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Abstract: Recently, Bonato et al. (2024) introduced a new graph parameter, which is the cooling
number of a graph G, denoted as CL(G). In contrast with burning which seeks to minimize the number
of rounds to burn all vertices in a graph, cooling seeks to maximize the number of rounds to cool
all vertices in the graph. Cooling number is the compelling counterpart to the well-studied burning
number, offering a new perspective on dynamic processes within graphs. In this paper, we showed that
the cooling number of a classic cubic graph, the generalized Petersen graphs P(n, k), is {%J + [%J +
O(1) by the use of vertex-transitivity and combinatorial arguments. Particularly, we determined the
exact values for CL(P(n, 1)) and CL(P(n, 2)).
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1. Introduction

Burning number can be used to study the spread of contagion in a network, see [1,3,4]. In the past
few years, burning number has been widely studied for some families of graphs, for example, circulant
graphs [7], generalized Petersen graphs [19], caterpillars [9,14], grid and interval graphs [8], -unicyclic
graphs [22], hypercube [18], theta graphs [16], Q-graph [13], and spiders and path forests [5, 6, 15].
Mitsche, Pratat, and Roshanbin investigated the burning number of graph products in [18] and they also
focused on the probabilistic aspects of the burning number in [17]. A graph G is said to be m-burnable
if the burning number of G is at most m. Bonato and Lidbetter [S] and Das et al. [6] proved that every
spider of order m? is m-burnable. A tight upper bound on the order of a spider to guarantee that it is
m-burnable was then determined by Tan and Teh [20]. They have also studied the burnability of double
spiders and path forests in [21].

Recently, Bonato et al. [2] introduced a new graph parameter, which is the cooling number. In
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contrast with burning that aims to minimize the number of rounds to burn all vertices in a graph,
cooling attempts to maximize the number of rounds to cool all vertices in the graph. The cooling
process on a finite simple, undirected graph G is a discrete-time process. Throughout the cooling
process, vertices in G may be either uncooled or cooled.

Initially, in the first round, all vertices are uncooled. At each round ¢ > 1, one new uncooled vertex
is chosen to cool if such a node is available. We call such a chosen vertex a source. If a vertex is cooled,
then it remains in that state until the end of the process. Once a vertex is cooled on round ¢, in round
t+ 1, its uncooled neighbors become cooled. The source chosen in round 7+ 1 cannot be the immediate
neighbor of cooled vertex in round . This means that distance between two consecutive sources must
be of distance at least 2. If at the beginning of round ¢+ 1, all uncooled vertices are immediate neighbor
(or neighbor) of a cooled vertex in round ¢, then no source is chosen in round # + 1 and the process ends
atround ¢ + 1. The process ends in a given round when all vertices of G are cooled.

We define the cooling number of G, written CL(G), to be the maximum number of rounds
for the cooling process to end. Give a graph with CL(G) = c¢ and let (xy,x,...) be a set of
sources chosen during cooling. To completely cool G, it may have ¢ cooling sources in a sequence
(x1,x2,...,xc) or c — 1 cooling sources, which we write, (x, x2, ..., X._1, [x.]). We call (x1, x2, ..., x.)
or (xy, X, ..., X1, [x.]) the cooling sequence for G with CL(G) = c. The latter implies that the whole
graph may only be completely cooled in ¢ rounds without positioning the c-th cooling source. We
have that the burning number of G, b(G) < CL(G). Note that a choice of sources that burns the graphs
gives an upper bound to the burning number, and a choice of sources that cools the graph gives a lower
bound to the cooling number.

In [2], Bonato et al. showed the following results on the cooling number of some basic graphs. For
all graphs with diameter at most 2, we have that the burning number of G, b(G) = CL(G).

Theorem 1.1. [2] For a graph G on n vertices, we have that

CL(G) <

n+1}

Let u,v € V(G), and d(u,v) is the distance between u and v. Then the diameter of G, denoted by
diam(G), is the max{d(v, u) : u,v € V(G)}.

Theorem 1.2. [2] For a graph G, we have that

{wg)” < CL(G) < diam(G) + 1. (1.1)

For the path P, and cycle C, of order n, it has been shown in [2] that
Theorem 1.3. /2]

_|n+ 1] [diam(P,) +2
cury =[] - [ 2]
Theorem 1.4. [2]
CL(C,) = |2 ; 2} .
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For the complete caterpillar of length d and n = 2d — 2, denoted as CCy, (see [2]), then

1
CL(CC,) = V - w = diam(P,) + 1.
Theorem 1.5. [2] Let T be a spider with 2m legs, each of length r. If we have that m < [log, r + 1],
then
r+1
CL(T)<2 — | (1 —=1/2™)2r.
(T) < ]Zm{ - |( /2"2r

They also derived the cooling number of Cartesian grids and studied the cooling number in graphs
generated by the iterated local transitivity model for social networks, see [2].

