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Abstract: This paper was devoted to the study of the so-called nonlinear higher Lie n-derivation of
triangular algebras 7, where 7 is a nonnegative integer greater than two. Under some mild conditions,
we proved that every nonlinear higher Lie n-derivation by local actions on the triangular algebras is
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1. Introduction

In this paper, we assume that (A is an unital algebra over commutative ring R and Z(A) is the center
of A. The main purpose of this paper is to study the structure of nonlinear higher Lie n-derivation by
local actions on triangular algebras. To achieve this goal, we first introduce some definitions related to
nonlinear higher Lie n-derivation by local actions.

Let N be the set of all nonnegative integers and A = {J,,}.cn be a family of R-linear (resp.
nonlinear) mapping 9,, : A — A on A such that 6y = id4. A is called:

a) a (resp. nonlinear) higher derivation if

Sy = ) 8105, (1.1)

i+j=m

for all x,y € A and for each n € N;
b) a (resp. nonlinear) higher Lie n-derivation if

Su(PaCxi, =+ x6)) = D Pu(3, (1), 6, (02), -+, 83, (%)), (1.2)

i1++ip=m
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where P,(xi, -+ ,x,) = [Pu-1(x1, -+, X,-1), X,] 1s a polynomial defined by induction with variables
X1, X, forall xy,- -+, x, € A; the symbol [x1, xo] = x;x — xx; is called the Lie product. If Eq (1.2)
holds only under condition x; --- x, = 0 for all x,---,x, € A and for each m,n € N, A = {O,n}men 18

said to be higher Lie n-derivation by local actions. That is, A is said to be higher Lie n-derivation by
local actions if every mapping ¢,, satisfies the equation

Sn(Palxr, ) = D Poldi (1), 0(x2), 65, () (1.3)
i+ tip=m
for all xy,---,x, € Awith x;---x, = 0and m,n € N. It should be noted that the study of derivatives

satisfying local properties originated from papers [1,2]. For n = 2,3 and any positive integer m in
(1.2) (resp. (1.3)), A is referred to as Lie high derivation (resp. by local actions) and Lie triple high
derivation (resp. by local actions), respectively. If m = 1 and any positive integer n in Eq (1.2)
(resp. (1.3)), then the mapping ¢, is called Lie n-derivation (resp. by local actions). Therefore, in
the sense of Herstein Lie type mapping, higher Lie n-derivation is a natural extension of Herstein
Lie type mappings. From the structure of maps (1.1)—(1.3), it can be seen that the sum of the higher
derivations and the central map of annihilation P,(xy, - - , x,) is still higher Lie n-derivation (resp. by
local actions), for all xy, - - - , x,, € A (resp. with x; - - - x,, = 0). If every higher Lie n-derivation has this
decomposition form, it is said that higher Lie n-derivation has a standard form. Under this framework,
some special situations of (nonlinear) higher Lie n-derivation have been studied by many scholars,
(nonlinear) Lie triple derivation in paper [3,4], (nonlinear) Lie higher derivations in papers [5-7], Lie
higher derivations studied in paper [8], higher derivations [9, 10] etc.

In the author’s knowledge system, the study of the structure of higher Lie n-derivation by local
actions satisfying Eq (1.3) over rings or algebras has attracted many scholars to study among the many
extensions of Lie-n derivation (see [11-19]. In 2011, Ji and Qi [11] studied the structural form of
linear Lie derivation by local actions on triangular algebras (in (1.3), where (m, n) = (1, 2)), and proved
that each Lie derivation by local action has a standard form. Subsequently, Lin [12] extended this to
three Lie higher derivation by local actions (in (1.3), m was an arbitrary positive integer and n=2) and
obtained that each Lie derivation by local action has a standard form. At the same time, in recent years,
the authors and collaborators have found that many scholars have studied the structural problems of
some special cases of nonlinear higher Lie n-derivation by local actions defined by equation (1.3) on
rings or algebras. Liu in [15] worked the structure of Lie triple derivations by local actions satisfying
the condition x;x,x3 € Q = {0, p} (in Relation (1.3) with n = 3 and m = 1), where p is a fixed nontrivial
projection of factor von Neumann algebra M with dimension greater than one. He showed that every
Lie triple derivations by local actions be of standard form, for von Neumann algebra with no central
abelian projections M. In 2021, Zhao [16] considered the structure of nonlinear Lie triple derivations
by local actions (in Relation (1.3) with n = 3 and m = 1) on triangular algebra. He confirmed that every
nonlinear Lie triple derivations by local actions be of standard form. On the basis of his work [16],
the first authors and collaborators extended the structure of nonlinear Lie triple derivations [16] to
nonlinear Lie triple higher derivations by local actions [17] (condition: For arbitrary m € N and n = 3
in (1.3)), and proved that each nonlinear Lie triple higher derivation by local actions has a standard
form (see Eq (1.4)) under the same conditions as Zhao [16]. Inspired by the above results [16, 17],
it is natural to consider the structure form of the higher Lie n-derivation by local actions (the case:
m € N and n > 2 in Eq (1.3)) on triangular algebras. The results of this paper generalize Zhao [16]
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and Liang [17] to a more general form: For arbitrary m € N and n > 3. It should be noted that we are
temporarily unable to find a method to prove the structural form of nonlinear Lie higher derivations by
local actions on triangular algebras. This is also an open problem left over in this article.

In this paper we established the higher Lie n-derivation by local actions (n > 2) on triangular
algebras. Let 7 be a triangular algebra over a commutative ring R. Under some mild conditions, we
prove that if a family A = {0,,},uen Of nonlinear mappings d,, on 7 satisfies the condition (1.3), then
there exists an additive higher derivation D = {y,,}.en and a nonlinear mapping 4, : 7 — 7 on T
vanishing all P,(x,--- ,x,) for all x;,---,x, € 7 with x; - - - x, = 0, such that

Om(X) = Ym(X) + hy(X).

Next, we immediately apply our results to typical examples of triangular algebra: Upper triangular
matrix algebras, block upper triangular matrix algebras and nest algebras. At the same time, our
conclusion generalizes the conclusions of papers [16, Theorems 2.1 and 2.2] and [17, Theorems 1
and 3].

2. Triangular algebras

In this part, we introduce some basic theories of triangular algebra. In 2001, triangular algebra was
first introduced by Cheung [20].

Based on algebra A with identity 1, and algebra B with identity 1, defined on ring R and faithful
(A, B)-bimodule M, for a € A, aM = {0} implies a = 0 and for b € B, Mb = {0} implies b = 0. Cheung

introduced a set
A M a m
T—[O B]_{[O b]VaeA,meM,beB}.

According to the addition and multiplication properties of matrices, set 7 is an associative and
noncommutative R-algebra. This algebra is called triangular algebra. The most classical examples
of triangular algebras are upper triangular matrix algebras, nest algebras and block upper triangular
matrix algebras (see [7,20,21] for details). Furthermore, the center Z(7") of 7 is (see [20, 22])

{33

Let us define two natural R-linear projections 74 : 7 — A and g : 7 — B by

am:mb,VmEM}. ©)

a m

0 b

JTAZ[g ’Z]l—uz and 7731[

[—s

It follows from simple calculation that 74 (Z(77)) is a subalgebra of Z(A) and that 7g(Z(7)) is a
subalgebra of Z(B). Additionally, there exists a unique algebraic isomorphism 7: ms(Z(7)) —
ng(Z(7)) such that am = mt(a) for all a € n4,(Z(7)) and for all m € M.

Regarding the center of algebra A, we need to make the following notes. In 2012, Benkovic and
Eremita [23] introduced the following useful condition: For an arbitrary R-algebra A:

[x, Al € Z(A) = x € Z(A), Vxe A. ()
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This amounts to saying that
[[x, A, Al =0 = [x, Al =0 € Z(A), Vxe A

Note that (¢) is equivalent to the condition that there does not exist nonzero central inner derivations
on A. The usual examples of algebras satisfying (¢) are upper triangular matrix algebras, block upper
triangular matrix algebras and nest algebras (see [24]).

3. Nonlinear Lie n-derivations: Local actions

This section examines the structure of Lie n-derivations on triangular algebras by local operations at
zero product. To put it more specifically, we demonstrate that any nonlinear Lie n-derivations by local
actions at zero product have a standard form under mild conditions after first demonstrating that the
nonlinear Lie n-derivations by local actions at zero product are an additive mapping of module Z(7).
The information will provide the generalized version matching to [16, Theorems 2.1 and 2.2].

Theorem 3.1. Let T = [ %] be a triangular algebra satisfying ma(Z(T)) = Z(A) and np(Z(T)) =
Z(B)). Suppose that a mapping L, : T — T (n > 3) is a nonlinear map satisfying

L(P(x1, 30,5 %)) = ) Palxi, o, 81(80), -+, %)
i=1
for all xy, x5, -+ ,x, € 7 with x;x, - -+ x, = 0, then for every n € N,
Ly(x+y) = Ly(x) — L,(y) € Z(T)

forall x,y e 7.

For convenience, let us write Aj; = A, Ay, = B and Aj; = M, then triangular algebra 7 = [4 ¥ ]

can be rewritten by 7~ = [Ao” 22 ]

In order to facilitate readers’ understanding, we will divide the proof process into the following
lemmas.

Lemma 3.1. [16, Claim 1] Let a; € A, i € {1,2}. If ayymiy, = mypax for all my, € Ay, then
ay ®axy € Z(T).

Lemma 3.2. L,(0) =0.
In particular, take x; = 0 in formula (1.1) fori € {1,2,--- ,n}.

Lemma 3.3. Let a;; € A;j, for 1 <i < j<?2, then

1) Ly(ai + an) — Ly(an) — Ly(arn) € Z(T);
2) Ly(axn + aiz) — Ly(axn) — L,(a2) € Z(T).

