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Abstract: In this paper, we introduce a new family of algebras 7, which are generated by three
generators x, y, z, with the following relations: (1) x** = 1, y* = xy+y, xy = yx;and 2) 2 = z, xz =
zx = z, zy = 2z. First, it shows that H,, is a positively based algebra. Then, all the indecomposable
modules of H,, are constructed. Additionally, it shows that the dimension of each indecomposable H,,-
module is at most 2. Finally, all the left (right) cells and left (right) cell modules of H,, are described,
and the decompositions of the decomposable left cell modules are also obtained.
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1. Introduction

An algebra A 1s called a positively based algebra if it has a positive basis. By the latter, we mean that
a set of bases with all the structure constants with respect to this basis are non-negative real numbers.
The concept of a positive basis can be traced back to the work of Schur on the centralizer algebra
of a transitive permutation representation of a finite group in [16, 17]. Since then, variations of the
positively based algebras have been discovered in many different fields (see [1, 3, 15]). Examples of
positively based algebras include the group algebras, semigroup algebras, table algebras, and Hecke
algebras corresponding to Coxeter groups with respect to the Kazhdan-Lusztig basis. As an interesting
infinite dimensional example, Thurston proved that the Kauffman bracket skein algebra for a compact
oriented surface has a natural positive basis in [19], which generalized the positivity conjecture in
cluster algebra. In [14], Mazorchuk et al. defined the cell 2-representations of finitary 2-categories.
It turns out that the cell 2-representation is a based module over some finite-dimensional positively
based algebras on the level of the Grothendieck group. In addition, in the perspective of representation
theory, Green algebra of a bialgebra is a central instance of positively based algebras. For example,
Cao et al. [4] studied the cell modules of the Green algebra of the generalized Taft Hopf algebras, in
which the approach depends on the Green ring.
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In [10], Lin and Yang introduced a class of positively based algebras A, ; over the subring K of the
complex field C; all indecomposable modules and cell modules of A, 4 are classified and constructed.
It is noted that A,, ; can be regarded as the Green algebra of weak Hopf algebras m,‘l’ , constructed from
the generalized Taft algebra (see [18]). In the present paper, we introduce the K-algebra H,,, which is
generated by x, y, z with the relations (1) and (2); since we can construct a set of positive bases of H,,,
we can conclude that H, is a positively based algebra. The algebra 7, can be viewed as the extension
of the Green ring of the weak Hopf algebra wH,,, which is constructed from neither the pointed nor
the semisimple Hopf algebra Hy, (see [S]). Recall that A, ; in [10, Definition 2.1] is generated by x,y, z
with the following relations:

) X =1, xy =yx;
I P

2) (1+x"—y) Z (—1)’( , )x’”yd_l_z’ =0, ford > 2;
i=0 !

3" =z, x2=2x=2, y7 =22

We see that the generating relations of A,, and H, are strongly different. For instance, the
representation type of A, ; depends on d, and it is of finite representation type if d < 4, of tame type if
d =5, and of wild type if d > 6. However, the algebra HH, is only of finite representation type. Up to
now, there is a limited number of works that classifies the representations of this family of positively
based algebras. This provides a good chance to understand the representation theory of . In this
paper, as the analog of the method in [10], we first construct a set of positive basis of H, and show that
‘H,, is a positively based algebra. Then, we make efforts to classify all the indecomposable modules of
‘H,, by utilizing the representation theory of a quiver. It is easily seen that the algebra H,, is of finite
representation type, and thus all the indecomposable modules of H,, are constructed. Finally, all the
left (right) cells and left cell (right) modules of H, are constructed. Moreover, the decompositions of
the left cell modules are provided.

Let us describe the arrangement of this paper. In Section 2, we introduce the algebra H, by
generators and generating relations, and show that H,, is a positively based algebra. In Section 3, we
focus on constructing all indecomposable modules of H,, and we see that H),, is of finite representation
type. In Section 4, we classify all the left (right) cells and left (right) cell modules of H,,.