In this paper, we determine completely the cooling number for the generalized Petersen graphs.
The generalized Petersen graphs is a classic family of cubic graphs. The Petersen graph is not only
the smallest bridgeless 3-regular graph, but it is also a remarkable configuration that serves as a
counterexample to many optimistic predictions about what might be true for graphs in general [11].
Letn > 3 and k > 1 be integers such that 1 < k < [%J The generalized Petersen graph P(n, k) is
defined to be the graph on 2n vertices with vertex set

V(P(n,k)) ={a;,b; : i=0,1,2,...,n—1}
and edge set
E(P(n,k)) = {aiaiy1,aibj,bibiyx : 1 =0,1,2,...,n—1},

where subscripts are taken modulo n. Let Dy = {a; : i = 0,1,2,...,n—1}and D, = {b; : i =
0,1,2,...,n— 1}. The subgraph induced by D; is called the outer rim while the subgraph induced by
D, is called the inner rim. A spoke of P(n, k) is an edge of the form a;b; for some 0 <i <n — 1.

For a graph G, for each integer j > 0, we set

Nj(x) = {y € V(G) : the distance from y to x in G is at most j},

and
N[x] = N;(x) U {x}.

Note that if N(x) is the set of vertices adjacent to x in G, then

N(x) ={y € V(G) : y is adjacent to x in G} = N;(x).
Furthermore, Ny(x) = @ and Ny[x] = {x}.
2. Main results

It is worth noting that the main difference when choosing a choice of sources to completely burn or
cool a graph is such that we need to carefully choose a cooling source compared to a burning source
because the cooling source cannot be a neighbor of a cooled vertex in that particular round, whereas
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the burning source can be a neighbor of a burned vertex in that round. In the burning number case,
where we aim to minimize the number of sources, we just need to make sure a particular vertex that we
want is unburned and the choice of vertex will maximize the newly burned vertices at the end of each
round. However, in the cooling process, where we aim to maximize the number of sources, we need to
carefully choose the cooling sources so that the chosen vertex will minimize the newly cooled vertices
at the end of each round. Furthermore, to recall, two consecutive cooling sources cannot be immediate
neighbors.

In general, to obtain the lower bound, we can choose a choice of cooling sources in a sequence such
that the (¢ + 1)-th cooling source is chosen, at best, at distance 2 from the #-th cooling source. Besides
that, the (¢ + 1)-th cooling source, x,, is best to be chosen with as many neighbors as possible that are
contained in N;(x,), i.e.,

IN1(x41) N Ni(x,)] = max {|{N;(y) N Ni(x;)| : y 1s uncooled at round 7 + 1
and it is not a neighbour of a cooled vertex} .

This will reduce the cooling spread to uncooled vertices in the (¢ + 1)-th round.

2.1. Case fork =1

Note that it is fairly straightforward to see that the diameter of P(n, 1) is 5 + 1 if n is even and [%-I if
n is odd.

Theorem 2.1. Ifn > 3, then CL(P(n, 1)) = [2ns_+4J + 1.

Proof. Let G = P(n,1) with CL(G) = k and (xy, x, ..., X1, [xx]), or (x1,x2,...,X;) be a cooling
sequence of G.

First, we show that £ < [2'15_+4J + 1. Suppose k > 2"5—+9. Note that G is vertex-transitive. The first
cooling source x; can be placed at an arbitrary vertex, and we consider the spread of cooling from x;
in k rounds. At the end of the first round, only the vertex x; is cooled. At the end of the second round,
Ni(x;) which consists of 3 vertices are cooled. Regardless where vertex x, is positioned, a total of 5
vertices (which are the vertices in N{[x;] U {x,}) are cooled at the end of the second round. After two
rounds, it is observed that at the end of each i-th round for all 3 < i < k — 1, at least 5 new uncooled

vertices are cooled. In fact, at the beginning of the i-th round, the cooled vertices are just the vertices

contained in
U Ni—l—j[xj]-

1<j<i-1

Recall that x; cannot be a neighbor of a cooled vertex. Therefore,

X; & U Ni_j[x;].

1<j<i-1

This implies that

Ni[xi] ﬂ( U Ni—l—j[xj]] = Q.

1<j<i-1
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Since i < k—1, there is still another round before all the vertices are cooled. So, there are four uncooled
vertices excluding x;, where two of them are contained in the inner rim and the other two in the outer
rim. Thus, at the end of the i-th round, at least 5 new uncooled vertices are cooled.

At the k-th round, at least one uncooled vertex is cooled. Following this, we have that the number
of cooled vertices is at least

2n+9
5+5(k—3)+1:5k—9>5(n )—9:271,
a contradiction, as |V(P(n, 1))| = 2n. Thus, k < 2"5—+9. Since k is an integer, we have k < [2"5—+9J =
[%J + 1.
For the lower bound, we give a choice of sources (xy, X2, . . ., X¢, Xc41) OF (X1, X2, . . ., X¢, [Xc41]) Where

c= [%J to cool G. Note that all vertices will be cooled at ¢ + 1 round and x.,; may not need to be
positioned in some cases. Without loss of generality, we first place x; at a; and x, at b,. At the end of
the second round, ay, a;, a», by, b, are cooled.