Proof. 1) Leta;; € Ay; and ayp, ¢ € Ayp. Denote T = L,(a;; + ayn) — Ly,(ay1) — L,(ay,). Itis clear that
the elements a1, a;,, c1» and idempotents p;, p, satisfy the relations ajx(a;; + ci2)pi1p2 ---p2 =0 =
~——————

n—3 copies
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apanpi pr---p2 =0 =apcnp p2- - pa2, then we have
—— ———

n—3 copies n—3 copies

L,(anarz) = L,(Py(aiz, an + ci2, p1, P2+ -+ p2))
——

n—3 copies

= P,(L,(a12),ai + ci2, p1, p2- -+ p2) + Pylai, Ly(ay; + c12), p1, p2- -+ p2)
N —— S————

n—3 copies n—3 copies

+ P,(ap, a1 + ci2, Ly(p1), p2 -+ - p2)
———

n—3 copies

+ an(an’all +ci,pi, P2, Lu(pa) -0, p2),

i=4 i—th component

and on the other hand, we obtain

L,(ana12) = L,(Py(aiz, an, D1, D2, pz)) + L,(Py(aiz, c12, D1, D2, Pz))
~—— ——

n—3 copies n—3 copies
= P,(Ly(a12),a11 + c12, p1, p2 - -+ p2) + Py(an, Ly(an) + Ly(c12), p1, p2, -+ 5 p2)
N S
n—3 copies n-3 copies

+ Py(aiz, an + cia, Ly(p1), p2, -+, p2)
[ —

n—3 copies

+ ZPn(alz,an +ciop1spP2 s Ly(pa) 00, p2).
~——

i=4 i~th component

The above two equations can be lead to P,(a», T, p1, p2 -+ - p2) = 0, which is pyTpia;, = appprTp,. It
S

n—3 copies
follows from Lemma 3.1 that

p1Tp1 ® poTpy € Z(T). (3.1)

Let’s prove that p;Tp, = 0. Since the elements a1, a;, and idempotents py, p, satisfy the relation

pa(ayi+ap)prpr - p2 =0=pappip2 - p2 =0 = prapp; p2- - pa, we study the form of elements
———— ~—— ———

n—3 copies n—3 copies n—3 copies

L,(a,,) form two perspectives, namely,

L,(a1z) = L,(Py,(p2,an + aiz, p1,p2--- p2))
———

n—3 copies

= P,(L,(p2),ain + ap, p1, p2 -+ p2) + Pu(p2, Ly(an + ain), pr, p2 -+ p2)
N — N ——

n—3 copies n—3 copies

+ Py(p2,an + aiz, Ly(p1), p2- -+ p2)
———

n—3 copies

+ZPn(P2,6111+6112,P1,P2,"', L,.(p2) .-+ ,p2)

i=4 i—th component
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and
Ly(a12) = Ly(Pu(p2, a1, 1, p2 - - - P2)) + Lo(Pu(p2. a2, p1, P2 - - P2))
—— ——
n—3 copies n—3 copies
= Py(Ly(p2), an + aiz, p1, p2 - - - p2) + Pu(pa, Lu(an) + Ly(ar2), p1, p2 -+~ p2)
—— ——
n—3 copies n—3 copies
+ Pn(p29 apy + apn, Ln(Pl)»pZ o p2)
——
n—3 copies
+ZPn(p29all+al29p15p25“' ) Ln(pZ) s T $p2)
i=4 i—th component

for all a;; € Ayy,a1n € Ap. It follows from the above two equations that P,(p,, T, p1, p2---p2) = 0,
—
n—3 copies

which is p;T p, = 0. Combining with relation (3.1), we have
Ly(ay; + apn) — Ly(an) — Ly(arn) € Z(T)

forallaij EAij,l <i i]S 2.
Through a similar calculation process, we can conclude that (2) holds. O

Lemma 3.4. Let aj,, ¢ € Aqa, then Ly(a; + ¢12) = L,(ay2) + L,(c12).

Proof. Combining (—a; — p1)(p2 + c12)p1 p2 - -+ p2 = 0 with Lemmas 3.2 and 3.3, we have
T

n—3 copies

Ly(aiz + c12) = Ly(Py(=ai2 — p1, p2 + €12, P15 P2, ** 5 P2))
= Py(Ly(—a12) + Lo(=p1), p2 + €12, P15 P25 "+ 5 P2)
+ Py(=an — p1, Lu(p2) + Lu(c12), p1, P2, -+ 5 p2)
+ Py(—ai2 — p1, p2 + c12, Lu(p1), p2, - -+ 5 p2)

n
+ ZPn(_aIZ - pup2tci,pi,pac s Lu(pa) 000 p2)
= i—th component

= L,(P,(=ai2, p2, p1, P2, -+ » P2)) + Ly(P,(=ai2, c12, p1, P2, -+, P2))
+ L,(Py(=p1, p2, P15, P25+ - » P2) + Ly(Py(=p1, 12, P15 P2, P2 -+ 5 P2))
= Ly(aiz) + L,(c12)

for all ayy, cip € Ajs. O

Lemma 3.5. Let a; € A, i € {1,2}, then 61(a; + bi;) = 61(ai) + 01(by) + Zg, , for some central element
Loy € Z(T).

Proof. We will only prove the case with i = 1. The proof of the case i = 2 can be proved through a
similar process.
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Let Cl]],l’)]] € A]],W12 S A]z. Denote U = 61(6111 + b]]) - (51(611]) - (51(1711). It follows from
wipi(air + b)) p2- - pa = wippiai p2 -+ p2 = wiapibi p2 -+ - p2 = 0 that
—_—— —_—— —_———

n—3 copies n—3 copies n—3 copies

L,((a11 + bi)wiz) = Ly(Py(Wi2, p1, (@ + b11), p2, -+, p2))
= Py(L,(W12), p1, (@11 + b11), p2, -+, p2)
+ Py(Wia, Ly(p1), (@i + bin), p2, -+, p2)
+ P,(wia, p1, Ly(an + b1), pa, -+, p2)

+ ZPn(Wu,Pl,(Cln +b11),p2-r, Li(p2) -+, p2)
~———

i=4 i—th component

and

L,((a11 + bi)wiz) = Ly(aniwiz) + Lay(b1iwiz)
= L,(P,(W12, p1,a11, P2, ** » P2))
+ Ly(Py(Wi2, p1,b11), P2, -+ -, P2))
= Py(L,(W12), p1, (a1 + b11), p2, -+, p2)
+ P,(wi2, Lu(p1), (a1 + b11), p2, -+, p2)
+ Py(wiz, p1, Lu(anr) + Lo(b11), p2,- -+ 5 p2)

+ ZPn(Wu,Pl,(au +Db11),p2s-r s Ly(p2) .-+ . p2).
~——

i=4 i—th component

By observing the two equations above, we have P,(wi,, p1, U, p2, -+, p2) = 0, which is wi, U = Uwyj,.
It follows from Lemma 3.1 that

piUp® pyUpy € Z(T). (3.2)

In the rest of the lemma, we prove that the equation p;Up, = 0 holds.
Since the equations (aj; + by1) pa---p2 = ay p2--+ p2 = by p2--- p> = 0 hold, then we have
S N — SN ——

n—1 copies n—1 copies n—1 copies

0=L,(Pyai +bi1,p2, -+ ,p2)
———— —

n—1 copies

= P,(L,(aiy +b11),p2,- -+ . p2) + ZPn(all + by, p2, Li(p2) -0, p2)
—— ~——

n—1 copies i=2 i—th component

n—1 copies
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and
0 = L,(Pu(ai1, p2,- -+, p2) + Ly(Py(b11, p2,- -+, P2))
| N e’
n—1 copies n—1 copies
= P,(L,(ai) + L,(b11), p2,- -+ , p2)
N’
n—1 copies
+ ZPn(all +bi1,p2e s Ly(pa) -, po).
: ~—
=2 i—th component
n—1 copies
By observing the two equations above, we have P,(U, p;,---,p2) = 0, which is p;Up, = O.
|
n—1 copies

Combining with Eq (3.2), we have
Ly(ai + b)) — La(an) — Ly(b11) € Z(T)

for all all,bll €A
O

Lemma 3.6. Let aij € A,‘j, 1<i< ] <2, then L.,(aj1+app+axn) = Ln(a11)+Ln(a12)+Ln(a22)+Za

11,412,422

Proof. Leta;j € Ajj,1 <i< j<2. Denote U = L,(a; +ap +axn) — L,(a1) — L,(a2) — L,(ax). With
the help of the fact that equation (ay; + ai» + ax)ciap1 p2 -+ - p2 = 0 holds, we have
——

n—3 copies
L,(crpa2 — ajici2)
= L,(P,(a +aix + axn,ci2, p1, P2, -+ P2))
——
n—3 copies
= P,(L,(ai + aiz + ax),ci2, p1, P2, -+, p2) + Pylan + ann + axn, L,(c12), p1, 2, -+ , P2)
—_———— —_———
n—3 copies n—3 copies

+ Py(an +apn +axn, cia, Li(p1), pa, -+, p2) + an(an +app +an,ci2, P, P2 s Ly(p2) -0, p2)
S—— S~——

n—3 copies i=4 i—th component

n—3 copies
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and
L,(c12a2 — ajic12) = Ly(cr2a2) + Ly(—ayici2)

= L,(P.(ai1, 12, p1, P2, p2)) + Ly(P,(ai2, 12, p1, P2+ - P2))
S— —

n—3 copies n—3 copies
+ L,(Py(ax, ci2, p1, P2+ * P2))
—
n—3 copies
= P,(L,(an) + Ly(a2) + L,(ax), c12, p1, P2, » P2)
—_—
n—3 copies
+ Py(ay + ap + ax, L,(c12), p1,p2, -+, P2)
————
n—3 copies
+ Py(ai +ap +ax,cio, L(p1), p2, -+, p2)
—_——
n—3 copies

+ an(au +ap +an, i, pi,p2 s Ly(p2) o0, p2).
——

i=4 i—th component

n—3 copies
By observing the two equations above, we have P,(U, ci2, p1, p2,- -+, p2) = 0, which is ci,p,Upy =
———

n—3 copies

p1Upicr,. We have
p1Up ® poUpy € Z(T). (3.3)
For the rest, we prove the conclusion: p;Up, = 0. It is clear that (a1; + a2 + axn)(—p1) p2---p2 = 0.
|

n—2 copies

We then obtain

L,(a\;) = L,(P,(ay + a2 + ax,—pi1,p2,-++ ,P2))
= P,(L,(ay + ap + ax),—pi,p2,-+- ,p2) + Py(ay + ap + axn, L,(=p1), p2, -+, P2)

+ ZPn(Gn +ap+axn,—pi,pr-, Li(p) .-+ ,p2)

i=3 i—th component

and

L,(a\2) = L,(Py(ai1,—pi, P2, » p2) + Ly(Pu(ai2, —pi, p2, -+, p2)) + L,(Pp(ax, —p1, p2, -+, P2))
= P,(L,(an) + L,(ain) + L,(ax)), —=p1, P2, -+, p2) + Py(ai; + ain + axn, L,(=p1), p2,- -+, p2)

+ZPn(011+012+022,—P1,P2,“', L,(p2) .-+, p2).
——

i=3 i—th component

By observing the two equations above, we have P,(U,—-pi, p2,---,p2) = 0, which is pyUp, = O.
————

n—2 copies

Combining with Eq (3.3), we have
Ln(all +ap + a22) = Ln(all) + Ln(a12) + Ln(a22) + Za11,a|2,a22

foralla;; € A;jj,1 <i<j<2. O

ijs

AIMS Mathematics Volume 9, Issue 2, 2549-2583.



