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Abstract: Fractal interpolation function (FIF) is a new method of constructing new data points within
the range of a discrete set of known data points. Consider the iterated functional system defined through
the functions W,(x,y) = (a,x + e,, @,(x)y + ¥,,(x)), n = 1,..., N. Then, we may define the generalized
affine FIF f interpolating a given data set {(x,,y,) € I X R,n = 0,1,...,N}, where I = [xg, xy]. In
this paper, we discuss the smoothness of the FIF f. We prove, in particular, that f is #-hdlder function
whenever ,, are. Furthermore, we give the appropriate upper bound of the maximum range of FIF in
this case.
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1. Introduction and main results

In approximation theory, fractal interpolation is an alternative to classical interpolation used when
studying irregular curves. The motivation to study fractal interpolation functions (FIFs in short) comes
from the fact that most time series studied in practice often exhibit fluctuations or abrupt changes that
fractal interpolants can intrinsically model. The results indicate that the use of fractal interpolation
in many areas (financial applications for example) is promising. The concept of the FIF was first
introduced by Barnsley [1] via an iterated functional system (IFS in short) on a compact subset of
R, which fundamentally acts as the pivot to construct fractals. Since then, this theory has become a
useful and powerful tool in applied science and engineering [2—6]. Moreover, various and important


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2024127

2585

properties of FIF have been proved, including smoothness, stability, and disturbance error (see for
instance [7-12]).

Specifically, IFS is a collection of a complete metric space (X, d) with a finite set of continuous
mappings wi,w, ..., wy, for N > 2. One can find that there exists a compact set G = Uszl w,(G)
referred to an invariant set or an attractor to the IFS. Moreover, Hutchinson’s idea gives that the
invariant compact set G is fully determined by the IFS, and also G is the limit of a sequence of sets that
can be built by the members of the IFS (see for instance [13—19] for some extension of Hutchinson’s
framework). Recently, many researchers have been working on some extensions of the IFS framework
(generalized contractions or more general spaces...). Fixed point theory plays a significant and vital
role in the existence of invariant sets in different types of IFSs. To this end, many researchers have
studied the existence of FIFs by using different results related to the fixed point theory [9, 10,20-23].

A function g, defined on a set /, is said to be a Holder continuous function with exponent 6 ( or
shortly 6—Holder function) when g satisfies

lg) —g)| < cx -, vryel

for some positive constants ¢ and 0 < 6 < 1. This relation is called the Holder condition and, when
6 = 1, the function g is said to be Lipschitz in / with Lipschitz constant c. Let ® : R, — R, be a
function. Then g is said to be a ®-Holder function if

g — g < O(y —x]), VYx,yel

We denote Hq (1) the class of all ®-Holder functions on 7 [24,25] : It is well known that the class of
Ho(1) is closed and convex with respect to the pointwise supremum and infimum [24]. We say that ©
satisfies the doubling condition if there exists & > 1, depends on @ and called ®-Hdolder constant, such
that

O(bx) < EbD(x) for b >1 and O(bx) < ED(x) for b < 1.

Also, we denote by 7—(%(1 ) the family of ®-Holder functions such that @ satisfies the doubling condition.
The most important class of functions satisfies the doubling condition on R, are the increasing and
subadditive function, that is, ®(x + y) < ®(x) + ¢(y), with ®(0) = 0.

Forn e J:={1,...,N}, let @, : I — R be a Lipschitz function and ¢, : I — R be a continuous
function. In this paper, we consider the generalized affine FIF defined by

L,(x) =a,x+ e,
neJ, (1.1

Fn(x’y) = a’n(x)y + lﬁn(x)’

where, the real positive numbers a, and e, are determined by condition (2.1) and such that
conditions (2.2) and (2.3) hold. This system is extensively studied when the functions {«,}, are
constants (they are called vertical scaling factors) [7, 8, 12,26-29]. Further, the IFS can be selected
suitably so that the corresponding FIF shares the quality of smoothness or non-smoothness. This
depends on the choice of the vertical scaling factors and the functions ¢, [26,27,30]. Then, choosing
the appropriate vertical scale factors and functions ¢, remind fundamental and they can fit the real
rough curve precisely. Consider the case where the vertical scaling factor parameters are constants, then
Chen [28], Chand and Kapoor [26,27] studied the smoothness of a class of FIFs and the smoothness
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of coalescence hidden variable FIFs, respectively, using the techniques of operator approximation.
Moreover, and in the case where ¢, n € J, are Lipschitz functions defined on / Yang and Yu [30]
investigated the smoothness of a class of FIFs with variable parameters using new techniques. In this
paper, we consider more general cases by letting ¥, € 7-{(%(1), n € J. Our smoothness results are
obtained by evaluating |f(x) — f(y)| for x,y € I. To this end, we study in Section 3, the effect of the
choice of the function i, on the FIF denoted by f, when ¢, € ?{g(l). More precisely, we will prove
the following result.