Suppose [2";4J isodd. Let Sy, = {asj, b3j, a3js1,b3j41,a3j42, b3ji0} foreach 1 < j < %(lﬁzns—MJ - 1)-

We set

Xojr1 = b3j+1;
X2j+2 = Ad3j42,

forlst%([%J—l)—land

X2jo+1 = sz0+1,

where j, = %([% —-1).

At the end of the third round, a; and b3 are cooled as they are adjacent to a, and b,, respectively.
Similarly, for each j, by the choices of x,,; and x;,,, all the vertices in S,j,; are cooled. In fact, a3;
and bs3; are cooled from as;_; € §,;_3 and b3;_; € S,;_3, respectively; az;,; and b3 ., are cooled from
b3 J+1-

Now, at the end of the (2, + 1)-th rounds, all the following vertices are cooled:

ay,d,as, ...,4sj,

b17b2’b3a .- ~5b3joab3jo+l'

Besides that, sourced from x; = a;, moving toward the opposite direction, the vertices in
{ao, an-1,an-2, . .., an—(c=2), bo, by—1,bp_2, . .., b,_(—3)} are cooled at the end of the c-th round.
Since [2”5—+4J isodd, 3jo+1 = 1.5 ([2”5—+4J - 1) + 1 is an integer. We shall show that by taking

_ | 2n+4
C‘Vs J

1S(n—(c—3)—1.5({2n;4|—1)—1)—1§2. @.1)

In fact, the lower bound follows from
- 1) - 1) -1
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:n_(2n+4|_3)_1'5(2n+4 _1)_2
5
2n+4
:n—z.sv+ 2.5
5
2n+4
zn—z.s("+ ) 2.5=0.5,
and the fact that (n —(c=3)-15 ([%J - 1) - 1) — 1 is an integer, whereas the upper bound follows
from
2n+4 2n+4
n-(c-3)-15(|Z2 1) 1) -1=n-252 2 42
5 5
<n—2.5(2"+4—1)+2.5:3.

So, we conclude that the number of uncooled vertices in the inner rim is at most 2 at the end of the
(2jo + 1)-th round. Therefore, there are two possibilities at the end of the (2 j, + 1)-th round,

(a) all vertices are cooled except

aA3jo+15
b3j0+27

in this case, there is exactly one vertex bsj ., between b3y, and b,,_(._3).
(b) all vertices are cooled except

a3jo+1>  A3jp+25
b3j0+29 b3j0+39

in this case, there are exactly two vertices bs .2, b3j,+3 between b3 1 and b,,_(._3).

In either case, all these uncooled vertices are adjacent to some cooled vertices. So, no x.,; can be

placed and we have the cooling sequence (xi, X, ..., X, [X.+1]). Hence, k > V”S—”J + 1.

Suppose |_2”5—+4J iseven. Let S,y = {asj, b3, asje1, b3je1, @342, b3jua} foreach 1 < j < %(I_MJ - 2).

5
We set

Xojr1 = b3j+1;
X2j+2 = A3j42,
forlst%(% -2).

At the end of the third round, a3 and b3 are cooled as they are adjacent to a, and b,, respectively.
Similarly, for each j, by the choices of x,;,; and x,;,,, all the vertices in S5, are cooled. In fact, as;
and bs; are cooled from as;_; € §,;_3 and b3;_; € S,;_3, respectively; as;,; and b3 ;,, are cooled from
b3 J+1-

Now, at the end of the (2, + 2)-th rounds where j, = % (V”S—”'J - 2), all the following vertices are
cooled:

a,dz,as, ... ,asj,, Azj,+1, A3jy+2,

AIMS Mathematics Volume 9, Issue 12, 36351-36370.
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b17b27b3’ o '7b3j0’b3j0+1ab3j0+2-

Besides that, sourced from x; = a;, moving toward the opposite direction, the vertices in
{ao, an-1,an-2, ..., ap—(c=2), bo, by—1,bp_2, . .., b,_(—3)} are cooled at the end of the c-th round.
Since [2"5—+4J iseven, 3jo +2 =3 (% ([Z”S—MJ - 2)) +2=15 ([2”5—+4J - 2) + 2 is an integer. We shall

[2n+4J
5 9

OS(n—(c—Z)—1.5({2n;4|—2)—2)—1§2. 2.2)

show that by taking ¢ =

In fact, the lower bound follows from

dn+4
(n—(c—2)—1.5( nr —2)—2)—1
:n_(2n+4|_2)_1.5(2n+4 _2)_3
5
=n—2.5{2n+4 +2
Zn—2.5(2n+4)+2:0,

whereas the upper bound follows from

2n+4 2n+4
-2|1-2]l-1=n-2.

2n+4

+2

(n—(c—2)—1.5(

<n—2.5( —l)+2:2.5.