2558

Proof of Theorem 3.1: For arbitrary x,y € 7, elements x and y have decomposition form x = a;; +
app +ayp andy = by + by + by, where a;;,b;; € A;j, 1 <i < j < 2. It follows from Lemmas 3.2-3.6
that there exists C; € Z(7), 1€ {1,2,3,4,5}.
L,(x+y)=Ly(a +apn+an+by +bp+bxn)

= L,(aiy + b)) + Ly(aix + bi2) + Ly(ax + by) + C;

= L,(a) + L,(b11) + Ly(ai2) + L,(b12) + Ly(ax) + L,(by) + C; + C, + C3

= Ln(a“ +app + 6122) + Ln(bll + b12 + bzz) + C1 + C2 + C3 + C4 + C5.
Therefore, we have

Ln(x + y) = Ln(x) + Ln(y) + CO

forsome Cy =C;+Cr+C3+C4+Cs5 € Z(T)
Based on the almost additivity of L,, we present the main theorem of this part to the readers as
follows.

Theorem 3.2. Let T = [AO“ 2‘2] be a triangular algebra satisfying

i) 4, (Z(T)) = Z(Ay) and 714,,(Z(T)) = Z(A);
ii) For any a;; € Ay, if [a11,An] € Z(Ay), then a;; € Z(Ajy) or for any ax € Ay, if [ax,Axn] €
Z(Ay), then ay € Z(Axn) .

Suppose that a mapping L, : 7 — 7 (n > 3) is a nonlinear mapping satisfying

Ly(Py(xi, X, x60)) = O Palxr, ooy L(xi) oo, %)
i=1

i—th component

for all xy, x5, -+ ,x, € 7 with [, x; = 0, then for every n € N,

Ly (x) = du(x) + fu(x)

forall x € 7, where d, : 7 — 7 is an additive derivation, and f,, : 7 — Z(7") is a nonlinear mapping
such that f,(P,(x, x2,- -+, x,)) = 0 for any xy, xp,--- ,x, € 7 with x;x;--- x,, = 0.

In order to facilitate readers’ understanding, we will divide the proof process into the following
lemmas for explanation.
Lemma 3.7. With notations as above, we have

1) Ly(ap) € Ap;
2) piL,(p1)p1 ® p2Ly(p1)p2 € Z(T) and pL,(p2)p1 © p2L.(p2)p2 € Z(T);
3) L(p1) € Aip + Z(T) and L,(p>) € App + Z(T).

Proof. Since the equation aj;p1pips - - - p» = 0 holds, we have

L,(a\2) = L,(P,(ai2, p1, P1, P2, » P2))
= P,(L,(a12), p1, p1, P2, "+ » p2) + Py(aia, L,(p1), p1, p2, -+, P2)

C 4
+ Py(ai, p1, L,(p1), p2,- -+, p2) + ZPn(alz,Pl,pbPz,'“ s Ly(p2) -+, p2) (34)

i=4 i—th component

= piL,(a2)p2 + 2p1Ly(p1)ais — 2a12L,(p1)p2 + (n — 3)pilaiz, L.(p2)]p2.
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According to above relation (3.4), we have L,(ay,) € Aj,. Multiplying by p; on the left side and p, on
the right side of the above Eq (3.4), we can obtain

=2pila, L.(p)] + (n = 3)pilaiz, L,(p2)]p> = 0 (3.5)

forall a;; € Ajs.
On the other hand, with the help of pa;,py p2--- p» = 0, we have
|

n—3 copies

L,(a\2) = Ly,(P,(p2,ai12, p1, P2, P2))
= P,(L,(p2), aiz, p1, P2, » p2) + Pu(p2, Ly(ar12), p1, p2s -+ 5 p2)

+ Py(p2, a1, L,(p1), pa, -+ . p2) + Z P,(p2, a2, p1.p2, - Ly(p2) .-+, p2) (3.6)
i=4 i—th component
= —pi[L.(p2), aixlpz + piL,(ain)p2 — pilaiz, Lu(p1)lp2 + (n = 3)pilaiz, L,(p2)]p2.
According to (3.6), we have
(n = dpilair, Li(p2)1p> — pilaia, L.(p1)lp2 = 0. 3.7)
Combining (3.5) with (3.6), we have
pilaiz, L,(p2)1p2 = —pilaiz, L,(p1)]p2. (3.8)

Using equalities (3.7) with (3.8) and considering the (n — 1)-torsion-free properties of rings R, we
conclude that

pilaiz, L,(p2)1p2 = pilai, L,(p1)lp2 =0

for all a;; € Ajs.
With the help of Lemma 3.1 that

P1L.(p1)p1 ® p2Lu(p1)p2 € Z(T) and piL,(p2)p1 @ p2Li(p2)p2 € Z(T),
the structural characteristics of triangular algebra lead to conclusions
L,(p1) = p1Ly(p1)p1 + p1Ly(pO)p2 + p2Lu(p)p2 € Az + Z(T).
Furthermore, we claim that this lemma holds. O

Lemma 3.8. With notations as above, for all a;; € A;,i € {1,2}, we have

1) Ly(a;) € Ay + A+ Z(T), where poL,(ar)p2 € Z(Az);
i) Ly(axn) € Ay + A+ Z(T), where piL,(ax)p: € Z(A);
iii) p1L,(p)p2 + p1Lly(p2)p2 = 0.
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Proof. In fact, it is clear that if a;; p, - - - p, = 0, we have

O = Ln(Pn(all’ p2’ e 9p2))
= P,(L,(an1), p2,- -+, p2) + Pulair, L,(p2), p2, - -+, p2)
= p1L,(a11)p2 + a1 L,(p2)pa,

which implies that
piLly(ai)p2 +anL,(p2)p, =0

for all a;; € Ay;. Through similar calculations, combining with relation that if a,ppip2, - -

we can show that

0= L,(P,(ax, pi,pi, P2, s P2))
= Pn(Ln(azz),Pl,Pl,Pz, Tty pz) + Py(ax, Ln(Pl),Pl,Pz, te ,pz)
= p1L,(ax)p> + p1L,(p2)ax,

which implies
piLa(ax)p2 + p1La(p2)axn =0

for all ar € Ay
Now, we consider the following equation

0 = Ln(Pn(pl’pZ’ ot 9p2)) = Pn(Ln(pl)’pZ’ tee 7p2) + Pi’l(pl’Ln(pZ)’ tee 7p2)
= p1L.(pV)p2 + p1Lu(p2)p2.

That is,
piL.(p1)p2 + p1L.(p2)p> = 0.

In the light of equations axajja;p; - -+ p» = 0, we have

0 = L,(Pu(ax,air, a1z, p2, -+ » p2))
= Py(Ly(ax), a11, a12, p2, - -+, p2) + Pulan, Ly(an1), aiz, p2, -+, p2)
= pillLa(a2), anl, a2lpa + pillax, Li(an)], alp2
= pillLa(a2), anlp2 + pilax, L.(a11)], ai21p2.

According to Lemma 3.1, we have
[Ln(a2), anl + [ax, Ly(ai)] € Z(T).
Furthermore, we have
[p1L.(ax)pi,an] € Z(An) and [ax, paLa(ai)p2] € Z(Ax)
for all aj; € Ay1, a2 € Ap,. Thanks to the assumption (ii), we have
piLly(ax)pi € Z(An) and pyLi(ai1)p2 € Z(Ax)

for all a;, € Ay, ax € A,,. Therefore, this lemma holds.

(3.9)

'PzZO,

(3.10)

(3.11)

O
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Now, we define two mappings r,; : A1 — Z(Aq1) and 7,5 : Ay = Z(Az), as following

ruan) = v (paLy(ai)p2) + p2La(an)ps

and
rm(ax) = t(piL,(ax)p1) + piL,(ax)p:

for all a;; € Ay, a2 € Ay, respectively. It follows from Lemma 3.11 that r,,; : A;; — Z(Aq;) satisfies
the relation r,,i(P,(a},,a,, - ,d},)) = 0 for all aj,,a3,,--- ,a}, € Ay, with aj,a7,---a}, = 0 and

ra Ay — Z(Ay) satisfying the relation r,»(P,(al,, a3, -+ ,a%,)) = 0 for all a},,a3,,- -+ ,dl, € Axn

: 1,2 no_ :
with ay,a3, - - - a3, = 0. Now, setting

hn(x) =Tn T
=77 (paLy(a11)pa) + paLa(ai)p2 + T(p1La(ax)p1) + piL.(an)p

for all x € T, which satisfies the form x = ay; + a;» + an, it is clear that h,(x) € Z(7) and
h,(P,(x1, X2, ,x,)) = 0forall x;,xp,---,x, €T with x;x,---x, =0.
Let’s define an important mapping:

an(x) = Ln(x) - hn(-x)

forall x e 7.
Now, we can easily obtain the following lemmas.

Lemma 3.9. With notations as above, for all a;j € A;;,1 <i < j <2, we have

i) ¥,00) =0;
i) W, (A1) CA + A, P(An) CAyn +Ap;
i) ¥, (Ap) = L,(A12); ¥u(pi) € Aps.

Lemma 3.10. With notations as above, for all a;; € A;;,1 <i < j <2, we have

1) Ya(anan) = ¥Yai(ai)an + an'a(br);
i) Wy(anaxn) = Yi(an)an + ain'(an).

Proof. We now only prove the conclusion (i) and the proof of conclusion (ii) can be obtained by similar
methods.
(1) It follows from ajay1p1p2 - - - p2 = 0 that

WVi(anan) = ©.(P,(a, air, p1, p2, -+ 5 P2))
= Py(®u(a12), arr, p1, p2, - -+, p2) + Pulaia, @ulan), p1, pa,- -+, p2)
= P,(VYu(a2), air, p1, p2, -+« 5 p2) + Pulann, Yulan), p1, p2, -+, p2)
= anVu(an) + ana(an).