2. Preliminaries

Throughout the paper and unless otherwise stated, C, R, Z and N, stand for the field of complex
numbers, the field of real numbers, the ring of integers, and the set of natural numbers, respectively.
Fixing an integer n > 1, we always suppose that K is an unital subring of C containing the primitive
2n-th root of the unity:

T R/ §
n=cos—+18n-—.
n n

Let A be a K-algebra of finite free rank n with a basis B ={a; | 1 <i <n}. Forany 1 <1, j,k < n, if

n
- (k)
a, a] = )/i,jak,
k=1
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where yg’kj) € R > 0, then B is said to be a positive basis of A, and A is called a positively based algebra.
Now, we define the algebra H,, and describe its basic properties.

Definition 2.1. The K-algebra ‘H, is generated by x,y, z with the following relations:

(1) X = 1,y2:xy+y, Xy = yx;
(2) ?=z,xz=z7x=2,2y =22

It is easy to see that H,, is noncommutative, and it is noted that when K = C, the algebra H,, is just
the Green algebra of the weak Hopf algebra wH,, (see [5]).

In the following, we construct a set of positive bases of H,, to show that H,, is a positively based
algebra. For this purpose, we list one lemma as follows.

Lemma 2.2. (1) The K-space ‘W; (0 < i < 2n — 1) with a basis {v;} is an H,-module with the action
of H, :
x-vi=nv, vy-vi=(l+17)W:, z-v;=0.

(2) The K-space V' with a basis {0y, 6,} is an H,,-module with the action of H,, :

X'G]Z—Ql, y~91:O, Z'91:0,
x-92:—92, y'92:91, 2'9220.

(3) The K-space V, with a basis {&1,&,} is an H,-module with the action of ‘H,, -

x-& =&, y-&1=86&, -6 =&,

2.1)
x-& =6, y-& =286, 7-& =2

(4) The K-space V5 with a basis {,uj |0<j<2n-— 1} is an H,-module with the action of ‘H,, :

X Mj= Mjvimodznys Y M =0, z-u;=0.

Proof. In the following, we only prove the statement (3); the proofs of the other statements are similar.
First, it is easy to see that

(- (x---(x:€)--)) =& (=1,2),
—_——

2n

Then, the straightforward verification shows that
y-(y-&)=2L=x--&)+y-&, y-&)=4H=x-(y-&)+y- &,

and
y-(x-éD)=&E=x-( &), y(x-E)=286=x- (&)
Moreover, it is obvious that

2 é)=&6=2-&, 2-(@2-&E)=26=2-&,

and

x-@z-&)=& =26 =2 (x- &),
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x-(z-&)=26=z2-&=2-(x-&).
Finally, we see that
22 &) =26 =22-&, z-(y-&)=46=22-&.

It follows that the generators x, y and z acting on V; keep the defining relations.
Hence, the actions of x, y and z on V, define an H,-module.

Proposition 2.3. The set {xiyj NVz]0<i<2n-1,j,k=0, l} forms a basis of H,.

Proof. By the defining relations of ,,, one can see that H,, are spanned by the following:

¥y Yzl0<i<2on—1,jk=0,1}.
Therefore, it is sufficient to prove that the set

{xfyf,y"z 0<i<2n—-1,j,k=0, 1}
consists of linearly independent elements.

Now, we assume the following:

2n—1 2n—1

Zax+2bx’y+20kyz— D

i=0
2n—1

Acting on y by the both sides of (I), we have ), a;u; = 0 and
i=0

a;i=0, 0<i<2n-1.

It yields that

2n—1

be’y+chyz—0 1D

Acting on {vg, -+ ,V,_1,62, Vns1, - - Vau_1} by the both sides of (II), we have

2n—1 1 2n—1 2n—1
(Z bjx'y + Z Ckykz] 0, = [Z bjxj] 0 = Z(_l)'ibjgl =0
J=0 j=0 =0

k=0
and
2n—1 1 2n—1 2n—1
(B Borse(Soe] mneon Gonneo
j=0 k=0 Jj=0

Hence, obtain the following:

2n—1 2n—1
D(=1Yb;=0 and > nlb;=0 (i#n),
=0 =0
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since 1 + 7' # 0.

Thus,
1 - 1 1 1 . 1
(nn—l)n—l (nn—l)n (nn—l)n+1 . (n2n—1)i
1 - (D' (=D (=Dt -1
1 (nn+1)n—1 (nn+1)n (nn+1)n+1 o (n2n—1)i
i (n2n—.1 )n—l (nZn.—l)n (n2n—.1 )n+1 '_ " : (n2n—.l)2n—1

by 0
bn_ 0
b, =10
bn+l 0
bZn—] 0

It is easy to see that the determinant of the coefficient matrix is nonzero; thus, we have the following:

bj=0forO0<j<2n-1.