So, we conclude that the number of uncooled vertices in the outer rim is at most 2 at the end of the
(2jo + 2)-th round. Therefore, there are three possibilities at the end of the (2, + 2)-th round,

(a) all vertices are cooled except

b3j0+3 ’
in this case, there are no vertices between a3 » and a,_(—).
(b) all vertices are cooled except
a3jo+3 ’
b3j0+3’ b3j0+49
in this case, there are exactly one vertex asj 3 between az ;.2 and a,_ ).
(c) all vertices are cooled except
a3jo+3,  A3jy+4,
b3j()+3 ’ b3j()+4’ b3j()+5 ’

in this case, there are exactly two vertices asj .3, a3j,+4 between asj .» and a,_ ).
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For cases (a) and (b), all these uncooled vertices are adjacent to some cooled vertices. So, no x.,; can

be placed and we have the cooling sequence (xi, X2, ..., Xq, [X.+1]). Hence,k > c+ 1 = |_2”5—+4J + 1. For
case (c), we can only set x..; = b3j,+4 because all other uncooled vertices are adjacent to some cooled
vertices. So, we have the cooling sequence (xi, X2, ..., X., X.+1). Hence, k > c + 1 = [2"5—+4J + 1.

This completes the proof of the theorem. O

2.2. Case fork =72
Proposition 2.1. Let 3 < n < 5. Then CL(P(n,2)) = 3.

Proof. Note that diam(P(3,2)) = diam(P(4,2)) = diam(P(5,2)) = 2, and, hence, by Eq (1.1),
CL(P(3,2)) < 3,CL(P#4,2)) <3 and CL(P(5,2)) < 3.

For n = 3,4,5 the proposition can be verified easily by having a choice of cooling sources, see
Table 1. Recall that the cooling sequence of a P(n, k) with ¢ sources may only completely cooled the
graph in (¢ + 1) rounds and, hence, CL(P(n, k)) = ¢ + 1.

Table 1. Cooling number of P(n,2) forn = 3,4,5.

Cooling sequence Graph CL(P(n,2))
(a1, by, [x3]) P@3,2)=P@3,1) 3
(b1, ag, by) P4,2) 3
(al’b3’ [X3]) P(S, 2) 3
This completes the proof. O

For the rest of the section, we used a similar isomorphic graph of P(n,?2), say H(n,2), as defined
in [19] (see Figures 1 and 2).

ap a
b] a ap
bo
as a
3 . . by
ds ag
> 1 = ~ - 1 b
i ap— A ~~. ap-2 i
- b,
bn—l ’
P(n,2) H(n)

Figure 1. H(n) is isomorphic to P(n,2) where n is even.

AIMS Mathematics Volume 9, Issue 12, 36351-36370.



36359

bl a ao
° ° bO
aN2
b ® hd b2
ds ay
5 ! ~_ R * ) by
i an-2 \\‘ . Qn-3 i
bn_z bn—3
a,_
ap—4 ay b,
P(n,2) H(n)

Figure 2. H(n) is isomorphic to P(n,2) where n is odd.

It has been shown in [10] and [12] that diameter of P(n, 2) is O(
Let d(x, y) be the distance between two vertices x and y.

ﬁ). Here, we show the exact value.

Lemma 2.1. Let n > 6. Then the diameter of P(n,2) is [ﬁ-l + 2 if nis even and [%1 + 2 ifnis odd.

Proof. Suppose n is even and 7 is even. By referring to H(n), if we consider only vertices of the outer
rim, one of the maximum distances is d(ap,az) = 1 + 3 + 1 = 3 + 2 by first going to by and going to
in steps of 2 to bz and then going to a;. Note that d(ap, az) = d(ag, az-1) = d(ap,az+1) = 7+ 2. If we
consider one vertex from the outer rim, say ay with another vertex b;, one of the maximum distances is
d(ao, bz+1) = 2+ 7 by first going through the path a;, then b,, and going to in steps of 2 in the inner rim
to bs, . If we consider only any two vertices of the two cycles in the inner rim, one of the maximum
distances is d(bo, bz_1) = 2 + % by first going through path byapa,b, and then going to in steps of 2 in
the inner rim to b%_l.

Suppose 7 is even and 7 is odd. By referring to H(n), if we consider only vertices of the outer rim,
one of the maximum distances is d(ao, az) = 1 + Lﬂ +2=1+22+2=22402= [ﬂ +2 by first going
to ay, then b, and going to in steps of 2 to bz and then going to az. If we consider one vertex from the
outer rim, say ao with another vertex b;, one of the maximum distances is d(ay, bg) =2+ HJ = [ﬁ-l +1
by first going to a; followed by b; and going to in steps of 2 in the inner rim to bz. If we consider
only any two vertices of the two cycles in the inner rim, one of the maximum distances is d(bo, bz) =
2+ "%2 = [ﬂ + 2 by first going through path byapa; b, and then going to in steps of 2 in the inner rim
to bg