Theorem 1.1. Let f be the FIF generated by the IFS (1.1) and assume that ¥, € 7-((%([). Let { =
max, |[¥,lle, @ = min, a,, @ := max, ||a,llw & = &a" and C := max, C, where C, is the Lipschitz
constant of a,,. For a given x,y € L, ,, , (I), we have

k

k r—2C
£ = F < Y g0l =]) + D) S [x = @™ = 1) + 204l
r=1 r=2

Note that Theorem 1.1 considers only the case when x,y € L, ,, , (I) (see definition in Section 3).
However, for any x,y € I, there exists ky and {anj} j» such that

ko+1 ko

nanjslx—y]snanj, n;€J.

j=1 j=1

It follows that x,y € Lmnz._,nk0 (1) or x and y are belong to the adjacent two intervals with common
boundary point denoted by z and then [f(x) — f(y)| < [f(x) — f(2)| + |f(z) = f(¥)|. The previous
calculation may gives the useful upper bound of |f(x) — f(y)| for all x,y € I. Moreover, , the most
widely ®-Holder functions are the #-Holder functions. To this end, let ®y(x) = s|x|?, for some positive
real number s and 6 €]0, 1]. As an application of Theorem 1.1, we obtain the following result.

Corollary 1.1. Let f be the FIF generated by the IFS (1.1) such that «, are constant parameters,
W, € 7-((%0 (I). Assume that a := max, |a,| < a = min, a, then the function f is a 8-Hélder on I, that is,
there exists a positive constant d’ such that

If(0) = fOl <d'|x -y, x,y €l
2. Preliminaries

2.1. Iterated function systems

Let (X,d) be a complete metric space. We define H(X) to be the set of all nonempty complex
subsets of X and g : X — X. The mapping g will said to be a contraction if there exists ¢ € [0, 1)
such that

d(g(x),g(y) < cd(x,y), Vx,y € X.
We define, on the set H(X), the Hausdorff metric dy defined as

d(A, B) = sup in£ d(x,y) and d(B, A) = sup in}: d(x,y), A, B e H(X),
Y€ ye

xX€A xeB
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where dy(A, B) = max{d(A, B),d(B, A)}. It is well known [31], that the space (H(X), dy) is complete,
and compact whenever X is compact. Now, we consider the IFST = {X, w, ; n € J}, wherew, : X —
X is a continuous mapping for n € J, and the Hutchinson operator W as a selfmapping of H(X) by

N
W(A) = U wo(A), VA eHX).

n=1

N
A set G € H(X) is said to be an attractor of the IFS if it satisfies G = U w,(G) thatis W(G) = G. In
n=1

fact, the IFS admits always at least one attractor [1]. Moreover, if the IFS is hyperbolic, that is each w),
is a contraction, then we can prove that the operator W is a contraction mapping on (H(X), dy) [1,31].

2.2. Fractal interpolation function

The FIF can be defined as an interpolant function such that its graph is a fractal, or also as fixed
point of maps using the notion of IFS. More precisely, let I = [xg, xy] be a real compact interval and
let A = {(xn,yn) elIxXxR;neJy:= {O,l,...,N}} be a set of data, where xo < x; < -+ < xy,
y; € [a,b], with —co <a < b < . Forn € J, set I, = [x,_1,x,] and let L, : I — I, be a contractive
homeomorphism such that

L,(x0) = xp-1, L,(xn) = X, 2.1
|L,(x) — L,(x")| < l|x = X|, Yx,x el
for some 0 </ < 1. We consider N continuous mappings F), : K := I X [a,b] — R satisfying
Fy(X0,Y0) = Yn-1, Fu(XN, YN) = Yns (2.2)
|Fa(x,y) = Fu(x, )l < [rally = ¥'l, Vxel, y,y €la,b], (2.3)

for some r, € (-1, 1),n € J. Now, we define the mapping W, : K — I, X R, as
Wa(x.y) = (Lu(x), Fu(x.)),  Y(x.y) € K.n €l

It is well known that the IFS {K, W, : n € J} has a unique attractor G. Moreover G is the graph
of continuous function f : I — R that passes through all interpolation points (x,,y,), n € J. This
function is called FIF corresponding to the points (x,,y,), n € J. It is a self-affine function since each
affine transformation W, maps the entire graph of the function to its section within the corresponding
interpolation interval [1].