Moreover, it yields that

1
Z e’z = 0. (I10)

k=0
Acting on {&;} by the both sides of (III), we have

1

chykz'fl = cpé) + 1€ =0,

k=0

and Co=0C = 0.
In summary,
{x¥y.Yz10<i<2n-1,jk=0,1|

is a linearly independent set. Hence, it is a basis of H,,.
The proof is finished.

Set L = x', M; = x'yfor0 <i<2n-1, Ny =zand N; = yz. Let

B={L, M N, |0<i<2n-1,k=0,1}.

Then, B is a basis of H,,.
Proposition 2.4. For 0 <1i, j < 2n — 1, we have the following:

(1) Li-Lj=Lj- L = Liy jmod2n);

(2) L,- 'Mj = Mj 'Li = Mi+j(mod2n);

(3) M; - M; = M; - M; = M, jmodzn) + Mis j1(mod2n)s
(4) No-No=No-L;=L;-Ny= No;

(5) No-N; = Ny-M; =2Ny;

(6) Ny -Nog=M;-Nyg=N,-Li=L;- N =Ny,

(7) Ny -Ny =N, -M; =M;- N, =2N,.

AIMS Mathematics
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Proof. For 0 <1, j <2n— 1, by a straightforward verification, we have

Li . Lj = Xy = xl+](m0d2n)

= Lit jmod2ny = Lj - L;

and N N
Li . Mj — x’xfy — xz+j(mod2n)y
= M jmoa2ny = M - L,

since x> = 1, xy = yx.
Hence, (1) and (2) hold.
(3) By y? = xy + y, we have the following:

M;- M; = x'yxly = X'y’ = X' (xy +)
y

= My jmod2n) + Mis j+1(mod2n)
= M] . Mi-

i+ j(mod2n) i+ j+1(mod2n)

=X y+x

(4) By 72 = z, we have
Li-No=Ny-Li=xz=zx=7z= Ny
and
NQ'N():ZZZZ:N().
(5) By zy = 2z, we have
N()'N1 =Zyz:2z2 =2z
= 2Ny
and '
NO.Ml.:Zx’yzzy:ZZ
= 2N,.
(6) First, we have
Ny Ny =yzz =y =yz =N,
and
N, -L; =yzx' =yz=N;.
Moreover, we have
M;- Ny = x'yz=yx'z=yz=N,
and
L;- Ny =x'yz=yx'z=yz=N.
Therefore, N; - Ny = M; -No =N, -L; = L; - N; = Nj.
(7) First, we have
Ny - Ny = yzyz = 2y7% = 2yz = 2N,
and
Ny - M; = yzx'y = yzy = 2yz = 2N},

AIMS Mathematics
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since zy = 2z.
Moreover, we have the following:

M; - Ny = x'yyz = x'(xy + y)z
= x'xyz + x'yz = X lyz + x'yz
= yx*z+yx'z = yz +yz
= 2N1
Hence, N; - Ny = N, - M; = M; - N; = 2N;. O

Theorem 2.5. The algebra H, is a positively based algebra.

Proof. By Proposition 2.4, one can easily check that
B={L,M;,N,|0<i<2n-1,k=0,1}

is a set of positive bases of H,,.
The theorem follows. O

3. The representations of 7,

From this section, we always assume that K is a subfield of C containing 7.

The aim of section is to construct all indecomposable modules of H, with the help of the
representation theory of a quiver. For this purpose, we first consider an algebra A over the field K,
which is generated by x, y with the following relations:

=1, yzzxy+y, Xy = yX.

By a straightforward calculation, we see that the following system of equations

{xz":l,
Yy =—xy-y=0,

has 4n — 1 distinct solutions given by the following:
F={@.0010<i<2n-1u{@ . 1+y)|0<j<2n—1,j#n].
For each solution (x;, x;) € I', we can define a simple A-module by
XV =XV, Y-V =XV

Hence, we have the following Lemma.

Lemma 3.1. (/) For 0 <i < 2n— 1, there are 2n non-isomorphic 1-dimensional A-modules S ; with
the basis {v;}. The action of A is given by the following:

i
x-vi=nv, y-v;=0.