Suppose n is odd and % is even. By referring to H(n), if we consider only vertices of the outer rim,
one of the maximum distances is d(a, a%) =1+ ”4;1 +1= % + 2 by first going to by and going to in
steps of 2 to b% and then going to At Note that d(ay, a%l) = d(ao,a%_l) = d(ay, a%ﬂ) = % + 2.
If we consider one vertex from outer rim, say a, with another vertex b;, one of the maximum distances
is d(ag, b =) )=1+ "4;1 by first going through the path ay, then b, and going to in steps of 2 in the inner
rim to b% . If we consider only any two vertices of the inner rim, one of the maximum distances is
d(by, b% D=2+ "T‘l by first going through path byapa,b; and then going to in steps of 2 in the inner
rmto bui_,.
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Suppose n is odd and ”2;1 is odd. By referring to H(n), if we consider only vertices of the outer rim,
one of the maximum distances is d(ay, a%) =1+ I-"4;1-| +1= |-§-| + 2 by first going to ay, then b, and
going to in steps of 2 to b = and then going to A If we consider one vertex from the outer rim, say

ag with another vertex b;, one of the maximum distances is d(ay, b% y=1+ [”4;11 by first going to a;
followed by b; and going to in steps of 2 in the inner rim to b =y If we consider only any two vertices

in the inner rim, one of the maximum distances is d(b, b% ) =2+ [%-I by first going through path
boapa; b and then going to in steps of 2 in the inner rim to b =y
This completes the proof. O
The following corollary follows directly from Eq (1.1) and Lemma 2.1.
Corollary 2.1. Letn > 6. Then
[ +3.  if nisodd;
CL(P(n,2)) <
I-ﬂ + 3, if niseven.
Now, we are ready to prove the following theorem.
Theorem 2.2. Let n > 28. Then
+ 3, if n=0 mod 4,

n=2 4 3 if n=2 mod 4,
CL(P(n,2)) =
n=l 4 3, if n=1 mod 4,

13 44, if n=3 mod 4.

Proof. Suppose n = 0 mod 4, i.e., n = 4k for some positive integer k. Then Lﬂ +3 =k+3. By
Corollary 2.1, CL(P(n,2)) < k + 3. To find the lower bound, we need to determine the cooling source
X; in round i. We place X1 = Ag, Xp = Ay, X3 = Aqf-3, X4 = QA4-5, X5 = Aaj-7, and for6 < i < k+ 2,
we place x; = api_s. Since n > 28, we have k > 7. It is not hard to see that at the end of round
k + 2, all vertices are cooled, except ay; and ay,;. The vertex ay; is adjacent to the cooled vertex
by, whereas a1 1s adjacent to the cooled vertex by.,;. Therefore, we have the cooling sequence
(X1, X2, . . . s X2, [X143]). Hence, CL(P(n,2)) > k+ 3 = H-I + 3, and the theorem holds for n = 0
mod 4.

Supposen =2 mod 4, i.e., n = 4k+2 for some positive integer k. First, we show that CL(P(n, 2)) <
k + 3. By Corollary 2.1, CL(P(n,2)) < H-I + 3 = k + 4. Suppose CL(P(n,2)) = k+ 4. So, it has a
cooling sequence (X1, X2, . . . , Xg+3, [Xk+4a]) OF (X1, X2, . . ., Xk43, Xi+4). This means

V(P(n,2)) \ (Nsa[x1]1 U {xia3)) # @.

Without loss of generality, we may assume that x; = ag or by. Suppose x; = ay. Note that at the end of
round k + 2, all the vertices contained in N, [x;] are cooled. Recall that x;,3 cannot be adjacent to a
cooled vertex. Therefore, x;,3 ¢ Nii2[x1] or, equivalently,

X3 € V(P(n,2)) \ Nisa[x1] = {aoks1 )
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So, we must have x;.3 = dy1. Now,
Nia[x1] U {xpi3} = V(P(n, 2)),

a contradiction, as CL(P(n,2)) = k + 4. Suppose x; = by. Note that at the end of round k + 2, all the
vertices contained in Ny, [x;] are cooled. As before, xi.3 ¢ Nii2[bo] or, i.€.,

X3 € V(P(n,2)) \ Nisalx1] = {bogs1 }-
So, we must have x;.3 = byi1. Now,
Niza[x1] U {xpi3} = V(P(n, 2)),

again, a contradiction. Hence, CL(P(n, 2)) < k+ 3. To find the lower bound, we place x; = ay, x, = a»,
X3 = Qgk-1, X4 = Agr—3, X5 = dgr—s, and for 6 < i < k + 3, we place x; = ay;_s. It is not hard to see that at
the end of round k + 2, all vertices are cooled, except

Wof+35  A2k42>  A2f+1, A2ks  A2k—15
b2k+l-

Clearly, ay.3 is adjacent to the cooled vertex b,i.3, a2 1s adjacent to the cooled vertex byiiz, ayy is
adjacent to the cooled vertex by, ay—; is adjacent to the cooled vertex b,,_;, and by, is adjacent to
the cooled vertex by,—;. So, at the end of round k + 3, all vertices are cooled, and we have the cooling
sequence (xi, X2, . . . , Xx42, Xk+3). Hence, CL(P(n,2)) = k+3 = ”%2 + 3 and the theorem holds forn = 2
mod 4.