Let G = {g : I — R, such that g is continuous, g(xo) = xo and g(xy) = xy}. Then, (G,p) is a
complete metric space, where p is a metric defined by

p(g.h) = lig = hllew = max{lg(x) = h(x)| : x €I}, Vg ,heg.

Therefore, Read-Bajraktarevic operator 7', defined on (G, p) by
T(g(x) = Fo(L;' (0, 8(L,' (), x€l,nel
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1s a contraction mapping. Indeed, using (2.3), we obtain

ITH) =TI < allf = gllw,

where « := max, |a,|. Hence T possesses a unique fixed point f on G and then the FIF is the unique
function satisfying the following functional relation

f) = F(L,' ). f(L,'(x))).  VYxel.nel (2.4)

The most widely studied FIFs are defined by the following system

neJd,

L,(x) =a,x + e,,
Fn(x,y) =y + ‘ﬁn(x),

where the real constants a, and e, are determined by condition (2.1), ¥, are some continuous functions
such that conditions (2.2) and (2.3) hold, a,, € (-1, 1) are free parameters, called vertical scaling factors
of the transformations W,, and have an important consequences on the properties of the FIF. Indeed,
if we consider the case of equally spaced interpolation points, we obtain smooth or non-smooth fractal
function depending on the scaling factors choice. More precisely, we have the box dimension D of the
graph of the FIF defined by [31]

log ( ZnN:1 |a/n|)

e (2.5)

In particular, if @ = --- = ay = a then D = 2 + log, |@|. Nevertheless, there are questions about
optimal choice of the vertical scaling factors «,, n € J, so that the obtained curves fit as closely as
possible the real values. There are different ways to measure the quality of fit of the interpolation, for
example one can use the normalized mean squared error [22] (see also [32,33]).

In Figures 1-4, we plot the FIF associated to the interpolation points
A= {(O, 9),(0.2,11),(0.4, 15), (0.6, 8), (0.8, 12), (1.0, 10)}.

However, different vertical scaling factors are employed in each construction. As, we can see, we
obtain different shape of graph of FIF even, here, the vertical scaling factors were carefully selected,
so that the box-counting dimension of each graph is equal to D = 1.3988. Hence, the self-similarity
of the fractal interpolation curve depends on the choice of the vertical scaling factors. To this end,
considering more general case by choosing a variable parameters (,(x) instead of constant parameters
a,) provide a wide variety of systems for different approximations problems [30]. In the present work,
we consider the IFS, with variable parameters [30], defined by (1.1). In this case, the FIF will be called
generalized affine FIF and denoted by f* where @ := (@1, a»,...,ay) (or simply by f if there is no
ambiguity).
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Figure 1. Scaling factors o = Figure 2. Scaling factors o =
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Figure 3. Scaling factors o = Figure 4. Scaling factors o =
(0.3,-0.5,0.4,-0.3,-0.5). (-0.2,-0.6,0.3,0.5,0.3).

3. Fractal interpolation function defined using ®-Holder functions

In this section we consider the generalized affine FIF generated by the IFS defined by (1.1) in
Section 1 We will assume, for n € J, that the functions ¢, € (Hg(l) and @, : I — R are Lipschitz
functions, with Lipschitz constant C,, such that & := max, ||@,|l. < 1, where ||@,||. := sup {@,(x); x €
I,n € J}. Now, for x € I, let

Lnlnz...nk(x) = Ln1 © an ©:-+0 Lnk(x)
anz‘..nk(l) = Ln1 o an ©:--0 Lnk(l)’

where n; € J, k > 1, j € {1,...,k}. We define also, for j = 1,...,k — 1, a shift operator o’ by
ol(mny...ng) = njyy ...ng and

Lo--/(nlnz...nk)(x) = Lnj+1...nk(x)a 1< J <k- I,

while Lk, n,. n)(X) = x. In this paper, we consider the following convention H?: 1S j(x) = 1 for any
family of functions {S ;};.