By a similar method, the conclusion (ii) holds. O

Lemma 3.11. With notations as above, for all a;;, b;; € A;;,i € {1,2}, we have ¥ ,(a;;b;)) = ¥Y,(a;)b;; +
a;;¥,(bjy).
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Proof. By Lemma 3.9, for all ¢y, € Aj», we have

W, (a11byic12) = Yulai)biiciz + a1 ¥u(byicr2)
=Y, (a1)biicia + aWu(bii)ciz + anbi¥alcr2)

and
W, (ai1byic12) = Wy(anbi)cn + anbn¥a(c).

Combining the two equations above, we have
(Walanbr) —YalarDb — an¥u(bi))cz = 0
for all aj;,b11 € A1, c12 € A2 Since Aj 1s a faithful (Aq;, Ax)-bimodule, we have
Wa(anbn) = Yulan)bn + an'u(br)

for all Cl]],b]] €A.
After a similar calculation process, we can get

Y, (anbxn) = W, (axr)by + an¥,(bx)

for all any, b22 € Ay,

Lemma 3.12. With notations as above, for all a;, b;; € A;;, we have

1) Wu(ain + bip) = Yu(arn) + ¥a(an);
ii) Wy(ay +apn) — ¥i(an) —Wi(an) € Z(7) and Y,(axn + apn) — V,(axn) — ¥.(an) € Z(T);
i) W, (a;; + b)) = Yu(ai) +¥,(by).

Proof. According to the above symbols, we can prove the lemma by using the relationship between
mapping ¥, and mapping L,. The details are as follows:

1). It is the direct result of Lemmas 3.4 and 3.9; ii). It is the direct result of Lemma 3.3; iii).
According to the above Lemma 3.5, we have

Y, (a;; + by) = W, (ai) + Y, (bi) + Z(ai;, bi;)

for some Z(a;;, b;;) € Z(7). Let us consider the center element Z(a;;, b;;).
On the one hand,

Y, ((an + bi)ci) = Yu(aiicin) + Pu(biicr2)
=Y, (an)ciz +an¥,(ci2) + ¥u(bi1)ciz + b1 'Wo(cr2)
= (Wu(an) + Yu(bi1))ciz + (anr + b11)¥a(ci2),

and on the other hand, we have
W.((ai1 + bi)crz) = Yulan + bi)cip + (an + bi)W¥a(cin)

for all a“,bll € Ayj,cpp € Ay
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By observing the two equations above, we can obtain Z(ay,, b11)c12 = p1Z(ai1, bi1)pici = 0 for all
c12 € App. Since Ay, is a faithful (A, Ay )-bimodule, then p,Z(a;, b11)p; = 0. Note that there is an
algebra isomorphism 7 : Z(A;) —» Z(A3), and we can obtain p,Z(ay, b11)p; = t(p1Z(ayy, by)pr) =
0 and Z(ai1, bi1)crz = pi1Z(an, bi)pr + paZ(ar, bi)pa = 0. Therefore,

Y,(ai + byy) =¥Yu(an) +¥,u(b1)

for all all,bll €A
After a similar calculation process, we can get

W.(axn + bxn) = ¥, (axn) +¥,.(b»)
for all any, b22 € Ay, O

According to the definition of ¥,, and Theorem 3.1, we can get the following lemma immediately.

Lemma 3.13. Let aij € Aij’ 1<i< ] < 2, then W, (a;; + ap + axn) = VY, (an) + Y.(an) + Y,.(ax»n) +
C

apl,an2,a”

Remark 3.1. Lemma 3.13 enables us to establish a mapping g, : T — T

gn(x) = V¥, (x) = Yu(prxp1) — Yu(p1xp2) — Yu(p2xp2)
for all x € 7, then define a mapping d,, : 7 — 7 by

dy(x) = W (x) — gu(x)
for all x € 7. It is easy to verify that each d, satisfies the following property:
1) dn(aij) = lI’n(aij);
2) dy(an + ann + axn) = dy(an) + du(arn) + d,(ax)

forall a;; € A;;,i < je{1,2}.
Now, we are in a position to prove our main theorem.
Proof of Theorem 3.1: It follows from the definitions of d,, and g, that

Ly(x) = ©p(x) + 1y(x) = dn(X) + 8n(X) + 1y(x) = dn(3) + fu(),

where f,(x) = g,(x) + h,(x) is a mapping from 7 into its center Z(7 ) for all x € 7.
For arbitrary x,y € 7, elements x and y have decomposition form x = a;; + a; + a» and y =
bi1 + biy + by, where a;;, b € A;j, 1 <i < j<2. It follows from Remark 3.1 that

dy(x +y) =dy(a11 + ax + axn + by + bia + by)
= d,(ay + byy) + dy(arx + bi2) + dy(axn + b)
= dy(an) + dy(b11) + dy(arz) + du(b12) + dn(az) + du(br)
= dy(an + aip + axn) + d (b1 + bia + ).

Therefore, we have
dy(x +y) = dy(x) + d,(y).
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Next, we prove that d,, satisfies the Leibniz formula.
First, we should prove that
pidu(an)ax + and,(an)p2 =0
forall a;y € Aj1,axn € Ay
In fact, because of a;jaxnp; - - - p» = 0 and Egs (3.9)-(3.10), we have

pidy(ai)ax + andy(ax)pr = pi(Pa(an) + gu(ai))ax + a1 (Ya(axn) + g.(a))p2

= pi¥a(an)axn + an'Wi(an)p:
= pila(ai)ax + aiL,(ax)p:
= prai1L,(p2)ax + anL.(p1)axn
= pran(p1Ly(p2)p2 + p1L.(p1)p2)ax
=0
for all a;; € A1, a»n € Ax.
In view of Lemmas 3.8-3.11, we have
d,(xy) = dy(an1by1 + anbia + annby + axnby)
=W (anbn) + Yi(anbin) + ¥Yu(ainba) + ¥, (axnb)
=WY(a1)bi + an¥,(bry) + Wala1)brz + a1¥u(b12)
+ Wa(a12)bay + an¥u(ba2) + Wi(an)by + an¥u(hy)
+ W,(a11hy) + aWa(bn)
= dy(a1)b11 + and,(b1) + dy(a11)b1z + and,(br2)
+ dy(a2)by + a1nd,(by) + dy(ax)by + and,(bxn)
+ dy(ar)bx + and,(bx)
= (du(ann) + duy(ar2) + du(ax))(b11 + b1z + by)
+ (a1 + ap + axn)(d(b) + dy(b12) + dy(b22))
=dy(ay + an + an)(biy + by + bx)
+ (a1 + anp + axn)d,(biy + b1y + by)
= dny(X)y + xd,(y)

forall x,y e 7.

Now, we consider the properties of the mapping f,, : 7 — Z(7). For arbitrary x, - - -

x1---x, = 0, note that d, is an additive derivation of 7, and we have

fn(Pn(xla S xn)) = (Ln - dn)(Pn(xl’ T -xn))
= Ln(Pn(xl’ T xn)) - dn(Pn(-xl» T xn))

= ZPn(Xl,"' ,(Ln _dn)(xk)" o ,.Xn)

= P filw )

, X, € T with
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Therefore, Theorem 3.1 holds.
4. Nonlinear Lie-type higher n-derivations: local actions

This section focuses on researching higher Lie n-derivation at zero product on triangular algebras.
We will provide the more advanced version (Theorems 4.1 and 4.2) that corresponds to Theorems 3.1
and 3.2. These conclusions generalize a few previous conclusions under the same presumptions, such
as [16, Theorems 2.1 and 2.2] and [17, Theorem 1 and 3].

Theorem 4.1. Let T = [AO” 1’2; ] be a triangular algebra over (n — 1)-torsion-free commutative ring R.
Suppose that a sequence A = {0,,}men Of mappings 6, : T — T is a nonlinear mapping

Sn(Pax1, o, 2)) = D Pyl (1), 6,(x2), -+ 65, (x) (4.1)

i1++ip=m
for all x;,x2,-+-,x, € T with x;x---x, = 0and n > 3. If m4,,(Z(7)) = Z(A11) and 74,,(Z(T)) =
Z(Az), then every nonlinear mapping ¢,, is almost additive on 7, which is

Om(xX +¥) = 6(x) = 6um(y) € Z(T)

forall x,y € 7.

It is worth noting that the mapping ¢; in Theorem 4.1 is equal to the mapping L, in Theorem 3.1.
Based on this, we begin to prove theorem 4.1.

Assume that a sequence A = {0,,}men Of nonlinear mappings 6,, : 7 — 7 is a Lie-n higher

derivation by local actions on triangular algebras 7 = [A(;l ﬁ; ] We will use an induction method

for the component index m. Form = 1,0, = L, : 7 — 7 is a Lie n-derivation by local actions.
According to Theorems 3.2 and 3.1, we obtain that a nonlinear Lie n-derivation ¢, by local actions
meet the following attributes:

01(0) = 0,0,(ai + an) = di(an) — o61(ann) € Z(7),61(axn + ain) — 61(ax) — di(an) € Z(T);
€ =401(ann +d|,) = 61(an) +61(ay); 01(ai + a;) — 61(ai) — 61(ai) € Z(T);

O1(an + app +axn) — oi(an) — oi1(an) — 61(ax) € Z(T)
forall a;; € Awithi < je{1,2}.

We assume that the result holds for all 1 < s < m, m € N, then nonlinear Lie n-derivation {51}528
satisfies the following

0,(0) = 0,05(ar + an) — ds(a;) — d,(arn) € Z(T),05(axn + arn) — 64(axn) — d5(an) € Z(T);
€ =106 an + ay,) = 64(an) +64(a,); o(ai + ai) — 6,(a;) — 6,(a;) € Z(T);

Os(an + an + ap) — o5(ay) — 65(ain) — d5(axn) € Z(T)
forall a;; € Awithi < je{l,2}.

Our goal is to prove that the above conditions € also hold for m. The process of induction can be
achieved through a series of lemmas.

Lemma 4.1. With notations as above, we have 6,,(0) = 0.
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Proof. With the help of condition €, we find that

0m(0) = 6,u(P,(0,0,---,0)) = Z P,(6;,(0),6;,(0), - -, 6;,(0)) = 0.

T —

Lemma 4.2. With notations as above, we have
1) Op(an + an) — oman) — om(ar) € Z(7);
ii) Oplaxn + an) — 6u(axn) — onlan) € Z(T)
forall a;; € Awithi < je{l,2}.

