf(ﬁ) = Z{[J;() Tl(ﬁ)’

x€Fy

for B € F,. The following lemma states a property of the Walsh transform of f(x) = ax?, where @ € F,.

Lemma 3. [/4] For a € F, the Walsh transform coefficient of Tr'f(ozxz) is equal to

T @)+ T (Bx) el a2 ‘Tf'f(fly)
w.B) = >4, = (D" )i,

x€Fy

e |
where B € F, and p* = (F)p.
Below we give a few results which are used to obtain the main results of this paper.
Lemma 4. Let symbols be the same as before. Then we have:
(1) If s > 2 is even, then n,(z) = 1, for z € F;

(2) If s =2 2 is odd, then n,(z) = Nu(2), for z € F,,..
Proof. Assume that F), = (B), we getF ,, = (B;?’T:ll). For n = ms, we have

p-1

; — pm(s—l) +pm(s—2) +ne +pm +1.
pm —

This means that the parity of (p" — 1)/(p™ — 1) is the same as s. Hence, we have

@) = 1, if s is even,
=\ pa), if sis odd,

forz e F;m.

Lemma 5. [13, Theorem 5.12] For y € F,n, we obtain

S gt =4 % iy =0,
" b Gmﬂm(}’), l]“y e F;rn-

ZG]P‘;)TI
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3. Proofs and main results

In this section, we provide a construction of strongly regular Cayley graphs and a family of
asymptotically optimal codebooks. For @ € F, let

Dy = {x € Fy : m (Trj(ax®)) = 1}, 3.1)
The following lemma gives the cardinality of the special subset D, of F,,.

Lemma 6. Let symbols be the same as before. Then the cardinality |D,| of D, is given by:

(1) If s is even, then
Dol = L (p" = D(p" +m(@)(p")?).
2p™

(2) If s is odd, then

(p+Dm m+n

D2 (p") 2 ()
P '

1
|D,| = 5 [p" -p""+(p" - 1)

Proof. In order to determine the cardinality of D,, we firstly compute the values of the following

two equalities:
Al = Z 1, o € P;,

)CE]Fpn
Tr?, (ax?)=0

A, = Z T (Tr;(axz)), @ el
XEIFPn
Tr), (@x?)20
It is clear that

oL 3 Sy

XEIF],n ZE]Fpm

- ]%{pu S5 v (T (z02)) . (32)

ze]F;m erFpn

Note that

Z Z Xom (Tr,'j1 (zaxz)) = Z Z Yu(zax?).

zeF;m XEF pn ze]F;,,, XEF pn

By Lemmas 3 and 4, we get

oo [ D" Ip@)p i (p” — 1), if s even,
2, D Klea) = { 0, if s odd. (3-3)

zeIF;m X€EFpn
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Hence, we obtain

P @) =)
A = = , %f s even, (3.4)
p, if s odd.
Now we determine the values of Az By Lemma 2, we have
Pz Z Nm(—a) ZX” aa/x
aEF mn JCEF
_ (@)GnG,
T N (@)
p aeIF*,,,
0, if s even,
- . I (3.5)
= 1) S (p 1)7;;1"50)( D™m(p*) 2 , if s odd,

where the last equality follows from the fact that } .z 1,,(a) = 0 and Lemma 4. By definition, we
V4
deduce that

m (Tt (@x?)) + 1 n
Dol = ) i (To3(@%) + :%—% > 1+% > mn(Toed),  (3.6)

XEFpn 2 )CEIFI,n XE]Fpn
T, (@x?)#0 Tr! (ax?)=0 Tt (@x?)#0
The results of this lemma follow from (3.4)—(3.6). O

Example 1. Let p =5 n =4, m=2and s = 2. If a is a primitive element of F,, by Lemma 6 we get
|D,| = 288, which agrees with numerical computations by Magma. If @ = 1, then |D,| = 240, which is
consistent with Magma program computation.

Example 2. Let p =7, n =3, m = 1 and s = 3. If a is a primitive element of F};, by Lemma 6 we
get |D,| = 168, which agrees with Magma program. If @ = 1, then |D| = 126, which coincides with
numerical results by Magma program computation.