3.1. Proof of Theorem 1.1
First, we will prove the next lemma which will be useful in the proof of Theorem 1.1.

Lemma 3.1. Let k > 1, for all x,y € Ly,n, »,(I), nj € Jand j=1,...,k, there exist X,y € I such that

AIMS Mathematics Volume 9, Issue 2, 2584-2601.
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(1) x = (TT5s an)®+ 25, (T12 @, Jen, and y = (T3 an )5+ ooy (721 @, )en,-
(2) Letl € {1,...,k}, then

/

|L0"(n1n2u.nk)()_c) - Lal(nlnz...nk)(y)‘ 1—[ Cl |-x y|

(3.1
Jj=1
and, there exits a positive constant & == éa™!, such that
wnz(LO"(nlnz...nk)(x)) - wnl(l‘o"(mnz...nk)()_)))‘ < é:lq)(|x - )’|) (32)

Proof. Using a successive iteration and induction (see [30], Lemma 3.1, and [34], Lemma 1) we have
foralln;e J, j=1,...,k,

—

r—

k k
nlnz nk(x) 1—[ an, X+ Z Aay;

j=1 r=1 j

Jea. (3.3)

Il
—_

Since for every x,y € [ there exist X,y € [ such that x = L,,,,..,,(X) and y = L, ,,..,,(9), the first
assertion follows. Now, for / € {1, ..., k}, we have

k=1 k-1 r-1
LO'l(nlﬂzmﬂk)()_C) = ( a"l+/ )_C + E anH/ €nir

j=1 r=1 j=1
k—1 k k r—1 k-1 r-1

= ( an1+j | | a [X : an_] enr + ( anl+1) Nyyr
j=1 j=1 r=1 j=1 r=1 j=1
L k r—1 k-1 r-1

_ -1

= ([ [a)x= 2 (] Tan)en] + 2 (] [an )en.
j=1 r=1 j=1 r=1 j=1

Similarly, we have Ly, n,. ») ) = (]—[1 14y )[y >k (H;;i anj)e,,r] + Yk (H;‘i anlﬂ)enm and, as a

consequence, we get (3.1). In addition, since @ satisfies the doubling condition, there exists a constant
& such that

In (Lt 10 D) = YLty )| < @(\L(,Wz...nk)(fc) = Lot 3|
< o l—[

j=
&(x )

O

Now, we will give te prove of the Theorem 1.1. For this, let x,y € L, ,([). Then, by
Lemma 3.1, there exist X,y € I such that x = ( ]—['J‘-:1 a,,j))'c + 3k, (H; . Qn; )enr andy = (]_[';-:1 anj))‘) +
AIMS Mathematics
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Z’,‘zl (]‘[; % a,. )en Moreover, using [30, Lemma 3.2], we get for r > 2,
‘ n anz(LO'/(nlnz nk)(-x)) n anl(LO'/(nlnz nk)(y))‘
I=1

-1
Z . 2CW'LO"(nlnz...nk)()_c) - Lo"(nlnz...nk)()_))'
o : (3:4)

’2C l_[a |x y|
=1 ]:]
r—1

<a'” 2C|x y Za

=1

IA

o2
C|x — y|(a1_’ -1).
—-a

Now, since f is the FIF generated by the system (1.1), we obtain, using the successive iteration and
induction,

k
£ = fLans D) =] | | 0, Loy (D) £

j=1

3.5)
k r—1
+ Z [ l_l a’nj(Lo'-/(nln2...nk)()_c))]‘pnr(L0"(n1nz...nk)()_c))-
r=1 j=1
As a consequence, we get
k r—1
£ = LN < DT T et Lo O, (Lo o ()

r=1 j=1
1

r—

l_[ a, (LO'j(}’ll ny...) (}_]))]wn, (La’(nlnz.‘.nk)(y))l

Jj=

k
+ |[ n @n (Lm("lnz ”A)(x)) f(x) 1_[ a”/(LO'f(nlnz nk)(y)) f(y)‘

j=1
Now, using (3.2) and (3.4), we obtain

r—1

k
£ = FO < 3 [T T e Lm0 )|
r=1 j=1

J=

lﬁn, (Lcrr(n] nz...nk)(-i)) - wn, (La'r(m nz...nk)(_)_;))|

‘1_[ a’n,(Lo-!(nlnz nk)(x)) 1—[ a’n,(La-!(nlnz nk)())))‘ ¢nr(L0r(nln2 nk)(Y)