AIMS Mathematics Volume 9, Issue 2, 2602-2618.
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(2) For0 <i <2n—1andi # n, there are 2n — 1 non-isomorphic 1-dimensional A-modules W; with
the basis {v;}. The action of A is given by the following:

X-v; = nivi, y-vi=(1+ ni)vi.
Proof. It is obvious. O

In the following, we describe all indecomposable modules of A.
Let O be a 2-dimensional vector space with the basis {v{,v,}. We define an action of A on D as

follows:
x-vi=-vy, y-v=0,
XV ==V, Y-:Vo=Vq.

Then, D is an indecomposable A-module.
Proposition 3.2. Any d-dimensional, non-simple, indecomposable A-module V is isomorphic to D.

Proof. Assume that V is a d-dimensional, non-simple, indecomposable module with d > 2. Then,
EndV is local and EndV/rad EndV = K. Accordingly, we can assume that the matrices of x and y
acting on some suitable basis of V are X = 'E, and

A10 - 00
041 - 00

y=|: . ,A€K,
000 a1
000 0a).,

respectively, since x** = 1 and xy = yx.
One can easily see that matrices X and Y satisfy the following:

(Y- (1+7)Es) Y =0.

It follows thati = n,d = 2and A = 1 + ' = 0. Thus, we have V = D. O
In the following, set
2n—1
1 —ik k
e = ﬂ kZ:(; n x

forO0<i<2n-1.
One can easily check that {e, ey, ..., 2,_1 } is a set of central idempotents of H,,, and

z2(eg—2)=(eg—2)2=0, ze;=ez=0forl <i<2n-1.
Therefore, we have the following:
7‘{n = an @ 7_(n(eO -2)® 7‘[nel S 7_(ne'Zn—] .

Now, we can deduce the simple modules and indecomposable modules of H, by Lemma 3.1 and
Proposition 3.2:

AIMS Mathematics Volume 9, Issue 2, 2602-2618.



2610

(1) For0 <i <2n-1,letS,; be a 1-dimensional H,-module with the basis {v;}; the action of H,, is
given by

x-vi=nv, y-v,=0z-v,=0.

(2) ForO <i<2n-1andi# n, let W, be a 1-dimensional H,-module with the basis {v;}; the action
of H, is given by
x-vi=nv, y-vi=(1+7)W, z-v;=0.

(3) The indecomposable H,-module V; is produced by extending D, which is given in Lemma 2.2.
Corollary 3.3. V| = H,e, is the projective cover of S ,.

Proof. First, by a straightforward calculation, we have
x'e, = (=1)e,, x'ye, = (=1)'ye,, ze, = 0, yze, = 0.
It follows that {ye,, e,} is a basis of H,e,; the action of H,, is given by

x-ye, =-ye,, y-ye,=0, z-ye,=0,
xX-e, = —e,, y-e, =ye,, z-e,=0.

Hence, it is easy to obtain V; = H,e, and S, = topV; by Lemma 2.2.
The proof is finished. O

Lemma 3.4. H,z = V, is a 2-dimensional indecomposable projective H,-module.

Proof. First, it is easy to have H,,z is projective, since H, = H,z ® H,(1 — z). Moreover, we have
Xz=2z Xyz=yxz=yz, 22 =2z, yz = yz

It follows that {z, yz} is a basis of H,,z; the action of H,, is given by

xX-z=2, y-Z =Yz 7-2=2,
X-yz=yz, y-yz=2yz, z-y7=2z.

By Lemma 2.2, it is easy to obtain that H,z = V.
Suppose that V, = A; @ A,, where A; and A, are nonzero. One has 0 # ¢ = kjz + kyyz € A, for
some k; # 0 or k, # 0. Then,

voo=(ki+2k)yz€ A, z-¢=(k +2k)z€A.

If ky + 2k, = 0, we get that ¢ = k,(2z — yz) € Ay with k; # 0 and 2z — yz € A;. Accordingly, the
decomposition yz = (yz — 2z) + 2z implies that 2z € A, and y - z = yz € A,. Hence, A, = V,, which is
a contradiction. This implies that k; + 2k, # 0, yz € A; and z € A;. Thus, we have A; = V,, which is
also a contradiction.