Eoa= D Ha®).

xeF p
T (ax2)20

Lemma 7. Fora,a € IF;,,, define

(1) If s is an even integer, then

£ _ _A(pm - 1), lf TI':1 (%) = 0,
T A, if Trs, (L) # 0,
where A = EU T mEap)?
le .
(2) If s is an odd integer, then
0’ lf‘Trn % = 09
Eoo=1{ -B, if Tti(L)eF2,
B, if T (“—i)eF* \F:2.,

-1 A+ (% mTM —
D" (p*) 2 nu(-a)
" :

where B =
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Proof. For a € F,, by the orthogonality relation of y, we get

Eoa== ) M%)

xeF g

e, (@x2)=0
1
=—— 3" > X (2 T (@) pa(x)
P X€EFn zEF pm
= —— Z Z Yu(zax? + ax).
zeF* P XEF n
By Lemma 3, we get
(£
Evu= = 3 (-1 )0, &)
p zeIF
From the map z —%, we obtain
n—1 (fj)
Evu= - 3 (1 uza)(p)ig, (3.7)
p ze]F

When s is even, from Lemmas 4 and 5, we have the result (1) of this lemma.
When s is odd, the desired result follows from Lemmas 4 and 5.

Lemma 8. Fora,a € IF;,,, let

Noa= > 1 (Teh(ax®)) pa(x).

x€F ph

Tr;’n((yxz )#0

(1) If s is even, then

1N}
[S]

0, if Tt
Na/,a = (P*)mA’ lfTIﬂ
—(p")"A, if T (

)=0,
) e F2,
) € B, \F2,

I%‘SI

I%‘S

S
5

)" () 3 (=)

where A = -~
Iz

(2) If s is odd, then

N, | "= DB Tr(g)=0.
-B, if Te, (£) # 0,

D) " py(—a)
" '

where B =

AIMS Mathematics Volume 9, Issue 2, 2672-2683.



2679

Proof. Tt follows from Lemma 2 that

pmNaaa :Gm Z Z Xn(ax)nm(_z)/\/n (Z(I)Cz)

XEIFpn ZEIF;m
(a2
1\ 4z

—T
:GnGm Z Um(—Z)Un(Za)ng

zEF;m

From the map z —f, we derive that

n (o>

2T %5
P Now =G,Go Y mamt—zaoy )] (3.8)

The desired result follows from (3.8), Lemmas 4 and 5.
O

Theorem 9. Let symbols be the same as before and s > 2 be even. Then the Cayley graph

Cay(F,»,D,) is strongly regular with non-trivial eigenvalues —(p": (p" + D (=) (2p™) and
(P2 (p" = D (=) /2p™).

Proof. Fora € P;,,, we deduce that

N (Trfn (ozxz)) +1

Dot = Y ) 5

XED(V xern
Trﬁl((r.xz)if)
1 1
_ n 2
_E E :ua(-x) + E § :ua(x)nm (Trm (a’x )) s
xern XE]Fpn
el (ax2)#0 T (@x2)#0

where the last equality follows from that 7,,(0) = 0. Then the desired conclusions follow from
Lemmas 7 and 8. o

Remark 1. Let s > 1 be an odd integer. Then the eigenvalues of the Cayley graph Cay(F,., D,) can
also be computed by a similar method given in Theorem 9. It can be easily checked that

Z Ha(X) € {0, @, —B},

xeD,

where a € F;n and B = (—1)"+m77n(—a)(p*)m7+" /p™. This means that the Cayley graph Cay(F ., D,) is
not strong regular if s is odd.

Motivated by the work in [15], we give a construction of asymptotically optimal codebooks based
on the strongly regular Cayley graph Cay(F ., D,) defined in Theorem 9. For a € F,,, let

Co = {€Cau i a €Fpl, (3.9)

where ¢, , = (ﬁﬂu(x))

xeD,

AIMS Mathematics Volume 9, Issue 2, 2672-2683.
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Theorem 10. Let |
K=3o (" =1 (p" + m(@)(p")?).

and let s > 2 be a fixed even integer. Then C, defined by (3.9) is an asymptotically optimal codebook
with parameters [p", K].