Proof. Here, we only prove that the conclusion i) holds and that the proof of conclusion ii) can be
similarly obtained.

It is clear that xi2(a1y + x(,)p1p2- - p2 = X2anpip2---p2 = 0 = xpxj,p1p2- - pa forall ay; € Ay
and x5, x], € Aj,. On the one hand, we have

Om(aiixi2) = 0pm(Pn(x12, (an + x’lz),Pl,pz, L, P2)
= D P, (xn), 65 (an + X0), (P, 8i(p2) -+ 5 81, (p2),

i+, =m

and on the other hand, we have

On(anxiz) = 0,u(Py(x12, aiy, Prs P2, ,Pz)) + 0 (Pu(x12, X'lz,pl,l?z, te ,Pz))
= D P02, 65,(@1), 54(p1), 51(p2) -+ 5 63,(p2)
i1+ +ip=m
£ PG (¥02), 6 (X0), 61 (p1), 81, (p2) -+ 63, (p2)
i1+ +ip=m
= D0 Pu,(x12), n(@n) + 6 ()2, 6 (p1), 8(p2) -+ 65, (p)).
i1+ +ip=m

By observing the two equations above and inductive hypothesis € for all 0 < s < m — 1, we arrive
at

)
Il

Z P,(6;,(x12), 05, (ary + x7,) — (8, (ar) + 6,(X15)), 05, (p1), 6i,(P2) - - -, 6:,(p2))

i1+ +ip=m

Z P, (6;,(x12), 05, (ary + x1,) — (8, (ar1) + 6,(X15)), 6:,(p1), 61, (P2) - - -, 65, (P2))

i1+ +i,=m,ir£m
+ Py(x12, 0p(ary + X15) — (Omlarn) + 0m(x15)), P1, P2, -+, P2)
=P, (x12,0m(ars + x15) — Omlan) + 6,u(x1,)), p1, P2, -+, P2)
=p1(Om(an + x15) = Opm(an) + (X)) x12 = X12(0m(an + x15) = (Om(an) + 6m(x1)))p2

for all a;; € Ay and xi2, x], € Aj,. It then follows from the center of algebra 7~ that
P1©Omlarn + x1p) = Omlan) + 6u(x1)))p1 + p2(Sm(@ir + x15) = (Om(ain) + 6,u(x12)))p2 € Z(T)
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for all ap € Aq and X12 € A1
In the following, we prove pi(du(ai + x},) — (Ou(ai) + 6,(x},))p> = O for all a;; € Ay and
X1 € Ayp.
With the help of pz(a“ + xlz)pl P2 P2 = 0= p2a11p1 P2 P2, WE have
—— ~——

n—3 copies n—3 copies

Om(x12) = Om(Py(p2, X12 + 11, p1, P2,++ 5, P2))
—

n—3 copies

= D Pa6i(p2), 65, (ria + @10), 64, (P1), 61(P2) -+ 63,(p2)

i1+ +ip=m

for all a;; € A;; and m, € Aj,. On the other hand, we have

Om(x12) = Om(Pp(p2, X12, P1, P2, * + 5 P2)) + Om(Pu(p2, @11, p1, P2, *+ 5 P2))
~—— ——

n—3 copies n—3 copies

= D Pu0i(p2), 6, 0r10) + 6@, 61, (p1) 61, (pa) -+ 65, (p2)

i1+ +ip=m

for all a;; € Ay; and xj, € Aj,. With the help of the above two equations and inductive hypothesis €;,
we have

0= Z P,(6;,(p2), 05, (x12 + ap1) — (65, (x12) + 6;,(ar1)), 65,(p1), 61, (P2) - -+, 6;,(P2))

i+ ki =m

= Z P,(6i,(p2), 0i,(x12 + arr) — (0,,(x12) + 6;,(ai1)), 6i,(p1), 64, (p2) - -+, 6;,(p2))

i)+ tipg=m,iy#m

+ Py(p2, 0m(x12 + arr) — (0(x12) + 0i(ain)), p1, P2, -+, p2)
=P,(p2,0p(x12 + a11) — (Om(x12) + 0p(@n)), p1, 2.+, P2)
=p1(Om(a + x12) — (Op(an) + 0m(x12))) P2

for all a;; € A;; and x|, € Ay,. Therefore, we obtain that the conclusion (i) holds.
For conclusion (ii), taking into accounts the relations x2(bxn +Xx1,)p1 p2 -+ P2 = X2 X),P1 P2+ P2 =

n—3 copies n—3 copies

X12b»p1 p2 - -+ p2 = 0, by an analogous manner one can show that the conclusion
N —

n-3 copies
Om(b22 + X15) = (Om(b2) + 0m(x)y)) € Z(T)

holds for all by, € As; and x2, X}, € Ajs. O

Lemma 4.3. With notations as above, we have 6,(x1> + x|,) = 6,(x12) + 0,(x},) for all x5, x}, € M>.

Proof. Thanks to inductive hypothesis € for all 1 < s < m and relations (—x;; — p1)(p2 +

AIMS Mathematics Volume 9, Issue 2, 2549-2583.



2568

xX;,)p1 p2--- p2 = 0, we have

n—3 copies

Om(x12 + X15) = 0(Pu((=x12 — p1), (P2 + X15), P15 P2y -+ 5 P2))
————

n—3 copies

Z Pn(5i1(—X12 - pi), 51'2(1?2 + Xiz), 51'3(1?1), 51'4(]?2), s ,51',1(172))

i1+ +ip=m

n—3 copies
D0 Pui(=x12) + 65, (=), 8(P2) + 81 (x12), 81y (P1), 1(P2), -+ 63,(p2)

i1+ +ip=m

D P, (=x12), 84(p2), 5 (P1), (P2, -+, 63, (p2)

i)+t =m

n—-3 copies

n—3 copies

D PG (=x12), 64, (x10), 61 (P1), 64, (p2). -+ .6, (p2)

i1+ tig=m

n—3 copies

+ Z P,(6i,(=p1), 65, (P2), 0i,(p1), 0i,(P2), -+, 0, (p2))

i1++ip=m

n—3 copies

£ PG (=P, 0, (X)), 01 (1), 61 (p2), -+ 4 61, (p2)

i1+ +ip=m

n—3 copies

= m(Pn(_XIZ,pZaplaPZ’ te ,pz)) + 0 (Py(=x12, xiz,Pl,Pz, ce ,Pz))
— ————

n—3 copies n—3 copies
+ 6m(Pn(_p1’p27p1ap2’ e ,pZ)) + 6m(Pl’l(_p]’x,127plap2’ e 7p2))
— —
n—3 copies n—3 copies

= 6m(-x12) + 6,,,()6,12)
That is, 0,,(x12 + X},) = Op(x12) + 0,u(X],) for all x;5, x], € Aj,. m|
Lemma 4.4. With notations as above, we have

D) 6m(an +d}y) = 6mlan) — 6m(ay) € Z(7);
2) 6m(a22 + aéz) - 6m(a22) - 6111(61,22) € Z(T)

for all a;;, a;l. S Aii withi € {1, 2}

Proof. We only prove the statement 1). The statement 2) can be proved in a similar way. Because of
relations xjopi(ay +ay,) p2---p2 = xpppian p2-+-p2 =0 = xpppiaj, p2- - p2, we arrive at
———— ———— ————

n—3 copies n-3 copies n-3 copies

Om((an + a'”)xlg) = 0m(Pp(x12, p1, (an + 6111),]?2, ce,p2)
——

n—3 copies

= Z P,(6;,(x12), 05, (p1), 0iy(an + 61’11), 0 (p2), -+ ,0i,(p2)).

i1+ Hig=m

n—3 copies
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On the other hand, we have

Om((a + ajy)x12) = 6n(Pu(X12, p1,(@i1), p2, -+, p2)) + Ou(Pu(x12, p1,(ajy)s P2y -+ 5 P2))
——— ———

n—3 copies n—3 copies
= DL Pu,(x12), 5(P1), 64 (@11), 4, (p2). -+ .6, (p2))
ity =m n-3 copies
D PG (x12), 8 (p1), 81, (@h), 1(p), -+ 63,(p2)
frtetip=m n—3 copies
= D Pul6i,(r), 6(p1), (@) + 85(@] ), 6 (p), -+ 83,(p2)
i1+ -+ip=m n—3 copies

for all a;; € Ay, x12 € Aj2. On comparing the above two relations together with inductive hypothesis
C, forall 1 < s < m, we see that

0= Z P,(6;,(x12),6,,(P1), 0, (ary + ayy) — (6(an) + d;,(ay,)), 0i,(p2), - -+, 6;,(p2))

i+, =m

n-3 copies

= Z P,(6;,(x12),6,,(p1), 0y (ar1 + ayy) = (6;,(an) + 6;,(ay,)), 0i,(p2), -+, 6i,(p2))

i1+ +ip=m,iz#m

n-3 copies

+ Py(x12, p1,Op(an + dyy) — (Omarr) + 6m(aiy)), pa, -+, p2)
—_—

n—3 copies

= P,(x12, p1,Om(ars + ajy) — (Omlan) + 6,(ayy)), p2,- -+, p2)s
—_——

n-3 copies
which is
P10mlan +ajy) — Oman) + 6m(aj)))xi2 = x12(6m(@n + ayy) — (Gmlan) + o,u(ay)))p2. (4.4)
It follows from the center of triangular algebra 7 and the above equation that
p1(Om(an +ay) = (6mlan) + 6u(ai))p1 ® p2(omlan + ayy) — (Omlan) + 6(aj))p2 € Z(T). (4.5)
In the following, we prove
p1(Om(an +ay) = (6mlan) + 6u(ai;))pr = 0

for all all,a,“ €A
Benefitting from (a;; + aj,) p2---p2 = ay p2---p» = aj, p2---p> = 0, we have
N — ——— ———

n—1 copies n—1 copies n—1 copies

0 = 0u(Pu((an +ayy), p2. -+ . p2))
= DL PuGi(an +a;), 6,(p2), 64 (pa). -+ .6, (p2))

iy tip=m

n—2 copies
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and
0 = 0u(Pulai, p2,- -+, P2)) + Om(Pu(dyys P2, -, P2))

= DL Pui(@), 6,(p2), 65 (pa). -+ .65, (p2))

i1+ +ip=m

n—2 copies

Do PG (@), 6,(p2), 64 (p2), -+ 61,(p2)

i1+ +ip=m

—+

n—2 copies

DL PuGi(an) + 6@}, 8(p), 81y (pa), -+ .65, (p2)).

i1+ +ip=m

n—2 copies

By combining the above two equations with inductive hypothesis €; for all 1 < s < m, we can get

0= > Puan +ai) = G (@},) + 6;,(@})), 6,(p2), 6, (p2), -+ 63,(p2)

i1+ +ip=m

n—2 copies

= Z P (6;,(6iy(an + ayy) — (6;,(ayy) + 6,(d1)), 61,(p2), 61,(p2), -+ 5 6, (p2))

[ty =m0 #m n-2 copies
+ Py(Om(an +ayy) = (6u(d)y) + 6m(ai))), p2, pa, -+, p2)
—_—
n—2 copies
= Pn(ém(all + a/ll) - (6,71(61/11) + 6m(a,11))’ D2, P2, ,Pz),
——— ——
n—2 copies
which is
p1(Smlan +ayy) — Omlan) + 6,(aj;)))p2 = 0. (4.6)
Combining (4.5) and (4.6), this claim holds. O

Lemma 4.5. With notations as above, we have 6,,(a11 + X132+ b)) — 6,,(ar1) — 6,u(x12) — 0,u(b22) € Z(T)
fOl" all ag € A]], X172 € A]z, ay € Azz.