Suppose n = 1 mod 4, i.e., n = 4k + 1 for some positive integer k. Then [”4;11 +3 =k+3. By
Corollary 2.1, CL(P(n,2)) < k + 3. To find the lower bound, we need to determine the cooling source
X in round i. We place X1 = Ao, Xp = Ay, X3 = A4aj—2, X4 = Aaj—4, X5 = A4k—6, and for6 <i <k+ 2, we
place x; = a,;_s. It is not hard to see that at the end of round k + 2, all vertices are cooled, except

A2k+25 A2f+15 A2k

The vertex a4, 1s adjacent to the cooled vertex by, a1 1s adjacent to the cooled vertex by, and ayy
is adjacent to the cooled vertex b,;. Therefore, we have the cooling sequence (xi, X2, . . . , Xk42, [Xx23])-
Hence, CL(P(n,2)) > k+3 = "4;1 + 3 and the theorem holds forn =1 mod 4.

Suppose n = 3 mod 4, i.e., n = 4k + 3 for some positive integer k. Then [%1 +3 =k+4. By
Corollary 2.1, CL(P(n,2)) < k + 4. To find the lower bound, we need to determine the cooling source,
x; in round i. We place x; = ag, Xo = a2, X3 = dgk, X4 = Q4p_2, X5 = Ag4_4, and for 6 < i < k + 3,
we place x; = ap;_s. It is not hard to see that at the end of round k + 3, all vertices are cooled, except
ax+>2. The vertex ay,; is adjacent to the cooled vertex b,i,,. Therefore, we have the cooling sequence
(X1, X2, . .« s Xga3, [ Xx44]). Hence, CL(P(n,2)) > k+4 = % + 4 and the theorem holds forn =3 mod 4.

This completes the proof of the theorem. O

To remark, for 6 < n < 27, by using similar choices of cooling sources in the proof of Theorem 2.2,
it can be easily seen that CL(P(n,2)) > O (ﬁ) Here, we omitted the choices of the cooling sources for
these cases.
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2.3. General case

Lemma 2.2. Let k > 3 be a fixed positive integer and n > 2k. Then

{%J +1+ [’%IJ , if [%J is even;
diam(P(n, k)) =
2] +2+|, if | 4] is odd.

Proof. Note that
diam(P(n, k)) = max{d(aop,y),d(by,y) : y € V(P(n,k))},

where d(x, y) is the distance between x and y. We consider two cases.
Case 1. Suppose n = 2sk + r where 0 < r < k—1. If y = a; for some ik < j < ik + [%J where
0<i<s-1,thend(ay,y) =2+ i+ j— ik, which can be seen from the path

ap = by = by — -+ = by = ayg = A1 > -+ D a;. (2.3)

In particular, if i = s—1and j = (s — Dk + [%J, then

dlag,y) =2+ (s—1)+

2

k+1 VlJJ“l’L k+1
2k 2 |

If y = a; for some ik+['%lJ+1 <j<(i+Dkwhere0<i<s—1,thend(ap,y) =2+{+1)+(+1)k—J,
which can be seen from the path

ag — by = by — - — b(i+l)k — A+Hk — A@i+1k-1 — - — 4j. (2.4)

k+1
2 b

In particular, if i =s—1and j = (s — Dk + [%J + 1, then

k+1
—5 —1=1+s+k-

d(ao,y):2+s+k—{

and
[ﬁJ + L%J : if k is odd;
d(ap,y) =
| 2]+ 1+]5]  ifkiseven.

If y = a; for some sk < j < sk + HJ, then d(ay,y) = 2 + s + j — sk, which can be seen from the path

610—>bo—>bk—>"'—>bsk—>ask—>ask+1—>"'—>Clj- (2.5)

k-1
2
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This meansif y = a; for 1 < j < sk + EJ, then

d(ay,y) < {iJ +1+ {E .

% > (2.6)

By symmetry, if y = a; for some sk + gJ + 1< j<2sk+r—1,then (2.6) still holds.
If y = b; for some ik < j < ik + [’%IJ + 1 where 0 <i<s—1,thend(ay,y) = j—ik+ 1+ i, which
can seen from the path

apg = ay — > ajig > bji_g > bji_i_ip — - — b 2.7)

In particular, if i = s — 1 and j = (s = Dk + || + 1, then

d(aO,y):\‘%|+2+(S—1):\‘£J+]+\‘E

2k 2

If y = b, for some ik+| 44! | +2 < j < (i+1)k where 0 < i < s—1, then d(ao,y) = (i+ k= j+3+(i+1),
which can be seen from the path

ap — by > by > -+ = Dk = Agere = A1 = 0 — a; — by, (2.8)

In particular, if i = s—1and j = (s — Dk + [’%IJ + 2, then

d(ag,y) = k — E| +1+s,
2
and
[iJ +1+ [’%IJ , if k 1s even;
d(ao,y) =
[ﬁJ + [%J , if k is odd.