Therefore, H,z = YV, is an indecomposable projective module. O

AIMS Mathematics Volume 9, Issue 2, 2602-2618.
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Assume S = Kv is a 1-dimensional H,,-module defined by
X-v=v,y-v=2p 72-v=". 3.1

Reviewing the action of H, on V,, we let & = 2&, — &, &, = &; then the action of H, can be
written as follows:
x-§=¢&, y-£=0 z-§=0,
X-&H=8, y-&§=28, &= +&.
We get that § = topV, and the exact sequence

(3.2)

0-8S)->V,—»> 8 —>0.

It concludes the following theorem.
Theorem 3.5. The following is a complete set of all simple H,-modules up to isomorphism:

(1) One non-projective simple module S, with the projective cover Vi;
(2) One non-projective simple module S with the projective cover V5;
(3) 4n — 2 projective simple modules S ; and ‘W;, where 0 <i <2n—1andi # n.

We also need more preparations to list all the indecomposable H,,-modules.
Lemma 3.6. H,(eg —2) = So ® W,.
Proof. For 0 <i <2n -1, we have
X'(eg—2) = X'ep— x'z=ey -z,

x'y(eg — z) = yx'eg — yx'z = yey — yz,
and
2eg—2)=ze0— 2" =0, yzleg—2) =yz—yz = 0.

Set vy = 2ey — 2z — yeo + yz, Vo = yeo — yz; then, {vi, v,} is a basis of H,(ey — z) and

x-vi=vy, y-vi=0, z-v; =0,
X-Vy=Vy, Yy-Vvy=2v, Zz:-v,=0.

By Lemma 2.2, H,(eg — 2) = So ® W.
The result follows. O

Lemma 3.7. For 1 <i < 2n — 1, we have the following:

(1) Homg, (H,e;, Hyep) = 0;
(2) Homﬂn(ﬂneOa 7_{nei) =0.

Proof. (1) By [2, Lemma 4.2], we have
Homgy, (H,e;, Hyeo) = e;Hyeg = 0,

since e;eq = ege; = 0, and xy = yx,xz =zxfor 1 <i <2n-1.
The proof of (2) is similar to (1). |

AIMS Mathematics Volume 9, Issue 2, 2602-2618.
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Lemma 3.8. (/) Homg, (V,, Wy) = 0, Homg (V>,S,) = 0;
(2) Homg, (S, V>) # 0, Homy, (Wy, V) = 0.

Proof. (1) By Lemmas 3.4 and 3.8, we have
HOI’I’I(HH ((Vz,(W()) = Homwn(‘an, W()) = Z(W() = 0.

Similarly,
Homwn((Vz,So) = S() =0.

(2) By (3.2), S is the socle of V,. Thus,
Homgy, (5o, V2) # 0.

For W), the result is obvious. i

According to Lemmas 3.6-3.8, one can easily see that V, @ S is a block of H,. Meanwhile, the
indecomposable modules of other blocks are either 1-dimensional or 2-dimensional. Therefore, we
only need to consider the indecomposable modules of the block C =V, & S .

Proposition 3.9. The quiver of the block C is as follows:
(431
O—>0 .,
0 1
Proof. On the one hand, V, is the projective cover of S, and S is projective by Lemma 3.4. Therefore,
Exty, (S0,S) = 0.
On the other hand, we have the following extension of Sy by S:
0-Sg>YV,—>85 —>0.
Assume that
050> 0—->95—->0

is another extension of S by S, where Q is indecomposable of the basis {v{, ,}; the action of H),, is
given by

x-vi=vy, y-v =0, z-v; =0,

X-Vy=Vy, Y-Vp=2Vy, Z-Vvy=kv+,,
with k # 0.

Now, let i : V, — O, which is given by &| = kv, & +— v,. Then, h is an isomorphism. It follows
that
dimExtlﬂn(S ,S0)=1.

The result follows. O

Theorem 3.10. The algebra H, has 4n + 2 pairwise, non-isomorphic, indecomposable modules:

(SLWi8 | 0<ij<2n—1,j#nfu{V, V).