Proof. For arbitrary a;; € Ay, X12 € Az, an € Ag, in view of (a;; + X120 + bp)x,pip2---p2 = 0, we
have

Om(X12b20 — a11X},) = O(Pplary + x12 + b, X5, P1, P2, -+ 5 P2))
= Z P, (6, (a11 + x12 + bx), 0,,(X},), 01, (P1), 01,(P2), - -+, 0;,(P2))

i1+ +ip=m

n—3 copies

and
Om(X12b2n — a11x],) = 0,u(X)5b22) + Opn(—aiix},)

= 6m(Pn(all, -x,12’ p17p2, e 7p2)) + 6m(Pn(-x]2, -x,127 plaan U ’pZ))
+6m(Pn(b22’x;2,pl,p2,"‘ ’pZ))
= D PG (@) + 8, (x12) + 6, (52), 8,12, 81y (p1), 81y (pa) -+ .65, (p2)).

i1+t =m

n—3 copies
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Let us set W; = 6;(ajy + x12 + bay) — (0:(ay) + 0i(x12) + 6,(by)). Taking into accounts the above two
equations and using inductive hypothesis €; for all 1 < s < n, we have

0= > PuWi,0,(x2),04(p1): 61(p2), -+ . 53, (p2)

i+ iy =m

n-3 copies

D PuWi, 8,31, 8 (p1), 61(p), -+, 61,(p2)

i1 ++i,=m,ii £m

n—3 copies
+ P"(Wm’ x/lZ’ P1, P2, ,PZ)
S—
n—3 copies
= Pn(Wm, XI]Z’pl’p29 ot 7]92),
N’
n—3 copies
which is p;W,, x|, — x|, W,,p» = 0, 1.e.,
P1Wup1 @ p2W,pr € Z(T). 4.7)

In the following part, we prove p; W, p, = 0. Itis clear that (a;; + x12 + b2x)(—p1) p2 - - - p> = 0, then
N———

n—2 copies
Om(x12) = 0(Pp(ar + x12 + ba, —p1, P2, -+, P2)
———
n—2 copies
= D Pui(an + xio+ 52), 5,(=p1), 65 (p2), -+ 63,(p2)
i+ tip=m n—2 copies
and
0n(x12) = 0,u(Py(air, —pi, p2. -+ » p2) + 6p(Pp(X12, =P1, P2, + 5 P2)
— ———
n—2 copies n—2 copies
+ Om(Pu(b22, —p1, P2, 5 P2)
—
n—2 copies
= D0 Pu@i@n) + 6, (xi2) + 6, (), 0, (=p1), 51, (p2), -+ .6, (p2)).
ip++ip=m n—2 copies

According to the above two equations and inductive hypothesis €; for all 1 < s < m, we can get

0= > PuWi,8,(=p1), 8s(p2), -+ .6, (p2)

i+t ig=m

n—2 copies

> PuWi 04 (=p1)s 8 (p2), -+ 26, (p2)) + Pu(Wos =i, pa, -+, p2)
————

i1+ +ip=m,ii#m

n—2 copies n—2 copies
= Pn(Wm’ _plvpz’ et 9p2)’
R
n—2 copies
which is
pP1Wupr = 0. (4.8)
It follows from relations (4.7)—(4.8) that this lemma holds. O
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Next, we give the proof of this theorem. For arbitrary x = ay; + x12 + by and y = a), + x|, + b},, we
have
Om(x +y) = 0plan +a), + x12 + xj, + bya + b))
= Opm(an + ajy) + om(x12 + X)) + 6n(b22 + b5) + Z,
= Op(ar) + Om(ay)) + 6m(x12) + 8,u(x]5) + O(b22) + 6,(b5y) + Zy + Z5 + Z5
=0u(X)+ 0,V + 21+ 2y + 725+ Z4 + Zs,

which implies that 6,,(x + y) — 8,,(x) — 6,,(y) € Z(T).
Based on the additive of 6,, on 7, we give the main result in this section reading as follows.

Theorem 4.2. Let T = [AO” ﬁ;] be a triangular algebra satisfying

1) 4, (Z(T)) = Z(An) and 714,,(Z(T)) = Z(A);
1) For any ap; € A, if (a1, A € Z(ﬂ]]), then a;; € Z(ﬂ]]), or for any dp; € A, if [ar, Axn] €
Z(A), then axn € Z(Axn).

Suppose that a sequence A = {0,,}mepy Of mappings 6,, : 7 — 7 is a nonlinear map satisfying
Sn(Pax1, %o, X)) = D Pyl (1), 6,(x2), -+ 65, ()
i1++ip=m

for all xy,x5,--- ,x, €T with x;x,---x, = 0and n > 3. Forevery m € N,

Om(X) = Xm(X) + fin(X)

for all x € 7, where a sequence Y = {y,,}men Of additive mapping y,, : 7 — 7 is a higher derivation,
and f,, : 7 — Z(7) is anonlinear mapping such that f,,(P,(x, x5, - , x,,)) = O forany x;, x5, -+ , X, €
g with x1x---x, = 0.

In the process of proof, we will use mathematical induction for index m. Form = 1,6, = L, is a
Lie-n derivation on 7 by local action at zero. By Theorem 3.2, it follows from Theorem 3.2 that there
exists an additive derivation d; and a nonlinear center mapping fi, satisfying f;(P,(x1, X2, ,x,)) =0
for any xy, x5, -+ ,x, € 7 with x;x, ---x, = 0 and n > 3, such that 6,(x) = d;(x) + fi(x) forall x € 7.
Furthermore, ¢, and d; satisfy the following properties

01(0) = 0,61(A11) CA + A+ Z(T7),01(Ax) S An +Ap + Z(T);
81 =101(A12) € A, 61(pi) S A + Z(T);
di(Ai) C A+ Ajj,di (A1) C A fi(Pa(xy, X2, ,x,)) =0
fori < j e {l1,2} and for any x,--- ,x, € 7 with x;--- x, = 0.
We assume that the result holds for s for all 1 < s < m, m € N, then there exists an
additive derivation d; and a nonlinear center mapping f;, satisfying f,(P,(x1, X2, -+, x,)) = O for any

X1, X2, , X, €T with x1x; - -+ x,, = 0, such that d,(x) = ds(x) + fi(x) for all x € 7. Moreover, d; and
d, satisfy the following properties

0,(0)=0,01(A11) CA +An+Z(T),01(An) CAn +An+ Z(T);
s = 105(A12) S A, 05(pi)) SAp+ Z(T);
dy(Aii) CA;i + Ay, dy(An) C Aps fs(Pu(x1, X2, -+ ,x,)) =0
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fori < j € {l1,2} and for any x;, xp,--- ,x, € 7 with x;x,---x, = 0.
The induction process can be realized through a series of lemmas.

Lemma 4.6. With notations as above, we have

1) 6,,(A12) € Ajp;
2) p16m(pP1 @ P26u(p1)p2 € Z(T) and p10,(p2)p1 ® p20m(p2)p2 € Z(T);
3) Om(p1) € My + Z(T).
Proof. Because of x1,p1p1 p2 -+ p2 = 0 for x1, € Ay,, with the help of condition §, for all 1 < s < m,
S ——

n—3 copies
we have

Om(x12) = 6(Pu(X12, P15 P15 P25+ 5 P2))
= D Pl (51),6,(p), 65 (P, i (p2), -+ 63,(p2)

i++ip=m

= D Pa0,(x12), 65(p1), 65 (p1), 61, (p2)s -+ 483 (p2)

i1+ +ip=m,0<iy - ,ip<m

+ Pp(0,(X12), P15 P15 P2, 5 P2) + Pu(X12,00(P1), P15 D25+ 5 P2)

+ Py(x12, p1,Om(p1), P2, , p2) + Z Py(x12, p1, P1s P25 s P2 Om(p2) »-+ . D2)

s=4 s—th component

= Pn(ém(xl2),pl,Pl,P29 tee ’p2) + Pn(x1296m(pl)5plap25 Tt 3p2)
+ Py(x12, p1,6m(p1)s P2, 5 P2)
= P10m(X12)P2 + P10m(P1)X12 + 0pm(P1)X12 — 2X120m(P1),

then we can obtain that 9,,(x;,) € Aj,. Multiplying by p; on the left side and p, on the right side of
the above equation, we can obtain that p,6,,(p1)x12 = x120,,(p1)p2 for all x;, € Ay,. It follows from
definition of center that

P10u(p)P1 ® p26m(p1)p2 € Z(T).