If y = bj for some sk < j < sk + BJ, then d(ay,y) = j — sk + 1 + s, which can be seen from the path
agy = ay = = aj_g = bj_g = bj_s1k = - = by (2.9)
Thus, when j = sk + |_§J, we have

r

d(ao,y) = |5

J+1+ss{%€J+l+

=[] [

This means if y = b; for 1 < j < sk + [%J then

n k+1

d(ag, y) < {—J+ 1 J{— .

7 5 (2.10)
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By symmetry, if y = b; for some sk + L
that

%J +1 < j < 2sk+r—1,then (2.10) still holds. So, we conclude

k+1
max{d(ao,y) : y € V(P(n, k)} = {%F 1 ﬂ% .

Now, we consider d(by,y). If y = a; for some ik < j < ik + {’%J where 0 < i < 5 — 1, then by
considering the path in (2.3) (remove ay), we have

n

d(bo, y) < EJ ;

k+1
|-

If y = a; for some ik + [%J +1 < j<(@i+1kwhere(0 <i < s—1, then by considering the path in (2.4)
(remove ag), we have
2] +[&] -1, if k is odd;
d(bo,y) <
{%J + [’%IJ , if k is even.

If y = aj for some sk < j < sk + BJ, then by considering the path in (2.5) (remove a;), we have

n

d(bo, y) < {—J ;

2k 2

k+1|

This means if y = a; for 1 < j < sk + [%J, then

k+—1| (2.11)

By symmetry, if y = a; for some sk + [%J +1<j<2sk+r—1,then (2.11) still holds.
k+1

If y = b; for some ik < j < ik + lTJ where 0 < i < s — 1, then by considering the path in (2.7)
(adding by — ay), we have

n k+1
d(bo,y)s{ﬂﬂﬂT .

If y = b; for some ik + [’%IJ +1 < j<(i+1)kwhere 0 <i < s—1, then by considering the path in (2.8)
(remove ag), we have
[iJ +1+ [’%IJ , if k is even;
d(bo,)’) <
2]+ %], if k is odd.

If y = bj for some sk < j < sk + BJ, then by considering the path in (2.9) (adding by — ay), we have

n k+1
dboy) < | 2414|221,
(O’Y)—{sz’L ﬂ 2
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This meansif y = b; for 1 < j < sk + { J, then

3
k+1

<l o[£

(2.12)

By symmetry, if y = b; for some sk + [%J +1 < j<2sk+r—1,then (2.12) still holds. So, we conclude

that
k+1

max{d(bo,y) : v € V(P(n, k) = wa lﬂT‘

Hence,
n k+1
d P(n,k)) = +1+|—].
fam(P(n, k) = {%J ﬂ :
Case 2. Suppose n = (2s + 1)k + r where 0 < r < k — 1. We consider d(ay,y). If y = a; for some
ik < j<ik+ ['ﬂJ where 0 < i < s, then d(ay,y) = 2 + i+ j — ik, which can be seen from the path

in (2.3). In particular, if i = s and j = sk + |_k+1J then

k+1 n k+1
{—J+2+ — .
2 | 2k { 2

If y = a; for some ik + | % | + 1 < j < (i+ Dk where 0 < i < s, then d(ap, y) = 2+ (i+ 1)+ (i + Dk — j,

d(ap,y) =2+ s+

which can be seen from the path in (2.4). In particular, if i = s and j = sk + [k“J + 1, then

d(ao,y)=3+S+k—{% -1=2+s+k- %1|
and
| 2]+ 1+ |52 if k is odd;
d(ap,y) =
L&J +2+ ["LZIJ if k is even.

This means if y = a; for 1 < j < (s + 1)k, then

k+1
d(ao,y)<{2kJ+2 {L 2.13)

2

By symmetry, if y = a; for some sk +r — 1 < j < (25 + 1)k + r — 1, then (2.13) still holds.
If y = b; for some ik < j < ik + ["“J + 1 where 0 < i < s, then d(ay,y) = j— ik + 1 + i, which can
be seen from the path in (2.7). In particular, if i = s and j = sk + I_k”J + 1, then

E +2+s:{£J+2+ E .
2 2k 2

If y = b; for some ik + | % | +2 < j < (i+ Dk where 0 < i < s, then d(ap, y) = (i + Dk = j+3+(i+ 1),
which can be seen from the path in (2.8). In particular, if i = s and j = sk + [k“J + 2, then

d((l(), y) =

+1

k
d(ay,y) =k — {T|+2+s,
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and
[iJ +2+ [%J , if k is even;
d(ao,y) =
2]+ 1+ |52, if k is odd.
This means if y = b; for 1 < j < (s + 1)k, then

k+1

dao,y) < |50 |+2+ {— .