AIMS Mathematics Volume 9, Issue 2, 2602-2618.
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Proof. By Proposition 3.9, the quiver of block C is as follows:

)
O—>o0,

0 1

It is easy to see that this block has non-isomorphic, indecomposable modules S(, S and V,. By
Theorem 3.5, we get 4n + 2 pairwise, non-isomorphic, indecomposable modules of #, as the
aforementioned list. O

4. The left cell modules of H,

Let A be a positively based algebra with a fixed positive basis B = {qa; | i € I} with the identity a;
of A. For i, j eI, set

l*]:{k|7§$?>0}.

This defines an associative multi-valued operation on the set / and turns the latter set into a finite multi-
semigroup, see [9, Subsection 3.7]. If there is an s € [ such that j € s % i, then we denoted it by i < j.
Fori,jel,ifi <, jand j <; i, we denote it by i ~; j, which is an equivalent relation. The associated
equivalence class is referred to as a left cell. Moreover, we write i <; j, provided thati <; jand i +; .

Assume that £ is a left cell in /, and let £ be the union of all left cells £ in I such that £7 > £. Set
Z = L\ L. Let M be the vector space spanned by aj, where j € £, and Ny be the vector space spanned
by a; with j € Z According to [8, Proposition 1], M, and N, are submodules of 4A and Ny C M. It
allows us to define the cell module Cgx = M /N . Especially, if Z = (0, denote it by N, = 0. For the
study of cells and cell modules, the readers can refer to [6-8, 11-13].

Now, we investigate the left (right) cells and left (right) cell modules of H,,. By Theorem 2.5,

B={L.M; N |0<i,j<2n-1,k=0,1|

is a positive basis of H,,.
Proposition 4.1. The algebra H,, has three left cells L, L, and L3, as listed in the following;

(1) Ly ={i|iis the index of L;,i € Zy,};
(2) ~52:{jljistheindexofM~,jGZzn};
(3) L3 = {k |k is the index of Ny, k =0, 1}.

Proof. (1) Set i,i’ € Z,, and i < i’. We obtain Ly_; - L; = Ly by Proposition 2.4. It follows that
i’ € (i’ —i) % i, which implies that i <; i’. Similarly, we have L,,_y,;- Ly = L;; then,i € 2n—1 +1i) %7
and i’ <; i. The equivalent relation i ~; i’ holds and £, is a left cell.

(2) Set j,j € Zr,and j < j. Wehave j € (j— j) x jand j <, j,since Mj_;- M; = Mjy + Mj,,.
Similarly, we obtain that j € 2n + j— j') x j and j* <, j. Hence, £ is a left cell.

(3) By Proposition 2.4, it is obvious that Ny - Ny = 2Ny and N; - Ny = N;. Thus, we have 1 <; 0
and O <; 1. Therefore, L5 is a left cell.

The proof is completed. O

Corollary 4.2. For the left cells of H,, we have L, <; L, <; Ls.

AIMS Mathematics Volume 9, Issue 2, 2602-2618.
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Proof. For i, j € Zy,, we have M - L; = M, jmoa2n) by Proposition 2.4. It is clear that £; <; L.
Furthermore, by Proposition 2.4, it is easy to see that

N()'Mj:N()+N0, N]'Mj:N]-l-N].

Thus, £, <; L3 holds.
Consequently, we have £; <; £, <; L3. |

Proposition 4.3. For the left cells L,, L, and L3, the corresponding left cell modules Cr,, Cr, and
Cy, are given as follows:

(1) Cy, = Span{L; | i € Zo,}, where L; = L + Ny, Nz, = Span {M;, Ny | j € Zo,.k = 0,1};
(2) Cy, = Span {M; | j € Zs,}, where M; = M; + N_,, and
Ny, = Span{N; | k =0, 1};

(3) Cp, = Span{Ny | k = 0, 1}, where Ny, = {0}.

Proof. (1) As is shown in Corollary 4.2, we have
Li=LiVLULy, Li=LUL.
By Proposition 4.1, it follows that
My, = Span{Li, Mj, Ni|i, j € Zo,, k= 0,1},

and
Ny, = Span{M;, Ni | j € Zy,, k=0,1}.

Hence, .
Cr, =Mz I[Ny = Span{Si |ie Zzn}.
(2) By Corollary 4.2, we have

L =L,V L, EZL}

It follows that
My, = Span{M;, Ny | j € Zp,, k=0,1},

and
Ny, = Span{N; |k =0,1}.