Because of pyx;op1p2 - -+ p» = 0, we adopt the same discussion as relations
Om(x12) = Om(Pn(p2, X12, 1, P2+, P2))
= Z P,(6;,(p2), 0i,(x12), 0i5(p1), 61 (P2), - -+, 6;,(P2))

i1++ip=m

= Do Pa0(p2), 6, (612), 61 (p1), Giy(pa)s -+ 5 63, (p2)

i1+ +ip=m,0<iy, - ip<m

+ P,(6m(P2), X12, P15 D25+, P2) + Pu(p2, 0m(x12), P15 P2, -+, D2)

+ Py(p2, X12,0m(p1)s P2, , P2) + Z P,(p2, x12, p1. P2, s P2, Om(p2) .o+ + . P2)

s=4 s—th component

= Py(6m(p2), X12, P15 P2, -+ 5 P2) + Pu(p2, 6m(X12), P1s P2, - -+ 5 P2)

+ Pu(p2, X12,6m(P1)s P25+ > P2)

= =p16m(P2)X12 + X120m(P2)P2 + P16m(X12)P2 — X120,m(P1)P2 + Om(P1)X12
= —p10m(p2)x12 + X120m(P2)P2 + P16m(X12) P2
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Multiplying by p; on the left side and p, on the right side of the above equation, we can obtain that
P10m(P2)X12 = X120,,(p2)p2 for all xj, € Ay,. It follows from definition of center and we can prove that
P16m(P2)P1 ® p26um(p2)p2 € Z(T) holds. O

Lemma 4.7. With notations as above, we have
1) dpm(an) € Ay + A + Z(7), where pr6,,(ai)p2 € Z(A11);
2) Om(an) € Ap + A + Z(T), where p6,,(an)p) € Z(A2)
for all a; € A; with i € {1,2}.

Proof. In fact, it is clear that apaja;, pr---p>» = 0 for all a;; € A;; and for all 7, j € {1,2}, then
N———
n—3 copies

according to inductive hypothesis &, we have

0 =6(Pn(an, a1, az, p2,- -+, p2))
= D> Pu6:(a2),6,(@11), 6, (a12), 64, (pa). -+ 6, (p2)

i1+, =m

= D PuG(a),64(@n), 6(an), 6, (p2), -+ .83, (p2)

PO Sy R RO

+ Py(6m(a), air, a1z, p2,+ -+ » p2) + Puaxn, dm(an), a1z, p2,- -+, p2)
=P,(0m(ax), arr, ai, p2,- -+, p2) + Pu(az, 6u(an), a, pa,- -+, p2)
=Pn(p1om(a)p1, air, aiz, p2,- -+, p2) + Pu(ax, p26m(ai)pa, az, pa,- -+, p2)
=P, 1([p16m(ax)p1, anl + [ax, p26m(ar)p2l, a2, p2, - -+ p2)

for all a;; € A;; and for all i < j € {1,2}. In light of Lemma 3.1, we obtain

[P10m(ar)p1,aii] @ [ax, pro.(ai)p.l € Z(T) 4.9)

for all a; € A; and or all i € {1,2}. With the help of characterization of algebraic center, we have

[p16m(a22)p1,an] € Z(A1y) and [az, pro.(ai)p2] € Z(A2),
then
P16m(axn)p1 € Z(Ayr) and prd,.(ai)p2 € Z(Az) (4.10)
for all a; € A; and for all i € {1,2}. Further based on theorem hypothesis (ii) and above Eqs (4.9)

and (4.10), we arrive at

Sm(an) = p16u(a)pr = 7 (p20u(ai)p2) + piom(ai)pa
+ T_I(P25m((111)]72) + p20pu(ai)pr € Any + A+ Z(T)

and
Om(az) = p26m(an)pr — T(p16(axn)p1) + pidu(ax)p:
+ pP10m(an)p1 + 7(p16m(an)pi) € Apn + A + Z(T)
for all a;; € A;; with i < j € {1,2}. We can conclude that this claim can be established. O
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Now, we define mapping f,;1(a1) = 7' (pa6u(@i1)pa2) + padm(ai)pa and frp(azn) = p1dm(an)p: +
T(p16m(ar)p;) forall ay, € Ay and ary € Ay,. It follows from Lemma 4.7 that f,,; : A;; — Z(A1;) such

that f,1(P,(aj,, -~ ,d}) =0forallaj,,---,d?, € Ay withaj,af,---a}, =0and f,p : Apy > Z(An),
such that f,»(P,(al,, - ,a%,)) = 0forall al,,--- ,al, € Ay with al,a3, - -+ ai, = 0. Now, set
Fn(X) = fur(a) + foo(azn) = 7 (pabuai)pa) + p2dm(ai)ps
+ p1om(ax)pr + T(p16m(axn)pr)
for all x = ay +app +axp € 7. Itis clear that f,,(x) € Z(7) and f,,(P,(x1, X2, -+ ,X,)) = 0 with

XX+ -+ x, = 0 for all x;,x,,---,x, € 7. Define a new mapping

@y(X) = (%) = fin(X) (4.12)

(4.11)

forallx € 7.
Taking into account Lemmas 4.6 and 4.7 together with (4.11) and (4.12), we can easily get the
following Lemma 4.8.

Lemma 4.8. With notations as above, we have
1) @, (0) =0, w,(ar2) = 6m(arz) € A, @u(pi) € Ar2;
2) wu(an) € Ay + A and @, (ax) € Ay + Ay,
for all aij € Aij with i < ] S {1,2}
Lemma 4.9. With notations as above, we have
1) wy(anan) = anwy(an) + @u(ai)an + X jomo<i j<m dil@r)d (ar);
2) wp(anan) = an@(an) + @u(a12)axn + Xt j=no<i jn di(a12)d (a2)
forall a;; € A;; with i < j € {1,2}.

Proof. Now, we only prove the conclusion 1), and conclusion 2) can be proved by similar methods. It
follows from aj,ay 1 py ps - - - p» = 0 and the induction hypothesis & forall 1 < s < m — 1 that
N———

n—3 copies
@pu(anan) = ouanan) = 6,(Pya, ayr, pi, p2,- -+, p2))
= D Pul0i(@n),6,(@1), 64(p1): 51(p2), -+ 63, (p2)

i)+ tig=m

= DL Pa(@) 8u(an), i (pr), 8 (o), 565, (p2)

i = i<
+ P,(6,(ar2), arn, p1, p2, -+, p2) + Pulaiz, 6m(ai), p1. p2, -+, p2)
+ Py(aiz, ai, 0,(p1), P2, -+, pP2)

= Z Pn(di1 (6112),diz(an),di;(Pl),du(Pz), T ,din(Pz))

i+ Fipg=m,iy, - ip<m

+anwy(an) + w,(ai)an

= Z Pn(dh (arn), diz(all),Pl,Pz, <o, p2) Hanwy(an) + @,(an)an

i1+i2:m,0<i1,i2<m

= anw,(an) + @,(a)a; + Z di,(ai)d; (a2)

i1+iy=m,0<iy,ir<m
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forall a, € A, with s <t € {1,2}.
Adopt the same discussion as relations @,,(a12a2) = 0, (a12a2) = 0,,(P(ax,ais, p1, P2, » P2))
with axappips - - p2 = 0, and we can prove

@,(anan) = apw,(ax) + w,(an)axn + Z di(an)d(a)

i+j=n,0<i,j<n
forall a,; € A, with s <t € {1,2}. |
Lemma 4.10. With notations as above, we have

1) wu(ana),) = wu(an)a), + an@u(aj,)p2 + Lisjmmo<i jom difar)d;(ay,);
2) @u(b2nb},) = Wu(b22)byy + byn@ (b)) P2 + i jmn0<i,jem di(D22)d (D))

for all ay;, aj, € A; with i € {1,2).

Proof. For conclusion 1), arbitrary a;y,a}, € Aj; and a;» € Ay, and by conclusion 1) in Lemma 4.9,

we have
/ ’/ !’
wy(anayan) = anay @y(an) + wy(ana;;)a

+ ). diand])djan)

i+j=m,0<i,j<m

alla/l]wm(am) + wm(allall])alz

D), dyandy@)dian) (4.12)

i+j=m,0<i,j<m i1+ir=i,0<i<m

+

alla,“wm(alz) + wm(allalll)aIZ

D dy(an)dy(@;)dian)

i +i2+j:m,0<i1 ,iz,j<m

+

and
@yu(andy an) = anwy,(a)an) + @y(a)a)an

+ Z di(all)dj(alllalz)
i+j=m,0<i,j<m

= alla/]lwm(au) + allwm(a'n)alz + wm(all)a;]au

+ ), andi@)dan) + Y diandya@)an)
i+ j=n,0<i, j<m i+ j=m,0<i, j<m

= ayay wy(an) + anw,(d)))an + we(an)a)ap;

> andi@pdan) + Y dan) Y dy(@pdylan) G
i+j=m,0<i,j<m i+j=m,0<i,j<m Ji1+j2=7,0<j<m

= aypay wy(an) + anw,(d))an + wy(an)a)ap;

+ Z and(ay,)d(an) + Z di(ai)d; (a})d,(a2)
i+ j=m,0<i, j<m i+j1+ jo=m0<i, i, jo<m

= ana), wu(an) + anwy(a))an + wy(an)ayan

D dtand@pan+ Y dland;(@;)dj(an)

i+ j=m,0<i,j<m i+j1+j2=m,0<i,ji,ja<m
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for all a,, a;, € A, with t € {1, 2}.
Combining (4.12) with (4.13) leads to

ou(anady)an = (@,(an)ay, + anwy(a),) + Z di(an)dj(a},))an

i+ j=m,0<i,j<m

for all a,,a,, € A, with t € {1,2}.
Since @,,(A11) € Ay + Ay; and Ay, are faithful as a left A;;-module, the above relation implies that

@u(and)pr = (@a(@a), +an@u(@)+ D, dlanda;,)p (4.14)

i+j=m,0<i,j<m

for all a,1,a}, € Ayy.
On the other hand, by a;; p, --- p, = 0 for all a;; € A, we arrive at
N———

n—1 copies

0 = 5m(Pn(all’p27 e ,Pz))
N———

n—1 copies

= P,(6m(ai), p2,- -+, p2) + Py(ai1,0,(p2), p2,- -+ , p2)
~— ——

n—1 copies n—2 copies
D PG (@n), 8y(pa), e, 6,(p)
i1+ Hip=m,iy - i, <m
= Pu(@wn(an), p2, -+ p2) + Polar, @n(p2), 2, p2)
——— ———
n—1 copies n—2 copies
+ Z P,(d; (a11),di,(p2), -+ . d;,(p2))
i1+ Fip=m,iy, ip<m

for all a”,a’“ € Aq;.
Since @, (A1) C Ay + A, @ (p2) € A and di(p;) € Ay, the above equation implies that