5 (2.14)

By symmetry, if y = b; for some sk +r—1 < j < (25 + 1)k + r — 1, then (2.14) still holds. Thus,

k+1

max{d(a, y) : y € V(P(n,k))} = { Z”kJ 2%7 .

Now, we consider d(by,y). If y = a; for some ik < j < ik + [%J where 0 < i < s, then by
considering the path in (2.3) (remove a,), we have

k+1

oy <[] 1|5

If y = a; for some ik + [%J + 1< j<(+ 1)k where 0 <i < s, then by considering the path in (2.4)
(remove ag), we have

2]+ %], if k is odd;

d(bo, )’) <
2]+ 1+ ifkiseven.
This means if y = a; for 1 < j < (s + 1)k, then

k+1

oo,y < | 25] 1+ {— |

5 (2.15)

By symmetry, if y = a; for some sk + r — 1 < j < (25 + 1)k + r — 1, then (2.15) still holds.
If y = b; for some ik < j < ik + [k“J where 0 < i < s, then by considering the path in (2.7) (adding
by — ap), we have

k+1

<l

If y = b; for some ik + [%J +1 < j<(i+ 1)k where 0 <i < s, then by considering the path in (2.8)
(remove ag), we have
[fJ +2+ [%J , if k is even;
d(bo,)’) <
2]+ 1+ |52, if k is odd.
This means if y = b; for 1 < j < (s + 1)k, then

k+1

d(bo.y) < {ﬂuﬂ_ |

5 (2.16)

AIMS Mathematics Volume 9, Issue 12, 36351-36370.



36367

By symmetry, if y = b; for some sk + r — 1 < j < (25 + 1)k + r — 1, then (2.16) still holds. Hence,

k+1
max{d(b,y) : y € V(P(n,k))} = HJ 24| —],
2k 2
and
k+1
diam(P(n, k)) = %{J +2+ {T .
This completes the proof of the lemma. O

Theorem 2.3. Let k > 3 be a fixed positive integer and n > 2k. Then
n k+1 : ni: .
. - [ch +2+ [%J , if [EJ is even;

EJ " T| < CL(P(n, k) <
[2’—1kJ +3+ L’%IJ , if L%J is odd.

2k
(x1, X2, ...,x.) or (xy,Xx2,...,X.1, [Xx.]) that can completely cool the whole graph, we provide choices

of cooling sources in the cooling sequence so that each assigned cooling source is of d(x;, x;) > j—i+1
fori=1,2,...,j— 1. Letn = sk + r for some 0 < r < k — 1. To ease the explanation, we draw P(n, k)
as follows:

Proof. Letc = [—J + [k“J In order to show the lower bound, instead of providing a cooling sequence

(1) Place the vertices a, ay, as, . . . , a;—1 horizontally from right to left.

(i1) Then, place the vertices ay, Gry1, - . ., ag—1 such that a(j.iy; 1s positioned right below aj.; for
eachi=0,1,2,...,k—1and j=0,1,...,5—1. Place ay.; below a,_1y+; fori =0,1,2,...r—1. Add
edges to form the outer rim cycle C, = apaa; ... a,-;.

(ii1) Add the vertex b; beside a; forall j =0,1,2,...,n — 1 and then draw the corresponding spoke
a;b; without any crossing.

(iv) Add the edges of the inner rim induced by the vertices {by, by, b, ..., b,—1}.
Here, we do the following to position each cooling source. Let

(@) %1 = by g e 51
(i) %i = a| g o] 51 |-oix Tor each i = 2,3, . [2 J +1

'_

(111)x|_ J+1+j—b|_uJ+]f0reach]—12
Hence, CL(P(nk))>[ 1+ |5 = [”J+[’<+‘J.

2k 2
Figure 3 depicts the case for P(52,7) such that CL(P(52,7)) > 7.
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Figure 3. Cooling in P(52,7). The inner rim is induced by the black vertices
while the outer rim is induced by the brown vertices. Black labels indicate the

vertices of the cooling sequence in increasing order. Blue labels indicate the
round that the corresponding vertex was cooled.

The upper bound follows from Eq (1.1) and Lemma 2.2. O

The following corollary is an immediate consequence of Corollary 2.1 and Theorems 2.2 and 2.3.

Corollary 2.2. Let k > 2 be a fixed positive integer and n > 2k. Then

CL(P(n, k) = PJ + {E + o).

2k 2

3. Concluding remark

The cooling number, a relatively new graph parameter, aims to maximize the number of rounds
required to cool all vertices in a graph. It is the compelling counterpart to the extensively researched
burning number, offering a new perspective on dynamic processes within graphs. We presented the
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exact results for the cooling numbers of P(n, 1) and P(n, 2), while providing an asymptotic formula for
P(n, k) for general k.

While this paper focuses on generalized Petersen graphs, it could benefit a discussion on how
the results might generalize to other families of graphs or how the use of vertex-transitivity and
combinatorial arguments to derive the cooling sequences could be adapted. This would broaden the
impact of the results and suggest potential avenues for future research.
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