+ 2cvk||f||o<>

k 1 k ‘a2
s;grar— q)(|x—y|)+§ —

C —-r
—[x =)@ = 1)+ 20"l
when we have used (3.2) and (3.4).
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Remark 3.1. Let x,y € I and ko be an integer such that

k0+1 k()
[Taw ste=-n1<]]an. netl. ..k (3.6)
j=1 j=1

In order to simplify, we may take C = « ( this is the case, for example, when «,, are constant functions
a, for all n € J). Therefore, using Theorem 1.1, we have, for all k > kq,

k

k
f@) = FO < Y & D jx =) + Z
r=1

r=2

|x @™ = 1) + 204 fllo.

Moreover, we can choose k large enough so that

k

k
F@ - o) < D & o(lx—y) + Z
r=1

r=2

Ix a'™,

k r—1
that is, we may take = = 20| fllo — Z g;a |x - y| < 0. Indeed, let A, = a"*' < |x —y| by (3.6) and
—a
r=2

then

r 1
=, = 20 fll. - Z -]

k éaa,r—l
k
r=2 1 = 2a[ ”f”OO_Aer:; 1—(1
L Alla k-1
< 2aflle - m(l -a')
) ~ Al Al
< « [2||f||oo (1 - a)(1 — a)ak! + (1-a) - a))].

Therefore, we only have to take k such that

Al Al i
(1-a)l -a)a*! ~ 271l + —a)(1-a)

1]
[

or

o ! < = Ag .
E(l-a(l-a)

In particular, take ®(x) = |x|° for 6 € (0, 1]. It follows, since we can choose & = 1 and then & = a™,
that

1700 - f(y)|<Z§r ey + 25 B

y' Z( y+ 0 —y|2< y

e =]

<

o

a—a«a a)(a —a)

AIMS Mathematics Volume 9, Issue 2, 2584-2601.
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Example 3.1. The nowhere differentiable Weierstrass function is given by
0= Fetx),  xeR, (3.7)
k=0

where | > 2 be an integer, 1/l < A < 1 and ¢ : R — R is a Z-periodic real analytic function. This
function displays self-similarity on different scales (see Figure 5) and it’s graph exhibits fractal-like
behavior, with intricate and complex structure on all scales [35, 36].

A=0.8, 1=2.0 A=0.7,1=3.5 A=0.6, =12

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 5. Weierstrass function for different choice of variables A and [ with ¢(x) = cos(2rx).

In this example, we consider the classical Weierstrass function f, that is, when ¢(x) = cos(2mx).
Let I = 10,1, N=1=3and A = 1/2. Now consider

W0y = (2=t m)),

Ly + o
where a,(x) = % + (—1)““’/2]%, forn € {1,2,3}, where |n/2]| means the integer part of x. In this
case, we have Weierstrass function f is the FIF defined by {W,l}z:1 [37]. Therefore, forn = 1,2,3, we
have r,(x) = COS(M) and then, for x,y € I, we have

(x,y) € I XR, (3.8)

Yn(x) — wn(y)| = ’ sin (23—7Tx + 23—7rn - 7_6r) — sin (23—7ry + 23—7Tn - %)‘

2 sin (5= )| < e,

IA

=y

5-). Therefore, the function ¥, is

where, we have used the inequality | sin(x) — sin(y)| < sin(?)cos(
®-Holder function with ®(x) = %’rx (& = 1). In this case, we have
1 1

1
a=z, & =a’; CZZ, @< and ¢ =1.

Now, applying Remark 3.1, for k large enough and a given x,y € L, ,, , (I), we obtain

k £ la™2C
@ =0l < Y &a ok —y])+ Y v —la"
r=1 r=2
2r Yoa, C o .,
= 3—a|x—y|;(2) " (1 —a)oz|x_y|;(5)
8t 3 9
< a |x—y|(?+§):(8ﬂ+§)|x—y|.

a—a

AIMS Mathematics Volume 9, Issue 2, 2584-2601.
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3.2. Proof of Corollary 1.1
In this section, we will prove some consequences of Theorem 1.1. For this, for each n € J, let

U, € Wg(l) and assume that ¢ := | £,a” < co. We define the function

x(x) = 2My(®(|x = y]) + x = y1),

where
¢ ¢{Ca

2
S Enfnoo}.

As a consequence of Remark 3.1, we obtain, the followmg result.