0= @u(aps +an@a(p)+ Y, dilan)di(p)

i+ j=m,0<i,j<m

for all a”,a;] €A
On substituting a;; by a;;a), in above equation, we get

0= @u(and|)ps +anay@u(p) + D, diland;)di(p2)

i+j=m,0<i,j<m
= wm(ana'“)pz + ana'uwm(pz)

o O ditandy@)di(p)

i+ j=m,0<i,j<m ij+iy=i,0<ij,ip<m
= @wy(anay)p: + anay, @u(p2)
D dy@)dy@)di(pa)

i1 +ix+j=m,0<i] iz, j<m
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for all ay;,a, € Ay,. Therefore, we have

pi(@n(andy)p2 + anay, @ (p2)
> diandy (@ )d(p)pr = 0. (4.15)
i1 +ir+ j=m,0<iy,ip, j<m

Again, note that a},p,--- p, = 0 for all @}, € Ay, and we have

0 = 6,u(Pu(@)ys P25+ 5 P2))
= DL PuGi(@), (P2, 6,(p2)
i1+ +ip=m
= Py(@u(a})), p2, -+ s p)] + Pu(@yy, @w(p2)s P2y - -+, P2l
D Paldi (@) du(p), e di(p2).
I+ tig=m,iy e iy <m

This gives us
0 =@, (@i )p2+d@ulp) + Y. dild;)di(pa). (4.16)

i+ j=m,0<i, j<m
Now, left multiplying a;; in (4.16) and combining it with (4.15) gives us
aand)pr+ D, dian)di(@))di(pa) = anwa(a))ps.
i+ j+k=m,0<i,0<j

This implies that

@uland)pr+ Y dian) Y did;)di(py) = anwu(a,)pa.
i=1 jk=m—i,0<i
Now, using the condition §;, we find that
m—1
@y(ayay)ps - Z di(ai)dn-i(a}))p2 = an@u(aj,)pas
i=1

which gives
m—1

wy(andy)p2 = anwy(ay)ps + Z di(ai)dy-i(ay;)ps.
i=1
Hence,
@y(and))ps = (@a(an)a), +anwu(@)ps+ Y, dilan)dni(a;)}pa. (4.17)

i+ j=m,0<i,j<m

Now, adding (4.14) and (4.17), we have

@(and),) = ulan)ay, +an@a@ )p+ Y. dilan)dia,).

i+j=m,0<i,j<m

Adopting the same discussion, we have

@ (bnbly) = @by, + bry@u(Bi)pa+ Y dilbr)d(b)

i+j=m,0<i,j<m

for all bzz, b,22 S A22. O

AIMS Mathematics Volume 9, Issue 2, 2549-2583.



2579

Remark 4.1. Now, we establish a mapping g,, : T — Z(T") by

gm(x) = @y(X) — @, (p1xp1) — @u(p1Xp2) — Wu(pP2xp2)

and g,,(P,(xy, -+ ,x,)) = 0 with x;---x, = 0 for all xy,---,x, € 7, then define a mapping y,,(x) =
@, (x) — gnm(x) for all x € 7. It is easy to verify that

Xm(ai1 +aiz + an) = xm(an) + xm(an) + xm(ax).
From the definition of y,, and g,,, we find that
‘Pm(x) = wm(x) + fm(x) = Xm(x) + gm(x) + fm(x) :)(m(x) + hm(x),

where h,,(x) = g (x) + f.(x) forall x € 7.

Lemma 4.11. With notations as above, we obtain that {y;}\=0' is an additive higher derivation on
triangular algebras T .

Proof. Suppose that x,y € 7, such that x = a; + a;; + ap and y = a/, + a}, + a),, where q;;, alfj €A
with i < j € {1, 2}, then

Xm(x +Y) = xw((a11 + ana + an) + (a}, + aj, + ay))
= xm((a11 + ay)) + (apy + ajy) + (ax + ay,))
= Xm(an + diy) + xm(ar2 + ayy) + xm(az + d,)
= Xm(an) + xm(a)) + @pla2) + xm(a\s) + Xm(a2) + xm(ay,)
= xm(@1 + apx + axn) + xu(d), +ay, +ay))
= Xm(X) + Xm(¥)

By Lemmas 4.8 and 4.10, we have

Xm(xy) = ¥m((a11 + aip + an)(d), + dj, + ay,))
= ym(anay, + andy, + andy, + anads,)

= wula)d), +anwu(d) + Y dian)dial,)

i+j=m,0<i<m

+ @u(@)dl, + anwalay) + ) dilan)d;al,) (4.18)

i+ j=m,0<i<m

+ @y(an)as, + anwy(ay,) + Z di(aip)d(ay,)

i+ j=m,0<i<m

+ @y(a2)ay, + anw,(a,) + Z di(axn)dj(ay,).

i+ j=m,0<i<m

AIMS Mathematics Volume 9, Issue 2, 2549-2583.



2580

On the other hand, we have

Xn(OY + Xm0+ DL XK

i+ j=m,0<i<m

= Xm(@11 + @i + an)y + Wyu(a), +a, + )+ >0 xi(Ox,0)

i+ j=m,0<i<m
= @n(ar) + Talan) + Tula)y + Y. dilan)dial,)
i+ j=m,0<i<m
Fx(@n(a)) + Tpla)y) +Tald)) + ) dlandia)+ Y dian)didy)

i+ j=m,0<i<m i+j=m,0<i<m

Y dandid)+ Y dland@y)+ Y dian)d;(ah,)

i+ j=m,0<i<m i+ j=m,0<i<m i+j=m,0<i<m

) dilandi@)+ Y, dian)d@y)+ ), dilan)d dy).

i+ j=m,0<i<m i+ j=m,0<i<m i+j=m,0<p<m

Taking into account the induction hypothesis &, Lemmas 4.9 and 4.10, we calculate that

XY+ 2+ D di0di)

i+ j=m,0<i<m
= wm(all)alll + wm(all)a/lz + wm(aIZ)a/zz + wm(azz)a'zz
+anwu(a),) + anwy(a,) + anw,(as,) + an,(d,)

> dilandia)+ D diandialy)

i+j=m,0<i<m i+j=m,0<i<m

+ ), dladian)+ ), dilan)didy).

i+j=m,0<i<m i+j=m,0<i<m

(4.19)

Combining (4.18) and (4.19), we get

Xm(Xy) = Xm(X)y + Xxm(y) + Z X ()

i+j=m,0<i<m
for all x,y € 7. This shows that each y,, satisfies the Leibniz formula of higher order on 7. O

Finally, we need to prove that each 4, vanishes P,(xy,- -, x,) with x; ---x,, = 0 for all xy,--- , x, €
7 . Note that h,, maps into Z(7), {x:}", as an additive higher derivation of 7. It follows from inductive
hypothesis ¥ that

hm(Pn(xl’ U ,xn)) = 6n(Pn(xl, e ’xn)) _Xn(Pn(xl’ U ’xn)) =0

with x; -+ - x, = 0 for all xy,---,x, € 7. We lastly complete the proof of the main theorem.
In particular, we have the following corollaries.
When n = 3, we have the following corollary.

Corollary 4.1. [17, Theorem 3.3] Let T = [AO“ ﬁ;] be a triangular algebra satisfying
1) 14, (Z(T)) = Z(An) and m4,,(Z(T)) = Z(Ax).
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11) For any ap; € A]], if [a”,An] € Z(ﬂ)]], then ag € Z(ﬂ), or for any ap; € A22, if [Clzz,Azg] €
Z(Ay), then axy € Z(Axp).

Suppose that a sequence A = {0,,}meny Of mappings 6, : 7 — 7 is a nonlinear map satisfying
(el = > [16:x), 8,001, 64(2)]
i+j+k=m

for all x,y,z € 7 with xyz = 0. Forevery m e N,

Om(X) = Xm(X) + hy(x)

for all x € 7, where a sequence 1" = {y,,}.en Of additive mapping x,, : 7 — 7 1is a higher derivation
and h,, : 7 — Z(7) is a nonlinear mapping, such that 4, ([[x,y],z]) = O for any x,y,z € 7 with
xyz = 0.

When n = 3 and m = 1, we have the following corollary.

Corollary 4.2. [16, Theorem 2.2] Let 7 = [AO“ ﬁ;i] be a triangular algebra satisfying

1) 4, (Z(T)) = Z(An) and 714, (Z(T)) = Z(Axn).
ii) For any a; € Ay, if [a)1,An] € Z(Apy), then ay; € Z(A), or for any axn € Ax, if [ax,Ar] €
Z(Axp) then ay € Z(Ax) .

Suppose 6, : 7~ — 7 is a nonlinear map satisfying

Silleyla) = ) [181x), 6,01, 6x(2)]

i+j+k=1
for all x,y,z € 7 with xyz = 0, then there exists an additive derivation @; of 7 and a nonlinear map
hy : 7 — Z(7), such that
01(x) = x1(x) + h(x)

for all x € 7, where 7,([[x, y], z]) for any x,y,z € 7 with xyz = 0.
5. Applications

In this section, we apply Theorem 4.2 to certain classes of triangular algebras that satisfy the
hypotheses of Theorem 4.2. Some standard examples of triangular rings satisfying the hypotheses
of Theorem 4.1 are: Upper triangular matrix algebras, block upper triangular matrix algebras and nest
algebras (see [24, 4. More applications and further topics] for details).

According to the Theorem 4.2, we get the following corollaries.

Corollary 5.1. Let R be a 2-torsion free commutative ring with identity and T (R)(k > 2) be the
algebra of all k X n upper triangular matrices over R. Let {L,}.cn be a family of nonlinear mapping
L, : T(R) — Tr(R) satisfying Eq (1.3), then every Lie-m higher derivation L,, : T(R) — T(R) be
of standard form.

Corollary 5.2. Let R be a 2-torsion free commutative ring with identity and (TSE(R)(S > 3) be a block
upper triangular matrix ring with over T SE(R) # M (R). Let {L,} nen be a family of nonlinear mapping
L, : 7'SE(R) — ﬂE(R) satisfying Eq (1.3), then every Lie-m higher derivation L, : 7'5(73) — 7'5(72)
be of standard form.
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Corollary 5.3. Let H be a Hilbert space, N be a nest of H and Alg(N) be the nest algebra associated
with N. Let {L,,}nen be a family of nonlinear mapping L,, : Alg(N) — Alg(N) satisfying Eq (1.3),
then every Lie-m higher derivation L, : AIg(N) — Alg(N) be of standard form.

6. Conclusions

The purpose of this article was to prove that every nonlinear Lie-n higher derivation by local actions
on the triangular algebras is of a standard form. As an application, we gave a characterization of Lie-n
higher derivations by local actions on upper triangular matrix algebras, block upper triangular matrix
algebras and nest algebras, respectively.
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