Therefore,
Cr, = Mg /Ny, = Span{Mj | je Zzn}.
(3) By Proposition 4.1 and Corollary 4.2, we have
Ly=L; and L; =0.

It follows that
Mg, = Span{N, | k = 0,1}, and N, = {0}.

Hence,
Cry = Mg /Ng, = Span{N; |k =0, 1}.

The proof is finished. O
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By Proposition 4.3, we see that C;, = Span {EI i € Zzn} and write y; = L;with0 <i<2n-1.
Then, the action of H,, on C, is defined by

XM = Hitl(mod2n)s Y Mi = 0, z M= 0.

Now, set
1

Xi:2—(ﬂ0+77_i/l1+77_2i/l2+"'+77
n

—(2n-1)i
an )l,UZn—l),

where 0 <i<2n-1.
A straightforward calculation shows that
xxi=nxi, y-xi=0, z-x;=0.
Theorem 4.4. C, is decomposable and
Cr,=285008510---®852,-1.

Proof. By Lemma 2.2, the 1-dimensional H,-module Ky; = S;. Hence, S, is a submodule of C,,. We
easily see that
dlmK(So @Sl ®--- @Sznfl) = dimKCLl,

and conclude
CLI =S50DS 1D DSH_1.

The proof is completed. m|

For the left cell module C,,, we have C;, = Span {ﬁ] | je Zz,l} and denote v; = E with 0 <
Jj < 2n—1. Itis easy to see that

X Vi ="Virimod2n)» Y Vj =Vt Viri(mod2n)» < V= 0.

Set

1 _j wy —@n-1)j
LL)j:E(Vo-i-n]V]-I-?] ]V2+"'+I7(n )jVQn_l)

forO0<j<2n-1.
Then, a straightforward calculation shows that

xwi=nw, yow=>01+7)w, z-w;=0.
Theorem 4.5. C, is decomposable and
C.Cz = Woyd--- oW, 108, W, D ® W,

Proof. On the one hand, by Lemma 2.2, we see that the H,-module Kw; = W, when j # n, and
Kw, = S,. Hence, ‘W, is a submodule of C, for0 < j <2n—1and j # n.
On the other hand, it is easy to see that

dimK((Wo D--- @Wn_l @Sn @(W,H.] D--- 69(W2n_1) = dimKCLz.

Hence,
CLZ E(Wo@"'®(wn_1@Sn®(Wn+1®"'®(W2n_1.

The proof is finished. O
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Theorem 4.6. C ., = V, is indecomposable.

Proof. By Proposition 4.3, for the left cell module C,,, we have C,, = Span{N; | k =0, 1}, on which
the action of H,, is given by

x-No=Ny, y-No=Ni, z-Ny=N,
x-Nip =Ny, y'N1:2N1, z- Ny = 2Nj.

Hence, Cz, =V, by Lemma 3.4.
The result follows. |

Finally, we give some remarks for the right cell modules of H,,. For the positive basis B, if there is
an s € [ such that j € i x s, then one can denote it by i < j. If i < jand j <p i, then one can denote
it by i ~g j, which is an equivalent relation. The equivalence class is called a right cell. The similar
statement to Proposition 4.1 shows that #, has the following four right cells:

(1) Ry ={i|iistheindex of S;,i € Z,,};
(2) Ry ={j| jis the index of M, j € Zy,;
(3) B3 ={0] 0is the index of Ny} ;

(4) Ry ={1]1is the index of N,}.

We see that R; <z R, <z Rz and R; <z R <z R,. Consequently, we get the following:
(1) Cg, = Span{y; | i € Z,,}, on which the action of H,, is given by
Hi* X = flivimod2nys  Mi-Y =0, pi-z2=0.
(2) Cg, = Span {v SANAS Zz,z}, on which the action of H,, is given by
Vit X = Vislmodn), Vj'Y =Vj+ Vitimodznys VjZ=0.
(3) Cg, = Span {£;}, on which the action of H,, is given by
§ox=&, &-y=2, &H-z=&.
(4) Cg, = Cg,.

5. Conclusions

In the paper, all indecomposable modules of H,, a family of positively based algebras, are
constructed and classified. Also, their left cell modules are described. In our further study, we will
focus on the family of positive based algebras associated to the Green algebras of the dual of the
generalized Taft algebra. These results may help us to understand the general representation theory of
a positive based algebra.
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