Proof. By the definition of C, and Lemma 6, we deduce that C,, is a [p", K] codebook. For any two
distinct codewords ¢, and ¢, in C,, (i.e., a # b € F;»), it can be easily checked that

Dt

xeD,

1
H

Cac = —

lcac| K

1
K

D ()

xeD,
It follows from Theorem 9 that

u_ [PE(P™+1) pr(pm—1)
lcacy | , ,
2K pm 2K p™

which implies that

pi(p"+1)

1 max (C(t) = 2 Kpm

According to the Welch bound, we have

e
L,(Cy) = J 2 = I;)K

|
i~}

[ ST
N—

It is easy to check that

Inax(Co)
1m =
pore I,(Cy)

which means that the codebook C, 1s asymptotically optimal with respect to the Welch bound.

1,

O

Remark 2. Many readers may wonder what parameters the codebook C, has when s is an odd integer
and whether it is asymptotically optimal. If s is odd, then by Theorems 6 and 9 we know the codebook
C, defined in (3.9) has parameters

(p+Dm m+n

1 1) 72 n,(a
N:pn’KZE[pn_pn_mem_l)( ks O]
p
_("-DB
Imax(Ca)_ 2K .

It can be verified that

Lax(Co)
m —
prote [,(Co)

which implies that C is not asymptotically optimal.

£1,
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In Table 1, we assume that « is a primitive element of P; p =3 and s = 4. And we show some
parameters of the codebook C, in this table. From Table 1, it can be seen that C, is asymptotically
optimal with respect to the Welch bound for sufficiently large N. This also agrees with the result of
Theorem 10.

To give a comparison, we present the parameters (V, K) of some known asymptotically optimal
codebooks and the codebook defined in (3.9) in Table 2. From this table, we can conclude that C, has
new parameters.

Table 1. The parameters of the codebook C, in (3.9) for p = 3 and s = 4.

m N K Imax(caf) IW(C(Y) [max/lw
2 6561 2808 5/312 1.4273 x 1072 1.2273
3 531441 254826 7/4719 1.4292 x 1073 1.0379
4 43046721 21228480 41/262080 1.5452 x 10~ 1.0124
5 348684401 1735953120 61/3571920 1.7008 x 1073 1.0041
6 282429536481 141013893384  365/193434696  1.884 x 107° 1.0014
Table 2. The parameters of codebooks asymptotically meeting the Welch bound.
Constraints Ref. Parameters (N, K)
g 1s a prime power [16] (q, %1)
n>1,1<i<l s>l " (2K + (1), k),
gi=2%1>1 [17] K = (@i=D"(g=1)"=(=D"
2
1 <i<I g;is aprime
power, ; = 3 (mod 4) [18] (@192 q1,(q1g2- -~ q1 = 1) [2)
g is a prime power, 19 ((q -Di+ M, M)
t>2 119 M = a=bi+en™
q 2
g is a prime power [20] (q3 +q¢*-q,¢* - q)
g is a prime power [20] (q3 + ¢, qz)
s>1,m>1, s m sm—1  sm—1
q is a prime power 211 ((q AR A )
s>1,m>1, (¢ ="+ M M)
. . [21] _ (q.v_])m+(_])m+l
¢ is a prime power M = =——"———
a € F;n,
p is an odd prime,
n p"-1
s 5 C
n = ms, s is even Thm. 10 (p r )

SIS

C=p"+n) () p?

4. Conclusions

In this paper, we propose a method for constructing strongly regular graphs. Then we use the
connection set D, (« € F),) of the strongly regular graph Cay(F ., D,) to give a class of codebook C,.
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In addition, the parameters [N, K] and I,,x(C,) of the codebook C, are determined in Theorem 10.
Table 1 demonstrates that these proposed codebooks are asymptotically optimal according to the
Welch bound.
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