M, = max {

Proposition 3.1. Let f be the FIF generated by the IFS (1.1) such that ¥, € 7—((%(1 ) and a,, are Lipschitz
functions for each n € J. Assume that ¢ := ). &,a" < oo. Then f is y-Holder function on I.

Proof. Let x,y € I, then there exists ky such that (3.6) is satisfied. If k, = O then we prescribe
Lnanm”kO (1) = I. First, we consider the case when x,y € L,Wmnk0 (1), then, using the same notation as in
Theorem 1.1, we have

ko 1 b rar-2C
Zfra/r_ d)(|x—y|) + Z -

f) = f)I < x = yla'™" + 20| flle
< Zfr a|x— ) + f(l —yIZa o ‘f""*‘nfn x>yl
s¢Ca
< 2oflr-)+ [5(1 5||f||oo]|x—y|,

< Ml((D(|x —y|) + |x —yl) = %X(|x —y|).

where we have used the fact that & a* < 1. Now, we consider the other case, that is, when x,y do
not belong to the same subinterval L,,lnz,__,% (1) but (3.6) holds. Then, clearly the reals numbers x and y
must belong to the adjacent two intervals with common boundary point denoted by z. It follows that

= O < 1) = f@I+1f@) = fO) < 5 Le(lx—) + X(|y—Z|)

x(Jx =)

IA

O

In the following we will give the proof of the Corollary 1.1. For this, let f be the FIF generated by
the IFS (1.1) and let ®(x) := ®y(x) = s|x|’, for some positive real number s and # €]0, 1]. We assume
that, for eachn € J, y, € ‘Hgo(l). Again, we set { := max, ||V,/l~, @ = min, a,, @ := max, |@,| such
that @ < a.

Now, under our hypothesis, we note that C =, é =1, ¢, = a! and

= (6 -

r=1
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Therefore, we deduce

C
=0 < 250 =)+ 2] 55+ 2l
2as’ 24’&3
< s )+5||f||oo]lx—y|
2&8 20a° 4
=+ T ~ Il e = 1

that is, the function f is a 6-Holder on 1.

Example 3.2. In this example, we consider the Weierstrass function defined in Example 3.1 by (3.7).

Let I = [0, 1] and the interpolating points xo = 0 < x; < --- < xy = 1 such that x, — x,_1 = 1/N
(N = 1). We consider the following system defined as
L X _1,
(X) N N x+n—1 (39)
Fu(x,y) = ay + ¢(557),

where a = A. It is well known that the function f is a FIF [37]. Indeed, consider, for n € J, the function

W,(x,y) = ($, ay + ¢(%N_l)), (x.y) € [0, 1] X R.
It follows that
1
L) = [ = o )+aZa¢<ka>—¢( “1)+afw

and thus

N
Cf = U Wn(Cf)
n=1

Therefore, forn € J, we have y,(x) = cos (2”(x+"_1)) It follows, as in Example 3.1, that W, is ©-Holder

Junction with ®(x) = 3 x and then we may choose & = 1. In addition, choose a = 2N’ we get
. & =N C= - d =(=1
a= 4 .= , =e=s an c=(=1

It follows, from Corollary 1.1, that

[ 2a 2_7r+ 20

a—a N (a—a)(l-a)
4 1
[ * T AN Fllo I = ¥1.

If(x) = f)

4
+ =l fllo]lx = 1
a
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4. Upper bound of the maximum range of FIF

LetI =[0,1], P = {(§.yn) € R2,n € J} be the interpolation points and D = {% € In € Jy}. We
define

N
1°D)=D, LD)-= ULn(D), and LX(D)=Lo---oLD),

n=1

k times composition. In this section, an interesting case of the system (1.1) will studied. Indeed,
in [38], the author observed that we can use the theory of FIF to generate a family of continuous
functions having fractal property from a given continuous function and with different values of fractal
dimension. Let f € C(I), the normed space of real valued endowed with the uniform norm continuous
function on /, we define the following system

{Ln(x) =a,x+e, @.1)

Fn(-x’ )’) = oz,,(x)y + f(Ln(-x)) - Cln()C)l’)(X),

where the real constants a, and e, are determined by condition (2.1), the functions @, : I — R are
Lipschitz functions, with Lipschitz constant C, such that @ := max, ||le,|l- < 1 and b € C(I) such
that »(0) = f(0) and b(1) = f(1). Then the FIF generated by (4.1) will be denoted by f* which
interpolates f at the nodes of the partition. Moreover, According to (2.4), the FIF f“ satisfies the fixed
point equation [30, 38—40]

£ = f(x) + an( L, ) = b)L, " (x), forall xe I,,n € J. (4.2)

Now, we will assume through this section that f and b are ®; and ®, Holder functions with Holder
constants & and &, respectively.

Lemma 4.1. Let f* be the FIF generated by the system (4.1) and assume that @ = max, ||a,ll. < 1.
Then, there exists a positive constant Ay such that

aFl + nff + Cl’é:b

R x€l,.
1-«

£ ) = yuea| <
Proof. We define, fork = 1,2,...,
T = max {|f*(x) - yol. x € L'(D)} and  y; = max {|f*(x) = yo1l,.x € LN (D) N L),

First, observe that

Iy

IA

max {|f*(x) = yu-il, x € LYD)yn1,}+ max {|y,-1 = yol}
' + . 4.3)

IA

For x € LX(D) N I,,, we have,
[ = £ + an(L; )(f* = b)(L; ()
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and then
-1
170 = yama| <[00 = S+ @l (0 ) = 3o + (L (00) = 3o

<= ) s+ 010

<&r@i(1) + al-r + @& Do(1)
Sff + aFk_l + afb.

We denote by A = &; + a&;, which nor depends on k. It follows, using (4.3), that

IA

aly+A<ay,+al 1 +A
B(aTios + A) + Ty + A

Yi+1

IA

IA

azyk_l +a Ty +al +aA+ A

IA

k k-1

. . I'+A
Za’F1+ZafA§a ! .
e , l-a
J=1 Jj=0

For any x € I,, there exits a sequence {x;}; € I, N (Uk Lk(D)) such that x; — x and then

im0 [f¥(X;) = Yu-1l = |f*(x) — yu-i1l, by continuity of the function f* . Therefore, we get

aF] + ff + Clé‘:b
l-a

fi(x) — yn_ll < , xel,

Given a function S defined on /, we define the maximum range Ry of S as

Rs(I) = sup |S(s1) = S(s2)]-

s1,52€1
Theorem 4.1. Let f be the a-FIF the IFS (4.1) with interpolation points P. Assume that a < 1, then

aF1+Hf+aHb 2
l-a 1 -

Rz (D) < min [N — (@bl + I1f1ls)}

Proof. From Lemma 4.1, we have

al’y +Hf+osz

Sup [ £*(x) = Yt | < -
I, i 04

Now, let sy, s € I, then there exists n; < ny € J such that s, € I, and s, € I,,,. It follows,

170 = G| < |0 = Yt | + umt = vy Ymset = F(52)]
al’ +Hf+CZHb

A

+...+

1-«a

In the other hand, using (4.2), we obtain

Rz < 2w < 215" = fllo + 2l
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2e

< 1—||f = blleo + 2/ flleo
-a
2

< 1—(a”b”oo + [ flleo)-
-

as required. m|
Example 4.1. Let I = [0, 1] and f(x) = x — x*. Observe that for any x,y € I, we have

f(0) = FOI < 1x =yl + 1x° =y < 3|x -y
then the function f is Hélderian with exponent 1 and Hélder constant Hy = 3. In this example, we

consider the following perturbed system

=X 4 nl
{L"(x) T (4.4)

N
F,(x,y) = ay + f(L,(x)) — ab(x),

where b(x) = f(x)/3. It follows that

1 = flle < —2|If = bllo <
(04

a
1- 6(1 —a)

In particular if @ = 1/6, we obtain
1
¢ — [ < —.
IF* = Sl = 35

Therefore, we have

2
Rz < 1—(a||b||oo+||f||w)
04

IA

1
—(a/12+1/4)
|-«
and then Rjra(l) = %fora =1/6.
5. Conclusions

In the present work, a class of generalized affine FIFs with variable parameters, where ordinate
scaling is substituted by real-valued control function, is investigated. Their smoothness is discussed
according to the choice of ,,, n € J. We prove, in particular, that the FIF is 6-holder function whenever
Y, are. Our study is limited to functions , € H3(I) and it is worth studying more general cases, for
example when doubling condition is not satisfied. Furthermore, we note that the thechnique using in
this paper does not allows to study more general case, for example where F,(x,y) = ¢,(y) + ¥,(x) with
¢, are Matkowski contractions [22].
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